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A Semilinear Problem for the Heisenberg
Laplacian on Unbounded Domains

Sara Maad

Abstract. 'We study the semilinear equation
—Anu(n) + u(n) = f(n,u(n), u e SHQ),

where Q is an unbounded domain of the Heisenberg group HN, N > 1. The space S?(Q) is the
Heisenberg analogue of the Sobolev space Wé‘z(Q). The function f: Q x R — R is supposed to be
odd in u, continuous and satisfy some (superlinear but subcritical) growth conditions. The operator
Ay is the subelliptic Laplacian on the Heisenberg group. We give a condition on §2 which implies the
existence of infinitely many solutions of the above equation. In the proof we rewrite the equation as a
variational problem, and show that the corresponding functional satisfies the Palais—Smale condition.
This might be quite surprising since we deal with domains which are far from bounded. The technique
we use rests on a compactness argument and the maximum principle.

1 Introduction

Let HY be the space RN x RN x R equipped with the group operation

where - denotes the usual inner product in RN. This operation endows HY with the
structure of a Lie group. We define vector fields X, ..., Xy, Y1, ..., Yy, and T by

0 0
0
(1.3) T= e

It is easy to check that these vector fields form a basis for the left-invariant vector
fields on HY. The commutation relations are

[Xi,Y;] = —46;;T,
[(Xi, X;] = [V,,Y;] = [X;, T] = [V, T] =0,
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and they imply that the Lie algebra of left-invariant vector fields is generated by X,
..o>» XN> Y1, ..., Yy. This also means that these vector fields satisfy the Hormander
condition of order 1 (see [6]).

The Heisenberg Laplacian is by definition

N 2 2 2 9 R " 9
= —t+ — +4y;i—— —dx;—— + 4(x7 + -—),
Z( oxt  Oy; Vi Ox;ot X Dy ot & y1)8t2
and we use the notation Vyju for the 2N-vector

(X1u7 ce 7XvNM, Ylu, .. .,YNM).

Let  C HY be a domain (bounded or unbounded). The space §%(Q) is defined
as the completion of C§°(€2) in the norm ||u/|s given by

N
Jully, = [ P+ 3 [ (Xutf + ¥ut) dn.
j=1

The left and right Haar measures on HY are the Lebesgue measure, and the integral

above is taken with respect to this measure. Let Q = 2N + 2 be the homogeneous
dimension of HY and let 2* = 2Q/(Q —2) = 2+ 2/N.
A model problem for those we are studying is

(1.4) —Apu+u=uf"u, ucSHQ),

where p € (2,2*) and €2 is a domain in HY. Here €2 can be bounded or unbounded,
but for 2 bounded, our main result can also be obtained by using the compactness of
the embedding of S’%(Q) into L?(2). Thus, we are mainly interested in unbounded 2.
Equation (1.4) has been studied by, among others, Garofalo and Lanconelli [5]
and Birindelli and Cutri [1].
The corresponding functional is given by

1 1 1
ow=3 [ HDF 33 [ o+ ) dn == [ e an

and the critical points of ¢ are exactly the weak solutions of (1.4).

In [8], the author studied a similar problem for the classical Laplacian on RN,
N > 3, of which the following is a special case: Let 2 C RN be a domain, and
consider the problem

~Au+u=|u"?u uc HQ),
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where ¢ € (2,2N/(N — 2)). Then the notion of strongly asymptotically contrac-
tive domains was introduced, and it was shown that for such domains the preceding
equation has infinitely many solutions. In RY, the main example of a strongly asymp-
totically contractive domain is a tubelike domain like, for example,

Q={(xy) e R xRV; |y < gx)},

where]l </ < N —-1landg € C(R!, R) is such that the limit Soo = limy_ o g(x)
exists and g(x) > go. forall x € R%.

In the present paper, we use similar methods to prove the existence of infinitely
many solutions of (1.4). We define strongly asymptotically contractive domains in
HY, and prove that for such domains there are infinitely many solutions of (1.4), and
the corresponding functional ¢ has infinitely many critical values.

