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Abstract

In this paper we study a class of optimal stopping problems under g-expectation, that is,
the cost function is described by the solution of backward stochastic differential equa-
tions (BSDEs). Primarily, we assume that the reward process is L exp (/L«/Z log(1 + L))—
integrable with u > o for some critical value 1. This integrability is weaker than
LP-integrability for any p > 1, so it covers a comparatively wide class of optimal stop-
ping problems. To reach our goal, we introduce a class of reflected backward stochastic
differential equations (RBSDEs) with Lexp(um)—integrable parameters.
We prove the existence, uniqueness, and comparison theorem for these RBSDEs under
Lipschitz-type assumptions on the coefficients. This allows us to characterize the value
function of our optimal stopping problem as the unique solution of such RBSDEs.

Keywords: Optimal stopping; g-expectation; L exp ([,L«/Z log(1 + L)) -integrability;
reflected backward stochastic differential equation
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1. Introduction

The notion of g-expectation was first introduced by Peng [19]. It is a kind of dynami-
cally consistent nonlinear expectation induced by backward stochastic differential equations
(BSDEs). More precisely, the g-expectation operator Sg’T[~] : L(Fr) — R is defined by
SgyT[S 1=yo, where (y, z) :== (1, Z)ref0,7] 15 a solution of the BSDE with terminal condition &
and generator g. It is by now well known that the g-expectation has a wide application in eco-
nomic and financial problems under uncertainty (see e.g. [5], [6], [7], and [21]). Among such
works, we are concerned with the optimal stopping problem under g-expectation, namely,

Vo=esssup & [Lc]. (1)

7eT0.T

Received 29 March 2021; revision received 28 February 2022.

* Postal address: Faculty of Mathematics, Kim Il Sung University, Ryongnam-dong, Taesong District, Pyongyang,
Democratic People’s Republic of Korea.

** Email address: mc.kim0523 @ryongnamsan.edu.kp

*#* Email address: cioc13 @ryongnamsan.edu.kp

*E% Email address: hj.hwang0928 @ryongnamsan.edu.kp

© The Author(s), 2022. Published by Cambridge University Press on behalf of Applied Probability Trust.

241

https://doi.org/10.1017/jpr.2022.35 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.35
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jpr.2022.35&domain=pdf
https://doi.org/10.1017/jpr.2022.35

242 M.-C. KIM ET AL

Here Zt = L, + &1,—7 is a reward process, where the continuous process L is a running
reward and £ is a final reward. The classical linear optimal stopping problem corresponds to the
case where g = 0 or more generally g is linear (see e.g. El Karoui [8] for a systematic study).

There are numerous works on the nonlinear optimal stopping problem (1) under
g-expectation (see e.g. [1], [3], and [23]). In those papers, the reward process is assumed to be,
as usual, square-integrable or uniformly bounded. On the other hand, the theory of reflected
backward stochastic differential equations (RBSDESs) introduced by El Karoui et al. [9] opened
up a promising perspective on optimal stopping problems under g-expectation. The RBSDE is
a kind of BSDE with constraints. More precisely, the solution Y of the BSDE is constrained
to stay above a given barrier process L. In order to achieve this, a non-decreasing process K is
added to the solution

Y,=&+ [ s, Yy, Z) ds — [ Z,dBy + K7 — K, o
T
Y: > Ly, fo (Y: — L) dK; =0,

where the second condition is called the Skorokhod minimality condition. It means that the
process K only increases when Y reaches the barrier L. By a solution of RBSDE (2), we mean a
triple {(Y;, Z;, K;), 0 <t < T} of predictable processes with values in R x R4 x R such that
P-a.s., t — Y; is continuous, f — Z; belongs to L%(0, T), t — K; is non-decreasing, continuous
and t— g(t, Yz, Z;) is integrable, and P-a.s., (Y, Z, K) verifies (2). An important result is that
the value process of nonlinear optimal stopping problem can be completely characterized by
the first component of the unique solution of the corresponding RBSDE (see [2], [10], or [20]):

