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On pointwise a.e. convergence
of multilinear operators

Loukas Grafakos, Danqing He, Petr Honzik®, and Bae Jun Park

Abstract. In this work, we obtain the pointwise almost everywhere convergence for two families of
multilinear operators: (a) the doubly truncated homogeneous singular integral operators associated
with L7 functions on the sphere and (b) lacunary multiplier operators of limited smoothness. The
a.e. convergence is deduced from the L? x --- x L? - L%™ boundedness of the associated maximal
multilinear operators.

1 Introduction and preliminaries

The pointwise a.e. convergence of sequences of operators is of paramount importance
and has been widely studied in several areas of analysis, such as harmonic analysis,
PDE, and ergodic theory. This area boasts challenging problems (indicatively see [5, 6,
12, 24]), and is intimately connected with the boundedness of the associated maximal
operators; on this, see [27]. Moreover, techniques and tools employed to study a.e.
convergence have led to important developments in harmonic analysis.

Multilinear harmonic analysis has made significant advances in recent years. The
founders of this area are Coifman and Meyer [8], who realized the applicability of
multilinear operators and introduced their study in analysis in the mid-1970s. Focus-
ing on operators that commute with translations, a fundamental difference between
the multilinear theory and the linear theory is the existence of a straightforward
characterization of boundedness at an initial point, usually L* - L?. The lack of an
easy characterization of boundedness at an initial point in the multilinear theory
creates difficulties in their study. Criteria that get very close to characterization of
boundedness have recently been obtained by the first two authors and Slavikova
[19] and by Kato, Miyachi, and Tomita [25] in the bilinear case. These criteria
were extended to the general m-linear case for m > 2 by the authors of this article
in [18]. This reference also contains initial L2 x - -- x L2 — L*™ estimates for rough
homogeneous multilinear singular integrals associated with L? functions on the
sphere and multilinear multipliers of Hormander type.
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The purpose of this work is to obtain the pointwise a.e. convergence of doubly
truncated multilinear homogeneous singular integrals and lacunary multilinear mul-
tipliers by establishing boundedness for their associated maximal operators.

We first introduce multilinear (singly) truncated singular integral operators. Let Q
be an integrable function, defined on the sphere S™"~!, satisfying the mean value zero

property
(1.1) - Qdoyy- =0.
Then we define
IR162 -
K(y)=-—=- = 7#0,
7l
where y':= 3 /|y| € S™!, and the corresponding truncated multilinear operator
LS b
o %
(©) 5
L ,...,mxrzf K(y (x—yi)dy
o (fireeon fu)(x) o) (y)gf;( i) dy
acting on Schwartz functions fi,..., f,, on R”, where x € R", ¥ = (y1,...,¥m) €

(R")™, and B(0, ¢), is the ball centered at zero with radius ¢ > 0 in (R")™. More-
over, by taking & ~ 0, we obtain the multilinear homogeneous Calderén-Zygmund
singular integral operator

(12) Lo(fiseeos fn)(x) ::y{%cg)(ﬁ,...,fm)(x)

“po [ KGITHGx-2) d5.
j=1

Rn)m

This is still well defined for any Schwartz functions f;,..., f,, on R". In [18], we
showed that if Q lies in L9(S™"~!) with g > %, then the multilinear singular integral

operator L¢, admits a bounded extension from L?(R") x --- x L*(R") to L™ (R").
In order words, given f; € L2(R"), Lo/(fi,. .., fm) is well defined and is in L2/™ (R™).

We now define the doubly truncated multilinear operator £g’871) by

L oo f) 1= L5 (oo f) = 287 (oo fr)

for Schwartz functions fj, j =1,...,m. We observe that if Q € L7(S""™") for % <
q < oo, then

lim £ (v fn) = B £ (v fon)

for f; in the Schwartz class.
We define, for fixed 0 < g¢ < 1,

LG (P m) =0 L5 (g1, )|

£2¢€g

https://doi.org/10.4153/50008414X23000305 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000305

On pointwise a.e. convergence of multilinear operators 1007

and

(13) ﬁ?f(fph---,(pm)::Su})”qf’f)(¢1,---,<pm)!:}oi%ﬁ?f"(svb---,svm)
&>

for ¢ ; in the Schwartz class. One main difficulty to study the boundedness of L' is to
show that the doubly truncated operator is well defined pointwise a.e. for f; € L*(R").
To overcome this difficulty, we need to utilize the boundedness of M q introduced in
Section 3 (see Section 5 for the detailed proof).

Our first main result is as follows.

Theorem 1.1 Let m > 2, 2™ < g < oo, and O € L1(S™" ") satisfy (1.1). Then
0 LE oS ey < ClOsegamersy TT 1 ey
j=1

for fj € L*(R"). Moreover, the doubly truncated singular integral ES’E D (fir-- o> fm)
converges to Lo(fis. .., fm) pointwise a.e. as € > 0 when f; € L*(R"), j=1,...,m
That is, the multilinear singular integral Lo(fi, ..., fm) is well defined a.e. when f; €
L*(R"), j=1,...,m

In order to achieve this goal, we initially prove the following result, which provides
the boundedness of the associated maximal singular integral operator:

L5(fioeeos o) () = il:g‘ﬁg)(ﬁ,...,fm)(x)|

for Schwartz functions fj, i=1,...,m.

Theorem 1.2 Let m>2, 2" < g < oo, and O € L1(S™"") satisfy (1.1). Then there
exists a constant C > 0 such that

(1.5) |28 fa)l poim gy < ClQUagmy TT il 22eny
j=1

for Schwartz functions fi, ..., fm on R”.

This extends and improves a result obtained in [3] which treated the case m =2
and g = co. Theorem 1.2 follows from Propositions 4.1 and 4.2, which are counterparts
of Propositions 5 and 4 in [3], respectively. We improve the two propositions in the
m-linear settings. Remark that the assumption Q € L*(S**"!) in Proposition 5 and
Theorem 2 in [3] should be Q € L*(S?"71). One of the main improvements is the
LPtx --- x LPm — LP estimate for T3 in (4.10) with a bound || Q| 11(gmn-1y, while a
simple m-linear extension of the arguments in [3] requires the bound [ Q|| e (gmn-1)
for the estimate, which originated simply from the kernel estimate

(1.6) K ()| 53 Q= (my2™ (14 27715)) 7,

where T}* is defined in (4.6) and its kernel K7* is in (4.7). For the improvement, we
incorporate a delicate decomposition, as we are unable to use the kernel estimate (1.6)
(see (4.8)). To obtain the results in Proposition 4.2, we suitably combine Littlewood—
Paley techniques and wavelet decompositions to reduce the boundedness of £},

estimates for norms of maximal operators associated with lattice bumps with sultable
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decay. This is the essential contribution of this article in view of the fact that the bilinear
argument in [3, Proposition 4] does not apply due to the complicated structure of
general m-linear operators for m > 3 (see (4.14) for the exact formulation). This result
is actually proved in terms of Plancherel-type inequalities, recently developed in [18]
and stated in Proposition 2.1.

