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Abstract. We prove that if the order-one differential operator S =09; +
Y, Bidi+ v, with B,y € K[xi,...,x,], generates a maximal left ideal of the
Weyl algebra A4,(K), then S does not admit any Darboux differential operator in
K[x1, ..., x4)(02, ..., 3y); hence in particular, the derivation 9, + > _;_, 8;0; does not
admit any Darboux polynomial in K[xy, ..., x,]. We show that the converse is true
when B; € K[xy, x;], for every i = 2, ..., n. Then, we generalize to K[xi, ..., x,] the
classical result of Shamsuddin that characterizes the simple linear derivations of
K[x1, x3]. Finally, we establish a criterion for the left ideal generated by S in 4,(K)
to be maximal in terms of the existence of polynomial solutions of a finite system of
differential polynomial equations.

2000 Mathematics Subject Classification. Primary 13N15, Secondary 16S32,
13N10.

1. Introduction. Let A4,(K) = K[xy, ..., x,]{(d1, ..., 9,) be the n-th Weyl algebra
over a field K of characteristic zero (here 9, denotes the usual derivation a‘j—w) Lately,
there has been a lot of research done on the principal maximal left, or right, ideals
of A4,(K). (Recall that if t is the standard involution of A4,(K) and SA4,(K) is a
principal maximal right ideal, then 4,(K)7(S) is a principal maximal left ideal of
An(K). Therefore, finding principal maximal right ideals of 4,(K) is the same as finding
principal maximal left ideals of 4,(K)) .

The first author to address this problem was Stafford who exhibited a family of
principal maximal right ideals of 4,(C). In this way he gave the first counterexamples
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to the conjecture that every simple module over 4,(C) should be holonomic. (Since
Sﬁ’f% is simple but not holonomic if n > 2). (See [11]). Later on, Berstein and Lunts
proved that, in a certain sense, the generic operator of 4,(C) generates a maximal
left ideal (see [1] and [8]). Nevertheless, the examples discovered by Stafford were of a
different kind of the generic ones of Berstein and Lunts.

Stafford’s examples were generalized by Coutinho in [3]. Starting with a certain
type of simple derivation d of K[xy, ..., x,], he was able to give a suitable perturbation
of d,say d+ vy, y € K[xy, ..., x,], such that the left ideal 4,(K)(d + y) is maximal.
Here, for the first time, we see that there might be a connection between d-simplicity
of K[xy, ..., x,] and maximality of the left ideal of 4,(K) generated by d + y.

One of the objectives of this paper is to address the following question:

QUESTION. Let d = 91 + a0, + - - - + @,,0, be a derivation of K[xy, ..., x,] with
a; € K[xy, ..., x,] for every i =2, ..., n. Suppose that there exists an element y €
K[xy, ..., x,] such that the left ideal 4,(K)(d + y) is maximal. Then, is d a simple
derivation of K[xy, ..., x,]?

In Section 3, we obtain a positive answer to this question for the class of derivations
that satisfy the following extra condition:

(*) a; € K[xy,...,x;], foreveryi=2,...,n.

This is obtained as a consequence of two results that are interesting in their own
right. The first one is that, even when the extra condition (x) is not satisfied, the
derivation d does not admit any Darboux polynomial in K[xy, ..., x,]. The second
one is a general result on derivations: if d = 9; + a0, + . .. + «,9, 1s a derivation of
K[xi, ..., x,] that satisfies condition (), then d is a simple derivation if (and only if)
d does not admit any Darboux polynomial in K[xi, ..., x,]. For the latter result, an
example due to Goodearl and Warfield shows that the condition (x) is not superfluous.

Another objective also treated in section 3 is to generalize to K[xi, ..., x,], for
a certain family of derivations (which we call Shamsuddin derivations), the result
of Shamsuddin that characterizes the simple linear derivations of K[xj, x;] in terms
of the existence of a polynomial solution for a certain finite system of differential
polynomial equations. We use our criterion to exibit new examples of simple derivations
of K[x1, ..., Xx,].

In Section 4, for a Shamsuddin derivationd = 8; + Y i, (a;x; + b;)d;, with a;, b; €
K[xi]fori=2,..., nand satisfying the condition a; # a; for every i # j, we establish
a criterion for the left ideal generated by d + y in A4,(K) to be maximal in terms
of the existence of polynomial solutions of a finite system of differential polynomial
equations. This generalizes and strengthens a result of Bratti and Takagi for A>(d + y)
(see [2]). We give an example to show that the condition a; # a; for every i # j is not
superfluous.

In section 2, we prove a general theorem, part of which is needed to obtain
the results of section 3. We prove that if the order-one differential operator S =
0+ r, Bidi+y, with B, v € K[x1, ..., x,], generates a maximal left ideal of the
Weyl algebra A4,(K), then S does not admit any Darboux differential operator in

K[xi, ..., x,]{02, ..., 03,). We show that the converse is true when B; € K[xi, x;] for
everyi=2,...,n.
Throughout this paper, K will be a field of characteristic zero and xp, .. ., x, some

indeterminates over K.
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If d is a derivation of a ring B, an ideal I of Bis said to be a d-ideal if d(I) € I. The
ring B is said to be d-simple if its only d-ideals are (0) and (1); we shall also say that d
is a simple derivation of B. A derivation d of K[xy, ..., x,] is said to be a Shamsuddin
derivation if d = 0; + a20, + ... + «,,0, Where o; = a;x; + b;, with a;, b; € K[x;] for
everyi=2,...,n.

If S'is an operator in 4,(K), an element R € K[x1, ..., x,]{d2, ..., d,) \ K is called
a Darboux operator of S in K[x1, ..., x,]{02, ..., 0p) if

[S, R] € K[x1, ..., xs]R.