Yi=Vi=esssup &L, t€[0, Tl
reTtT

Moreover, the first time process Y reaches process L after t = 0 is an optimal stopping time for
(1). With the theory of RBSDEs, the investigation of nonlinear optimal stopping problem is
sufficiently rich. Hence El Karoui ef al. [9] first proved the existence and uniqueness of solu-
tions to RBSDEs with L?-data under Lipschitz-type assumptions on the generator. Lepeltier,
Matoussi, and Xu [18] improved this result under monotonicity as well as general growth
conditions. The RBSDE with LP-data (p € (1, 2]) was first studied by Hamadene and Popier
[12] under Lipschitz conditions. Rozkosz and Slominski [22] and Klimsiak [15] improved this
result under monotonicity condition on generator. Moreover, they also studied the case of p = 1
[15, 22], which is of particular interest. It means the terminal payoff and reward process is only
integrable. However, in this case one needs to restrict the generator g to grow sublinearly with
respect to the third variable, that is, for some ¢ € [0, 1),

lg(t, v,2) —g(t,0,0)| < Blyl +vlIzl?, (t,y,2)€[0,T] % R x R1x4 3)

for RBSDE (2) to have a unique solution [15, 22]. The sublinear growth condition is somewhat
restrictive and not convenient for various applications.

In this paper we aim to study the optimal stopping problem (1) under weak integrability
assumptions on data (at least, weaker than L”-integrability for any p > 1), but without assuming
the sublinear growth condition (3). Then it is a natural question to ask: What is the optimal inte-
grability assumption under which the RBSDE with standard generator has a unique solution?
The recent work of Hu and Tang [13] gives us a partial resolution to this problem for the stan-
dard BSDE. They introduced a class of BSDEs with L exp(+/2Tog(T + L))-integrable data
with u > po for some critical value po > 0. This integrability is weaker than L”-integrability
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for any p > 1 and stronger than L log L-integrability. They showed that this BSDE has a solu-
tion without sublinear growth condition (3). They also showed that the existence result fails in
the case of u < po. Subsequently, Buckdahn, Hu and Tang [4] gave the uniqueness result for
this BSDE, which was missing from [13]. Fan and Hu [11] studied the critical case of u = ug.

Motivated by [4] and [13], we study a class of RBSDEs with Lexp(u+/2Tog(T+ L))-
integrable data. In Section 2 we establish the main existence and uniqueness result for these
RBSDEs. We then give comparison theorems for these RBSDEs in Section 3. The existence
argument is similar to that of [13] with some modifications when deriving a priori bounds on
the solution. However, the uniqueness and comparison arguments are different from those of
[4]. We argue by transforming the original equation into a new one with integrable param-
eters with the help of the Girsanov theorem. Our approach may be more useful for future
development (see Remark 2 for details). As we mentioned above, we can use our results to
characterize the value process of the nonlinear optimal stopping problem under g-expectation
with an L exp(u+/21og(T + L))-integrable reward process, by following the standard argu-
ments as in [2], [10], and [20]. Finally, in Section 4, we briefly describe the main difficulties in
the critical case.

1.1. Notation

We are given a complete probability space (€2, F, IP) on which a d-dimensional Brownian
motion B is defined. We let I := {F;};c[0,7] denote the natural filtration generated by B. Let
p>1.

e [7 denotes the space of all Fr-measurable scalar random variables & with
I€ 117, := ELI§1"] < 400,

e S” denotes the space of R-valued, F-adapted processes Y, with continuous paths, such
that

1Y%, == IE|: sup |Yt|p] < +4o0.
0<t<T

e HP denotes the space of all predictable R!*¢-valued processes Z with

T p/2
I1ZIFy = IE)|:</0 |z,|2dz> ] < +o0.

e I” denotes the space of R-valued, adapted processes K, with continuous, non-decreasing
paths such that Ky =0 and

IKID, == E[(K7)'] < +00.

e The o-field of predictable subsets of € x [0, T] is denoted by P.
e Forany 7€ [0, T], T"T denotes the space of all stopping times taking values in [z, T].
e at:= max{a, 0}, X := supy,, |X;|, and E,[-] := E[-|F], 1 € [0, T].

e Throughout the paper, ¢ denotes a function defined by

Y(x, p) = xexp(uy/2log (1+x)), (x, )€ [0, +00) x (0, +00).
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2. Main existence and uniqueness result

Consider the following RBSDE:

Yo=&+ [ g(s, Yy, Z)ds — [ Z, dB, + K7 — K,, “
Y, > L, fOT (Y:— Ly dK; =0,

where & > Ly and g: Q x [0, T] x R x R'*¢ — R is measurable with respect to P ® B(R) ®
B(R!*9), We assume that the generator g satisfies the standard Lipschitz assumption, that is,
for any (', 7') e R x RIxd j—=1,2,

8ty ) — gt Y2 D < B =Y+ vl = 2. )
with 8> 0 and y > 0. We set gg := g(-, 0, 0) for simplicity.

