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Abstract The fixed points of the generalized Ricci flow are the Bismut Ricci flat (BRF) metrics, i.e., a
generalized metric (g, H) on a manifold M, where g is a Riemannian metric and H a closed 3-form, such
that H is g-harmonic and Re(g) = %HQQ. Given two standard Einstein homogeneous spaces G; /K, where
each G; is a compact simple Lie group and K is a closed subgroup of them holding some extra assumption,
we consider M = G1 X G2/AK. Recently, Lauret and Will proved the existence of a BRF metric on any
of these spaces. We proved that this metric is always asymptotically stable for the generalized Ricci flow
on M among a subset of G-invariant metrics and, if G; = G2, then it is globally stable.
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1. Introduction

In the context of generalized Riemannian geometry has arisen an extension of the Ricci
flow equation called generalized Ricci flow. Given a manifold M and a generalized metric
encoded in the pair (g, H), where g is a Riemannian metric and H a closed 3-form on M,
this flow studied in [5] is given by

Fr9(t) = =2Re(g(1)) + 5 (H ()2 4y

SH(t) = —dd;  H(t),
where Hg2 = g(v.H,1.H) and dj is the adjoint of d with respect to g.

A pair (g, H) is naturally associated with Bismut connections, i.e., the unique metric
connection on the Riemannian manifold (M, g) with torsion equal to H, in this sense the
generalized Ricci flow is the natural evolution in the direction of the Ricci tensor of this
connection.

In search of canonical generalized geometry, Garcia-Fernandez and Streets in [5]
proposed to look for the fixed points of this flow, the so-called Bismut Ricci flat
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2 V. Gutiérrez

(BRF for short) generalized metrics or generalized Einstein metrics, i.e., (g, H) such
that
Re(g) = %Hg and H is g-harmonic.

Let G1,G2 be compact, connected, simple Lie groups and K C Gp,G2 a closed Lie
subgroup. Suppose that for ¢ = 1,2, there exist constants 0 < a; < as < 1 such that
By = a; By, le, where £, g; are the Lie algebras of K and G, respectively, and By is the
Killing form of the Lie algebra h. The homogeneous space defined by M = G x Go/AK
is aligned with (c¢1,¢2) = (%, %) and \{ = - =\ = aall_fé, as defined in [8],
and so its third Betti number is one. Recently in [7], Lauret and Will found a BRF
G-invariant generalized metric on any aligned homogeneous space M = G/K, where G
is a compact semisimple Lie group with two simple factors generalizing results obtained
in [13, 14].

If G := G1 X G4, then we consider its Killing metric given by

g8 = (= Bgy) + (= Bgy), (2)

and let g = €@ p be the gp-orthogonal reductive decomposition of g. We fix the standard
metric of M = G x Go/AK determined by gg|pxp as a background metric and consider
the gg-orthogonal Ad(K)-invariant decomposition

p=p1 Dp2Dps,

where each p; is equivalent to the isotropy representation of the homogeneous space
M; = G;/K for i = 1,2 and p3 is equivalent to the adjoint representation £ (see [8,
Proposition 5.1]).

Following [8], the closed 3-form Hy on M given by

HO(X7 Y> Z) = Q([X’ Y])Z) + Q([X7 Y]Pa Z) - Q([X’ Z]Evy) + Q([Y’ Z]EaX)
for all X,Y, Z € p,

where Q = By, —22 B

) Bogs 18 g-harmonic for any G-invariant metric g = (21,22, 23)g, of

B
the form:

9= T19Blp; xp; T T29Blpgxpy + T39B|pyxp3s Z1,%2,23 > 0, (3)
these metrics will be called diagonal.

The G-invariant BRF generalized metric found in [7] is given, up to scaling, by (go, Ho)
(see [10, Remark A.3]), where

— ag ajtag
go ‘= (17 a1’ ag )gB' (4)

In this paper, we study the dynamical stability of this generalized metric as a fixed
point of the generalized Ricci flow given in Equation 1 on homogeneous spaces of the form
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Generalized ricci flow on aligned homogeneous spaces 3

M = G;1 x G3/AK as above, such that the standard metric on M; = G;/K is Einstein
for i = 1,2. Note that since each G; is simple, the spaces M; are given in [1] (see also
[6] and [9]), there are 17 families and 50 isolated examples among irreducible symmetric,
isotropy irreducible and non-isotropy irreducible homogeneous spaces. Note that we can
consider G; = Gy = H, in this case a; = a2. Our main result is the following.

Theorem 1.1. Let M = G1 X G3/AK be a homoggneous space as above such that
Be = a; By, |¢ and (M; = G;/K, gi) is Einstein, where g is the standard metric on each
M; fori=1,2, then

1. %2 a1tag
v aq? a
1 1

(i) There exists a neighbourhood U of the metric go = ( )gp in the space of all

diagonal metrics, such that the generalized Ricci flow converges to (go, Hy) starting
at any generalized metric (g, Hy) with g in U (see Theorem 3.5 and Proposition 3.2).
(ii) Let M = H x H/AK (i.e., a1 = as) be a homogeneous space such that (H/K,gp)
is Einstein and By = aBy|¢, then any diagonal generalized Ricci flow solution
converges to the BRF metric (go, Ho), where go = (1,1,2) 4, (see Theorem 4.3).

