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Abstract In this paper, we mainly prove the following conjectures of Sun [16]: Let p >3 be a prime.
Then

1648
Agp = Az — 3 p*Bp—3 (mod p*),

16p®
A2p71 =A+ Tpoffi (mOd p4)7

Asp = Az — 36738p° Bp—_3 (mod p?),
where Ap, =Y 7, (2)2(”?“)2 is the nth Apéry number, and B,, is the nth Bernoulli number.
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1. Introduction

It is well known that the Riemann zeta function was defined by ((s) = >.°° , - where

n=1 ns?

s is a complex number with real part larger than 1. In 1979, Apéry [1] introduced the

Apéry numbers A,, and A; to prove that ((2) and ((3) are irrational, and these numbers
are defined by:

n 2 2 , n 2
=2 () (107w 2= () ()
It is well known (see [2]) that:
(n+1)Ap41 = 2n+1)(17n(n + 1) +5)A4, —n*A,—1 (n>1),
(n+1)24,,, = (Lln(n+1)+3)A, + n?A, |, (n>1).
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Proof of some conjectural congruences 509

The Apéry-like numbers {u,} of the first kind satisfy:
up=1, ug =b, (n+1)>u1 = 2n+1)(an(n+ 1) + b)u, — cndu, 1,

where a,b,c are integers and c¢#0. The well-known Domb numbers D, =

Sreo (2)2(2,5) (QZ:ik) are Apéry-like numbers of this kind, and the following numbers

are also Apéry-like numbers of the first kind,

ne2 () ()

In 2009, Zagier [20] studied the Apéry-like numbers {u, } of the second kind given by:
up =1, up =b, and (n+1)%upi1 = (an(n+ 1) + bu, — cn’u,_1 (0> 1),

where a, b, ¢ are integers and ¢ # 0. And the famous Franel numbers f, = >"}'_, (Z)S and

an = ZZ:O (2)2(2,5) are Apéry-like sequences of the second kind. For more congruences
involving Apéry-like numbers, we refer the readers to [6-8, 11, 12].
In [16], Sun proposed many congruence conjectures involving these numbers, for example:

Conjecture 1.1. ([16, Conjectures 5.1 and 5.3]) Let p be a prime with p>3. Then

14 ’ /B
A, =A — gp?’Bp,g (mod p*), A=A — gp?’Bp,g (mod p*),
16
T, =T\~ p"Bys (mod p*), Dy = Dy + 1B, (mod p*),
2

1 p° /D 1
h=h+ §p3Bp_3 (mod p*), a, = a; + 5 (g) B,_s (3) (mod p?).

Remark 1.1. Actually,

— L orp 1 3
ap:a1+2p (3)Bp_2 <3> (mod p?),

has been proved by the first author [9] in 2017, which is earlier than the above conjecture.
The congruences of A, and D, were proved by Zhang [21].

The above {B,} and {B,(z)} are Bernoulli numbers and Bernoulli polynomials given
by:
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510 G. Mao and L. Wang
For n,m € {1,2,3,...}, define:
Hm) — 1
- Y
1<k<n

these numbers with m =1 are often called the classic harmonic numbers.
Let p >3 be a prime. Wolstenholme [19] proved that:

(ﬁ_i)zlﬁmdﬁ) (1.1)

p—1

In 1990, Glaisher [3, 4] showed further that:

% —1 P
(p 1 > =1- gprp_g (mod p*). (1.2)

In this paper, our first goal is to prove the rest unsolved congruences in Conjecture 1.1.

Theorem 1.1. Let p be a prime with p>3. Then
/ / 5
A, =4 — §p3Bp_3 (mod p*), T,=T *pSBp_g (mod p*),
1.
hr=h+ §dep_3 (mod p*).

And, we also confirm some conjectures of Sun [16, Conjectures 5.1 and 5.3] involving

O2p:

Theorem 1.2. For any prime p> 3, we have:

1648 / r 280 .
Agp = Ao — TPSB;D—?) (mod p?), Ay, = A, — ijBp—3 (mod p*),

448
Ty, =T — 136p3Bp_3 (mod ), Dy, = Dy + ?prp_g, (mod p4),

fop = fo —8p°B,_3 (mod p?),

1
agp = ag + 6p> (g) B,_o (3) (mod p3).