Theorem 1. Let the generator g verify the Lipschitz condition (5). Let us suppose that there
exists ;1 > y~/T such that

T
w<|§| +L;* +f lg(z, 0, 0] dr, u) ceL\(Q,P).
0

Then the RBSDE (4) admits a unique solution (Y, Z, K) such that ¥ (|Y|, a) belongs to class
(D) for some a > 0.

Proof. We first prove the existence result. We shall follow the arguments of [13, Theorem
3.1]. Let us fix n € N* and p € N*. Set

E = ET An—E" Ap, L"P:=LtAn—L" Ap,

gy =g An—gy Ap g i=g—go+g”

As the terminal value £™7, the barrier L™” and g"”(-, 0, 0) are bounded (hence square-
integrable) and g"? is Lipschitz-continuous, in view of the existence result in [9], the RBSDE
(&™P, L'"P, g"P) has a unique solution (Y"*?, Z"P K™P) in S? x H? x 2. In particular, there
exists a R-valued (resp. R%-valued) adapted process B¢ (resp. y5 "), with |B¢F| < B (resp.
lys 7| < y) such that

(s, YIP, ZP) — g™ (s, 0, 0) = go" (s) + BIPYIP + - ZPy P

t
X' = exp(/ BP dr),
0
dp T 1T
: P .dB, — = P2 ds ),
dP exp < /(; ys s 2 \/0 |V§‘ | S)

B" =B — / yIP ds.
0

Then, by the Girsanov theorem, B is a P"P-Brownian motion, and we can rewrite the
solution of RBSDE (§"7, L"P, g"P) as

Let us define

XPPYP = XpPene + [T XPP g (s)ds — [T XPPZP dBE 4 [T X Ak,

XPPYP = XL, XS — LEPy Ak = 0.
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Using the Snell envelope representation of solutions to RBSDE:s (see e.g. [9, Proposition 2.3]),
we have

T
X7y =esssup EF [ / XPPgyP(s)ds + XPPLYP 1, o + X;’Pg"»m,ﬂ].
t

el T

Then we deduce that

T
EF” [ / X" gl (s) ds + X?”g”} <Xy’

t

T
<esssup EEPW |:/ X;”ng’f’(s) ds + X?vP(LﬁvP)Jrlf <r + X?pg”’l’lr_T:| .
t

et T

This inequality leads to

T
Y"P| < ess sup EF"” [ / lgp P (5)] P67 ds + PTTOLIPY L, 1 + eﬂ<T—’>|s"’f’|1r=T]
t

reTtT

T
</ TR [ / 1857 ()] ds + (L + |s"’f’|}
t

T
< TR U lgo(s)| ds + L + |§|}.

t
Using Lemmas 2.4 and 2.6 of [13] and the fact that u > yﬁ . we deduce that

Y/ <Y,
. 1
V=T 1)

— 2 — T
/U0 2T f>-1E,[w(|s|+L?*+ f 1g0(s)] ds. u)].
t
(©6)

This estimate, together with the monotone stability theorem (see [2, Theorem 3.1] or [16,
Theorem 4]) is fundamental to proving our existence result. Since Y™? is non-decreasing in
n and non-increasing in p thanks to the comparison theorem (see [9, Theorem 4.1]), by the
localization method in [2] and [17] there exists some process Z € L2(0, T) such that (Y :=
inf, sup, Y"?, Z, K := sup,, inf,, K™P) is an adapted solution. The fact that (| Y|, a) belongs to
class (D) for some a > 0 can be proved by following exactly the same method as in [4], thanks
to (6). Since w > b+/t, we can choose a > 0, b > yﬁ, and ¢ > 0 such that a + b + ¢ = . For
such a constant a, ¥ (|Y|, a) belongs to class (D) (see the proof of Theorem 2.4 of [4]).

We now prove the uniqueness of the solution. For i =1, 2, let (¥ i 7l Ki) be a solution to
RBSDE (4) such that y(|Y’|, @') belongs to class (D) for some a’ > 0. Define

a:=a rna*, sY:=Y' -V $8z:=27'-27% SK:=K' —K>%
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Then both 1&(|Y1 |, @) and w(lel, a) belong to class (D), since ¥ (x, ) is non-decreasing in u.
Moreover, in view of Proposition 2.3 of [4], we have

Y(18Yil, @) < ¥ (1Y} + Y], a)

1 1 1 2
=y §x2|Yt|+§x2|Y,|,a

=

1 1 2
VYL o)+ 5y QY a)

—_— N =

< V@ )y (Y, a) + ¥ (Y2, a)l,

from which we deduce that ¥/ (|8Y], a) belongs to class (D).