Remark 1.2. If M = G; x G3/AK is multiplicity-free, i.e., My, Ma are both isotropy
irreducible, K is simple, the Ad(K)-representations p;, p2 are inequivalent and neither
of them is equivalent to the adjoint representation &, then the metrics of the form given
in Equation 3 are all the G-invariant metrics on the homogeneous space M.

Finally, in §5, we give an overview of the generalized Ricci flow and its fixed points
on simple compact Lie groups and an analysis of the stability on SO(n), the only known
simple Lie group admitting a nice basis. Our result is the following.

Theorem 1.3. There exists a neighbourhood U of the Killing metric gg on the compact
Lie group SO(n), such that any generalized Ricci flow solution starting at a diagonal
metric in U converges to gp.

This implies that near the Killing metric of SO(n), the conjecture given in [5,
Conjecture 4.14] holds, i.e., for any initial condition (g, Hy) close enough to (gg, Ho),
where g is a left-invariant metric on SO(n) diagonal with respect to gg and Hy is the
Cartan 3-form, the generalized Ricci flow exists on [0,00) and converges to the BRF
structure (gp, Hp).

2. Preliminaries

2.1. Aligned homogeneous spaces

The known results on compact homogeneous spaces G/ K differs substantially between
the cases of G simple and non-simple. One potential reason for this could be that the
isotropy representation of G/K is rarely multiplicity-free when G is non-simple. The class
of homogeneous spaces with the richest third cohomology was studied in [8], and they are
called aligned due to their special properties concerning the decomposition in irreducibles
of G and K and their Killing constants. We provide an overview of this definition and
properties when G has only two simple factors (s =2 in [7]).
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Let M = G/K be a homogeneous space, where G is a compact, connected, semisimple

with two simple factors Lie group and K is a connected closed subgroup. We fix the
following decomposition for the Lie algebra of G and K:

g =919 go, L=t DD D, (5)
where g;’s and €;’s are simple ideals of g and £, respectively, and £, is the center of £. We
call 7; : g — g; the usual projections and we set Z; := m;(Z) for any Z € g, i = 1,2. The

Killing form of any Lie algebra § will always be denoted by By.

Definition 2.1. A homogeneous space G/K as above is said to be aligned if there
exist c¢1,co > 0 such that:

(i) The Killing constants, defined by
Briey) = @ij Bo; lm;(e))xmi e
satisfy the following alignment property:
(a1j,a25) = Nj(c1,¢2)  for some Aj; >0, Vi=1,...,t
(ii) There exists an inner product (-,-) on ¥y such that

By, (Zi,Wi) = -X(Z,W), VZ,Wek, i=12 (6)

The ideals ;s are therefore uniformly embedded on each g; in some sense. From
the definition, G/K is automatically aligned if ¢ is simple or one-dimensional and the
following properties hold:

(1) m(t) ~¢fori=1,2.
(ii) The Killing form of ¢; is given by By, = Aj By |Ej><ej, Vi=1,...,t

From now on, given homogeneous spaces M; = G;/K, i = 1,2, such that each G;
is simple and their Killing constants satisfy Be = a; By, le for ¢ = 1,2, we consider the
homogeneous space M = G1 x Go/AK, which is an aligned homogeneous space with

a1tag ajtag

_ _ N, — ... — )\, — _a1a9
o =52 = and A=)\ = _)\t_a1+a2' (7)

If a1 < as, then 1 < ¢y <2 < eo.

Let G := G; X G2 and consider the reductive decomposition g = € @ p, which is
orthogonal with respect to gg, the Killing metric of G. We fix the G-invariant metric on
M called standard given by
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Generalized ricci flow on aligned homogeneous spaces )
g8 = (—Bgy)lpxp + (= Bgy)lpxp;

as a background metric. Note that we denote by gg both, the bi-invariant metric on the
Lie group G and the G-invariant metric on M.
Consider the gg-orthogonal Ad(K)-invariant decomposition

p=p1Dp2Dps,

where p; is equivalent to the isotropy representation of the homogeneous space M; =
G;/mi(K) for i = 1,2 and

ps = {Z - (Zl, —%ZQ) Ze e} (8)

is equivalent to the adjoint representation £ (see [8, Proposition 5.1]).
In order to use some known results assume the following technical property:

Assumption 2.2. None of the irreducible components of p1,po is equivalent to any
of the simple factors of € as Ad(K)-representations and either 3(¢) = 0 or the trivial
representation is not contained in any of p1,p2 (see [8, Section 6] for more details on
this assumption).

2.2. Bismut connection and generalized Ricci flow

For further information on the subject of this subsection, we refer to the recent book
[5] and the articles [3, 4, 11, 13-17].