We also proved some conjecture of Sun [16, Conjecture 5.2] involving ()2p—1:

Theorem 1.3. Let p>3 be a prime. Then,

16
Agpfl = A1 + §p3Bp,3 (mod p4>,

Top_1 = 162D — Gp?’Bp,g (mod p*).

At last, we prove some conjectures of Sun [16, Conjecture 5.1] involving ()sp:
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Theorem 1.4. Let p>3 be a prime. Then,

!

Az, = Az — 36738p>B,,_3 (mod p*), Aj, = A; — 2475p°B,_3 (mod p*),
Tsp, = T3 — 6696p°B,_3 (mod p*), D3, = D3 + 3168p>B,_3 (mod p*)
f3p = f3 — 189p°B,_3 (mod p?),

135p% /p 1
as, = as + 5 (g) B,_» <3> (mod p%).

We are going to prove Theorem 1.1 in the next section. Sections 3-5 are devoted to
proving Theorems 1.2—1.4.

2. Proof of Theorem 1.1

Lemma 2.1. (Lemma [15]). Let p>5 be a prime. Then,

= —2B,_3 (mod p), Hp_1=-—
2
HZ(,Q_)l = ngpfg (mod p?), Hfl)l =0 (mod p).

Proof of Theorem 1.1. p=>5 can be checked directly. We will assume p >5 from
now on. It is easy to check that:

2 2., 2
<p2k> _(pth) W(p+1) — 14 9 H, (mod p), 1)
and
—1\? 12 (p— 2
(i - 1) S (k —(Zl))!2k o 2pHj.—1 (mod p?). (22)

These yield that:

p k=1
1
2 H
=1+ (;) +p2H(2)1 + 2p‘3H(3_)1 3 E k—; (mod p*)
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In view of [18, (3.17)], we have

ZI— = B,_3 (mod p). (2.3)
k=1

This, with (1.2), Lemma 2.1 yields that:

’ 5 / 5
A,=3- §p3Bp_3 =A, - gprp_g (mod p*).

Now, we are ready to evaluate T}, modulo p*. In the same way of proving (2.1), we
have the following congruence for each 1 <k < (p —1)/2,

2p — 2k\ 2 )
b % =1+2pH, 2 =1+ 2pHo;,—1 (mod p7).

This with (2.2) yields that:

p—1
-GV 0 G
D P k p—2k
p—1
2\ ? Z 1
= < ) +p7 > 72 (1 + 2pHop—1 — 2pHy-1)
p k=1
2 Ho — H,
= < p) —&-sz(pz_) + 2p3 Z 2kk2 b +p3H(p3_1 (mod p*)
T ] T
In view of [9, 13], we have
p-1 p-1
>\ Ha 3 H, 1
2 2 = §Bp_3 (mod p) and 2 T2 = 7§Bp_3 (mod p). (2.4)

So with (1.2) and Lemma 2.1, we immediately obtain the desired result:
T,=4—- p3Bp_3 =T — p3Bp_3 (mod p*).

At last, we evaluate f, modulo p*. This is much easier. By (2.2),

S () e S ) e S

k=0 =1
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=2-p kg_ + pSH;Ei)1
k=1
1
=92 Zp?’H;g;l +p3HI(i)1 (mod p4).
p)

So we immediately get the desired result:

1 1
=2+ §prp—3 = fi+ §prp—3 (mod p*),

with the help of Lemma 2.1.
Now the proof of Theorem 1.1 is complete. O

3. Proof of Theorem 1.2

Lemma 3.1. Let p>3 be a prime. If 1 <k < (p—1)/2, then

2k\ (4p—2k\ _ 12p 3
(G (272) = - 220+ dpttas — o) (mod ). 2
If(p+1)/2<k<p-—1, then
dp —2k\ _ _(2p—2k
(2;0 3 k‘) = 2( ok )(1 + 2pHap o, — 2pHy—1) (mod p?). (3.2)