By a standard linearization argument, we see that there exist two adapted processes u and
v such that |us| < B, |vs| <y, and g(s, Y, Z!) — g(s, Y2, Z2) = u;8Y, + 8Zsvs and the triple
(8Y, 8Z, 6K) satisfies

T T
8Yy =/ [usdYs + 8Zsvg] ds —/ 8Z;dBg; + 6K — 6K;, te [0, T].
t t

Set 0 := a?/(4y?). Let us define

dQ T 1 T 5 0 t
— = exp Vg -dBg — — |vs|“ds ), By := B;— veds, tel[T—6,T].
dP T—60 2 )19 T—6

Then, by the Girsanov theorem, BQisa Q-Brownian motion on [T" — 6, T']. Therefore we have

Q-a.s.
T T
3Y,=/ uSSsts—/ 8Z;dBY + 5K7 — 8K,, te[T—6,TI. (7)
t

t
We now show that {§Y;, r € [T — 6, T]} belongs to class (D) under Q. To do this, we note that
¥ (|8, a) belongs to class (D). Using Lemmas 2.4 and 2.6 of [13], we have for any t € T? 07
and A € Fr,

- T
E%[14]8Y 1 <E 1A|5Yr|exp(/ Vs - dB.v>i|
L -6

<E|14 exp(

|fTT_0 Vg - dBX|2
242

)} +E[2C 149 (8Ys |, )]

<E

- T v - dB. 2
(V228

1/2
20 )} P2+ B[ 149 (18Y: |, 0)]

2\ —l/4
< (1 - a%@) P2 4+ B[4y (872 . )]
=214 P(A)"/2 4+ 2 R[4y (|8Y: |, a).

We then have

sup EQ[sY;|] <24 +eX sup E[y(18Y:], )] < +oc. ®)

7eT?-0.T reTT-o0.T
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On the other hand, for any ¢ > 0, there exists ©; > 0 such that, for all A € Fr (P(A) < 91), we
have e
sup E[1 §Y: |, )] < —.
o BILay(8¥:l. o)l < 2

Since Q is equivalent to P, PP is totally continuous with respect to Q (see e.g. [14, Definition
7.35 and Theorem 7.37]). Thus there exists @, > 0 such that, for any A (Q(A) < ¥,), we have

P(A) < min{9;, 27/%¢).

Consequently we deduce that, for any & > 0, there exists ¥, > 0 such that, for any A (Q(A) <
%), we have

sup  EQ[1,4]8Y,[] <24 P@)!/2 &2
reTT-6.T 2e2a

In view of (8) and (9), we deduce that {§Y;, r € [T — 6, T]} belongs to class (D) under Q. We
define the stopping times

<e. (&)

t
Ty = inf{zzT—@: |8Y,|+/ |8Z3|2dszn} AT, (10
T

—6

with the convention that inf¢ =+oc0. Applying It6’s formula to [§Y;| (see e.g. [12,
Corollary 1]), we obtain for any ¢t € [T — 6, T]

Tn Tn Tn

sgn(8Y,)8Z, dBY + / sgn(8Y;) dsK,

AT,

ISYW,,ISI(?anI-!-/

INTy

sgn(6Y)ugdYs ds — f

AT,

T T Tn
<18Y: |+ [ BloY|ds— f sen(8Y,)8Z, dBY + / sen(8Yy) dSK,.
t

AT, ATy AT,

Observe that

§Y
sgn(8Yy) d(8K)s = 1sy, 20— d(8K)s

18]
=1 Y, —Ls d(5K); — 1 ¥ —Ls d(5K)
IR A $ A sy ’
Yl —L Y2 L
= 15y 20———2 dK? — 15y 20——— dK!
SYA?&O |(SY_3| S SYA#O |5Y3| S
<0, se[T-0,T].
Therefore, forany 7T — 0 <u <t <T,
Tn
E9[|5Ymn|]sE;@[|ann|+ ﬁISYSIds}.
AT,

Observe that 6Y;, — Y7 =0 and §Y;x;, — 8. Since {8Y;, t € [T — 6, T]} belongs to class
(D) under Q, by sending n — oo in the above inequality and taking a subsequence if necessary,
we get

T T
E?[wm]sla;@[/ mamds]:/ BER[|8Y,[1ds, te[T —0,TI.
t t
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By virtue of Gronwall’s inequality, we obtain forall T — 0 <u <t <T
EQ[|8Y;]]=0 Q-as.