The tools used to establish Theorem 1.1 turn out to be useful in the study of
pointwise convergence problems of several related operators. As an example, let us
take multilinear multipliers with limited decay to demonstrate our idea.

For a smooth function o € €= ((R")™) and v € Z, let

(1.7) Sg(fl,...,fm)(x) ::[ o(2 5)(1—[](1(51 ) 2mio T &) g §

for Schwartz functions fi, ..., f;; on R”, where Ei=(E,... &) € (RM)™,
We are interested in the pointwise convergence of S} when v - —oo. We pay
particular attention to o satisfying the limited decay property (for some fixed a)

|aﬁ0(§)| SB |g|—a

for sufficiently many f. Examples of multipliers of this type include pi, the Fourier
transform of the spherical measure u (see [4, 7, 26] for the corresponding linear
results).

The second contribution of this work is the following result.

Theorem 1.3 Let m >2and a > @ Let 0 € C*((R")™) satisfy
(1.8) 080 (E)] sp €7

forall |B| < [@] +1, where [r] denotes the integer part of r. Then, for f; in L*(R"),
j=1,...,m, the functions Sy(fi,..., fm) converge to a(0)f,--- fin pointwise a.e. as
v — —oo and to zero pointwise d.e. as v — oo.

The precise definition of the action of the multilinear operator S? on L* functions
will be discussed after Theorem 1.4.

The a.e. convergence claimed in Theorem 1.3 is related to the boundedness of the
associated m-(sub)linear lacunary maximal multiplier operator defined by

Ma(fio- s fn) 3= 0P (S (fio- s fn)

M, is the so-called multilinear spherical maximal function when ¢ = i, which was
studied extensively recently by [1, 2, 10, 22, 23]. In particular, a bilinear version of the
following theorem was previously obtained in [17].

Theorem 1.4 Let m >2 and a > @ Let 0 € C*((R")™) be as in Theorem 1.3.

Then there exists a constant C > 0 such that
m
[ Mo (oo fo) | oy < CTT I filz iy
=1

for Schwartz functions fi,. .., fm on R".
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One of the main difficulties in dealing with general m-linear cases for m >3 is
that the target space L/™ is not a Banach space if 2/m < 1. As a result, the condition
a> D" cannot be exploited by a simple adaptation of the bilinear argument in
[17]. Additional combinatorial complexity arises from the multilinear extension, and
in order to address these issues, we apply a more refined decomposition, recently intro-
duced in [18], so that [-linear Plancherel-type estimates (1 < [ < m) can be applied.
These key estimates are stated in Proposition 2.1.

With the help of Theorem 1.4, we notice that the multilinear operator S}, is also well
defined for f; € L*(R"). Indeed, given f; in L*(R"), we find a sequence of Schwartz
functions fjk that converge to f; in L*(R") as k — co. Then Theorem 1.4 implies that
the sequence

{Se(A - i

is a Cauchy sequence in L¥™ and, thus, it has a unique limit in L™ which we
call SY(fi,...,fm). It is easy to verify that this limit does not depend on the
choice of fjk.

The paper is organized as follows. Section 2 is dedicated to preliminaries, intro-
ducing a wavelet decomposition that is one of the main ingredients to establish
maximal inequalities in Theorems 1.2 and 1.4, and studying general properties of the
decomposition. Another maximal inequality for rough singular integrals will be given
in Section 3. We prove first Theorem 1.2 in Section 4 as it is necessary for the proof of
Theorem 1.1 in Section 5. The proof of Theorems 1.4 and 1.3 will be given in turn in the
last two sections.

2 Preliminary material

We adapt some notations and key estimates from [18]. For the sake of independent
reading, we review the main tools and notation. We begin with certain orthonormal
bases of L? due to Triebel [30], that will be of great use in our work. The idea is as
follows. For any fixed L € N, one can construct real-valued compactly supported func-
tions Y5, Y in C (R) satisfying the following properties: |yr | r2(r) = [vu12r) = 1
Jr x*¥m(x)dx = 0forall 0 < « < L,and moreover, if ¥ is a function on R™", defined
by

Ye (%)= Ve (x1) - Ve (xmn)
for ¥ := (x1,..., Xmn) € R™ and G := (g1 ->8gmn) in the set
IZI {G = (gl,. . .,gmn) :gi € {F;M}}3
then the family of functions

H U {225 - k)G eIt}
&No f ezmn

forms an orthonormal basis of L*(R™"), where Z°:=Z and for A >1, we set
Th = T\((F,..., F)}.
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We consistently use the notation E =(&,...,¢&,) for elements of (R")",
G:=(Gr..., G) € ({F,M}")™, and ¥5(&) = Y6, (&)~ Y, (§m). For each
k:=(ki,....km) € (Z")™ and A € Ny, let

Wi (&) =22 (2N~ k), 1<i<m,
and
WE 1 (8) = W, 4, (§) - G, k, (8m)-

We also assume that the support of y,, is contained in {£€ R : [¢| < Cy} for some
Co > 1, which implies that

Supp(Wg, x,) € {& € R™: 2YE — ki < Cov/n}.

