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GENERALIZED CASIMIR OPERATORS FOR LOOP LOOP SUPERALGEBRAS

ABHISHEK DAS, SANTOSHA PATTANAYAK

ABSTRACT. Let g be the queer superalgebra q(n) over the field of complex numbers C. For

any associative, commutative, and finitely generated C-algebra A with unity, we consider the
loop Lie superalgebra g ® A. We define a class of central operators for g ® A, which generalizes

the classical Gelfand invariants. We show that they generate the algebra U(g ® A)%. We also
show that there are no non-trivial g-invariants of U(g ® A) where g = p(n), the periplectic Lie superalgebra.

1. INTRODUCTION

The theory of Lie superalgebras primarily arose from an attempt to understand the mathe-
matical foundation of supersymmetry in theoretical physics. The literature has been developed
substantially since then. Representation theory of Lie superalgebras plays a crucial role in quan-
tum optics and many other areas of theoretical physics, notably in string theory. A comprehensive
description of the mathematical theory of Lie superalgebras is given in [8], containing the complete
classification of all finite-dimensional simple Lie superalgebras over an algebraically closed field of
characteristic zero.

Loop (super)algebras are of great importance in the literature. Affine Kac Moody Lie (su-
per)algebras can be realized by means of an affinization technique on Loop superalgebras. In
superstring theory a particular type of Loop superalgebras, namely the superconformal algebras
are invaluable tool. By definition, they are tensor product of finite dimensional simple Lie superal-
gebras with the algebra of Laurent polynomials. For a survey on finite dimensional representation
theory of loop algebras we refer to [17].

In this article we deal with Loop superalgebras associated with the superalgebras belong to the
strange series in Kac’s classification, namely the queer and periplectic Lie superalgebras. By
definition, a loop superalgebra is of the form g ® A, where g is a Lie superalgebra and A is an
associative commutative finitely generated C-algebra with identity. When g is a basic classical
superalgebra and A = (C[tlil, ‘e ,til], the Laurent polynomial algebra in d commuting variables,

a complete classification of irreducdible finite dimensional modules for g ® A is given in [12] and
[13]. They turn out to be evaluation modules at finitely many points except in types A(m,n)
and C(n). In [16], Savage classified irreducible finite-dimensional representations of equivariant
map superalgebras in the case where g is a basic classical Lie superalgebra. As a special case, his
results give the classification of the irreducible finite-dimensional modules for the twisted loop su-
peralgebras, and in particular generalize the classification results obtained in [12] and [13]. In [1],
the authors classified finite-dimensional irreducible representations of equivariant map queer Lie
superalgebras. While in the basic classical setting those irreducible modules were isomorphic to
tensor products of generalized evaluation modules, in the queer case they are irreducible products
of evaluation modules. In [2], the authors completed the classification of finite-dimensional irre-
ducible modules of equivariant map superalgebras by describing these modules for the periplectic
superalgebra.

In [15], Rao defined a set of operators for the Loop superalgebra g ® A, where g is a contragredi-
ent Lie superalgebra, and called them the generalized Casimir operators, generalizing his work in
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[14] for Lie algebras. In particular, specializing to the case where g = gl(m|n), he defined a set of
central operators Ty (aq,...,ar) for a; € A, in the universal enveloping algebra U(g®A) of gRA,
using the construction of the Gelfand invariants in the center of U(g) and conjectured that these
central operators generate the algebra of g-invariants of U(g ®A). In [10], the authors gave a proof
of this conjecture and gave a spanning set for the space of invariants U (osp(m|2n) @ A)OSp(mI2n)
where osp(m|2n) is the orthosymplectic superalgebra and OSp(m|2n) is the corresponding super-
group.

In the current paper we study U(g®A)? corresponding to the strange series of superalgebras,
i.e., g is either q(n) and p(n). Using the Schur-Weyl-Sergeev duality we first derive the tensor
version of the first fundamental theorem (FFT) of invariant theory for q(n) which gives a spanning
set for (V@ @ (V*)@k)a() | > 1 where V = C" @ C" is the defining representation of q(n).
Using this version of FFT we give a spanning set for U(q(n) ® A)9(™). We define a set of central
operator for U(q(n) ® A) which are similar to the central operators defined by Rao in [15] in the
case of gl(m|n). We show that these central operators generate U(q(n) ® A)1(™ as an algebra.
Specializing to A = C, these central operators give an algebra generating set for the center of the
universal enveloping algebra of q(n). We mention that a set of algebra generators of the center
of gq(n) is given in [18] without a proof. These operators are helpful to understand the tensor
product decompositions of g-modules. In fact these central operators when applied to a certain
tensor product of q(n)-modules move one highest weight vector to another highest weight vector.

The periplectic Lie superalgebra p(n) is a superanalogue of the orthogonal or symplectic Lie al-
gebra preserving an odd non-degenerate symmetric or skew-symmetric bilinear form. In [9], Moon
proved a Schur-Weyl duality statement for p(n) by introducing an algebra called the periplectic
Brauer algebra which plays the role of Brauer algebra as in the case of orthogonal and symplectic
Lie algebra or in the case of the encompassing orthosymplectic Lie superalgebra. In [4], Deligne et.
al., proved the tensor version of the FFT for the periplectic Lie supergroup, hence thereby giving a
spanning set for (V®2#)Pe(V) wwhere V = C" @ C" and Pe(V) is the periplectic supergroup which
is by definition the subgroup of GL(V') preserving a non-degenerate odd symmetric form on V.
Using these results, for an associative, commutative and finitely generated C-algebra A, we show
that the only p(n)-invariants of U(p(n) ® A) are the elements of C. We note that from the work
of M. Gorelik it can also be derived that the centre of p(n) is trivial (see [7]).