In particular, we have at u =1, §Y; =0, Q-a.s. Since Q is equivalent to P, this holds up to
a set of P-measure zero. It is then clear that §Z; =0 and 8K; =0 for all t € [T — 6, T]. The
uniqueness is obtained on the interval [T — @, T]. In an identical way, we have the uniqueness
of the solution on the interval [T — 260, T — 6]. By a finite number of steps, we cover in this
way the whole interval [0, 7], and we conclude the uniqueness of the solution on the interval
[0, T1. O

Remark 1. Our approach to the uniqueness consists in transforming the original equation into
a new one (7) with integrable parameters. Moreover, the generator of (7) does not depend on z.
Hence the original problem is transformed into an L'-solution problem, which is much easier
to handle. In [4], Buckdahn, Hu, and Tang proved the uniqueness by showing the uniform

integrability of
Tn
exp(/ Vs dBS)|8Y‘[n|7
AT,

whereas we argue by showing that §Y belongs to class (D) under a new probability measure.
We would like to mention that our method may be more flexible for future development (e.g.
RBSDESs with possibly non-Lipschitz generators).

3. Comparison theorems

We first prove a general comparison theorem for supersolutions of BSDEs for which the

data are L exp(u+/2Tog(T + L))-integrable.

Theorem 2. Suppose that g'(s, y, z) and g*(s, v, z) are two Lipschitz generators and &', €2
are two terminal conditions, and K' and K> are two continuous, non-decreasing processes.
Suppose that we have pairs (Y{, Z})ici0,17, I = 1, 2, satisfying

T T
Y;=§'+/ g'(s,Y;,z;)ds+K’T—K;—/ ZldB;, i=1,2.
t t

IFy (1YY, a') and y(|Y?|, a®) belong to class (D) for some a', a* > 0 and, moreover, if for any
0<t<T
gy, z)<gw v z), & <&,

and K2 —K'isa non-decreasing process, then Yt1 < Ytz, 0 <t <T, almost surely.

Proof. Set a:= a' A a*. Then both ¥(|Y'|, a) and y(]Y?|, a) belong to class (D). We also
define

sYy:=v'—v? sz:=272'-72 sg:=g't, Y, ZH - v, 2z, 8K =K —K~

By the Lipschitz assumption, we have two adapted processes u; and v, such that |ug| < 8,
[vs| <y, and gz(s, Ysl, Zsl) — gz(s, Yf, Zsz) =u8Ys + 8Z;vs. We define the stopping times

t
T, = inf{r>0: |5Y,|+/ 18Zs| ds + |8K;| = n} AT, n=12,...,
0
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with the convention that inf ¢ = co. Since (8Y, §Z) satisfies the linear BSDE
T T
oYy =56& + (8gr + usdYs + 8Z5v5) ds — / 6Z;dBs + 6Kt — 8K;, t€]0, T],
t t

we have

n Tn
SYtAtn =E |:Ft/\t,l,r,,8an + / sz,,,r58r dr + / FtArn,r d(SK)r:| s
t

ATy INT,
where
t 1 1 1
[spi= exp(/ urdr—i—/ v,odBr—E |vr|2dr>, O0<s=<t<T.
N S S

Since §g, <0 and d(6K), <0,

Tn
8Ying, <EilTing, 1,6Ys, 1 <ePTE, [eXp< / Vg - st) |6Yf,,|}. (11)
I3

ATy

Note that thanks to Lemmas 2.4 and 2.6 of [13],

Tn 1 Tn 2 >
exp( [ vean )|5Ytn| exp( — ( / vs-st> )+e2“ P(sYs L@, (12)
INT, INT,

and for t € [T — a®/(4y?), T],
1 - 2\ |2 1 T 2
oz ([ o) ) =2l G (] o) )
12
[1 — —(T — t):|

IA

| /\

13)

Moreover, we have

1
V(18Yy, | @) = S Y2, o[y (1,1, a) + v (177 |, a)].

From (12) and (13), it follows that for r € [T — a? / (4)/2), T], the family of random variables

Tn
exp(/ vs~dBS)|8YTn|
AT,

is uniformly integrable. Finally, letting n — oo in inequality (11), in view of §& <0, we have
8Y; <0 on the interval [T — a? / (4)/2), T]. In an identical way, we have §Y; < 0 on the interval
[T —a?/(2y?), T — a*/(4y?)]. By a finite number of steps, we have the comparison principle
on the whole interval [0, T]. O

We now state the main result of this section.