There is another paper which deals with more or less the same class of domains.
In a paper by Tintarev [11], there is a theorem similar to Theorem 2.5. The two
theorems are not independent; the proofs of both are based on an idea (in the case of
RN) from the author’s licentiate thesis [7], written under the supervision of Tintarev.
An improved version of this thesis is published as [8]. Tintarev does not make any
assumption that sf(s,n7) > 0 (see condition (f;) in Section 2), and without this
condition, the solutions may change sign, and the maximum principle cannot be
applied. Because of this, Tintarev’s proof only works in the case of the ground state
solution, which is known to be of constant sign. In this paper, we show the theorem
for all values of .

It is interesting to see that there are many more domains which are strongly
asymptotically contractive in HY than in R*¥*!. This fact depends on how the group
operation of HY comes into the definition of strongly asymptotically contractive do-
mains. This will be seen in Section 2, where we also state the problem in full general-
ity.

In Section 3, we prove that ¢ satisfies the (P-S). condition for every ¢ > 0, and in
Section 4, we use a known minimax theorem to obtain an infinite sequence of critical
values of .

2 A Semilinear Elliptic Equation

We study a more general problem than equation (1.4). Consider
(2.1) —Apyu+u=f(nu), uc S?(Q)

where f: Q x R — R is continuous and satisfies the conditions

(f1i) there are constants 2 < p < g < 2* and C > 0 such that for any € Q and
seR,
[ f(n,9)] < C(JsP~" + [s]771),
(f2) there are constants 4 > 2, v > 2 and D > 0 such that for any n € 2 and
s€ RV {o},

SF(0,8) = pE(,s) = / fn,0)do > 0
0
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and

F
lim inf (1,5) > D.
s—0 |S|1/

(fs) fisoddins,i.e, foranyn € HY ands € R,
yn

f(77>$) = _f(na —s).

(fa) there exists a continuous function fo,: R — R such that

lim  sup |f(x,5) — foo(s)| = 0.
R—00 ;)\ Br(0)
sER

The functional on $3(2) corresponding to equation (2.1) is given by

1
(2.2) () = S|ulls; - / F(n, u(m)) dn,
Q
and the critical points of  are exactly the solutions of (2.1).

Definition 2.1 We will say that a domain Q2 C HY is strongly asymptotically contrac-
tive if @ # HN and for any sequence 7; € HY such that |;| — oo, there exists a
subsequence 7;, such that either

) U2 N, 0 ) =0, 0r
(ii) there exists a point 179 € HY such that for any R > 0 there exists an open set
Mg @ ng 0 £, a closed set Z of measure zero and an integer Iz > 0 such that

(77]] 0 Q)N Br(0) C MrUZ

forany ! > Ig.
The following two examples show that many domains satisfy this condition. The

condition of Example 2.2 was introduced by del Pino and Felmer [3], who studied a
semilinear problem on unbounded domains in RN,

Example 2.2 Let ) C HY be a domain. For t € R, let
Q ={(x,y) eRVN xRN ; (x,5,t) € Q}.

Suppose that

(i) there exist compact sets E, F C RN x RN such that E D €; D Fforeveryt € R;
(ii) for any € > O there exists R > 0 such that if || > R, then 2, C F + B(0).

Then () is strongly asymptotically contractive.
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Proof Letn; = (o}, 5}, ;) be asequencein HYN such that ;| — oo. If there exists
a subsequence 7;, such that |, |* + |3},|> — oo as | — oo, then it is easy to see that
for R > 0 fixed, there exists Iz € N such that

(n 0 Q) N Br(0) = &
forany I > Ig.

Thus, we may assume that «; and 3; are bounded. By restricting ourselves to a
subsequence, we may assume that a; — g, ; — [y and |7j| — oo as j — oo.
Let 70 = (o, 50,0), and let € > 0 and R > 0 be given. Then for j large, the set
(njo ) NBr(0) = {(x+aj,y+Bj,t+7j+2(x-fj—y-a;j); (x, y,t) € Q} N Br(0)
is contained in an €/2-neighborhood of

{x,p,t+71)) € HY 5 (x, v, 1) € (19 0 Q)} N Br(0),

so that for j large,

(17 0 ) N By(0) C (((ao,ﬁo)+F+Bf(0)) x R) A Bx(0).