In particular, if S = d is a derivation of K[x, ..., x,] and R = f is a polynomial
in K[xy, ..., x,]\ K, we say that f is a Darboux polynomial of d if

[d.f1=d(f) € K[x1, ..., x]/.

Equivalently, /" is a Darboux polynomial of d if (f) is a proper non-zero d-ideal of
K[x1, ..., x,].

The authors would like to thank Cydara Ripoll whose careful reading of a
preliminary version of the paper helped them to improve the proof of Theorem 2.8.
We also thank S.C.Coutinho and the referee for many suggestions and comments on
this paper.

2. Principal maximal left ideals and darboux differential operators. Let K be a
field of characteristic zero and let 4, = 4,(K) = K[xy, ..., x,](d1, ..., 3,) be the Weyl
algebra in n variables over the field K. Recall that 4,(K) has generators 9;, x;, for
1 <i,j < n, satisfying the relations [9;, x;] := 98;x; — x;0; = 8;; and other commutators
being zero.

Let A4, be the K-subalgebra of 4,(K) generated by x; and 9;, for 2 < i < n. Then,

An,l[xl] = K[xl, e, Xn](az, ey 3,1).

DEFINITION 2.1. A multi-index o is an element of N”, say o = («y, ..., ). By 99,
we mean the monomial 9;*' ... 3,*. The order of this monomial is the length |«| of the
multi-index «; namely |¢| = o] + ... + «,. An element d € 4,(K) may be written uni-
quely in the form d = ), ¢,9%, where g, € K[x1, ..., x,]. The order of d, denoted by
ord(d), is the largest || for which ¢, # 0. We use the convention that the zero element
has order —co. An example will suffice: the order of x138, + X17x20133,% is equal to 5.

We begin with some technical lemmas that will prepare for the proof of
Theorem 2.8.

LEMMA 2.2, Let S=01+ w0+ -+ ,0, +y be an element in A,, where
ay, ...,y Y € K[xy, ..., x,] If Re A,_1[x1], then [S, R] € A,_1[x1]. In particular,
[817 R] € Anfl[xl]-

Proof. This is a straightforward computation. U

LEMMA 2.3. (Division algorithm). Let S =0 +axdr+-- -+ a0, +y be an
element in A,, whereay, ..., a,, v € K[x1, ..., x,]. Given P € A,, we have P = QS + R,
for some Q € A, and R € A,_1[x1]. Moreover, R and Q are uniquely determined.

Proof. We will first prove, by induction on 7, that 9} = QS + R, for some Q € 4,
and R € Anfl[xl].
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Note that 9; = 1S + R, where R = —a29, — - - - — 9, — ¥ € A,—1[x1]. Suppose
now that the result is true for #n. Then

I =900 = 81(AS + B) = 3, AS + 9B, A € Ay, Be A,1[x1].
By lemma 2.2, we have
M = 9,4S + Bo, + B, B e A, 1[xi].
Since 9; = S + R,

N =9 AS+B(S+ R + B
= (0 A+ B)S+BR+B
=O0S+ R, where Q' € A, and R = BR+ B € A,_1[x].

This completes the induction.

Now, if P € 4,, we can write P in the form P = E, 3 + - - + E101 + Ej, where
Ei € Ay [x1].

Thus, P = E,(H,S+ B,) + ---+ E\(HS + By) + Ey, where Hy, ..., H, € A, and
Bl, .. .Bn € A,,_l[xl]. Then,

P=(Ean+"'+E1H1)S+(Ean+"'+ElBl+E0)=QS+R'

€ Ap-1[x1]

We claim that R is unique. In fact, let R, R' € A,_1[x;]be suchthat P = QS + R =
O'S+ R.So, R— R =aS, for some a € A,. Writing a = Qd; + A and S = 9; + B,
where Q € A, A, B € A,_1[x1], we have

aS = 00,> 4+ Q08B + A9, + AB.

Since R, R’ € A,,_1[x1], so does aS. Hence, looking at Q as a polynomial in 9; with
coefficients in 4,,_1[x;] we conclude that Q = 0. So, aS = 49, + AB. In the same way,
we conclude that A = 0. Thena =0, R=R and Q = Q. O

LEMMA 2.4. Let A,S be a principal left ideal of A,, where S = 31 + a9y + -+ - +
apdy+y € Ay, aa, ...,y and y € K[xy, ..., x,]. Then A,S is a maximal left ideal of
Ay if and only if A,S + A,R = A, for every R € A,_1[x1]\ {0}.

Proof. (=)IfR € A,—1[x1]\ {0}, then R & A,,S.So, A,S + A,R = A,, because 4,,S
is a maximal left ideal of 4,,.

(<) Of course, 4,,S is a maximal left ideal of 4,, if and only if 4,S + 4,P = 4,,,
for all P & A,S. Now, for P ¢ A,S, by lemma 2.3, we have that P = QS + R, for
some Q€ 4, and Re A,,_[x1], R#0 . Thus, 4,S+ 4,P = A4,S+ 4,(0S + R) =

A,S + A,R = A, by hypothesis. Il

LEMMA 2.5. Let S=01+ a0, + - -+ a,0, +y be an element in A,, where
...,y € K[x1,...,x, Then, A, is a free A,_[x1]-module with basis
{1,8,8% ...}

Proof. It is known that A4, is a free A,_i[x;]-module with basis {1, 9, 812, L
Writing 9y = S — Rwith R = 20, + - - - + 0,0, + v € A4,,_1[x1] and using lemma 2.2,
we see that 4, is generated by {1, S, S%, ...} over 4,_i[xi].
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Suppose that r > 0 and By + B1S + -+ + B,.S" = 0 with B; € 4,,_{[x;] for every

i=0,...,r. Substituting S by d; + R and using lemma 2.2 we have an expression
§0 + 5181 + .- -1;5,8{ = 0 with Ei € Ap_1[x]foreveryi=1,...,r—1and §r = B,.
Therefore, B, = B, = 0. The proof follows by induction on r. OJ

LEMMA 2.6. Let S € A, withord(S) = 1 and R € A,,_1[x] with ord(R) > 0. Suppose
that KIS, Rl =nR for some HEKx, ..., x, ]\ {0}, m € K[x1, ..., x4]. Then, there
exists R € A,_i[x1], with ord(R) = ord(R) and %7€ K[x1, ..., Xu] such that [S, R] = 7R.