We briefly describe the contents of each sections. In Section 2 we give preliminaries of queer
Lie superalgebra and recall the Schur-Weyl-Sergeev duality for q(n). In Section 3 we define loop
superalgebras and describe a spanning (resp. algebra generating) set for U(g ® A)? starting with
a homogeneous basis (resp. a set of homogeneous algebra generators) of [T'(g)]®. In Section 4
we prove the tensor FFT for the the queer superalgebra. In Section 5 we give a spanning set
for U(q(n) ® A)%™) define a set of central operators in U(q(n) ® A) and show that these central
operators generate the algebra U(q(n) ® A)%). In Section 6 after recalling the definition of the
periplectic Lie superalgebra p(n), we show that the only p(n)-invariants of U(p(n) ® A) are the
constants.

Notation: Throughout this paper we work over the field of complex numbers C. All modules
and algebras are defined over C and in addition all the modules are of finite dimension. We write
Zo = {0,1} and use its standard field structure. We put (—=1)° =1 and (—1)! = —1.

2. PRELIMINARIES

2.1. Queer superalgebra. For a positive integer n, we set I, :== {—1,---,—n,1,2,--- ,n}, on
which we define the parity of i € I, to be |i| =0 if i > 0 and |i| = 1 if i <O.

Let V := C" © C" be the superspace with standard basis v; of parity i for ¢ € I, . Its
endomorphism ring Endc(V) is an associative superalgebra with standard basis E;; of parity
|i| 4 [j] for 4, j € I,|;,. It is also a Lie superalgebra under the standard supercommutator

[,y] = zy — (—1)1*¥lya,
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for all homogeneous z,y € Endc (V). It is denoted by gl(n|n).

The queer superalgebra q(n) can be defined in two ways. The map E;; — E_, _; is an invo-
lutive automorphism of gl(n|n) and we define q(n) to be the fixed point sub-superalgebra of this
automorphism.

Alternatively, we define P: V — V by Pv; = (—=1)I%lv_; and q(n) := {f € Endc(V) : [f, P] =
0}. Tt is closed under the superbracket and we call it the queer superalgebra.

With respect to the ordered basis B := BiUBy = {e_1,...€_p,€1,...,e,}, the operator P can
be written in matrix form as
0 I
= (% o)

and q(n) can be expressed in the matrix form as

q(n) = {(B A> : A, B are arbitrary n X n matrices}.

In terms of basis elements of gl(n|n) we have P = E_, , + E_(,_1) 1+ +E_ 11— FE1 1 —
---—E, _,. Note that q(n) as the Lie sub-superalgebra of gl(n|n) is spanned by F;; :== E;;+E_; _;
for ¢ > 0. Note that we have Fy; = F_; _; = F_; _; for all ¢, j.

The superalgebra gl(n|n) and hence q(n) acts on V' by matrix multiplication and on the k-fold
tensor product V&* by

k

z- (Ul RUa® -+ Qug) = Z(—l)(lvl‘+m+|vj’1‘)|v|’l)1 QU2 @ QU QVj41 Q-+ & Vg, (2.1)

j=1

where the elements z € q(n) and v; € V are all homogeneous. We then extend to all of q(n) acting
on all of V®F by linearity.

2.2. The Sergeev superalgebras. Let S; be the symmetric group on k letters. It is generated
by the transpositions s1, ..., Sx—1, where s; = (4,4 + 1) for all 1.

The Sergeev superalgebra Sery, is the associative superalgebra generated by si,...,s,—1 and
C1,...,Ck_1,cr with the following defining relations:

[ ] Si = 1, 5i5i+1si = Si+18i5i+17 SZ‘SJ' = S]‘Si (‘Z *]‘ > 1),
2 _ _ . .

o c; =—1, ¢ic; = —cjei, (1 #£ 7))

® 5,Ci5; = Ciy1, 5iCj = C;8;, JF 4,0+ 1

The generators s1,...,s,_1 are regarded as even and the subalgebra generated by them is iso-
morphic to the group algebra C[Sk] of Si; the generators cy,...,ci_1,cx are called odd and the
C-subalgebra generated by them is isomorphic to the Clifford superalgebra Cly.

The Sergeev superalgebra Sery, is isomorphic to the superalgebra C[Sk| x Cly, which is C[Sk] ®
Cl}; as a superspace with the multiplication given by

(c®ciy ) (T®cj - ¢j,) =0T ® Cro(y) ** Cr=1(3y)Cjy *** Cjpns
where 1 < i4,7; < k.

The superalgebra Ser;, has as basis the elements which can be written in the form o ®cj* - - - ¢}
where o € S, and ¢; € Zo for all 4.

2.3. Action of the Sergeev algebra and Schur-Weyl-Sergeev duality. The symmetric
group Sy, acts on the k-fold tensor product VF by
si- (@1 Buun® - Qu) = (1)1l @ue- - U e - @u, (22)

where v;’s are Zy-homogeneous. We then extend the action to V®* by linearity.
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More generally the action of S, on V®* is defined as follows: for ¢ € S and homogeneous
V=1 QU ® -+ ® vy, the action of o on v is given by:

o (V@ R@u) = (_1)“/(11,0*1)(”071(1) R ® Uofl(k))y

where y(v,071) = I, jyetmv(oy lvillvjl, with Inv(e) = {(¢,5): i < j and o(i) > o(j)}. It can be
easily verified that y(v,07) = v(c 71w, 7) + v(v,0) for two permutations o and 7.

The generators c¢; acts on V ek by
¢ (1 @ @ug) = (1)l @ - @ v @ Pu)) @ vjg ©vjp2 @ - © vy,

where v1,...,v, € V are homogeneous elements and we then extend the action to V¥ by linearity.