Thus, if € > 0 is small enough, we can put

My = ((((a0, )+ F +B.(0)) x R) N Bx(0),
and we are done. [ ]
Example 2.3 Let 2 C HY be a domain such that there exist constants C > 0 and

r < 1 with
QC {0y, e HY;|t| <CA+ x|+ [y}

Then () is strongly asymptotically contractive.
Proof Letn; = (o, 3j,7;) be a sequence in HY such that |nj| — oo. Note that

Mjo ) ={(x+aj,y+pB,t+7j+20x-8j—y ;) (x,y,t) € Q}
={le,y,t+7+2(x-Bj —y-aj); (x —aj,y — Bj,t) € Q}
Cl{yt+1i+2(x-Bj—y-a)); |t <CA+ |x—aj| + |y — G|}

Hence, if (x, y,t) € (nj o Q) N Bg(0), then |x| <R, |y| < R, and
|t+7'j+2(x~ﬂj—y~aj)| < R.

If |oj| + [B)| # 0, we let

7j

Vi = ———s-
SERVICIERATEE
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We get two different situations depending on whether the sequence ; is bounded or
unbounded.
We consider first the case when ; is unbounded. Let R > 0 be arbitrary. Then

ITj+2(x- Bj — y - )] < R+C(1+ R+ |aj]) + R+ 155"
aPBP o P+ 1B |

Since the right-hand side of this inequality is bounded whereas the left-hand side is
unbounded, we have a contradiction. Consequently, there is a subsequence 7;, such
that

(2.3)

(77]-1 0 Q) N Br(0) = 2,

and so Definition 2.1(ii) is satisfied for this sequence.
The case when |aj|* + |8j]* = 0 on a subsequence is similar. We just have to
replace equation (2.3) by

|7i +2(x- Bj —y-aj)] SR+ CA+ R+ |aj])" + (R+ 5],

and argue in the same way as before.

If 7y; is bounded, we may extract a subsequence and assume that v; — ;. We
put oj = (a}-,a?, .. .,aJN) and 3; = (ﬁ}, ]2, . ,ﬂ?’). After a rotation of the x
and y coordinates we may also assume that a} — +oo while lim;_, a? =... =
lim;_, oz?] = 0, and that lim;_, ﬁ]l = =lim;_ gy =o.

Let R > 0, and let € > 0 be given. For j large, the domain (7; o ©2) N Br(0) lies
between the two hypersurfaces

njoHy ={(x,y, 7, +(C+e)(1+|x—aj| +[y]") — Za}yl) ;x,y € RV}
and
njoH_ ={Ge,y, 7 — (C+e)1+|x— a5 +[y|") — Za}-yl) ;x,y € RV}
Let (x, y,t) € (n; o 2) N Bg(0). Then the distance of (x, y,t) to the hyperplane

¥1 = 70/2 can be estimated by

CH+e R
/2 < | —0+|x—aj| +|y|)+ —

< (C+e)(1+ R+ aj +R)+R_>0

1
Zaj

as j — oo.
This shows that for each n > 1,

(@502 € {(x,y,1) € HY 5 31 = 0},

j=n
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which leads to o =
(UNm o] =o,
n=1 j=n
so that Definition 2.1(ii) is fulfilled for this sequence. [ |

With the guidance of these examples, it is easy to find other examples of strongly
asymptotically contractive domains. We could, for example, consider unions of in-
tersecting domains of the above types. We conclude with an example of a domain
which is not strongly asymptotically contractive. This shows that we cannot improve
Example 2.3 by allowing r = 1.

Example 2.4 The domain given by
Q={(xypt) € HV;t| <1+ x|+ |y}
is not strongly asymptotically contractive.

Proof Letn; = (a;,0,0), where a; = (a},0,...,0) and |aj| — oo. A similar
calculation as in Example 2.3 shows that

UM @09 > {x,y.0) e BY 5 [3] < 1/2}.

n=1 j=n
It is also easy to see that Definition 2.1(ii) cannot hold for this 7;. ]
Now we are ready to state our main result.

Theorem 2.5 Suppose that 2 C HN is a strongly asymptotically contractive domain
and let f: Q2 x R — R be continuous and satisfy (f1), (f2), (f3) and (fs). Then
equation (2.1) has infinitely many distinct solutions u € S3(Q).