In other words, the support of ‘I’é’_) k; is contained in the ball centered at 27*k; and
radius CO\/HZ”‘. Then we note that for a fixed 1 € Ny, elements of {\I’é Z }f( have

(almost) disjoint compact supports.
It is also known in [29] that if L is sufficiently large, then every tempered distribu-
tion H on R™" can be represented as

(2.1) H()= 3 Y 3 b 2w (24% - k),
AeNo GeT? k ezmn

andforl<g<ocoands >0,

(2 e £

—sA
< C7 | Hl gy

La(Rmn)
where

b ;= fﬂw H(Z)¥h (%) di
and L{ is the Sobolev space of functions H such that (I - A)¥>H ¢ L4(R™"). More-

over, it follows from the last estimate and from the (almost) disjoint support property
of the ‘I’é ;s that

62 £ V¢ o (Shheet ) )" az )"

2.2) g 272 Cmml e mn D H Ly gy,

(2/\mn(1 q/2) o

Now we study an essential estimate in [18] which will play a significant role in the
proof of both Theorems 1.2 and 1.4. We define the operator Lé’,y)k‘ by

(23) Ll f= (Y (2)F)  yel.
For y € Z, let
(2.4) U= {k e (Z")" 272 <[k | < 2%, [ka| 2 o > k| }
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and split the set into m disjoint subsets /' as below:
Ut = {k eU* : |k| >2Cov/n > [ka| > - > [k}
UL = {k eU k| > ko] > 2Cov/n > [ks| > -+ > [k}

U = {k eU" : ki > -+ > [k| > 2Co\/i}.
Then we have the following two observations that appear in [18].
U FOI'fC eL{l“",
(2.5) L f=Lg" firt for 1< j<I

kj

due to the support of \Féj,k,-’ where f}")”#(f) = f(f)xcoﬁzy_lslflgzyﬂm.
o For yu>1and A € Ny,

26 ) (Viss
ye

where Plancherel’s identity is applied in the first inequality.

5 \1/2
L) S s )P f e S WO )]s

Proposition 2.1[18, Proposition 2.4] Let m be a positive integer with m > 2 and 0 <
q< ;7. Fix A € Ng and G € T*. Suppose that {bA gX “}Gezw ueZ i e(znym 1S @ sequence
of complex numbers satisfying

sup ”{b‘ ’ }ke(Z")m ”gw SAGau
yeZ
and

SUP H{b }ke(Z")m”eq = GMtq

Then the following statements hold:
(1) For1< r <2, there exists a constant C > 0, independent of , G, A, , such that

H(Z| Z bMH ézklflAWH G,,kf]‘)

YL feult

L2/m

1/r m

<CAg 2" P (T IR 1) [T1A 1

yeZ

for Schwartz functions fi, ..., fn on R".
(2) For2 <1< m, there exists a constant C > 0, independent of G, A, y, such that

Iz = b(HL 2 11 r0)

VL ket L2/
-(=bg (-ng ! vy, 12 m
cong gt el TS i) " 11
j=1 " yeZ j=l+1

for Schwartz functions fi,..., fm on R", where [, is understood as the
function 1.
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In view of (2.5), (2.6), and Proposition 2.1, we actually obtain

(5] 5, wefius)
Gk i Gj,k;/J]

VL g L3/m
m
2.7) < AG,A’H”I/Zzlmn/Z(A n 1)1/2 H HfjHLz’
=1
andfor2 <1 <m,
y m
H Z‘ e ch Ijl kjfj‘ L2/m
(-1)g (I-Dg m
1/2-) 1
(2.8) SAg, o By w2 ”g I fille-

3 An auxiliary lemma

We have the following extension of Lemma 5 in [3].

Lemma 3.1 Let 1<g<oco and QeL1(S™ ). Suppose 1< py,..., pm < oo and
1/m < p < oo satisfies1/p=1/p1+ - -+ +1/pp and

1 1
(3.1 - < 7+ﬂ,.

P a9 q

Given f; € LPi(R"), there is a set of measure zero E such that for x € R"\E,

(32) f flﬂ(y )IHlfJ(x yi)| dy < oo,

[7I<R

forall R > 0. Then, for x € R"\E, the maximal operator

(3.3) Ma(fis- s fn)(x) =

(x - y))| dy

| |<R

is well defined and maps LP*(R") x - -+ x LPm(R™) to LP(R") with norm bounded by
a constant multiple of | Q| pa(smn-1y. Precisely, there is a constant C > 0 such that

(3.4) [Ma(fis-- s fm) e < ClQ| Laggmnry | fillLo - [ fon | Lom
for functions f; € LFi(R"),1< j < m.

Proof Since [Qfpr(gmi-1) S [Qf oo (gmn-1y for all 1< 7 < co and there exists 1 < g <
oo such that 1/p <1/q+m/q' <m (=1/co + m/1), we may assume that 1< g < oo.
Without loss of generality, we may also assume that | Q| pq(gmn-1y = L

We split

Q:Qo+i01,

I=1
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where Qo = Qyjqaj<2 and Q; = Qxy1qjeprn for I > 1. Then Hoélder’s inequality and
Chebyshev’s inequality give

q q
2 -l

1 4 _1
|l < [Supp |7 < |0 277 =27,
and obviously,
(3.5) 191~ < 2.

We first claim that for 1 < r,7y,..., 7, < co with1/r =1/r; + - -+ +1/r,,, we have

(3.6) |Ma,(Sts- > Sm)

14 mn
L'1><"'><L'm—>L’S2 7 H”S] Lrj(R")

=1

-

for simple functions S;. To verify this estimate, we choose indices yy, . . . , i, satisfying

Y+ + 1y, =1
and
I<pj<r; foreach 1< j < m.

Then a direct computation using Holder’s inequality yields
m
- 9. -
MQ,(sl,...,sm)(x)sme_l 10,(6)| [ ME8;(x) d6,
j=1
where the directional maximal operator Mf,j is defined by
9. ) 1 R Wi 1/p;
M g(x) = sup (% fo lg(x— 0] dr) .
It follows from this that

.. do,

[May(SuenSl, < [ 1@ITTIMES],
j=1

where Minkowski’s inequality and Hoélder’s inequality are applied. Using the L'

boundedness of MZ; for 0 < u; < r; with constants independent of 8; (by the method
of rotations), we obtain (3.6).

Then the case p > 1 (for which g > 1 implies the assumption (3.1)) in the assertion
follows from summing the estimates (3.6) over [ > 0.