Proof. We can write R in the form

N
Z P, . ,na .9,", where Pi, i € K[x1,...,x,).
ir+...+i,=0
Let R = aoR where ap € K [x1, ..., x,] \ {0} is the greatest common divisor of the

elements P;, ;. By hypothesis we have

ulS, aoR] = naoR. (1)

Since w € K[x1, ..., xa], by (1), w_divides nao, say nog = u¢ for some ¢ €
Kl[xi, ..., x,]. Since u # 0, [S, 2o R] = ¢ R.
But, [S, @oR] =[S, 29] R + g[S, R]. Then,

aolS, Rl = (¢ =[S, ao]) R = AR, where A € K[x1, ..., x,l. )
[ ———
AEK[X1,..0sXp]

It follows frozn (2),~that ap divides A, say A = 7oy, for some 77 € K[xy, ..., X,].
Since ap # 0, [S, R] =7 R. ]
LEMMA 2.7. Let S € A, with ord(S) =1 and P € K[xy, ..., x,]\ K[x1, ..., Xs_1]
Suppose that u[S, P] = nP for some € K[x1, ..., x,-1]\ {0} and n € K[x1, ..., x,].
Then there exists P e Klxy, ..., x; ]\ K[x1, ..., xXy_1] and 7 € K[xy, ..., x,] such that

[S, P] =7P.

Proof. We can write P in the form

N
Z Pix!, where P; € K[x, ..., x, 1] for every i.
i=0

Let P = aoﬁ where oy € K[xy, ..., x,—1]\ {0} is the greatest common divisor of

the elements P;. By hypothesis we have

u[S, agP] = naoP. ©)

Since p € K[x1, ..., x,1], by (3), p divides nag, say nag = pg for some ¢ €
Kxi, ..., x,). Slnce,ugéo LS, aoP]—g“P

But, [S agP] [S, ag]P + g[S, P] hence oq[.S, P] = AP where A := =¢—[S,a] €

Klxy,...,x,]. It follows that oy divides A, say A = 7y, for some 77 € K[xy, ..., X,].

Since oy ;é 0,[S, P] = 3P. ]

We can now state the main result of this section.
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THEOREM 2.8. Let S = ) + 0202 + -+ - + 0, + y be in Ay, where ay, . .., o, and
y € K[x1, ..., x,]
(a) If A,S is a maximal left ideal of A, then S has no Darboux operator in A,_1[x1].
(b) Reciprocally, if o, € K[x1,x2],...,a, € K[x1,x,] and S has no Darboux
operator in A,_1[x1], then A,S is a maximal left ideal of A,,.
(c) (Bratti and Takagi, [2, Theorem 2.2]) If n = 2, then A,S is a maximal left ideal
of Ay if and only if S has no Darboux operator in Ai[x1].

Proof. (a) Let R € A,_1[x;]. Of course R ¢ A,S and, since 4,S is maximal, there
exists A, i € 4, such that LS + uR = 1. If ordy, (1) = m, then ordy (u) = m + 1.
By lemma 2.5 we can write A and u in the form:

A=B,S"+- + B S+ B,,
p=Cn1S" ™+ + 1S+ o,

where B;, C; € 4,_1[x1].

So,
m m+1
1=2S+puR=>Y BS*+> SR
k=0 k=0

(%)

Suppose that R is a Darboux operator for S in 4,_i[x;], thatis R € 4,_1[x;]\ K
and [S, R] = nR, for some n € K[x1, ..., x,]. Then we have

S"™IR = RS™! + (548" + 518" -+ E1S + SR, 4)
with & € K[xi, ..., x,], 0 <j < m. So, the coefficient of S+ in (%) is
Bm + Cm+lR-

It follows from lemma 2.5 that

Bm + Cm-HR =0. (5)
Thus,
m m+1
M+ uR = BS™ +3 " GS'R

k=0 k=0

m—1 m
=Y BS' + ) CGS'R+ BuS™ + Gt S™'R
k=0 k=0

m—1 m
(2 ZBkSIﬁLI + Z CkSkR _ Cm+]RSm+l + Cm+lsm+1R

k=0 k=0
m—1 m

=Y BS 4+ GS' R — Gt (RS — S™IR). (6)
k=0 k=0
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Using (4), we can rewrite (6) and obtain:

m—1 m
I=AS+uR=>) BS'+) CiS*R,
k=0 k=0

for some Cy € Ap_1[x1].

This expression has the same form as (x), but it involves only the powers S! with
I <m.

Repeating the argument m more times, we obtain

1:)»S+/LR:DOR,

for some Dy € 4, _1[x;]. Then, R is a unit of the Weyl algebra, hence Re€ K, a
contradiction.
(b) Let R be in 4,,_1[x], such that ord(R) = N > 0. We can write R in the form:

N
R= Z Py, 3" ...9,", where P, _; € K[xi,...,X,].
i+...+i,=0

Since ord([S, R]) < ord(S) + ord(R) — 1, then ord([S, R]) < N. Therefore we can also
write [S, R] in the form

N
[S.Rl= Y Qp.id"...0" where Q; i €K[xi.....x].
i+...4i,=0

As ord(R) = N, there exists Py iy # 0, such that

iy + -+ i, = N.
By hypothesis and by lemma 2.6, we have that
izo ..... i,70 [Sv R] - Qizo ..... i,,OR # O

Note that, from this equation, we haye 0 <ord R. Moreovgr, R e A4,S + A,R and the
term of order N involving 9, ... d," does not appear in R.