Proof. If 1 <k < (p—1)/2. Since H,_; =0 (mod p?) and H,_1_x = Hy, (mod p) for
each 0 < k <p—1, we have

(4p— 2k>
2p — k
_ 6p(dp—2k)---Bp+1)Bp—1)---2p+1)(2p—-1)---2p—-k+1)

2p—Fk)---(p+1)(p—1)
6p(p — 2k)!(1 + 3pHp,_ox)(—1)" 1 (k — 1)!(1 — 2pH},_1)

(p— k)N 1+ pHp—t)

6p (—1)*"1(1 + 3pHap_1 — 2pHi_1) 3
k (p;k)(l Y pHy 1) (mod p~),

and

(p—k>:<p—k>---<p—2k+1>

k k!
_ (=1)%k---(2k = 1)(1 — pHop 1 + pHy_1)
B k!
_1\k
= ( 21) (2]€k> (1 — pHop_1 +ka_1) (mod p2). (3.3)
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Hence

(2k> (4p — 2k> _ 712]) 1+ 3pH2k_1 — 3ka_1
k)\2p—k) k 1—pHy 1+pHp 1
—12p

. (14 4pHsi—1 — 4pHy,—1) (mod p?).

If (p+1)/2 <k <p—1.1It is easy to see that:

(4p— 2k>
2p — k
2(4p—2k)---(2p+1)2p—1)---2p—k+1)
(2p—k)--(p+ -1
2(2p — 2k)1(1 + 2pHap—oi) (—1)F 1 (k — D)I(1 — 2pH;_1)
(p— k)14 pH,_y)
) <2p - 2k) (=1)F'(1 4 2pHyy, ok — 2pHy 1)
p—Fk (*~1) (1 + pHy_1)

2p — 2k
2< z_ f )(1 + 2pHap ok, — 2pHj—1) (mod p?).

Now the proof of Lemma 3.1 is complete. g

Proof of Theorem 1.2. We can check case p =15 directly. So we will assume that
p > 5 in the following process. As the same way of proving (2.1) and (2.2), we have

2 —1\° )
b1 =1—4pHi_1 (mod p°), (3.4)
2+ k\ 2
& =1+ 4pHy (mod p?), (3.5)
dp — k 2
_ _ )
<2p B k) =9(1 4+ 4pHy_1) (mod p*). (3.6)

So we have

_p_l 2p 2 2p+ k 2+ sz_l 2p 2 2p+ k 2

N k k 4 k k

B 2p 2 2p+ k 2 n — (2p 2 4p — k 2

N k k k 2p—k)
k=1 k=1
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Thus, in view of (3.4), (3.5) and (3.6), we have

4p 2p\~ (3p 2 2
Ay —1— = 4p § 1 4p §
2” (219) ( P ) ( P ) k2 +E)+ ’f2
= 4p?H?, +16p°HY,| + 36p*H'”, = 40p2H(2)1 + 16p3H( (mod ph).

Mao [10, Lemma 4.1] proved that:

4
(29 =6 —32p°B,_3 (mod p*). (3.7)

Similarly, with (1.2), Lemma 2.1 and (2.3) we can get that:
P p—1
2p . 2p 2p\ (p
() Z(k)<)—1+(p>+2(k)(k>
=0 k=1
+’“2p2 -1\ (p—1
K \k-1 k—1
( 2

p
This, with (1.2), (3.7) and Lemma 2.1 yields that:

||
"BK‘
»—l»a
DN

+) =5 (1—=3pHy_1) =3 —6p’B,_3 (mod p*). (3.8)

\/
=~
Il
—

1648 1648
Agp =173 — Tp3Bp 3 = A2 — Tprp 3 (mod P )

Now, we consider A;p modulo p*. Similarly, we have
/ 4 2p\” (3
A, 1o (Y p\ " (3p
i 2p p p
L, 2p+k R rop\ap—k
+y .
k 2p — k
k=1 k=1
In view of (3.4), (3.5) and (3.6), we have
’ 4p 2p 2 3p
Ay —1—
2p <2p> < p > ( p )
p—1 p—1

1 1
=4p* Y 5 (L 2pHy — dpHy 1) +12p° > 5 (1 = 2pH1)
k=1 k=1

= 16p*H.", — 32 SZ +40p°HY, (mod p).
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Therefore, with (1.2), (3.7), (3.8), Lemma 2.1 and (2.3), we can deduce that:

280 280
A2p =19 - —p?’Bp 3= A - ?p?’Bp_g (mod p*).