More generally, for ¢; € Zo, i =1,...,k, we have

cil e cik . (fUl ® - ® Uk?) = (—1)Z'L>] EiI'UjIPEI/Ul ® e ® PE’“U;C.

The actions of S, and Clj, give rise to a left action of the Sergeev superalgebra Serj on V&,
So we get an algebra homomorphism

W}, : Sery, — Endc(VEF).
We record that for a basis element 0! ® ¢* - - - ¢;* € Sery, we have

(0—71 X Cil . Czk) . (’Ul R ® Uk) = (—1)’7(”70)+Zi>_7‘ 6il’“j|‘P5rr(1)1)o_(1) R ® Pﬁa(k) va(k)'

Let Endq(n)(V®k) be the centralizer algebra of the q(n)-action on V®*. That is

Endg(n) (VE*) := {f € Endc(V®"): af = fz, forall z € q(n)}.

Let p : q(n) — Ende(V®%) be the superalgebra homomorphism induced from the action of q(n)
on V®_ 1In [16], Sergeev proved the following double centralizer theorem along the lines of the
Schur-Weyl duality for the queer superalgebra.

Theorem 2.1. Let p : q(n) — Endc(V®F) and Uy, : Sery, — Endc(VEF) be the maps defined as
above. Let A be the image of ¥y and let B be the subalgebra of Endc(V®%) spanned by the image
of p. Then A and B are centralizers of each other.

Remark 2.2. It may be noted that in the statement of the above theorem we consider the left
action of the Sergeev algebra whereas Sergeev considers the action from the right and uses Ser}”
instead.

3. LOOP SUPERALGEBRAS

3.1. Let g be either a simple Lie superalgebra or gl(m|n), or any Lie superalgera among q(n) or
p(n). Let A be an associative, commutative and finitely generated C-algebra with unity. Then
g ® A has a natural structure of Lie superalgebra:

[z ®a,y®b = [zy] ®ab, for z,y € g,a,b € A.
With this the even part of g® A is (g), ® A and the odd part is (g); ® A. Let g=n" @ hdnt

be the standard triangular decomposition of g. Then g A=n"QA)® (hA)dnh” ®A)isa
triangular decomposition of g ® A.
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32. Let T(g® A) = Py TF(g ® A), where TH(g @ A) = (g ® A)®*, be the tensor algebra of
g® A and let U(g ® A) be the enveloping algebra of g ® A. The universal enveloping algebra
of g ® A is a quotient of the tensor algebra T'(g ® A) modulo the two-sided ideal I generated in
T(g® A) by all elements of the form z ®y — (—1)*II¥ly @ 2 — [z, 9], where z,y € g® A. Note that
T(g® A) has a Zs-grading extending that on g ® A. Since the ideal I is homogeneous, U(g ® A)
is Zs-graded.

We have a natural surjective algebra homomorphism :

m:T(gRA) - U(ge A).

Let
UgeA)?={ycU(geA): [z,y] =0, forallz e g}
be the subalgebra of g-invariants. Note that it is naturally Zo-graded.

If we take A = C, then U(g ® A)? reduces to U(g)?. Using a PBW basis, we see that if an
element of U(g) supercommutes with all elements of g, it supercommutes with all elements of the
PBW basis. So U(g)®? is the center of U(g), which we denote by Z(g).

Let h = ho + by be a Cartan subalgebra of g and g = n~ ®h®n™ be a triangular decomposition
of g. We note that for basic Lie superalgebras j = b, whereas for g = q(n) and p(n), h; # 0.
Let {@1,22,...,Tm}, {h1,h,..., hy}, and {y1,¥2, ...,y } be homogeneous bases for n=, h and n™
respectively. Then the monomials 7' ...zmhi* ... hfl'"yil . y;;", where the exponents of the even
elements runs through the set of all positive integers, and the exponents of odd elements ranges
over {0,1}, form a PBW basis of U(g). The monomials where r1 =--- =71, =t; =---=t, =0
form a basis of U(h), while the set of all remaining monomials is a basis of (n~U(g) + U(g)n™).
This yields a decomposition of U(g) as U(g) = U(h) @ (n~U(g) + U(g)n™). The Harish Chandra
homomorphism HC' is the restriction to the center Z(g) of the projection map 7: U(g) — U(h)
with kernel (n~U(g) + U(g)nt). With the identification of U(h) to the symmetric algebra S(h),
it is well known that for all basic Lie superalgebras and ¢(n), the image of the Harish Chandra
homomorphism is contained in the commutative algebra S(ho) (see [3, Section 2.2, 2.3]). Since
the Harish Chandra homomorphism is injective, it follows that the center Z(g) = U(g)® comprises
only even elements, hence U(g ® A)? also contains only even elements. For an alternative proof
of this fact, we refer to Proposition 3.2 of [20]. It is known that the center of U(p(n)) = C (see
[7]). We give an alternate proof of this fact in Section 6. Therefore, it now follows that the center
of U(g®A) contains only even elements for all basic Lie superalgebras, q(n) and p(n).

3.3. Foranyf e [g¥F)9, 0= 2l @2} ® - @2t and for any ay,as,...,a, € A, we define

O(ar,as,...,a) = Y (v} ©a1)(zh @az)--- (¢} @ ax) € U(g® A).

K2

The element 0(ay,az, ..., ax) = Yt ®a) @ (@b ®az) ®- - @ (2} ®ag) € T(g® A) maps to
O(a1,as,...,ar) under the surjective map m and since [z,0(a1,as2,--- ,a;)] = 0 for all z € g, we
get that [x,0(a1,az,--- ,a;)] =0 for all = € g. Hence, we have

9(a1,a2,...,ak) € U(g@A)g
We then have the following proposition.