3 The P-S, Condition

The proof of the following lemma is the same as the proof of [8, Lemma 8], and so
we merely state the result here.

Lemma 3.1 Let ¢ be given by (2.2), where f € C(Q x R,R) satisfies condition ( f,).
Let u; be a P-S.-sequence for ¢, i.e., a sequence such that

i) eu) —¢
(i)  ¢'(uj) — 0.
Then ¢ > 0. Moreovet, ||u}||s; is bounded, and

limsup [[u;]|5 < +—-
] 2 m

https://doi.org/10.4153/CJM-2005-051-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-051-4

1286 Sara Maad
We also need the following lemma from Schindler and Tintarev [9, 12]:

Lemma 3.2 Let u; be a bounded sequence in S2(HN). Then there exist w', wh), w2,

, € ST(HN), rj € S{(HY) and 77 HN, j, n € N such that on a renumbered
subsequence,

(i) T <n uj — W(”)

(ii) '_WO)+Z1 (11) ol )+r],wherer]—>0mLP( HN), p € (2,2%),
(i) d(0,n™) = oo ifn > 1,

(iv) Zgo ||W(n)‘|§% <limj_. ||“j||§§

V) Zgo HW(n)H{ﬁ =limj H“j”fwfor all p € (2,27).

Lemma 3.3 Let Q C HN be a strongly asymptotically contractive domain, and let o be
given by (2.2), where f € C(£2 x R, R) satisfies conditions (f1), (f2), (f3) and (fa).
Then ¢ satisfies the P-S, condition for any ¢ > 0.

Proof Letc > 0,andletu; € SO%(Q) be a P-S, sequence for . By Lemma 3.1, the
sequence u; is bounded. Hence Lemma 3.2 is applicable, and so

o0

0
uj = w® + ZT(HEH)),]W(”) +71j,

n=1

where r; € LP(HN), 77;") c HY, d(n;»"), 0) — oo and w™ € S}(HN) are as in
Lemma 3.2.

Since €2 is strongly asymptotically contractive, one of the two conditions of Defi-
nition 2.1 is satisfied. We will show that in either case, w™ = 0 forall n > 1.

Letn > 1.If| U2, ﬂ;’in(nj”) 0 )| = 0, then since weak convergence implies a.e.

convergence on a subsequence, W™ = 0 almost everywhere.
If the second case holds, for any n > 1 there exists a subsequence nﬁf) and a point

(0 ¢ N such that for any R > 0 there exists an open set MI({’) S 77(()") o €, a closed
set Z\" of measure zero and an integer I > 0 such that for any R > 0 and any [ > I,

(n\" 0 Q) N Bg(0) € MY U Z™
By extracting a subsequence, we can assume that this relation holds for any j > jx.
We have
o0
(3.1) suppw™NBx(0) € | J (0" o )NBr(0) € My UZ™ € (5’ o)UZ™
j=ir

and so
suppw™ c 0 0 Q

modulo a set of measure zero.
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Let " = 7 o,yw™ and let f](»n) = 77("1) o n(()n)-
o ] )

Note that by (3.1), there exists an open set U C €2 such that "™ = 0in U. This is
important since we will use the strong maximum principle to conclude that w™ = 0
in Q.

Let v € C§°(2) be arbitrary. Then

/ (Vi (2) - Viarle) + " (2v(2)) de
Q

= lim (VH(T;}@ u;)(z) - Vyv(z) + Ty uj(z)v(z)) dz

= lim (@M oz, Tﬁ§n>uj(z)) v(z) dz

=00 Jino

= lim ()" oz, W™ (2)) v(2) dz

j—o0 'f];")oQ
- / foo (W (2))(2) dz.
Q

Hence w™ is a solution of
—Aput+u= foo(u), uec$(Q).

Note that f satisfies conditions ( f;) and (f;). By the L? estimates (see [4, Theorem
9.4]) w™ is continuous in Q. Let 2, ©_ and € be subsets of 2 defined by

Q. ={ne; w"(n) > 0},
Q- ={neQ;w"n <o},
Qo = {n € Q;w"”(n =0}.

By our previous discussion, £y has a nonempty interior.