Now we evaluate T, modulo p*. In the same way of proving Lemma 3.1, we have, if
1<k<(p-1)/2,
4p —2k\?
2p — 2k

andif (p+1)/2<k<p-1,

9(1 4+ 4pHsy—1) (mod ]72)7

Ap — 2K\ )
=9(1 - .
(2p— 2k> 9(1 + 4pHap_ok) (mod p*)

So with (3.4) we can deduce that:

() () 2 ()6 - () G
P P 2p it k 2p P k 2p — 2k

; 1
1+ dpHo,— 1—4ka 1 1+ 4pHop, oy, — 4pHj
_ 2 2 14
=03 D> 2
1
2
—1 p L
14 4pHo,— 1—4ka 1 Hop — Hp_ 1
_ 2 3 p—
=36p Z Z %+ 10p Z T E—
_p+tl k=1
2
71
=32p?HY) | + 9*H?, +12p°HY | +1 Z (mod p?).
2 T k=1

This, with (1.2), (3.7), Lemma 2.1 and (2.4) yields that:
Top =40 — 136p° B3 = Tp — 136p®B,_3 (mod p*).
Next, we consider Dy, modulo p*. It is easy to see that:
4
4 2
2 =2(5) - ()
2p p
p—1

() (570 2 e

k=p+1

(]

k

1

(G

P

Il
[\
~
Il
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So by Lemma 3.1 and (3.4), we obtain that:
Ap 2p\* 3 22(3) ) 2k\ [2p — 2k
Dy, —2 — =-— H, 16
o <2p> (p> J0p"H 1 + 160 zp;l BR\k)\ p—k
e

= —96p3H<3)1 +16p? Z p 128p3H(3)1 +32p° P, (mod p*).
k= p+1

Then, we can obtain the desired result:

448 448
sz:28+7p33p 3= D2+?p By_3 (mod p*),

with the help of (1.2), (3.7) and Lemma 2.1.
Similarly, fs, modulo p* is also easier. It is easy to check that by (3.4),

% 3 p—1 % 3 2p—1 % 3 p—1 % 3
wee(5) -5 ()« 2 (1) 225 (7)
k=1 k=p+1 k=1
p—1 k p—1 k
_ 3 (-1) _ 3 1+ (-1) 3 77(3)
= —16p Z = 16p > g TP,
k=1
= —4p3H(3) + 16p3H( ) (mod p*).
o
In view of (1.2) and Lemma 2.1, we immediately get the desired result:
fop =10 —8p*B,_3 = fo — 8p*B,_3 (mod p*).

At last, we evaluate as, modulo p3. By (1.1), (3.4) and (3.7), we have:

(@) SO O
S S ) S ) ()
— 15 +4p2pz:1 kk? +4 sz: > (421; _2:) (mod p?).

And then in view of Lemma 3.1, we have
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N 1(%) 2 2p — 2k
asp = 15 +4p Z 15 e Z k:2 ok

p—1 2k p21
— (%) 2k
_15+4p22 i +822k2
p—1
=15+ 12 22 (mod p?).

In view of [14], we have

p—l k

UL 0NN

Therefore, we immediately get the desired result:

k=1

1 1
azp = 15 + 6p2 (%3) B, (3) = ay + 6p> (g) B, (3) (mod p?).

Now the proof of Theorem 1.2 is complete.