The other case 1/m < p < 1can be proved by interpolation with the L' x --- x L! —
LY/™ estimate. Let M be the Hardy-Littlewood maximal operator. Then, using (3.5),
it is easy to verify the pointwise estimate

Mo, (Fis oo fon) (x) < 2141 ﬁij(x),
j=1

for fi,..., fm in L*(R™), and this yields that

(3.7) | Ma,] s2,

Llx -+« xL1—>L1/moo ~

https://doi.org/10.4153/50008414X23000305 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000305

1014 L. Grafakos, D. He, P. Honzik, and B. Park

using Holder’s inequality for weak-type spaces [14, p. 16] and the weak (1,1) bound-
edness of M. Now we fix 0 < pi,..., pm < 00 and 1/m < p <1, and choose r > 1 such
that

or, equivalently,

q(m-1/p) 1/p-1/r
g(m—1/r) m-1jr

Interpolating between (3.7) and (3.6) with appropriate (r1, ..., r,, ) satisfying 1/r =
1/ry + -+ +1/ry, (using [15, Theorem 7.2.2]) yields

q(m-1/p) _1/p-1/r
M, (St s Sm) e < C27 GGt =m0 |8y o1 -+ | Som | Lo

for simple functions S;. The exponential decay in [ obtained above together with the
fact that | - |?, is a subadditive quantity for 0 < p <1 implies, for p and q satisfying

(3.1),
(3.8) IMa(St,.-.,Sm) e < ClSillzer -« | Sm | Lom
for simple functions Sy, ..., S.

Next, we extend Mq(fi, ..., fm) to functions f; € LPi(R"). To achieve this goal,
we choose nonnegative simple functions S ;‘ that increase pointwise to |fj| as k — oo.
It follows from (3.8) that for any R > 0,

1

{f [Rmn//|0( )|HS (x - J’J)dy] x}PSC|f1|LP1"'|fm|LPm)

[7I<R

and from this, we obtain

1

{/ [Rmnffmymm(x mw] x}PSCIﬁILm-“IfmILm

[7I<R

via Lebesgue’s monotone convergence theorem. We conclude that for any R € Z7,
there is a set of measure zero EX such that

(39) [l )IHIf, (x =yl dy < o0

[7I<R

for all x € R"\ER. Setting E = uy, EX, we obtain (3.2) for x € R"\E.
This allows us to define Mg (fi,..., fm)(x) for f; € LPi(R") and x € R"\E as the
supremum of the expressions in (3.9). Now, for x € R"\E,
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o [N )| 47
j=1

[7I<R

Ma(fi--s fm) (%) =sup

. 1 . .
=sup lim mnf-f|Q(y')|HS;‘(x—yj) dy
R>0 k—oo R iR =1

Slil?linfMQ(Sf, s SEY(x).
As Mq(Sk, ..., 8k )(x) is increasing in k, we obtain from (3.8) by Fatou’s lemma that

[MaChis- s f) oy S liminf [Ma(SE,, S ey $ Tl os -
oo =1

In particular, this shows that for f; € LPi(R"), there is a set E’ of measure zero such

that
1 B }
sup - [ [10GNITTIfi (- 3] 5 < o0
R>0 : j=1
[yI<R
for all. x e R"\E’ 3.9 ]

4 Proof of Theorem 1.2

Let % <g<2and Qin L1(S™""). We use a dyadic decomposition introduced by
Duoandikoetxea and Rubio de Francia [13]. We choose a Schwartz function ®(")

on (R")™ such that its Fourier transform ®(") is supported in the annulus
(€ (R")™:1/2<|E| <2} and satisfies Yjez @Em)(f) =1 for &40 where
(DE'”)(E) := ®(m) (£ /27). For y € 7, let

K'(y)=0m(2'5)K(y), ye(R")",
and then we observe that K¥(y ) = 2"™"K°(2"y ). For y € Z, we define
(41) KL(7) = ®f1) « K (5) = 2" [0 + K°](277).
It follows from this definition that

KI(§) = o @ HRI(276) = K27 E),

which implies that I}Z is bounded uniformly in y, while they have almost disjoint
supports, so it is natural to add them together as follows:

Ku(3) =2 Ku(3)-
yeZ
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4.1 Reduction

We introduce the maximal operator

LY (fir- - fn)(x) = sup

1€

5 fo RO L5 G 05

y<T

for x € R". Then we claim that

(4.2) LE(fireorfn) SMa(fioeos fn)(x) + LE(fir e os fon)-

To prove (4.2), we introduce the notation
KOG) =Ky KO(7) = K()(1- 00 (7)),
setting @)’(’"\)(f/) =1=Yen W(}/ZV) so that
Supp(©(™) c {j e (R")™ : |5 < 2}

and ®(") () =1for |y| < L
Given ¢ > 0, choose p € Z such that 2° < ¢ < 2°*!, Then we write

‘ ) — K(?)Hfj(x—yj)d?‘

j1

©(5Y_ T 5V TT o — v d 3

(43) < /<Rn>,,,(1< (7)-K (y))]lzllf,(x yj)dy‘
) (VTT £(x e v\ d 5

(4.4) + f(Rn)mK (y)]lzllﬂ(x yj)dy‘-

Term (4.4) is clearly less than

<LH(fie oo fon) (%),

> o KO- d5
j=1

yeZ:y<—p

while (4.3) is controlled by Mg(fl, ... ,fm)(x) as

>

R ~ R N Q
KOG~ RO )] s [KG ) gy 5 120

2pmn XW‘SZP'

Thus, (4.2) follows after taking the supremum over all € > 0.
Since the boundedness of Mg, follows from Lemma 3.1 with the fact that g > %

% + g, matters reduce to the boundedness of UQ.

For each y € Z, let

implies % <

K, := Z K}i.
yeZ
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In the study of multilinear rough singular integral operators L, in [18] whose kernel
is Xyez K = Ypez Xyer K,ﬁ = 2 uez Ky» the part where p is less than a constant is
relatively simple because the Fourier transform of K, satisfies the estimate

(4.5) %K, (8)] $ 19 Laggmn[E[*Q(H), 1< g< oo,

for all multi-indices a and & € R™"\{0}, where Q(p) =20 =k if 4y > 0and Q(u) =
2#0-9) if iy < 0 for some 0 < &’ < 1/q’, which is the condition of the Coifman-Meyer
multiplier theorem ([9], [15, Theorem 7.5.3]) with constant | Q| pa(sm-1)Q(#). The
remaining case when y is large enough was handled by using product-type wavelet
decompositions. We expect that a similar strategy would work in handling £},.

To argue strictly, we write

Ch(fioeosfm) LL(foeoofu) = X0 Lhu(foofn),
UEZ:28-105Co/mn

where we set

Z“Q(fl,, )(x) = sup

T€Z

It

Kﬁ(?)ﬁfj(x—yj)d?‘
j=1

n)m y<‘r F,GZ u— 10<C0 /m

and

Eug’ﬂ(ﬁ,...,fm)(x) = sup

T€Z

5 o B2 45|

y<t
Then Theorem 1.2 follows from the following two propositions.