We claim that w” = 0 in (2. We argue by contradiction, and assume that either
Q, or Q_ is nonempty. If {2, is nonempty, then it has a component Q, such that
00, N0 # . By the strong maximum principle (see [2, Corollary 3.1]), wi =0
in (€4 U Q)°. Hence O, = @. In a similar manner we see that Q_ cannot have a
component whose boundary intersect the boundary of 9. Thus 2, = Q_ = &
and " = 0in Q.

Let p and q be as in condition (f;). The above argument shows that u; — w in
LP(HN)NLI(HN), and since u; € $3(2) C LP(Q)NLUQ), u; — w® in LP(Q)NLI().
Hence f(n,u;) — f(n,w®) in LP/(P=D(Q) + L@~ D(Q). Let f = fi + fo, where
fi € LP/?=1(Q) and f, € LY4~1(Q). Observe that

|uj — w(0)||§% = (o' (1)) — @' W), uj — w®)

+/Q (f(z,u;(2)) — flz, W(2))) (uj(2) — w'”(2)) dz.
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Obviously / _ .

and by the Holder inequality,

’/(f(zu uj) — f(z, W(O))) (uj — w) dz

Q

/(fl(& uj) — fi(z, w<°>)) (uj — w) dz
Q

/ (fZ(Za uj) — falz, W(O))> (uj — W(O)) dz
Q

oy, \ P N
< </|f1(z,l/lj)_fl(2,w(0))‘ dz) </|uj _W(0)| dz)
“ Q
g/ |V .\ Ve
+ (/‘fz(z, uj) = folz, W(o))| dz> (/|uj _W<o)‘ dz) .
“ Q

Thus u; — w0 in §%(Q), and so the P-S, condition holds. [ ]

<

+

Infinitely Many Solutions

To obtain an infinite sequence of critical values of ¢, we use the following result, see
Struwe [10] for a proof.

Theorem 4.1 Suppose that V is an infinite dimensional Banach space and suppose that
© € CHV,R) satisfies P-S, for every ¢ > 0, p(u) = @(—u) for all u, and assume the
following conditions:

(i)  Thereexist« > 0 and p > 0 such that if ||u|| = pand u € V, then p(u) > a.
(ii)  For any finite dimensional subspace W C 'V, there exists R = R(W) such that
o(u) <O0foruew, ||ul| >R

Then @ possesses an unbounded sequence of critical values.

Proof of Theorem 2.5 We apply Theorem 4.1 with V = $2(Q). By Lemma 3.3, ¢
satisfies the P-S; condition for every ¢ > 0. Thus the assertion follows if we show that
conditions (i) and (ii) of Theorem 4.1 are satisfied.

Integrating ( f;), there is a constant C; such that forallnp € Q ands € R,

[F(n, )| < Cu(Js]” + |s]7).

By the Folland-Stein embedding theorem, we then have the estimate
1
()= Sl = o [ (Qutl? + ol d
0

1
> Sl = Collully — Collully
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Let ||u|| = p, where p > 0 is free for the moment. Then

1
o(u) > Epz — CapP — Cypf.
Now we choose p > 0 such that it satisfies the equation
p—Copp?~! = Cagp™ ! = 0.

Since the left-hand side of this equation is positive for small values of p and negative
for large p, by the intermediate value theorem there is a solution. Then

1 q
Cop? = —p* = Cr—pf,
p p

and so for ||ul| = p,

o(u) > (%—%)pzwLCz(%—l)pqz (%—%)ﬁ

This shows that condition (i) is satisfied with o = (1/2 — 1/p)p?.

By (f2), there is a constant C3 > 0 such that for everyx € Qand s € R, |F(n,s)| >
Cs|s|", where p; = min(y, v). Indeed, let € > 0 be given. By integration of the first
identity of (), we have for |s| > eand 7 € ©,

F
Fin9) > 20D g
el

Letting ¢ — 0 and using the second identity of ( f,), the claim follows. Let W be a
finite dimensional subspace of 53(2). Since all norms are equivalent on W and since

1
p(u) < EHullﬁg = Csllullzh,
(ii) follows. [ |
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