Proposition 3.1. Let g be a simple Lie superalgebra or gl(m|n), or any Lie superalgera among
q(n) orp(n). Then the subalgebra U(g®RA)® is spanned by 0(a1, ag,...,a;), k>0 and a; € A for
i=1,2,...,k where 6 runs over a homogeneous basis of T(g)®.

Further, the subalgebra U(g®A)? is generated as an algebra by 0(ai,as,...,a;), k > 0 and
ai,as,...,ax € A, where 0 runs over a set of homogeneous algebra generators of T(g)®.

Proof. The map
m:T(gRA) = U(gRA).
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is surjective. By using the PBW basis for U(g®A) we see that 7 splits. So we have a surjective
degree preserving algebra homomorphism

T(gRA)® — U(grA)s.
Note that T(g®A)? is a graded algebra and the grading comes from the grading of T'(g)?. Since
g®Cay = g as g-modules, (g®Cay) ® (g®Cas) ® -+ ® (g ®Cay) as a g-module is isomorphic to

g®g®--+-®g. Then the spanning (resp. algebra generating) set of T'(g)? maps to a spanning
(resp. algebra generating) set of U(g®A)®. O

4. TENSOR FFT FOR QUEER LIE SUPERALGEBRA

In this section after listing out some isomorphisms that we require in this note, we prove the
tensor version of the first fundamental theorem of the queer Lie superalgebra.

4.1. Isomorphisms. Let V' be a super vector space over C.
1. We have V@ V* = Endc(V') defined by (v, ¢) = T(,, 4) where T(,, ¢)(w) = ¢(w)v for v,w € V.
This implies that Ende(V)®F = (V @ V*)®F for k > 1.

2. For two super vector spaces V and W, we have an isomorphism V@ W — W ® V defined
by v @ w +— (—=1)I?l*lw @ v, where v and w are homogeneous elements of V' and W respectively.

3. Let V and W be two super vector spaces. For simple homogeneous tensors v = v; ® ve ®
R €V and w = w; @ we ® - @ wy, € WOF we define p(v,w) = Z;C;ll d;(v,w) where
dj(v,w) == |w;|(Jvjs1| + -+ + |vg]), for 1 < j < k — 1. We extend this definition by linearity to
arbitrary tensors.

We have an evaluation map (V*)®* x V®* — C defined by:

(i®fa®@ @ fr1 Q2@ - Q) = (1P f1(v1) -+ fr(vg),

where f = 1@ o ® - ® fr, and v = v1 @ v2 ® --- ® v for homogeneous elements f; € V*
and v; € V. This evaluation map extends to a non-degenerate bilinear form and hence we get an
isomorphism between (V*)®¥ and (V®%)*.

4. Let 7 be the permutation which takes (1,2,...,k,k+1,...,2k) to (7(1),7(2),...,7(k),7(k+
1),...,7(2k)) = (1,3,5,--- ,2k—1,2,4,6, ..., 2k). By applying the permutation 7 to (V®@V*)®* =
VeV e VeV - o (VeV*) we get a Ende(V)-module isomorphism between (V @ V*)®F
and V& @ (V*)®* We then have

Endc(V)®* 2= (V @ V*)¥F 2 Vo g V*@F,

Letv=v1Qu® - Qug and f = f1 ® fo®---® fr. Then the map in the reverse direction is
defined by v @ f = (=1)P@H (0, @ f1) @ (12 @ f2) @ --- @ (v @ fr).

Remark: All the isomorphisms mentioned above are in particular q(n)-equivariant.

4.2. Tensor FFT. The tensor version of the first fundamental theorem (FFT) of invariant theory
for q(n) describes a spanning set for (V& @ V*®#)a(") which can be derived from the Shur-Weyl-
Sergeev duality described above.

Forn > 1,let V = C" & C". Then End¢(V) = gl(n|n). We take the standard basis of V as
{e_1,...,e_pn,e€1,...,e,} and we denote the index set for this basis by B. Put |i| = 0if i > 0 and
1 otherwise. The Zy-gradation of V' is defined by setting |e;| = |i|. The standard basis of End¢(V)
consists of the matrix units E;; where E;jer, = d;,e;. Note that End¢(V) is also Zs-graded by
| Eis| = lil + 4]-

To every basis element of the Sergeev algebra Sery, we wish to associate an element of V&* @
V*®k_ In order to avoid cumbersome notations, we let ¢ denote the element cf'---cf*. Let
{i1,...,ix} be a multi-subset of B of cardinality k. The basis element of V®* which corresponds
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toliser ==e;, ® --®e;,. We simply write v(I, o) for y(er, o). For any two length-k multi-subsets
of indices I = {i1,...,ix} and J = {j1,...,Ji} of B, we define p(I,J) = p(er,ey).