4. Proof of Theorem 1.3

In the same way of proving Lemma 3.1, we have, for 1 <k <p—1

2p—1 2 2p—1+4+k 4p? 4p 4
(7o) () = () oy

and for 0 < k <p—2:

2p— 1\ (4p — 2 — k\* 36p> 6p 4
= 1 .
( k ) <2p—1—k) po1—hp \\ Ty medr)

So we have

2 —1\?/3p—1\2
Aoy 11— (P 7
p—1 2p—1

-1\ (2p—1+k 2+ 2”2‘:1 2 —1\2/2p — 1+ K\
- k k k k

k=p+1

k
-1\ (2 -1+k 2+’”§ 2 — 1\ (dp — 2 — &\
=\ k k — k 2p—1—k

k=0
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p—1 4 p—2
122 36p2 6p
) k
=4 kzzl = +kzzo(p—1—k)2 <1+k+1)

k+ 2p 6p
_ 2 2

=4p Z kQ r 36p Z ( - )
= 4Op2Hz(,2_)1 + 272p‘3HZ()_)1 (mod p*).

In view of (1.2), (3.8) and Lemma 2.1, we immediately get the desired result:
16 16
Agp_l =5+ §p3Bp_3 = Al + gpsBp_g (mod p4).

Now we consider 75,1 modulo pt. Tt is easy to see that:
- _2”2_1 2p—1\?( 2k 2_”21 2p— 1\ (4p — 2 — 2K\
zpfl_k:p k p—1) =\ k 2p—1-2k) "

So
- <2p—1)2<3p—1>2
2p—1 — -1

pgs
Z 2p—1 2 4p—2— 2%k 2+ pz_:l 2p — 1\ 2 [dp — 2 — 2K\ 2
2p—1—k k 2p—1—-2k)
— k=p+1
2

In the same way of proving Lemma 3.1, we have, for 0 < k < (p — 3)/2:

2p — 1\? [4p — 2 — 2k 2
k 2p—1—2k
36p?

— (1 —4pH, 4pH.
(p—1—2k:)2< pH . + dpHay +

6p 4
d
2k+1) (mod p*),

and for (p+1)/2<k<p-1,
2p— 1\ /4p — 2 — 2K\ ?
k o2p—1—2k

4p?
m(l + 4pHap—o_2), — 4pHy,) (mod p*).

So we have

. (2p—l>2<3p1)2
2p—1 — —1
P p—Q 2p—1
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p=3
2k +1+8p 2. 1 — 4pHy, + 4pHoy,

=36p° +4

Z k+ 13 v’ 2T (2t )2

p=3 p=3 p=3

. 1 5 o~ Hop — Hjy, 5 o 1
=40p> Y ———— +160 2 1988 S

P ;(2k+1)2+ P k+ 1)z TP kZ:()(Zk+1)3

Ho — H
=10p* 1Y), —26p*HS) | +160p° Y % (mod p*).

M

M‘

x>

(=)
—~~
[\
d
—
~—
3]

In view of [10, (5.1)], we have

p—1
2

(2p—1>2 _@p—1P(2p— 2

_162(P 1)+ 3 3Bp 3 (modp)
This, with (3.8), [10, Lemma 2.3] and Lemma 2.1 yields that:
Top1=4- 162(—1) _ 6p3Bp,3 = 162Dy, — 6prp,3 (mod p*).

Now the proof of Theorem 1.3 is complete. O

5. Proof of Theorem 1.4

For any n > m, we define the alternating multiple harmonic sum as:

m . ) k.
H(ay,ag,...,am;n) = 3 HM

- k.laz‘
1§k1<k2<...<km§nz:1 7

The integers m and Y., |a;| are respectively the depth and the weight of the harmonic
sum. As a matter of convenience, we remember H(1;n) as H,. In view of [5], we have

(=1)" ;EZ::;? p?’Bp_ar—2 (mod p3) if ar is odd,

H({a}";p—1) = (5.1)

—1)" 85pByar—1 (mod p?) if ar is even.

Lemma 5.1. For any prime p> 3, we have

4 . 5 )
(;) =4 —16p*B,_3 (mod p*), (22) =10 — 100p*B,_3 (mod p*),

6
<3§> =20 — 360p°B,_3 (mod p*).
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Proof. It is easy to see that

<4p> :4(4p1) _Up—1)---Bp+1)

p p—1 (p—1)!
9 2
=1+3pHp_1+ %(Hifl - H1(12—)1> +27p*H(1,1,1,p — 1) (mod p?).