CLAIM 2.9. The multi-indices of maximal length that occur in [S, R] already occur
in R.

Let’s assume, for a while, that claim 2.9 is true. Then, R has one term less than R of
order N. If R has another term with order N, we can repeat the process and eliminate
it too. Therefore, after a finite number of steps, we have a new Re (4,S + A,R) \ {0},
with 0 < ord(R) < N — 1. Proceeding in this way, we obtain

(AnS + A, R) N (K[x1, ..., xa] \ {0}) # 4.

Let P=)", rex,, where ry € K[x1, ..., x,—1], be a polynomial contained in
(4,S + A,R) N (K[xy, ..., x,]\ {0}) with the least degree in x,,. If m were strictly greater
than 0, then, by the Euclidean Algorithm (applied to [S, P] and P considered as
elements in K(xi, ..., X,_1)[x,]), there would exist d € K[xy, ..., x,_1] \ {0} such that
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d[S, P] = nP +r, for some n,r € K[xy, ..., x,] where deg, (r) < degy,(P) or r =0.
This would imply that » = 0, by the choice of P, hence that d[S, P] = nP, which, by
lemma 2.7, would lead to a contradiction with the hypothesis. So m = 0 and (4,S +
AnR) N (K[xlv e xnfl] \ {0}) 7& 0.

Proceeding in this way, we obtain

(AnS + AnR) N (K[xl] \ {0}) 7é @.

Let P = a;x,' + - - - 4+ ap, with a; € K, bein (4,S + 4,R) N (K[x1]\ {0}), a; # 0. If
[ =0, then P € K \ {0} and therefore 4,S + 4,R = A,. If [ > 0, we have

[S, Pl = 01(P) = layx;' ™' + -+ + a1 € (4,8 + A,R) N (K[x1]\ {O}).

Repeating this process / times, we have that /la; € (4,S + 4,R) N (K \ {0}). Then
AuS + A,R = A,,. By lemma 2.4, it follows that 4,.S is a maximal left ideal of 4,,.
To finish the proof, we have to show claim 2.9.

Proof of claim 2.9: Let us suppose that

S=d+vy €A,
where d = 01 + a20> + - - - + ,0,, 1S a derivation of K[xl, R x,,] such that o; €
K[x1, xil,y € K[x1,...,x4] . Let R= Zg+...+i,,=o P;, ;37 ...0,", where P, ; €
K[xi, ..., x,]
Then,
N N
[S.RI=|S. Y Pyid". .80 = > [S.Py.,%"...0".
+...+i,=0 i+...+i,=0

Note that: [31, P;,.._; 37 ... 8,"] = 31(P;,

By 027 o Op 7 | = 01\,

20028, = o Py, 02T 3 L8, 4 ad (P, )02 B,

,,,,,,,,,,

—Pi, 02" 3, s

la ; . ; . . 3
i”8212+ 83l3 - 8,,1 4+ 05282(1),‘2““,,'”)8212 - 8,,1 — Piz [”82’2a28283'3 - 8,,’
=P 8212+133l3 Ce 3,,l” + Otzaz(Piz [ﬂ)azlz Ce 8,,l” — Piz [n(()123212+183l3 - 8,11”

Hence, the terms with order N in 3" i olonda, Py 80" ... 8,"] are:

Similarly, the terms with order N in Zf\' i —0l®9)s Piy. i, & ... 9,"], where j =
2,...,n,are:

Z (j0i(Py,,...i,) — iiPiy, i, 3]'(01/))32[2 O

i+...iy=N
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Note that ord([y, R]) < N — 1. Then the terms with order N in [S, R] are:
3 @) = D P 3@ B0 7
ir+...4+i,=N j=2

Now, observe that if P;,__; is the coefficient of 3,2 ...d," in R, with i, + ...+ i, = N,

then the corresponding coefficient in [S, R] is:

Therefore, if P, ;, = 0 and the coefficient of 3,2 ... 3, in [S, R] is
Zero. O

3. d-simplicity of the ring K[x|, ..., x,]. In this section we study the d-simplicity
of the ring K[xy, ..., x,]. Evidently, if K[xy, ..., x,] is d-simple, there is no non-trivial
principal d-ideal (equivalently, there is no Darboux polynomial). If d(x;) = 1, the
converse is true when n = 2 but is false already when n = 3. Indeed, if K is a formally
real field (for example if K = R), Goodearl and Warfield observed in ([6, p. 61])
that in K[xs, x3], the derivation § := (x; + x3)d> + (x5 + x3)3; has no Darboux
polynomial even though (x,, x3) is a (unique) §-ideal; then, by a rather straightforward
computation, one can see that in K[xy, x, x3], the derivation d := 9; + (x; + x3)9; +
(3 + x3)d3 has no Darboux polynomial even though (x2, x3)K[x1, X2, x3] is a (unique)
d-ideal. Our next theorem gives a rather general situation where the converse is true;
it points out that the peculiarity of the above example would not have occurred if the
coefficient of 3, had been an element of K[xi, x,]. It generalizes [9, Proposition 2.1].

THEOREM 3.1. Letd = 9) + a2 + - - - + @,,0, be aderivation of K[xy, . . ., x| where
a; € K[x1, ..., x;] foreveryi=2,...,n Then the following statements are equivalent.