Now we assign the element 0~ ® ¢ € Sery, to the following element:

55—12)1)(; = Z g(c, I, O.)(Peu(l)eig(l) R ® pea(k)eo_(ik)) ® (62‘1 R---® e;,*k)’ (4.1)
I
where I = {iy,...,4;} runs over all multi-subsets of B of cardinality k and

sle, I,0) = (—1)Y)F2s esles +p(LD)

With the notations just introduced, the first fundamental theorem for q(n) is stated below:

Theorem 4.1. For all o € Sy, ¢ € Cly, we have that E((Tk_)l L€ (VP @ V@R and the space
(VOk @ V*@k)a(n) s spanned by the set {f(k) :c€Cly, o€ S}

o~ le
Proof. By the isomorphisms (1) and (3) in the previous subsection, we have an isomorphism
O: VOk @ V*®F 5 Endc(VEF).
Since the tensor product action of q(n) on V' ® V* corresponds to the adjoint action on g(n),
O induces an isomorphism © to the subspace q(n)-invariants:
O: (V¥ @ V"#R)at) — Ende(VE) I = Endyq (V). (42)

By Schur-Weyl-Sergeev duality (Theorem 2.1), we have ¥ (Sery,) = Endg(,,) (V®*). We claim that
© maps §(k) to Ui(0~! ®@¢). To show this, we take J = {41,752, - ,jir} and then we have

oc~1le

6(§(k) )(€j1 R ® ejk) = Zg(c’ _[7 g)(Peau)eia(l) R ® Pfa(k)eia(k))

o le
I
®(ef, ® - ®ej)(ej; ® - ®ej,)
= Z(_l)p(lﬁj)g(cv Iv 0')[6;1 (ejl) U efk (ejk)]
I

= (—1)7o) s Gs\ejtl(p%u)ejm) ® - @Pv®e; )
= \I/k(0'71 (%9 C).
Since the isomorphism © is q(n)-equivariant, for all z € q(n), it follows that

O ¢, Y =z-0(W, ) = [z, (0T ®e) = 0.

e
The last equality is valid as ¥j,(67! ® ¢) € Endg(,)(V®*). Since © is injective, we conclude that
fék_)l . € (V®F @ V*®k)a(n) for all o € Sy, ¢ € Cly. Since © is an isomorphism and the elements

o~ ! ®c span the Sergeev superalgebra Sery, it follows that the set {f((fk,)l .: €€ Cly, o€ Sy} spans
(Vok @ yrekyaln), O

5. THE q(n) INVARIANTS OF THE UNIVERSAL ENVELOPING ALGEBRA

Let V be the vector superspace C" @ C™. Then End¢ (V) = gl(n|n). We have a q(n)-equivariant
epimorphism ¢: gl(n|n) — q(n) given by E; ; — F; ;. As Endc(V) 2V @ V* (E; ; identifies to
ei @ €}), ¢ induces a surjective map (also denoted by ¢) (V @ V*)®* — g(n)®".

Let A be an associative, commutative, and finitely generated C-algebra with unity. For k € N

and a1, as,...,ar € A, we define
CPay,... ax) =Y (~)IEFHE, @ a1)(Fya, ®a1) - (Fiy iy ® ako1) (Fig i, @ ag),
1
where the sum is over all the multi-subsets I = {i1,42,-- ,ix} of B of cardinality k. Note that

W (ay, ... a;) € U(gln) ® A).
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It is easy to see that [x,CT(Lk)(al,...,ak)] = 0 for all z € q(n) and ay,a9,...,ar € A and
SO C,(lk)(al, ..yag) € U(q(n) ® A)%™). These central operators generalize the classical Gelfand
invariants for the general linear Lie algebra. We call them the “generalized casimir operators” for
q(n). In fact, as in the classical case, in this section we show that these central operators generate
U(q(n) ® A)9(™ as an algebra. We proceed to describe a spanning set of U(q(n))%™). First we
introduce few notations.

e For a k-length multi-subset I = (i1,...,7) of B, we put J; = (i2, 13, ..., 9k, 91)-
e For 0 € S} and ¢ € Clj, we set

Jr7%¢ = (=) Wiy, (1) Do), -, (=1) ¢ Vig(e-1))-
o Set v(e,I,0) = <(e,I,0)(—1)PU17%% I+ elen | where (¢, I,0) is defined in Equation
(4.1).
o Let Cék_)l . denote the following element in U(q(n)):

k
Cc(f’)l P Z v(e I, U)F(*l)f"(k) i (k)si2 F(*l)s"m io(1),03
I; (5.1)

o Fye Fy

Tk=2 ik 2),ik k=i, (1)1

where the sum is over all the multi-subsets I = {41,142, - ,ix} of B of cardinality k.

Theorem 5.1. The space U(q(n))?™ is spanned by the set described below:
U{¥. i eeCl, e s}

k>0

Proof. We have a canonical projection map T'(q(n)) — U(q(n)) which respects the gradings of
both the algebras. Since the grading of T(q(n))9(™ is induced from that of T(q(n)), we obtain a
degree preserving algebra epimorphism T'(q(n))3™ — U(q(n))%™. We claim that the k*"-graded
component of T(q(n))1™, i.e., (q(n)®*)9(™ is spanned by the set {77((7]6,)1’6: c € Cly, o€ S} with

k
77¢(7—)1,c = Z v(e I, U)F(fl)‘l’(k')ig(k),iQ ® F(fl)ga(l)i(,(l),ig
I

® F(*l)‘”(kfz)ia(kfz),ik ® F(fl)‘a(kil)ia(k—l)ail'

To prove the claim we note that by Theorem 4.1, the space (V& ® V*®*)a(") is spanned by the
set {f((jk_)l . €€ Cly, o€ Sy}, where

€9, =3 de o) (P ) @ @ PeMey) @ (e, @ ®el),
T
and the sum is over all the multi-subsets I = {i1,42, -+ ,ix} of B of cardinality k. Let 7 € Soy, be
the permutation defined by:
(r(1),7(2),...,7(k), 7(k+1),7(k +2),...,7(2k)) = (3,5,...,2k — 1,1,2k,2..., 2k — 2).