This, with (5.1) and Lemma 2.1 yields that:

4
<;) =4 —16p°B,_3 (mod p*).

Then with this, Lemma 2.1 and (5.1) we have
<5p) B 5(5p— 1) _50Gp—1)---(4p+1) <4p)
2p)  2\2p—1) 2 @2p—1)---(p+1) \ p
5 <4p> 1+ 4pH,_1 + 8p*(H2_, — H?) + 64p*H(1,1,1,p — 1)
2

2
P} 14 pH, y + 5 (H2, —HP )+ pPH(L1,1,p—1)
=10 — 100p*B,_3 (mod p*).

Similarly, with this and (5.1) and Lemma 2.1, we have

(6p> _ 2<5p) (6p—1)---(5p+1)
3p 2p)(Bp—1)---(2p+1)

20) 14 2pH, ., +2p2(H2_, — H?)) + 8p3H(1,1,1,p — 1)
=20 — 360p°B,_3 (mod p*).

Now the proof of Lemma 5.1 is complete. d

In the same way of proving (2.1) and (2.2), we have

3p—1 2 9
vo1) = 1 —6pHi—_1 (mod p?), (5.2)
3p—1 2 9
ptk—1) 4(1 = 6pHy—1) (mod p*), (5.3)
3p+k\° 9
& =1+ 6pHy, (mod p°), (5.4)
Ap + k\ )
btk = 16(1 + 6pHy) (mod p*), (5.5)
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AN
@; B k) = 100(1 + 6pHy_1) (mod p?). (5.6)

So, we have
GG -G G- ()
Asgp —1— — —
p 2p 2p) \2p 3p
p—1 3p 2 3p+k 2 p-1 3p 2 dp+ k 2
= +
o\k k p+k) \p+k

k=1
ey
— k 3p—k
1+ Sl 4
=0p* > | — 5 +576p° ) | 13 k3>+9oo 21
k=1 k=1

=1485p° H'”, + (54 + 36 - 64)p° H'Y, (mod p?).

Then with Lemma 2.1, (3.7), (3.8) and Lemma 5.1, we immediately obtain the desired
result:

Az = 1445 — 36738p°B,_3 = A3 — 36738p> B3 (mod p?).

Next we consider A;p modulo p*. Similarly,
2 2
A/ 1 3p 4p _(3p op\  (6p
o p) \2p 2p) \2p 3p

SIS0

=1
p—1 6
3 6p — k — 3pH;, + %2
B (v g e
k=1 p—k
p—1
1 p 3pHj, 9 3ka+
144p? - — 90p 1= 3pHk+
; pz( i Bk )+ - -

k=1

=243p>H?, + 900p>HY, — 729p Z (mod p*)

This, with (2.3), (3.7), (3.8), Lemma 2.1 and Lemma 5.1 yields that:

Ay, = 147 — 475p° B, 3 = Ay — 2475p° B,_5 (mod p*).

Now we evaluate T3, modulo pt. It is easy to see that modulo p?,
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7 _<6p 2 3\ (4p)?
P \3p p) \p

p—1
= <3p>2<6p—2k)2+ 2 < 3p >2<4p—2k)2
pt k 3p — 2k — p+k p—2k
1 p—1
U0 =1\ Gp =28\ S 9 (3 )2k
71@:1 2\ k-1 3p — 2k Pt (p+k)2Z\p+k p—2k /)’

Similar to prove (2.1) and (2.2), we have, for any 1 <k < (p—1)/2,

ap — 2k\° )
=1+6pHo_ d
(p—2k> + 6pHop—1 (mod p®),

Op = 2k 2=100(1+6H ) (mod p?)
3p—2k) — P2k —1 p)

and for each (p+1)/2<k<p-1,

6p — 2k >
< P ) = 16(1 + 6pHa,_o1) (mod p?).