(i) K[x1, ..., x,]is d-simple.

(ii) d has no Darboux polynomial.

Proof- Tt is enough to show that (ii) = (i). Suppose that K[xi, ..., x,] is not
d-simple. Let I be a proper non-zero d-ideal of K[x, ..., x,]. Let P = Z/i:o Xk,
where r; € K[x1, ..., x,_1], be a non-zero polynomial contained in 7 with the least
degree in x,,.

Suppose that / > 0. By the usual Euclidean Algorithm (applied to d(P) and P
considered as elements in K(xy, ..., x,—1)[x,]), there exists g € K[xy, ..., x,-1] \ {0}
such that gd(P) = hP +r, for some h,r € K[xi, ..., x,], where deg,, (r) < deg,, (P)
or r=0. This implies that r =0, by the choice of P. Thus, gd(P)=hP. Since
d(P) = [d, P], then by lemma 2.7, there ex1sth € K[xi, ..., xn] and P € K[xy, ..., xu]\
K[xi, ..., x,_1] such that [d, P] —hP. As d(P) [d, P] P is a Darboux polynomial of
d,a contradlctlon to the hypothesis.

Thus /=0 and INK[xi,...,x,—1] # (0). Note that d |k, x,_.] (K[x1,...,
Xu—1]) € K[x1, ..., Xy—1], since «; € K[xy, ..., x;]. Then we can repeat the argument.

Going on this way, we obtain that 7 N K[x;] # (0). But this is impossible since d
restricted to K[x;]is d; and 9, is a simple derivation of K[x]. O

COROLLARY 3.2. Let d = 91 + a0y + - - - + 0, be a derivation of K[xy, ..., x,]
where o; € K[x1,...,x;] for every i =2,...,n. Then, K[xy, ..., x,] is d-simple if and
only if no prime ideal of height one is a d-ideal.
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Proof. By Theorem 3.1, K[x, ..., x,] is d-simple if and only if no non-zero proper
principal ideal is a d-ideal. But if an ideal [ is a d-ideal, then every minimal prime of
1 is also a d-ideal. By Krull’s Principal Ideal Theorem, every minimal prime ideal of a

principal ideal has height one. O
COROLLARY 3.3. Let d = 9y + 20, + - - - + 0,0, be a derivation of K[xy, ..., X,],
with o; € K[x,...,x,] for every i=2,...,n Suppose that there exists y €
K[xy, ..., x,] such that A,(d + y) is a maximal left ideal of A,. Then,
(a) d has no Darboux polynomial.
(b) d is a simple derivation if o; € K[x1, ..., x;], foreveryi=2,...,n.

Proof. (a): Suppose that 4,(d + y) is a maximal left ideal of 4,,. By Theorem 2.8(a),
we have

[d+ Y, R] ¢K[X1, ey xn]R, VREe An_l[xl] \ K.
So, in particular
[d+ vy, Pl € K[x1,...,x,]P, VP e K[xq,...,x,]\ K.

Since [d + y, P] = [d, P] = d(P), d has no Darboux polynomial.
(b): It follows from item (a) and Theorem 3.1 . O

Examples of simple derivations of the polynomial ring K[xy, ..., x,] are not easy
to find. A family of linear simple derivations was discovered by Coutinho in [3]
(generalizing an example of Stafford) and is based on a result of Shamsuddin (see
[10]). Families of simple quadratic derivations of K[x, x;] were found by Maciejewski,
Moulin-Ollagnier and Nowicki in [9].

EXAMPLE 3.4. Let K 2 Q be a field and S be the element in 4,(K), given by
S =0+ x1x2+ A2+ 1)d +Auxs, A€ K\ Qand u & Z.

Stafford proved in [11, Proposition 2.2] that 4,S is a maximal left ideal of A4,(K)
(actually, our operator is obtained from Stafford’s after a transposition and a change
of indices).

Consider the derivation d = 3 + (x;x3 + Ax2> + 1)d, of K[x1, x,] extracted from
S. By Corollary 3.3, we have that K[x;, x,] is d-simple. Note that in this case, we get an
example where K[x1, x;] is d-simple and d is not a Shamsuddin derivation.

The following lemma will be used in the proof of the next theorem.
If A denotes a commutative domain, let gf (A) denote its field of quotients and let
A* denote its group of units.

LEMMA 3.5. Let A be a K-algebra which is a factorial domain and d a K-derivation
of A. Suppose that A has no non-zero proper principal d-ideals. Given f, g € A consider
the following differential equation:

duw)+fu=g. ®)

(a) Ifu e qf(A)is a solution of (8), thenu € A
(b) If g =0 and u € A is a nontrivial solution of (8), then u € A*. In particular, if
A* = K* and f # 0, then equation (8) has only the trivial solution.
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Proof. (a) Suppose that u = Z € qf(A), with ged (p, ¢) = 1, is such that
d <’—’> vl
q q

q(d(p) +fp — g9) = pd(q).

As ged (p, g) = 1, there exists r € A such that

{ dp)+fp—gqg=1p
d(q) =rq

Therefore, (q) C A is a d-ideal of A . Then (g) = (0) or (¢) = (1). As g # 0, it follows
that g € A*. Hence u = % €A

(b) Let p € A be a solution of d(u) + fu = 0. Then (p) is a d-ideal and p = 0 or
p € A* If A* = K*, as d is a K-derivation, we have that fp = 0. Then p = 0. U

Then

A characterization of the d-simplicity of the ring K[xj, x;], where d is a
Shamsuddin derivation, is given in [10] in terms of the existence of a polynomial
solution of a certain ODE. The following theorem generalizes this result for an arbitrary
number of variables.