Proposition 4.1 Let 1< py,...,pm <00 and 1/p=1/p1+ -+ +1/p,,. Suppose that
1< q<ooandQeLl(S™ ") with [q... Qdo = 0. Then there exists a constant C > 0
such that

|26 (A Sl < CIQLagmny H I £l s

for Schwartz functions fl, coos fmon R™.

Proposition 4.2 Let 2™ < q < 00 and Q € L1(S™") with [g,,-. Qdo = 0. Suppose
that y € 7 satisfies 2#~ it > Co~/mn. Then there exist C, &y > 0 such that

|2 (fio s fo) | oy § 27K Q) agsmnnry H I file

for Schwartz functions fi,. .., f, on R".
4.2 Proof of Proposition 4.1

We decompose E@Z further so that the Coifman-Meyer multiplier theorem is involved:
setting

K(y):= > Ku(y) = > > Ku(3),

HEL:2H0<Co\/mn YeZ:2#-10<Co~/mn YL
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Z“Q (ﬁ, ... ,fm)(x) is controlled by the sum of

T%(fl,...,fm)(x) = sup

[ KOS 5]
y>2 =1

and

16 T (foee fu) () = (Rn)mKi*(?)ﬁfj(x—yj)d?L
where

(4.7) K" (y) = ( > > Kl(?)) - K(3)xj5/52--

UEZ:2k10<Co/mn V<T

To obtain the boundedness of T%, we claim that K is an m-linear Calderén—
Zygmund kernel with constant C||Qﬂ<Lq(Smn 1y for 1 < g < 0. Indeed, it follows from
(4.5) that

e R(E)< % |a"‘ (O 5 10 agmn €[

yeZ:zll—lOng /m

as the sum of Q(u) over u satisfying 2#71° < Co/mn converges. Then K satisfies
the size and smoothness conditions for m-linear Calderon-Zygmund kernel with
constant C|[Q ,4(gmn-1), as mentioned in the proof of [21, Proposition 6]. Since K is
a Calderén-Zygmund kernel, Cotlar’s inequality in [20, Theorem 1] yields that T% is
bounded on the full range of exponents with constant C[ Q|14 (gma-1).

To handle the boundedness of the operator T¢*, we observe that the kernel K7 *
can be written as

48)  K7(y)= > (X KEGw1e = X KEG) Ko )
y2T

UEL2F10<Co/mn  V<T

and thus

‘I}?(fl, ... ,fm)(x) < sup Z Ly (%) + Ty (x),

T€L yeZ:24-19<Co/mn

where

Tue(x) = 3]

[ OG- )
y1<2 j=1

y<t
Tur) =3 | [ KU1 =) 5]
yzr 17122 j=1

We claim that there exists ¢ > 0 such that

(4.9) Ty + Tuyr SCoumn 254 Q| 1 (gmnry H/\/lfj uniformly in 7€ Z
j=1
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for u satisfying 2¢7'% < Cy/mn, where we recall M is the Hardy-Littlewood maximal
operator. Then, using Holder’s inequality and the boundedness of M, we obtain

410) [TK (S os )|l S 19N 2 ggmnnry

HMf;H $ 19 (gmr) H 1l o

for 1<pp,....,pm<o0 and 0<p<oo satisfying 1/p=1/p1+--+1/pm as
L pan10<cymm 27 converges. Therefore, let us prove (4.9).
Using (4.1), we have

L)sy [ ] lzym”z”'""m(z >|dzH|fj<x—yj>\df

y<T

<2Hm”HQHL1 Smn— 1)2 p— [Il . 1H|f](x Vi |dy

S 287 Q) a(gmay H Mfj(x),

j=1

as desired.
In addition,

S [ 2

yarJ1127"

[y @u@5 - 220042 | TT1f e - )l 45

Since Q has vanishing mean, we have
‘fu (25 -2) (") d7|
zZ|~1
1
szﬂm"“)fH [ VD245 - 2442)| dt |Q(Z")] d .
Z|»1 J0

Now we choose a constant M such that mn < M < mn + 1 and see that

1
(1+ 2647y —26tZ|)M
1 L1 1
(L 267 )M 7 2MCen) [0

|VO(2K7y - 2¢1Z)| $u

SCO,m,n,M
as|z|~1,0 < t<1,and 2¢71° < Cy\/mn. This yields that

T (6) S 24000 1y gy (3 ﬂ(M,mn))

y2T

x f
7l2-

Since M > mn, the sum over y > 7 converges to 2-*(M~"") and the integral over || >
277 is estimated by
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o0
;)L | [<2-THH |y|M

1 m
T(M-mn) —I(M-mn) A — 1. by
2 Z 2 (2(T+1+1)m" [msz—mﬂ g |f1(x y1)| dy)

i(x=yj) )Ndy

1=0

< 2T(M—mn) HMf](x)

j=1
Finally, we have
j < ot (mn+1-M) HQ”LI(S"‘” 1 HMfJ’
j=1

which completes the proof of (4.9).
4.3 Proof of Proposition 4.2

The proof is based on the wavelet decomposition and the recent developments in [18].
Recalling that K € L7, we apply the wavelet decomposition (2.1) to write

KU =Y ¥ Y L (&) ¥,k (En),

AeNo GeZH ke(zm)m

where
b TO(EYWA (E\JF
bk = i KHEVE (O .
It is known in [18] that for any 0 < § < 1/¢’,

A,
(4.11) H{b@fi e

o < 2—6;42—A(M+1+mn) HQ”L’I(S"‘”—I)’
where M is the number of vanishing moments of ¥s. Moreover, it follows from the
inequality (2.2), the Hausdorft-Young inequality, and Young’s inequality that

(4.12) H{b il 527 Amn(1/2-1/q’ >||K0

S T O gy,

ga HL

Now we may assume that 22*#-2 < |k| < 24*#+2 due to the compact supports of T(E
and ‘I’é ;- In addition, by symmetry, it suffices to focus on the case |ki| > -+ > [ky|.
Since H(E) = @(2/2”), the boundedness of E“Q)M is reduced to the inequality

%% T % eI

T€Z " AeNg GeTh yeZiy<t k elUr+e

12/m
m

(4.13) $ 278 paggmnry [T fill 22
j:1

where the operators L Y L and the set /**# are defined as in (2.5) and (2.4). We split

Au

UM*H into m disjoint subsets U, Aru (1< 1< m) as before such that for k e ;" ", we
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have

|ki| > -+ > k| > 2Cov/n > [kpa] > - 2 |kl
Then the left-hand side of (4.13) is estimated by

(5> >

2/m\ m/2
) b
1=1 AeNy GeT?