By applying 7 to (V@ VH® = (Vo V) e (Ve V) ®- - (Ve V*) we get a q(n)-module
isomorphism between (V@V*)®F and VEF@V*@* So we get ((V@V*)®F)a(n) = (Y Okg ) «@k)aln),
Under this isomorphism the element ¢, € (V®kgV*@*)a() maps to 6%, in (Endc(V)®k)a),

o le o~ 1le
where

G(k) _ Z§(C,I,0)(*1)17(‘]’”@“‘]1)(PE”(’“)eiU(,@ ® eZ) ® (Peau)eig(l) ® 6;3)

oc~le
I
R ® (Pe"(kfl)ea(ik_l) ® 62‘1).
Using the fact that Pce; = (71)6|ei|e,i for each 7 and the identification E; ; = e; ® 6; we get that

k
GSJI’C = Z v(e, 1,0) E_yyatri, s @ B_yemi, o) g
; (5.2)
Q- @E © B

k=20, (h2)ik obh=D) i, (k_1),i17
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k)

Under ¢ the image of 0((7,176 in (q(n)®*)(" is the following element:

k
771(;*)170 = Z V(C’I’U)F(—l)éc’(k”a(k)viz ® F(—l)e”(l”aa)vi3

T (5.3)
Q- F(_l)eo(k72>ia(k—2)aik ® F(—l)ec’(k*”io(ka),il'

Since ¢ surjective, we get that {n((fk,)l .: € €Cly, o€ S} spans (q(n)®*)3(™) This means that the
images of these elements under the canonical map 7'(q(n))%™ — U(q(n))9™ span the &k graded
component of U(q(n))3™. By definition, the image of 77((,]?1 . 1s the element C((yk,)l .- Consequently,

the result follows. O
Let A be a finitely generated associative commutative C-algebra with identity. For aq,...,ax €
A, we define:

k
C((T,)17c(a1, PN ak) = Z I/(C, I, 0)(F(—1)€”<k)ig(k),iz ® al)(F(—l)eﬂ'(l)ic,(l),Q ® CLZ)
I:|Il=k

o (F(*l)eg(’“”)ia(kfz)yik ® ak*l)(F(*l)e"(k’l)ia(kfl),h ® ax), (5'4)
where the sum is over all the multi-subsets I = {i1,i2,- - ,ix} of B of cardinality k.

With this notation, we have the following corollary:

Corollary 5.2. Let A be a finitely generated associative commutative C-algebra with identity, and
a:=(a1,...,ax) be an arbitrary k-tuple. Then U(q(n) @ A)9™) is spanned by the following set:

U U {C(Sk,)lyc(ah...,ak): ceCly, o€ Sk}

k>0acA

Proof. By the above Theorem, we see that U(q(n))9(™ is spanned by the set described in formula
(5.1). Therefore, it follows from Proposition 3.1 that U(q(n) ® A)%™ is spanned by the elements
given above. O

5.1. Center of ¢(n). In this subsection we describe a set of algebra generators of Z(q(n)) =
U(q(n))3™). In what follows we denote the k-cycle (12---k) by oy and |e;| by just |il.

Theorem 5.3. The centre Z(q(n)) is generated as an algebra by the following elements:

k) . iz |4+ li
07(1 )= Z(_1)|12|+ +‘lk|FZ‘1,i2 iz iy Fiin
I

where k runs over the set of all odd positive integers and I over all multi-subsets of B of cardinality

k.

Proof. Choose an arbitrary basis element ¢ = ¢{"' ---¢;* of Clj,. Then formula (5.3) shows that
the invariant associated to o' @ ¢ in (q(n)®*)9(™) is given by

U(k)l = Zl/(c, I, O'k)F(fl)‘lil,ig ® ®F(*1)‘kik,i1 (55)

o (o
k
I

We begin by calculating explicitly the element in Equation (5.5). In this case, the sign v(e, I, oy)
is given by
v(e,I,03) = (—1)YEon)tpID+p(IT 0 TNTE, erled [+3005 caleiy (5.6)
Since Inv(oy) = {(1,k), (2, k), ..., (k — 1,k)}, it follows that v(I,0x) = |i1]|(Jiz| + - - lik])-
By definition
p(, 1) = lix|(iz] 4 - - - [ik]) + 2] (lis| + - - [ig]) + - -+ + lig—1]lix]-
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We also have

D edeq + > elei| =lirl(er + -+ ) + lial(ea + -+ ex) + - + liklex.
s>t t

Recall that J;7®¢ = (1) ® gy, (1) Wigqy, ..., (=1)EDi,g_qy) for o € Sp where
Jr = (ia,. .., ik, 41). So for o = oy, we get that
p(Jr789¢, J1) = lia|(I(=1)2da| + -+ + [(=1) %)) + |ia|(|(=1)@dz| + - + |[(=1) i)
+ o fig] (= 1) g
Since |(—1)%| = € + |i| and |i|* = |i|, we get that

p(Jr7® Jp) = (o] + |is] + -+ |in]) + lia|(ea 4+ + €x) + -+ in_1|(ex_1 + €&) + |ir|ex
+p(I, 1) = ~y(I,0%). (5.7)

= (liz| + [ia] + - -+ + |ix]) +Z€s|€it\ +26t|€it| —(e1+ - +ex)|in| +p(L, 1) — (L, 0%).

s>t t
So v(e, I, 05) = (—1)(@tter)linl+(il++lixl)

In particular, if € = ¢;, -+~ ¢;,, with 0 # t; > -+ > t,,, then v(e, [, 04) = (1) lHlizlH+lix],
Using this information we can rewrite Equation (5.5) corresponding to o = oy, and e = ¢, -+ ¢4,
as

mlis |+ liz| - lin
Z(_l) [i1]+]iz] \ lei17i2 R - ®Fit1—17it1 ®F*it17it1+1

I (5.5a)
® @ Fiy_rie,, ®Foiy o, ® @ Fipi.