Theorem 3. Suppose that we have two parameters (§ gl LY and (¢ 23 g’ , L?). Let
(Y', Z', K") be the solution of the RBSDE (&', g', L"), i =1, 2. Assume that ¥ (|Y'|, a*) belongs

https://doi.org/10.1017/jpr.2022.35 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.35

250 M.-C. KIM ET AL

to class (D) for some a* > O withi = 1, 2, and g* satisfies the Lipschitz condition (5). We further
assume that

g'<g? glevl.zh=dwy .z, Li<L} as
Then Yzl < Yl2 forallt € [0, T, almost surely.
Proof. Define

a:=a rd®, sY:=Y'-Y? $§z:=27'-7%
SK:= K' — K2, sg:=¢g' —£2, S8g:= g4, ¥}, ZH—g*a, vl Z)).
By the Lipschitz assumption, there are two processes u and v such that |u| < 8, |[v| <y, and
2, Y,z — &, Y?, Z2) = wdY, + 8 Zyvs.

Obviously, (8Y, 8Z, §K) satisfies the following equation:
T T
8Y, =65+ / [us8Ys + 8Zsvs 4 6851 ds — / 8Z;dBs + 6Kt — 6K;, t€[0, T].
t 13

Define 6 := a?/(4y?). By following the same arguments as we did before (more precisely, the
uniqueness part of the proof of Theorem 1), ¥(|6Y], a) belongs to class (D) and there exists a
probability measure QQ equivalent to P such that (§Y, §Z, 5§K) satisfies Q-a.s.

T T
aytzf (Sgs—l—uSSYS)ds—/ 8Z; dBQ + 8Kr — 8K,, 1e[T—6,T],
t t

where B is a Q-Brownian motion on [T — 0, T]. In particular, the process {§Y;, t € [T — 6, T1}
belongs to class (D) under Q. We define the stopping times t, as in (10). Applying the Ito—
Tanaka formula to 8Y;", we obtain for any t € [T — 6, T]

sy

T

n Tn T
<8vF 4 f 1y, 0088, + 5371 ds — f 15y,-08Z, dBY + f Ly,~0 dGK),.  (14)
INT, t t

AT ATp

Using L} <L?, wehave L! <Y! A¥?> <Y/ and

Y -yl AY? vyl — !
1 dK1=1 s N s dKl <1 N s dKl_O
8Y,>0 AKXy SYS>0—|5YS| s = 1sy,>0 B2 s

Therefore we have forall s € [T — 0, T]
Lsy,-0 d(8K)s < 15y,-0 dK| <0.

Using this and the fact that §g; < 0, we deduce from (14) thatforall T —0 <u <t <T

T

B8Y; ds].

AT,

E2[sY,%

INT,

]51@9[51/; +
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Since {8Y;,te [T —6, T]} belongs to class (D) under Q, so do {8Y,",te [T —0,T]}. We
also know hat (SY,J;Tn — 8Y;" and (SY; — <SY;r =8¢ =0. By sending n to oo in the above
inequality, we obtain forall T — 0 <u <t <T

T
EQ[sYF] < E‘SU BSY; ds].
t

Gronwall’s inequality implies that 8Y;” =0 for all € [T — 6, T, Q-a.s. Since Q is equivalent
to P, we see that (SYI+ =0 (e Y < Y,z) for all t € [T — @, T], P-a.s. In an identical way, we
obtain the comparison on the interval [T — 20, T — 6]. In a finite number of steps, we have the
comparison on the whole interval [0, T]. The proof is then complete. O

4. About the critical case

The assumption that x> y+/T is a key ingredient in our procedure. Fan and Hu [11]
considered the critical case u = y+/T for the standard BSDE. In this critical case the main
difficulty comes from the fact that one cannot use the dual representation method (hence the
Snell envelope representation and the Girsanov theorem in our reflected case). To overcome
this difficulty, Fan and Hu [11] introduced an approximate function ¢(s, x; f) which has some
similarity to 1 (x, u). Then they directly applied Itd’s formula to ¢ (s, Y;; ) in order to get an a
priori estimate for Y; as well as ¥ (|Y;|, ¥ /7). However, this approach does not work well for
our reflected dynamics. If we apply Itd’s formula to ¢(s, Y;; ¢) as in [11], we have the influ-
ence of the non-decreasing component, which can never be removed. Hence we cannot get the
estimate for ¥(|Y;|, y /7). At this point the proof of uniqueness in the critical case would be
extremely difficult. We leave this interesting problem for future work.
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