3p — 2k
So we have
me (o) - () ()
P \3p p) \p
1+ 6pHap_1 — 6pHy_1
=900p?
p—1
1+ 6pHap_o, — 6pHp_1
2
+144p% Y e
po Pl
2
1 p | 6pHo —6pHy
2
k=1
) Hs,. — H,
=1080p°H'? | +3024p>H | + 6480p° % (mod p).
R 5 Pt

Therefore, we immediately obtain the desired result:
T, = 544 — 6696p° B,,_3 = T3 — 6696p° B,,_3 (mod p*),

with the help of (3.8), Lemma 5.1, (2.4) and Lemma 2.1.
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Then, we consider f3, modulo p*. This is easier; it is easy to check that:

G2t = (Grtsl) = () R0 =2 o

So

This, with (3.8) and Lemma 2.1 yields that:
fap =56 — 189p°B,_3 = f3 — 189p> B,_3 (mod p*).

Now we consider D3, modulo p*. In the same way of proving Lemma 3.1, modulo p? we
have, for 1 <k < (p—1)/2,

2k\ (6p—2k\ _ —60p  (dp—2k\ (2p+2k\ _ —24p

k 3p—k /) k 20—k p+k E
and for (p+1)/2<k<p-1,

2k (6p— 2K\ _ 12p  (dp—2k\ (2p+2k\ _ 24p

k)\3p—-k) Kk’ 2p —k p+k k-

In view of [17, Lemma 2.1], we have

j(?j) (2( ‘“) = 2p(=1)12/211 (mod p?). (5.7)

J p—J

These, with (5.2), (5.3) yield that:

o-a(y)-2(3) () (z)

1

72”21 3p\ 2 /2K (6p — 2k +” 3p \2/2p+2k\ [4p — 2k
N —\k kE )\ 3p—k —\p+k p+k 2p — k

https://doi.org/10.1017/50013091524000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000075

Proof of some conjectural congruences

525
p—1 2
3p—1 2k 6p — 2k
_ 2
=3 () () (5 %)

3p—k

p—1 2
3p—1 2p 4+ 2k\ (4p — 2k
2
oy () (o
k=1
p—1

p+k 2p — k
o p—1
—60p 6 (2k\ (2p— 2k
=18p E 3 + 18p E k2<k)<p—2)
k=1 k:p+1

) ) e 6
+9p Z kg P op >

k= p+1
3024p3H;?f1 + 864p° B,_3 (mod p?)
=

Finally, with the help of Lemma 5.1, Lemma 2.1, (1.2), (3.7) and (3.8), we immediately
get the desired result:
D3, = 256 + 3168p°B,,_3 = D3 + 3168p°B,,_3 (mod p*)
At last, we evaluate as, modulo p3. It is easy to verify that, for each 1 < k < (p—1)/2
2p+2p 2k 6p — 2k
=2 d
(i) =) oo (

3p—k) =0 (mod p),
and for (p+1)/2<k<p-1

2p+2p\ 6p —2k\ _  (2p—2k
< p+k ) =0 (mod.p), (3p—k> _6< p—k ) (mod p).
These, with (5.2), (5.3) yield that:
GG -GG -G)
asp — 1— — —
p P p/) \2p 3p
() (202 (g
= +
=\ k k

3p\ 2 [6p — 2k
2 (3) (5%)
= \ptk pt+k —\k 3p—k
_ p2 p—1 (Qkk) p—1 (2p+2k:)

p—1 6p 2k:)
2 p+k 2 3p k
2 + 36p + 9p Z
k=1 k=1
1 2k p%l k 1 (2 2l~c)
P 2 2 p— 6 p—
— 02 (k 2 2 k) 2 p—k
k=1 k=1

_ptl
k=55
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Hence with (1.1), (3.7), (3.8), (3.9) and Lemma 5.1, we immediately obtain the desired

result:
135 P 1
=03+ 22 <7) 2B, (-
asp + 9 p 3 D Dp—2 3
135 P 1
=+ 1007 (5) B () o 1)
Therefore the proof of Theorem 1.4 is complete. l
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