In the sum (5.5a) we first replace i, by —i;,, and then using the relation F; ; = F_; _;, we replace
the factor I, 4, ® F in (5.5a) by F_j, 4, ®@F Since for any 1 < ¢ < k,

Ty 4 Ytiigg 41 ”
we have (—1)l%al = —(—1)!=%l  this replacement will have the sole effect of multiplication by —1.
Performing the same operation inductively on i, _1 and then up to on iy, we can bring the negative
sign to 4; while keeping the signs of all intermediate subscripts between i3 and 4;, positive. This
implies that the sum (5.5a) is same as
(_1)t1_1 Z(_l)mlh‘+|12|+.”+|Zk|F7i1,i2 - ® Fitlfl,itl ® Fit1,it1+1
I (5.5b)

® - F @ F_ Q- ®Fi i

tm —1ttm Ytmoit,, +1

Now, we repeat the same procedure in the sum (5.5b) with 4;, and then inductively up to i; , to
obtain that the sum (5.5a) is same as:

(_1)t1+~~+tm,—m Z(—l)mlilH_lh‘+“'+|ik|F(—1)mi1,ig ® Fi2’i3 R-® Fik,il' (5.50)
I

We denote by f the sum in (5.5¢) without the sign (—1)FFt==™ When m is an even integer,
we have f = C,sk). If m is odd we show that f = 0.

When m is odd, we have
f= Z(_l)\il\+|i2\+“'+|ik\F_ihi2 @F, i ® @ Fiy -
I
By changing the signs of all the subscripts and using F; ; = F_; _; we get that f = (—1)Ff.
Therefore, f = 0 when k is odd. We have the following identity:
|[F_isin| = | — 1] 4 |i2] = 1+ [ix]| + |i2] = [Fipi, @ -+ @ Fip iy | + 1.
So, f can also be written as

f = Z(*l)‘il‘+|i2‘+"'+|ik‘Fig,i3 R Fik,il ® F_i17i2.
I
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Now we replace is,...,ir by their negatives to obtain f = (—1)*~!f. This implies that f = 0
when k is even too.

To sum up, we have obtained that for any positive integer k, the element in (5.5) corresponding
to (0,' @ cyy v+ ct,,) is 0 when m is odd; and when m is even, it equals either i or —CM.
Therefore, for each k > 1, we associate to it the element C’,(lk).

Since the symmetric group Sy is generated by the cycles (12) = o9, and (12---k) = oy, it
follows that any element of Uy>1 Sk can be written as a product of various o’s where & € N. The

multiplication for the Sergeev algebra enables us to write (0102 ® €) = (01 ® 1) - (02 ® €), for any

01,09 € Sk. As Uy is an algebra homomorphism, we get that n[(,kc) = ngj)’ln((,lz),c. From here we

conclude that the elements {C¥: k € N} generate Z(q(n)) as an algebra. O

Corollary 5.4. Let A be a finitely generated associative commutative C-algebra with identity.
Then U(q(n) ® A)%™) is generated as an algebra by the following elements:

CP(ar, . a) = Y (=)= HR(E G @a) @ @ (B, @),
I:|I=k

where k runs over the set of all odd positive integers, a, . ..,ar € A are arbitrary, and I runs over
all multi-subsets of B of cardinality k.

Proof. Follows directly from Proposition 3.1. O

Remark: Let V(A1),...,V(\,) be finite-dimensional irreducible modules for ¢(n). Let A =

C[t,t7!] be the algebra of Laurent polynomials in one variable, and di,...,d,, be m distinct
nonzero complex numbers. We denote the m-tuples (A1,...,A\m), and (di,...,d,,), respectively
by A and d. Then V(A,d) =V (A1) ®---®@V(Ap) is a q(n) ® A-module, where the action is defined
by

(z@ (1) (@ @vp) = fld)(@- 1@ @vm) + (DI f(d) (1 @2 02 @ @ vm)
+ oo (=Dl (g (0 @ - @ 3 vy) for 2@ f(E) € g(n) @ A and v; € V().
Then V(A,d) with the above action is called an evaluation module. A proof similar to the
proof given in [15, Section IV, Part C] shows that the q(n) ® A-module V(A,d) is irreducible.
Moreover, if V(A,d) = D ,,cy- V(A @), is the weight space decomposition, where V/(A,d), = {v €
V(A d): h-v=pu(h)v, ¥V h € b}, then we have that
where V(A,d)} = {v € V(A\,d),: q(n)Tv = 0}, q(n)* is the sum of all root spaces, p; is the
Lagrange’s polynomial defined by p;(t) = Hk#(t —d)/(d; — dg), for 1 < ¢ < m, i1,...,ix €

{1’ s 7m}a and C'Elk) (ph s >pk) = Z[<_1)|i2|+~~.+|ik|Fi1,i2 (pl) Q- ® Fik,i1 (pk)’ with FP,Q(pi> =
F, . ® p;. This means that the central operators c (pi, (t),...,pi,. () send a highest weight
vector to another highest weight vector. This is an effective method of producing new highest
weight vectors from a given one. For details, we refer to [15, Section IV, Part D].

6. INVARIANTS OF THE PERIPLECTIC LIE SUPERALGEBRA

6.1. Periplectic Lie superalgebra. The periplectic Lie superalgebra is the Lie superalgebra
preserving an odd non-degenerate symmetric or skew-symmetric bilinear form. It is thus a super-
analogue of the orthogonal or symplectic Lie algebra.