THEOREM 3.6. Let d = 0] + a0y + - -+ + 0,0, be a Shamsuddin derivation of
K[xi, ..., x,], where a;(x1, x;) = ai(x1)x; + bi(x1) € K[x1, x;], 2 < i < n. Suppose that
a; # aj, for 2 < i < j < n. Then the following statements are equivalent:

(i) K[x1, ..., x,]is d-simple.

(ii) 91(v) # a; - v + by, for every v € K(x)), foralli=2,...,n.
(iii) 91(v) # a; - v + by, for every v € K[x1], forall i=2,...,n.
(iv) Klxi1, xi] is d|kjx, x)-simple, forall i=2,..., n.

Proof. (1) < (iii) is given by Lemma 3.9 applied with A = K[x;] and d = 9;.

(ii1) < (iv) is given by Shamsuddin’s Theorem ([3, Proposition 3.2]).

(i) = (iv). If I is a non-zero proper d|xiy, -ideal of K[xy, x;], then IK[x1, ..., x,]
is a non-zero proper d-ideal of K[xy, ..., x,].

(ii) = (i). Let I be a non-zero d-ideal of K[x;,...,x,] and let P € I, P #0. We
can suppose that P is not a constant. We write P in the form:

.....

iyt =0

Then, a simple calculation gives the following expression for d(P):

N

d(P) = Z {(01(Py,...0,) + 2P, i@z + - 4 inPiy . iyan)X2” - X" +
bty =0
+ (2Psy, i b2) X2 Xy b (0P, ba) X" ©9)

Let us choose P € I such that N is minimum. If N = 0 then P € K[x;] \ K and we
are done; indeed, if degree P = r, then d”)(P) is a unit that belongs to 1.

https://doi.org/10.1017/S001708950500248X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950500248X

280 Y. LEQUAIN, D. LEVCOVITZ AND J. C. SOUZA JR.

Suppose that N > 0. So, there exists P;, ; # 0 for some j,+---+j, = N.
Without loss of generality we may suppose that j, > 0. Note that

p = 01(Py,.. ;) + P a0+ -+ ju P

------

is the coefficient of the monomial x,%2 - - - x,/» in d(P). We consider

Py =P, ;dP)—pPel

.....

Evidently, P has no term in x’22 e xil, while the coefficient of the term x’ffl e xﬁ‘, say
j1,...j, € K[x1], is the following:

P"’_l J Pjﬁ—l j
é’ —1,..., ' P2 e (81 < ST "> — —1,..., n +]2b2
J2 J Jaseendd sz _____ i P

P:

J2seeesfn

(]3+1)b 12 Ljs+1ja,..., jn+..'+(1n l)b /2 L3, jrxlz/n+1>' (10)

We will analyze two cases.

FIRST CASE: If Pj, 1 iy 1.0y = - i Lseeeit a1 = 0.
We claim that Py # 0 Indeed in th1s case, equation (10) simplifies and the
coefficient of the term x2 ™" .. x is

: P, .y sz—l .
Gptos = P ...~12<31<-]2 ’ ,_”>_a2 Lol
J2 J) J25-i0n ]2Pj2,...,j,, ]2Pj2,...,jn

which is non-zero by hypothesis (ii).
Therefore, the ideal I contains a non-zero element P; without the term x,72 - - - x,/».
SECOND CASE: If Pj,_1__j,+1,..j, # 0, forsome k,3 <k <n.
Note that

Vi1 gitloin - = O(Ph—1p it 1) G2 — DPjt it 1, gu @2
+J3P]2 Lojk41,..5, 43 + -+ (]k + 1)Pj2,1 ,,,,, Jet L, g Ok “+ .-

+]nP]7 L.jkt1,u@n

is the coefficient of the monomial x,>~! - . xkt! ... x,/» in d(P).
Consider
Py = Pjy it (P) = Y-ttt P €L

.....

Evidently, P, has no term in x’ffl s xﬁ“ while the coefficient of the term

x’; e x{;’, say ¥, ;, € K[x1], is the following:

.....

P. . p4 .
J2seesfn J2seifn
L/ le ..... et (31 <7P +(Clz—ak)7p .
=Lkt =Lkt

Hence, from Lemma 3.5 and from the fact that a, # a;, we obtain that
, 7 0. Then, the coefficient of x’ xf;’ in P, is nonzero, while its coefficient
in x’2 - Coxt X s zero. Repedtlng this argument for every k = 3,...,n such

that sz,l ..... jitl,..j. 7 0, we obtain a nonzero element P € I such that its coefﬁcient of

.....

------
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x5 -+ xj is non-zero while all the coefficients of x’22_1 coexph o for 3 <k <,
are zero. We are back to the first case.

~ In any case, we get a nonzero element in / that does not involve the monomial
x5 -+ x);. Iterating this argument, we have that / contains a nonzero element Q of the
form Q = Zfﬁl +i=0 Qpr....i,X2™ - - - x,". This is a contradiction with the minimality of
N. O

The next example shows that the hypothesis a; # g;, for i # j, in Theorem 3.6
cannot be dropped in general.

EXAMPLE 3.7. Let d =9; + (x;x3 + 1)d, + (x;x3+ 1)33 be a derivation of
K[x1, x3, x3]. Let I = (x5 — x3)K[x1, X2, x3]. Then d(x; — x3) = x1(x; — x3) and [ is
a non-zero, proper d-ideal. Therefore, d is not a simple derivation of K[x, x7, x3], even
though K[xi, x;] is d|kqx, x)-simple for i = 2, 3.

