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Abstract

J. F. C. Kingman (1967) proved that if {</>„}, n = 1,2, • • - ,N is any set of Radon-Nikodym
derivatives of An w.r.t. fim when Aro fin are the restrictions of A, fi respectively to a sub tr-algebra
G. of G then

where <>„ S0V n and B = 2~_, bn.
This paper simplifies Kingman's proof and finds upper and lower bounds for the integral

when the bn's can assume negative values.

Introduction

Let A, fi be positive measures on a o--algebra 'S of subsets of X and
<S'CS be a sub o--albegra of CS. Also define A',y,' to be the respective
restrictions of A, /A to 'S'. If A' is absolutely continuous with respect to \x.' then
there exists a unique $', the Radon-Nikodym derivative of A' w.r.t. /u,', with
4>' — CS' measurable and

'(E)= f for all E £ « ' .

Kingman (1967) proved that if {<j>n},n = 1,2,- • -,N is any set of
Radon-Nikodym derivatives of An w.r.t. fin where An, pn are the restrictions
ot \ , |x TespectweVy to a sub cT-algebta <§„ of <§ then

where bn § 0 for all n and B = 2~=, bn.
In this paper we simplify Kingman's proof, especially for the case of

eq\ia\\Vy at\d then fttvd uppei atvdlowet bounds for I when the bn's can assume
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negative values. The latter problem was pointed out to the author by
Professor J. Darroch and Miss H. F. Wang of Flinders University who needed
an upper bound to help solve a contingency table problem.

For convenience we define

if bnm0
: ' if bn < 0 '

Kingman's inequality

If we assume that 6 n g 0 for all n and we use Holder's Inequality and the
harmonic mean less than or equal to the geometric mean result, we have

However, dA = <^nd^ on ^n and Sn C = 1 and therefore we have

To show when equality holds in this result, we need examine only (1) as
the final step is actually an equality. We have equality in the first stage of (1) if
and only if cj>n = / a.e. [A] for all n. [Mitrinovic (1970) p. 76].

On substituting </>„=/ into (1) we obtain

f
J

f«_^_> rf f-
 dK T

x 7 A ( X ) - LJX
 7 A ( X ) J

From Holder's Inequality the only possibility remaining for equality (ignoring
bn - 0 for all n) is that / = constant a.e. [A]. By substituting <\>n = C into (2) it
follows that equality holds if and only if

a.e. [A] for all n.

Some bounds for /

To find bounds for / when bn £ R we assume that A is absolutely
continuous w.r.t. ft. Such an assumption means that the Radon-Nikodym
derivative 4> of A w.r.t. fi exists and that unique R-N derivatives of A w.r.t.
/u. exists for every sub cr-algebra of <@.

LEMMA. Suppose <p, <p' are non-negative integrable functions such that <p'
is (S' measurable and
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(3) [ tp'dfi = f <pdfi VE

Let h be a convex function on [0, °°) such that h((p), h(<p') are <& measurable
and sumtnable on X. Then

(4)
Jx Jx

The above inequality is more general than we need for our purposes. In fact
we are interested only in the case h(x) = x'. The general form given above
was postulated and proved by Leon Simon of Stanford University to whom
the author is very grateful.

PROOF. It suffices to prove the theorem subject to the assumption

(5) \h(t)-h(T)\^K\t-T\, t, Fe(0,»), inconstant

because any convex function can be pointwise approximated by an increasing
sequence of such functions.

First we choose a sequence of simple functions {$„} of the form
Sn = S^V A[n)

 XEL"> where {Ein)} C W form a partition of X, \E is the charac-
teristic function of the set E and

(6) | s n - <p' 0 as

Now

(7) f h(sn)diM = ^ f
Jx k-i JEIT

But by (5), we have

SK f | s B -
Jx

Combining (6), (7) and (8) we then have

f h(sn)d^ = "f [fJi(E^)] fcf[M(E«t">)]- I v'
Jx k = l I J Ei, '

where £„ —» 0 as n —»°°.
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Then by (3) and Jensen's Inequality,

\ h(sn)dpS "fl [ lm)h(<p)dp+eH = I h(<p)dfi + en.
Jx k-1 )Ek Jx

Letting n - » » we have (2).
We note that each of our Radon-Nikodym derivatives, <(>„, satisfy the

preconditions of <p', and consequently qualify for this lemma.

THEOREM 1. If bn E. R for all n, then,

pi <f>Bd\+(l-p) I <f>Bd\ for B g l
Jx Jx

PROOF.

I ( U Y f (2 X" d\.
JX n JX \ n I Jx 1—

(2
0 \ n

But for 0 ^ t g B, B/t g 1, and the power mean result (Mitrinovic) gives

Jx n nSO Jx n<0 JX

Now because dA = $nd/A on ^n and <}>],+B,<f>'n~
B are convex for B g l the

above Lemma gives the required result for B g 1. For 0^ B ^l,<j>'n
+B is still

convex and

L *? itk* [I, *
THEOREM 2. If bn & R for all n,

PROOF.
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and utilising Theorem 1

(9) Jg[A(X)]2 |"(l-p) { <t>Bd\+p\ (j>~Bdx\l for S S I
L Jx Jx J

However, an alternative lower bound can be found using the power mean
inequality and Holder's Inequality as follows:

B _dX_
A(X)
B d\

A(X)

? Cr"'A(X)J

and since the power is negative we use the upper bound for fx (f>ndK from the
lemma to obtain

(11) /

A simple comparison of (9), (10), (11) using Holder's inequality shows that for
O ^ B S l (10) gives a tighter lower bound whereas (11) is preferable for
BSl . Q.E.D.

Conclusion

By an argument similar to that given in our proof of Kingman's
inequality it can be shown that equality holds in (11), if and only if

<£„ = 1 a.e. [A] for all n and | <\>dk = A(X) 0 < p < l
Jx

4>«=^HiR a e - [ A I f ° r a i 1 « a n d f <MA = ^ A ^3) 2 p=o
A(X)

0" = /y \ a e " tA] f ° r a11 " P = 1

Unfortunately cases of equality for (9), (10) and Theorem 1 are more difficult
to analyse. At present we can say no more that if p = 0,1 all bounds are
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attained when <j> = \(X)/fi(X) a.e. [A] and if 0 < p < l we must restrict
<f> = 1 a.e. [A].

Finally, note that / is independent of'S and <j>. To obtain our best bounds
for I we must, in each theorem, minimise fx h(<\>)dfi where h is some convex
function on (0, °°). The lemma shows that this can be done by choosing 'S as
the smallest o--algebra satisfying the given conditions, i.e. <§ should be chosen
as the smallest cr-algebra generated from U n ^n.
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