Lz/m

sup‘ T}”ly’y(ﬁ,...,fm)‘

1€l " yeliy<t

Ayt
where T@,ly “ is defined by

P (fonfu) = X c‘%(HL "fj)

k euf“‘

We claim that for each 1 < I < m, there exists £y, My > 0 such that

sup| 3> T (firer )|

1€ " yeliy<t

L2/m

§ 274002 M0y gy TT 11
j=1

(4.14)

which concludes (4.13). Therefore, it remains to prove (4.14).

4.3.1 Proof of (4.14)

When 2 <1 < m, we apply (2.8) with 2< g’ < 22 1> along with (4.11), and (4.12) to
obtain

sup‘ > ﬁ”ly’”(ﬁ,...,fm)

1€l yeliy<t

sIoEs el

ST (foo-os S

yeZ

L2/m L2/m

-1

(m-1)q’ m
2m Z)Lmn/Z(/\ + 1)1/2[/{!/2 H Hf]”LZ

Skl i
0 gy 2 KO 120N (4 )2 TT | 1,
j=1
where
Cotamng = (M +1+ mn)(l - (mz_ml)q) +mn(1/q - 1/2)% - %

Here, we used the fact that ITI <= for I < m. Then (4.14) follows from choosing M

sufficiently large so that CM,m,,,,q > O since 1 — % > 0.
Now let us prove (4.14) for I = 1. In this case, we first see the estimate

m
S 2*€0M27M0/\ H QHLq(Smn—l) H Hf] HLz
j=1

(4.15) H( %Vc‘i}y’”(ﬁw--,fm)|2)1/2
ye

L2/m
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for some &g, My > 0, which can be proved, as in [18, Section 6], by using (2.7) and
(4.11).

Choose a Schwartz function I on R” whose Fourier transform is supported in the
ball {{ e R": [ <2} and is equal to 1 for [§] <1, and define T} := 2knr(2k.) so that
Supp(Ti) c {€ e R" : €] < 2541} and Ty () = 1 for |¢] < 2%,

Since the Fourier transform of ’Tg’ly’” (fi>---> fm) is supported in the set {E eR":

207H75 < |E] < 277 #+4 Y we can write
T T
Z yl’t(ﬁ"'.,fm):rr+”+3*( Z y”(ﬁ)---afm))
yeLy<T yeZy<t
and then split the right-hand side into

rr+y+3*()§7g:ly’#(f1,.. fm)) T+”+3*( Z A)’#(fl,_,.,fm))-

yeLy>T

Due to the Fourier support conditions of I';, 3 and T(.j’ly’” (fi,---> fm), the sum in
the second term can be actually taken over 7 < y < 7+ 9. Therefore, the left-hand side
of (4.14) is controlled by the sum of

(416) (TG Ui f)
veZ L2/m
and
9
(4.17) Z sup|FT+,4+3* ””(fl,...,fm)| Lo

First of all, when 0<y<9, the Fourier supports of both I;,;3 and
Hy “(fisevvs fmn) are {E € R : €] ~ 277} This implies that for any 0 < r < 1,

[Covuss * TG TP (fis fn) (2))
1/
e W !T"“”(ﬁ,...,fmxy)l’dy)r

S (M(|Tg;f”’“<f1,...,fm>|’)<x>)

where the Nikolskii inequality (see [28, Proposition 1.3.2]) is applied in the first
inequality. Setting 0 < r < 2/m, and using the maximal inequality for M and the
embedding /2 — £°° we obtain

(4.18) 115 [ sup T2 oo for) | om
TeL

Iz

Then the L*™ norm is bounded by the right-hand side of (4.14), thanks to (4.15). This
completes the estimate for IT defined in (4.17), and we turn our attention to I defined
in (4.16).

B G f)

L2/m’
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In the sequel, we will make use of the following inequality: if g, is supported on
{EeR": CT121*# < |&] < C27*#} for some C > 1and y € Z, then

w3,

for 0 < p < oco. The proof of (4.19) is elementary and standard, so it is omitted here (see
[16, equation (13)] and [31, Theorem 3.6] for related arguments).
To obtain the bound of I, we note that

INHZT}Wﬁ,...,fm)\

Logeny ||{gj }JGZ”LP(“) uniformly in p

H2/m >

where H2/™ is the Hardy space. We refer to [15, Corollary 2.1.8] for the above estimate.
Then, using the Littlewood-Paley theory for Hardy space (see, for instance, [15,

Theorem 2.2.9]) and (4.19), there exists a unique polynomial QhwC (x) such that

H y%@’f’”ﬁ”"’f’") - Ql,y,G’ . H();Zhg:ly’y(ﬁ’""fm)|2)1/2

L2/m
420 g 270K Md 0 115,
(4.20) s |2 zaggmsy [T1fllz2>
j=1
where (4.15) is applied. Furthermore,
TEV (fis-oos fon)|
|27 G S
1.y
g (ST o )|
veZ yeZ L2/m
1y,
“seln (X T G )
veZ yeL:y<v—p+5 ’ L2/m
Slsup| X TS fu)|
veZ yeZ:y<v—pu+5 L2/m

L2/m i

< H STE oo fon)
yeZ

where the argument that led to (4.18) is applied in the first inequality. As we have dis-
cussed in [18, Section 6.1], this quantity is finite for all Schwartz functions fi, ..., fm.
Accordingly, we have

S TEVE fiveos fn) = QM0 e B

yeZ

and

ALy, m
5T o fr) € H

yeZL
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and thus QA”"G = 0. Now it follows from (4.20) that

m
IS Z_SOFZ_MOAHQHLq(Sm"*I) H HfjHLZ’
j=1

as expected. This completes the proof of (4.14).

5 Proof of Theorem 1.1

We now prove Theorem 1.1 by making use of Theorem 1.2. Recall that in Theorem 1.2 we
established the boundedness only for Schwartz functions. An important obstacle we
address is the pointwise definition of the maximal operator £** (see (1.3)) for general
L? functions. This definition can be given via an abstract extension (see [11]), but this
is not as useful for our purposes. We provide below a concrete approach that preserves
the pointwise bounds provided by the supremum.

5.1 A variant of Theorem 1.2 for general L? functions

.....