We will now use our theorem 3.6 to recover [3, Theorem 3.3]. Coutinho considers,
for 2 < i < n, non-zero polynomials a;, b; € K[x] such that:

(1) % & Q@ whenever 2 <i <j <nand

Q) deg(a;) > deg(by) fori=2,...,n.
He shows that d =9, + Y . ,(xa;+ b;)d; is a simple derivation of the ring
K[xi, ..., x,]. One advantage of our approach is that we can weaken the conditions
on the polynomials ay, ..., a,.

ExAMPLE 3.8. Consider, for 2 < i < n, non-zero polynomials a;, b; € K[x] such
that deg(a;) > deg(b;) and a; # a; for 2 < i < j < n. Then,

d=01+ Z(-xiai + b;)9;

i=2

is a simple derivation of the ring K[x1, ..., x,] .
In fact, we must check if

(V) #ai-v+ b,

for every v € K[x;] and forevery i =2,...,n.
Observe that if v € K[x] is a solution of 9;(v) = a; - v + b;, then,

owv) — a-v = b ,i=2,...,n
—— —— ~—~—
deg(v)—1 deg(a;)+deg(v) deg(b;)
Since deg(a;) > deg(b;),i =2, ..., n, none of these equations has a solution in K[xi].

By theorem 3.6, it follows that K[xy, ..., x,] is d-simple.

Now we give another new family of simple derivations of the ring K[x, ..., x,].
They are Shamsuddin derivations.

ExAMPLE 3.9. For 2 <i < n, let f;, g; be monic polynomials in K[x;] such that
deg(f;) = deg(g;), and f; # f;, 2 < i < j < n. Then the following derivation

d =8+ (x1%g2 + x15X2)d + - - - + (X178 + X1/nX0)n

is a simple derivation of the ring K[x1, ..., x,].
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In fact, we must check if

d(v) # x1fiv + x1%gi,

forevery v € K[xj]and forevery i =2, ..., n. Let k; := deg(f;) = deg(g;). If v € K[x1]
is such that 9;(v) = xf;v + x12g;, then
nv) — xifv =x’g.
~—— ~—— ——
deg(v)—1  deg(v)+k;+1 ki+2

Hence deg(v) = 1.
We can write f;, g; and v in the form:

fi=x" 4 T i
gi=x" g g
v=cxi+e

with i, ;g; € K forevery i, jand ¢, e € K. It follows that (—c¢ + DxFt2 4+ ... 4 ¢ =0,
which is a contradiction with the fact that ¢ # 0. Therefore, none of the these equations
has a solution in K[x]. By theorem 3.6, we have that K[x, ..., x,] is d-simple.

4. A differential criterion for maximality. In this section we establish a criterion
for the ideal A,(d + y) to be maximal in terms of polynomial solutions of a finite
system of partial differential equations over the polynomial ring K[xy, --- , x,]. Our
result generalizes and strengthens a theorem of Bratti and Takagi ([2]).

THEOREM 4.1. Let d = 9y 4+ o020 + - - - + 49, be a Shamsuddin derivation of
K[xi, ..., x,;], where a;(x1, x;) = a;(x1)x; + bi(x1) € K[x1,x;], i=2,...,n. Let y €

K[xi, ..., x4
(a) If A,(d+ v) is a maximal left ideal of A,, then the following conditions are
satisfied:

(i) 91 (v)—a;-v #b; foreveryv e K(x1),2 <i<n.
(i’) 91 (v) —a;-v #b;, foreveryv € K[x1],2 <i<n.
(ii) du)+a;-u# 9;(y), foreveryu e K(xi,...,x,),2<i<n
(ii’) dw)+ a; -u+# 9,(y), foreveryu € K[xy,...,x,,2 <i<n
(b) Reciprocally, suppose that conditions (i) and (ii) are satisfied and moreover that
a; # aj, for every i # j. Then, A,(d + y) is a maximal left ideal of A,.

Proof. (a): (I"): Since A,(d + y) is a maximal left ideal, it follows from corollary
3.3 that K[xy, ..., x,] is d-simple. Then, by theorem 3.6, K[x1, x;] is d|k[x,,v,]-sSImple,
for every i = 2, ..., n. By Shamsuddin’s theorem ([3, Proposition 3.2]) we have that
91 (v)—a;-v#b;,foreveryv € K[x1],2 <i<n
(1): It follows from (i) and Lemma 3.5.
(ii’): Suppose that p € K[xy, ..., x,] satisfies d(p) + a; - p = 3;(y), for some i €
{2,...,n}. Let R =09; + p. Then,

[d+y, Rl = —a;9; + (d(p) — 3:(y)).
Hence,
[d+y,Rl+aR=dp)+a;-p—09;(y)=0.

Therefore, R is a Darboux operator of d + y in A,_i[x;]. This is contrary to
theorem 2.8.
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(i1): We have noted already (proof of item (i’)) that d is simple derivation of
K[xi, ..., x,]. Then, (11) follows from (ii’ ) and lemma 3.5.

(b): Let R = Zw iy=0 Pin.... 022 - Oy in e A,_1[x1], where P, i €K[x,...,
X,], be an operator of order N. Then, a smlple calculation gives the following expression
for[d+y,R]:

N
[d + v, R] = Z {[d(Pzz ..... in ) iZPz ..... g2 — - inPiz,...,z’nan]BZI2 R
i tiy=0
+ [—02 Py, i, 02(¥)] " - 9, (11

+ [=in P iy (V)] - 3,7
+ terms with order lower than (i + - - - +i,) — 1}.

Suppose that N > 0. So, there exists P, ; #0, for some jo+---+j, = N.
Without loss of generality we may suppose that j, > 0. Note that Moo =
d(P,.. ;) —j2Pp,. ;a2 — -+ — juPjy..j,anis the coefficient of the monomial &/ - - - 3,/
in[d+ y, R].