For n € N, let V =C" & C" equipped with a non-degenerate odd symmetric bilinear form
B: VeV —=C,Bvw)=p(w,v) and f(v,w) =0 for |v] = |w|.
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Then p(V) is the Lie sub-superalgebra of Endc (V') preserving 3, i.e., satisfying
B(Xv,w) + (—=1)XIP 3 (v, Xw) = 0.
It can also be defined as the fixed point Lie sub-superalgebra of the involution o : gl(n|n) —
gl(nln) by Eij s —(=DIIHHE, ;.

We note that p(V) acts on V by matrix multiplication and on the r-fold tensor product V"
by the rule given in Equation (2.1).

Since the bilinear form is nondegenerate on V', we can choose bases v1,vs,- -+ ,v, for V) and
Unt1, Unt2, - -+ ,Vap for Vi such that B(vnq4, v5) = B(vj, Unyi) = ;5 and B(v;, v;) = B(Vntis Unyj) =
0 for i,j =1,2,--- ,n. The basis elements v; and v,4; are dual to each other with respect to the

bilinear form. This form enables us to identify V and V*. An element f € V* is identified with
vy € V such that f(u) = B(u,vy) for every u € V. The matrix of § with respect to this basis is

0 I,
I, O

We use the notation v}, ,, := v; and v] 1= viyp.

With respect to the above basis an element X € p(V') can be represented in matrix form as

A B
X= (C —AT> !
where A, B,C are n x n matrices such that B = BT and C = —C7T. We identify p(V') with the

space p(n) of matrices in the above form. The elements E; j — Ejin itn, Ei jtn + Ejitn, Bitn,j —
Ejin;, for 1 <i,j <n form a basis for p(n).

There is a grading p(n) = p(n)-1 @ p(n)o @ p(n)1, where p(n)o = gl,, p(n)—1 = A*((C")*)
and p(n); = Sym?(C™) as p(n)o-modules. It is well known that the derived superalgebra sp(n) =
p(n)Nsi(n,n) = [p(n),p(n)] is simple for n > 3. We have p(n) = CI' G sp(n), where I' = (& ] ).

6.2. We note that the following element

2n
c=Y (D@,

i=1

where v} = v;4,, for 1 <i < n, and v} = v;_,, when n < i < 2n, is p(V)-invariant [9]. Then we

have that
o = Z(_l)‘i1|+‘i3‘+m+‘i2k71|(Uil ® Uiz) ® (’UiS ® Ui4) @ ® (Ui2k—1 ® Uizk)’ (61)
T
where the sum runs over all 2k-multi-subsets I = (41,12, ...,i2;) of the index set {1,2,...,2n}
with the property that |i1 — ia| = |is — @4 = -+ = |iog—1 — i2x| = n. As the action of p(V) on

V®2k commutes with the action of Soy, all the 2k-tensors 6, := o o ¢®* are also p(V) invariants
for every o € Sa;. We have that

0, 1 = Z(il)’y(ﬂo’)#*(ﬁl|+|i3|+-.~+"i2k—1|)(via(l) ® ’02'0(2)) ® (Ui,,(g) ® UZ.M))
I

Q- (’Uia(2k—1) ® Uio-(Qk))’

where I is as described above, and (I, o) is the sign resulting from the action of o=! on v; =
Vi, @ -+ @ vy, . It is known that the space (V®2¥)P(V) is spanned by the set {f,: o € Sox} (see
[4],[19]).

We have a p(V')-module isomorphism ¢;: V@V 2 gl(V) which sends v; ®v; 1, to (—1)I E; ; and
Vign @ v; tO (71)‘””'&4_”7“_” for 1 < i < n. There is a surjective homomorphism ¢s: gl(V) —
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p(V), that sends a basis vector E; ; of gl(V') to a certain basis vector of p(V') by the following rule:

Eij—Ejinitn  for 1<i,j<n
Eij—Ejnin for n<i,j<2n

E;, ;)= 6.2
92(Eis) Eij+Ej—pitn for 1<i<n and n<j<2n (62)
Ei;i—FEjtni-n for n<i<2n and 1<j<n.
We denote the composition g3 0¢1: V@V — p(V) by ¢. Then,
(—1)|i|Ei’j+n + Ej,i+n for 1 S Z,] S n
~VE, i —Fii_n for n<i,7<2n
¢(vi ® UJ) _ ( ) 3] Js J = (63)

(-V)E; ;  —Ejiyn for 1<i<n and n<j<2n

(—1)|i|Ei7j+n —Eji_n for n<i<2n and 1<j<n.

The map ¢ induces an epimorphism ¢®*: (V @ V)®k = V&2k _ (V)@ defined by
PP (11 ®v2) ® -+ @ (Vap—1 ® V2p)) = B(V1 ® V2) B+ + @ P(V2k—1 ® Vapy,

which further induces a surjective map 1 on the p(V)-invariants:

n: (V®2k)p(v) R (p(v)®k)p(v).

We now calculate the image of the element ¢ € V ® V under ¢. Using formula (6.3) we find
that

n n

o(c) = qﬁ(Z(—l)Mvi ® vi+n)—|—¢(2(_1)\j+n|1}j+n ® Uj)

i=1 j=1

Z(E“ — BEntinti) +
i=1

(En+j,n+j - Ej’j) =0.
1

=
Therefore, 1(c®*) = ¢®*(c®*) = 0. Since the action of p(V) is compatible with the action of
the symmetric group Soi, on V®2¥ we conclude that 1(,-1) = 0 for every ¢ € Soi. This means
(p(V)®k)P(V) = 0, for every positive integer k, and consequently, T(p(V))*(Y) = C. Thus by

Proposition 3.1, we obtain the following

Proposition 6.1. Let A be an associative commutative finitely generated C-algebra with identity.
Then U(p(V) @ A)PV) = C. In particular, for A = C, we get that the center of U(p(V)) consists
only of scalars.
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