Ma(fireos fn)(x) < 00

seees seees)m

6o [ YNyl a5 < oMol fu) ),
j=1 0

oslylset [y

and thus Cg’s_l)(fl, oos fm)(x) and L5 (fis ..., fm)(x) are well defined, for f; in
L?(R™) and Q in L1(S™""!). Moreover,

L8 fureoor fu) (6) < L5 v fi) ()

pointwise for x € R"\E;2 ..... I
For given f; € L*(R"), we pick sequences of Schwartz functions f].k converging to
fjin L? as k — oo, by density. Using the identity
m
(5.2) Ay - Am—biby- by = by---bjy(aj—bj)aja--am
=1
(with the obvious modification when j =1 or j = m), the inequality

L5 (fireees fn) szﬁ;‘)(ﬁk,...,f,ﬁ)+i£3‘°(ﬁk,...fj’il,fj—]f].k,fj+1...,fm)
j=1

is valid pointwise on the complement of the set

Q. 0 ®l La 0
(53)  ETi=Ep | fmU(k!Efk f,&,)u(.UUEfkm ,-*_pf,-—f,-k)m..,fm)’
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which is a set of measure zero. Now we take the L?/™ quasi-norm on both sides
and apply Theorem 1.3 for Schwartz functions and the estimate (5.1), combined with
Lemma 3.1, for the terms in the sum. Taking k — oo, we obtain

1255 oo f) | o gy € €@ nagmey [T 12eny-
j=1
Finally, letting ¢y — 0 and using the monotone convergence theorem, we conclude
(54) 126" oo o) oy < CIQUaggms) TT 12 e
j=1

for f; e L*(R™).
5.2 Proof of Theorem 1.1

Let fi,..., fm be given L? functions and pick sequences { f].k} of Schwartz functions
such that fjk converges to fjin L*(R") as k — o0. Recall that Lo (f1,. . ., f) is defined

as the L¥™ limit of Lo (f¥, ..., fX) as k — co. Then there exists a subsequence {k; }
of {k} such that Lo (f¥,..., f&) > Lo(fis..., fm) pointwise on R"\E, for some
set E of measure zero. Let us denote the subsequence {k; } still by {k} for notational
convenience. Then, on R"\(E u E®?), where E is as in (5.3), we have

L oo fon) = Lalfireor fo)]
NS Fureeon for) — L5 )]
L )~ Lol £Y))
+|La(fs s ) = Lalhise s f)].

We first take the limsup, , on both sides and then the middle term on the right
vanishes. Then we apply liminfj_, o, so that the last term vanishes. Consequently, we
have

lirzlj;lp|£§;’£7l)(ﬁ,--~’fm) ~La(fis--s fu)l
Sli}(’llglféﬁa*(ﬁ,...,ﬁ_l,ﬁ_fjkafjlil"'”frlt;)
on R”\(E uE® ), where the identity (5.2) is applied. It follows that
‘{x : lir?jélp|£g’s_l)(ﬁ,...,fm) ~La(fiseeos fm)l > /\}|
< [{x: 1igglfj§,cg*(ﬁ,...,ﬁ_l,ﬁ — fE fse o £R) > 2]

2
<ATm

J

gk

m 2

. k ok N

Hh}l}lngLa*(fl,,,_,ﬁ_l,fj—fj,fj+1,...,fm)”L%
~oo
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by Chebyshev’s inequality. But this last expression tends to zero as k — oo in view of
Fatou’s lemma and (5.4). We conclude that

lims$1p|£g’s_ Yfisee s fu) = La(fise s i)
equals zero a.e. and this finishes the proof.

6 Proof of Theorem 1.4

Let yo be the smallest integer satisfying 2#°~% > Cy+/mn and

o (£):=1- 5 o[ (),

U=po

Clearly,

o (E)+ 3 ol (E) -

#=po
and thus we can write
o(8) =00 (E)o(E)+ 3. Ol (E)o(E) = 0pr(B) + 3 0u(d).
H=to H=tho

Note that 0,,,_; is a compactly supported smooth function and thus the corresponding
maximal multiplier operator My, ,, defined by

Mg,,o,l (f1, .. ,fm)(x)
f(Rn)m Uﬂo—l(zvg)( gﬁ(fj))ez”"("’z?l G gE "

is bounded by a constant multiple of M f;(x) - -- M f, (x), where M is the Hardy-
Littlewood maximal operator on R" as before. Using Holder’s inequality and the L*-
boundedness of M, we can prove

= sup
veZ

m
”Mom,_l(fh cee ’fm)HLZ/m p H HfjHLZ-
=1
It remains to show that

(6.1) H Z Mo, (fis- s

fﬁlmuz.

L2/m
Using the decomposition (2.1), write

(6.2) (€)= X Y bW () s,k (En),

AeNo GeZA ke(zm)m

where

bt [ aE)r (D).
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Let M := [@] +1and choose 1 < g < --% such that

-1
(m—1)n _ mn

(6.3) .

<min (a, M).

In view of (2.2), we have

A, —A(M- 2
“{bél;‘c }EE(Z")"’HM PR )HUM HL?VI((]R") m)
(6.4) < 2—/\(M—mn/q+mn/2)Z—y(a—mn/q),
where the assumption (1.8) is applied in the last inequality.
We observe that if g > ug, then b Vamshes unless 247472 < |k| < 2M*#+2 due to
the compact supports of ¢, and \I’G o Wthh allows us to replace the sum over k ¢

(Z")™ in (6.2) by the sum over 2**#~! < |k | < 24*#+1 Moreover, we may consider only
the case |k;| > - -+ > |k,,| as in the previous section. Therefore, in the rest of the section,
we assume

AEDID VDI FA ZAN DR 2N ¢

AeNo GeZ? k etgr+#

Y Y Y BEEWE 1 (8) Y, g, (Em)

I=1 2eNg GeZ2 k EuHu

iz 5 (&),

I=1 1eNy Gez?

where the sets /**# and Z/ll'1 “# are defined as before. Then the left-hand side of (6.1)
can be controlled by

m/
(6.5) (Z Z Z Z HM /\G(,fl"' fm)”L/z;:ln)

I=1 p=po AeNy GeZ?