We consider

..........

Evidently, R; has no term in 8,7 - - - 3,/», while the coefficient of the term 9,2~ ... 9,/
is the following:

Pyt js... i, Pioi.j .
Gty = P, ;n{d <M> +a =2 — hoa(y)

""" P, ., P, .,
1 1,..., n —1,..., n+1
— G DT ) Gy D ) )
J2sees)n /2 ~~~~~ Jn

We will analyze two cases.

FIRST CASE! If Pj7 1j3+1,..., =13 ja+1,..., j, — "= Ja—=1j3,gnt1 = 0

We claim that R, # 0. Indeed, in this case, (12) simplifies and the coefficient of the
term 9,271 ... 9,/ is

) Pi—1js,..., Pi-1,.,
Gt = P il (d( 2P, ) T * 2Ph, az(y))’
which is non-zero by hypothesis.

Therefore, the ideal A,(d + y) + A, R contains a nonzero element R; without the
term 9,7 - - - 9,7, and clearly R; does not have any monomial of order N that was not
already a monomial of R.

SECOND CASE: If Pj,_y ;41

Note that

, #0,forsomek,3 <k <n.

,,,,

Wil = = d(Ppy—1_jr1. ) — (2 = DPj1 i1, jd2 — -
— Uk + DPhot, it @ — = JnPh—1,jit1,...,

is the coefficient of the term 3}~ 8”‘“ - 3rin[d+ v, R].
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Consider
R, = sz Lokt 1, eesfin [d+y, R — Mjr—1,...jk+1,...j nR-

Evidently, R, has no term in 8” ! -~8,{f’+1 ~-~8,’;”, while the coefficient of the term

O - a3 is the following:
Py Py
e ((7)(>i>
et bl Pi 1 et Pt it

,,,,,,

Then, the coefﬁc1ent of the term 8’2 8’ in R, is non-zero, while its coefﬁ01ent of the

term 8’2 Lot gl s zero., Repea‘ung this argument, for every k = 3, ..., n such
that P], L...jit1...j, 7 0, we obtain a non-zero element Re A,(d+ y)+ Ay R such that
its coefficient of 8/ .. 3" is non-zero while all the coefficients of 8’2 Lo gtl . gl

for 3 < k < n, are zero. We are back to the first case.

In any case, the ideal 4,(d + y)+ A,R contains a nonzero element Q with no
monomial 3,7 - - - 8,/ and whose monomials of order N are among the monomials of
R. Note that, by (11), any element of the form f(x1, ..., x,)[d + y, O] + g(x1, .. xn)Q
where f(xy, ..., X)), g(x1, ..., x,) € K[x1, ..., Xn], does not have the term 8212 WL
either.

Proceeding in this way, we can eliminate all the monomials of positive order and
we get a non-zero element with order zero, that is

(Au(d +y) + AuR) O (K[x1, ..., xa] \ {O}) # 0.

Now, let

N
P= Y Py X" x" e (Ad+y)+ AR N (Kxi. .. x]\ {0)),
i Fin=0

where P;, ;. € K[xi]. Notice that, since P is a polynomial, [d + y, P] = d(P). Then,

repeating the argument of the proof of theorem 3.6, (i) = (i), we see that
(An(d +y) + 4, R) N (K[x1]\ {0}) # 9.

Therefore, A,(d + y) + A,R = A,. Bylemma 2.4, A,,(d + y) is a maximal left ideal
of 4,(K). 0

EXAMPLE 4.2. Let d be a Shamsuddin derivation of K[xi,...,x,] and y €
K[x1, ..., x,]. lf degy,(y) = 0,forsomei € {2, -- - , n}, then 4,(d + y) is not a maximal
left ideal of A4,. Indeed,in this case, the equation d(u) + a; - u = 9;(y) hasu=0as a
solution.

We show next that the conditions a; # a;, for i # j, in part (b) of theorem 4.1
cannot be dropped in general.

EXAMPLE 4.3. Let d = 91 + (axa + b2)9d2 + (ax3 + b3)93 be a simple Shamsuddin
derivation of K[xy, x», x3] with deg @ > 1. Let y := x» + x3. Then,

(1) Conditions (i) and (ii) of Theorem 4.1(a) are satisfied.

(2) As(d + y) is not a maximal left ideal of 4.
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Proof. (1): By theorem 3.6, to say that d is simple is equivalent to say that the
equations d; (v) —a; - v =b;,i =2, -+, n, have no solution in K(x;). Then, condition
(a)(i) of theorem 4.1 is satisfied. Now we consider condition (a)(ii). By lemma 3.5 and
the fact that d is simple, this is equivalent to condition (a)(ii’).

Suppose that there exists u € K[x1, X2, x3] such that

du)+a-u=1. (13)
Let i € {2, 3}. Applying 9; to (13) we have,
9;(d(u)) = —ad;(u).
Hence,

d(3:(u)) + adi(u) = —adi(u),
d(0i(u)) = —2adi(u).

Therefore 9;(u) € K since d is a simple derivation of K[xy, x3, x3]. Then d(3;(u)) = 0
and 9;(u) = 0, since a # 0.
Since this is valid for i = 2, 3, we obtain that u € K[x;]. Then, (13) becomes

U =—au+1.

This is absurd since deg a > 1.
(2): Let R:= 0, —d3. We have [d+ y, R] = —aR € K[x|, x3, x3]R. Thus, by
theorem 2.8, A3(d + y) is not a maximal left ideal of A3. ]

REMARK 4.4. Simple Shamsuddin derivations of K[xj, x3, x3] with @, = a3 exist.
For example, d = 9 + (x7x2 + x7)d + (x7x3 + x1 + 1)95 is one of them. (See [7]).
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