Now we claim that
AL 9] e

m
(6.6) < Z—A(M—mn/q)()t i 1)1/22—M(u—mn/q)‘ul/2 H HfJHU
j=1

Then (6.5) is less than a constant multiple of [T}, | f;| 1> as desired, due to the choice
of g in (6.3).
In order to prove (6.6), we use the estimates (2.7) and (2.8). We first rewrite

g fe) )| £ 832 (P70

yeZ A Z/{H”

where Lé’;{ is defined as in (2.3).
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When [ = 1, applying the embeddings ¢* < (>, {1 - (*°, and (2.7), the left-hand
side of (6.6) is less than

mo S\ 172
Au NG :
v TILg f
yeZ H#

il

12/m

H{bw}kewluq 1/22“""/2()“1)1/2111 I£ilee
)

<2—A(M mn/q)(/‘+1)1/22 u(a-mn/q) 1/21_[ Hf]HLZ’
j=1

where (6.4) is applied in the last inequality.
For the case 2 < | < m, we can bound the left-hand side of (6.6) by

I

yeZ i /\+#

S % Ve o P2 P (L 1)1 TT15 e
j=1

Here, we used the inequality (2.8) and the embedding /9 < ¢°°. Then the preceding
expression is estimated by
9~A(M-mn/q) (A + 1)1/22*14(“*'”"/4)”1/2 ﬁ | £ill 2
j=1

in view of (6.4). This completes the proof of (6.6).

7 Proof of Theorem 1.3

We now prove Theorem 1.3 taking Theorem 1.4 for granted.
First of all, it is easy to see that if f; are Schwartz functions on R”, then

(71) Jm Se(fi oo fn)(x) = 0(0) () - fin (%)
and
lim S2(fv- o ) () = 0
using the Lebesgue dominated convergence theorem and the property that

lim ¢(2"¢) =0

Vy—00

7.1 Extension of Theorem 1.4 to general f; ¢ L*(R")

Let fi,..., fm be given L? functions on R”. As S¥(fi, ..., f) is finite a.e. for each v €
Z, there exists a set E, of measure zero so that |S(‘; (fireeos fm )| < oo on the complement
of E,. Since v ranges over a countable set Z, the measure of E := U,z E, is clearly zero
and thus we can define
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Mo (fo--os fm) = sp[Sg(fis -5 fn)]
Ve
on E€. Thatis, Ms(f1, ..., fn) is well defined pointwise a.e. Moreover, it controls every
SY(fis---» fm)| pointwise, whenever the latter is finite.
We now extend Theorem 1.5 to f; € L*(R") using the above definition. Without
loss of generality, we only consider the case when v — —oo as the case v — oo follows
similarly. As every sequence that converges in L*" has a subsequence that converges

a.e., there are a set of measure zero E}l ....f,, and a subsequence

1 1 1 1
ky<ky<ky<- - <kp<--

of the sequence of k’s such that

ST FED () > ST five s o) ()

for all x € RH\E}l,...,fm' Next, there are a set of measure zero E%".',fm and a subse-
quence
ki<ky<ki<- - <kj<--
of
ki <ky<kj< - <kp<--
such that

S R () = S (fire s fon) ()

for all x € R“\(E%,.'_’fm U Ejzflfm) There are a set of measure zero E;l s, and a

.....

subsequence

ki <ky<ky< - <kp<-
of

ki<ky<ki<---<kj<--
such that

S FE () = S (fio s for) (%)

for all x e R"\(E} . UE}

oo fr U E}l fm)' Iterating this process, we can take a
diagonal sequence

ki<ki<ki<---<ki<--,

which is a subsequence of all subsequences, for which f]kﬁ (x) = fi(x)foralll1< j<m
and

SLAE L RO (x) > SE (s f) (),

as £ — oo for x € R"\ U3, E?b...,fm andallv=-1,-2,....

https://doi.org/10.4153/50008414X23000305 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000305

1030 L. Grafakos, D. He, P. Honzik, and B. Park

o P
Now, on the set R"\ U2, Ey . Wehave

.....

[S2 o fon)| = Jim [S2CAS - )| = timinf [, £

for every v = —-1,-2,..., and thus

1S2(fis--os fiu)| < li?infMa(f"f’___’frlzﬁ).

>

This deduces
.. Kkt Kkt
Mo(fis--os fm)] sllglonfﬂ\/[g( e fud)

------

lemma and Theorem 1.4 for Schwartz functions, we finally obtain

m
(7.2) “Md(fl’ e ’fm)HLZ/m(]R") S H HfJ'HLZ(R")
j=1
for f; € L*(R™).
7.2 Proof of Theorem 1.3

£
Let fj, j=1,...,m, be functions in L*(R") and {f]k’Z }¢ be sequences that appeared

.....

. kS kS
(7.3) Zlin:osc‘;(f“ m') =So(fiseeos fm)
foreachv——l -2,....
On(Up1 s fm)c,wewrite

1S5 (fis-oos fin) () = o(O)ﬁ(x - fn ()]

S|53(f1,---,fm)—3”( f)|
SR TE A s BT (0) ) A
o)t —o<o>ﬁ-~-fm|-

We first take limsup,_,__ and use (7.1) to make the middle term on the right vanish,
and then apply liminf,_, . to handle the last term on the right which will vanish as
well. As a result, we obtain

limsup|S;(fl,...,fm)—0(0)ﬁ--~fm|
V——00
. kS kS
S11?11nfsup|8“;(ﬁ,...,fm)—S,‘;( e fl))-
0 <0

Using the identity (5.2), we control the preceding expression pointwise by

N Kt Kook
II?IIHfZMG(fIE,...,fifI,fie = fir fistsevs fm)
—oo i
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on the complement of the set

Ol

i=1¢

=, )}
1 fl‘, f, pf ~firfistreeor fin

s

which has full measure. Since

[tming S0 o 5 £ = o fin )|

L2/m (Rn
in view of Fatou’s lemma and (7.2), we finally obtain

Hmsup|Sy(fir--.» fm) = 0(0) fi+++ fuu| =0

y—>—o00

for almost all points in R”, which proves one part of the claimed a.e. convergences.

8 Concluding remarks

As of this writing, we are uncertain how to extend Theorem 1.4 in the nonlacunary
case. A new ingredient may be necessary to accomplish this.

We have addressed the boundedness of several multilinear and maximal multi-
linear operators at the initial point L% x -+ x L* - L*™. Qur future investigation
related to this project has two main directions: (a) to extend this initial estimate to
many other operators, such as the general maximal multipliers considered in [17, 26]
and (b) to obtain L' x -+ x LP» — L bounds for all of these operators in the largest
possible range of exponents possible. Additionally, one could consider the study of
related endpoint estimates. We hope to achieve this goal in future publications.
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