Given a compact Riemannian manifold (M, g) and a 3-form H on M, we call Bismut
the unique metric connection on M with torsion T such that it satisfies the 3-covariant
tensor

is the 3-form H on M. When it holds, this connection V? is given by
g(VRY, Z) = g(V4Y, 2)+ 3H(X,Y,Z),  VX,Y,Z € x(M),
where V9 is the Levi Civita connection of (M, g).

If H is closed then the pair (g, H) is called a generalized metric. A way to make these
structures evolve naturally is provided by the Ricci tensor of the Bismut connection giving
rise to the evolution Equation 1 called generalized Ricci flow (see [5, 11] and references
therein).

The fixed points of this flow are the BRF generalized metrics, also called generalized
Einstein metrics, i.e., (g, H) such that

Re(g) = ng and H is g-harmonic. (9)
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2.3. BRF metrics on aligned homogeneous spaces

We review in this section the homogeneous BRF generalized metrics recently found in
[10], which is a new version of [7] including a Corrigendum.
According to [8], a bi-invariant symmetric bilinear form Qg on g defined by

Qo =Bg, — (57)Ba,.
defines a G-invariant closed 3-form on M denoted H( and given by

Ho(X,Y,Z) = Qo([X, Y], Z) + Qo([X,Y]e, Z) = Qo([X, Z]e, Y) + Qo([Y; Z]e, X)
forall X,Y,Z € p,

which is g-harmonic for any diagonal G-invariant metric g = (21, ¥2,23)4p of the form:

g = mlgB|p1><p1 +x29B|p2><p2 +x3gB‘p3><p3~

Recently in [10, Theorem A.2], it was proved the existence of a G-invariant BRF
generalized metric on any homogeneous space M = G/K where G has two simple factors
and the Assumption 2.2 holds. Expressed in terms of the standard metric as a background
the result is as follows (see [10, Remark A.3]).

Theorem 2.3. (Lauret and Will [10, Theorem A.2]) Let M = G/K be an aligned
homogeneous space with s= 2 such that Assumption 2.2 holds.

(i) The G-invariant generalized metric (go, Ho) defined by

g0 = (1, et Cfil)gB (10)

is BRF.
(i) This is the only G-invariant BRF generalized metric on M = G/K up to scaling of
the form (g = (w1, 22,%3)45, Ho)-

As these metrics are precisely the fixed points of the generalized Ricci flow, we will
utilize the elements involved in the proof of their main theorem. We consider the homo-
geneous space M; = G;/K for i = 1,2, and its By, -orthogonal reductive decomposition
g; = €@ p;. For each i = 1,2, we endowed it with the standard metric, which we denote
by ¢4 (i.e., g5 = — By, lp;xp;)- For what follows, we called C,, : p; — pi, the Casimir
operator of the isotropy representation

Xi : € — End(p;)
of M; with respect to — By, [exe, and we fix this notation:

— €2 1 21 1 1 _
A3 — T T, Bd —a—i‘A?)g, B4 —a‘i‘g—l
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The following proposition is demonstrated in [7, Proposition 3.2] and gives the formula
for the Ricci operator when condition Equation 7 holds (A := A; = --- = \;). Note that
the added hypothesis only changes (%) from the original proposition.

Proposition 2.4. (Lauret and Will [7, Proposition 3.2]) If s= 2 and Equation 7 holds,
then the Ricci operator of the metric g = (x1,%2,73)gy is given as follows:

(1) Rlc(g)|P1 = 411 Ipl + 2:1:1 (1 - Ilch3> CXl'
(i) Ric(g)lp, = 755 oy + %QQ—I%ﬁfﬁ)c
(iii) Ric(g)|py = rlps, where

2
_ 2 201—a3 | (203— 333)143 _M4A3 (1 1 43
_4I333 ( :E% + Bj cq + co A3

x2
2 2 2 92..2
1 1 142 2ci—wy  (2wy—w3)A3
e (2 G T aA) e 2 :
3853 €1 €2 zicy z5c9

(iv) g(Ric(g)pisp;) =0 for all i # j.

The formula of the symmetric bilinear form (Ho)g used in the definition of the gener-
alized Ricci flow is provided in the following results. In general, a bi-invariant symmetric
bilinear form ) on g,

Q = y1 By, +y2 By, such that % + Z—; =0,

defines a G-invariant closed 3-form on M given by

HQ(Xa Y> Z) = Q([X7 Y],Z) + Q([Xv Y]Ea Z) - Q([X’ Z]an) + Q([Ya Z]EaX)v
for all X,Y, Z € p.

Proposition 2.5. (Lauret and Will [7, Proposition 4.2]) For any X € py, k=1,2,

28 2y
e =an (252 ) e 1251 3.%).
where
Cs=YU 4 A2 Si= 2 (y+ ) Sy = Agys + €2
3 1 3 e’ 1 x3B3 Y1 By 3 2 1333 3Y2 B4

Proposition 2.6. (Lauret and Will [10, Proposition A.1]) If Z € ps (see Equation
8), with gg(Z,Z) = 1, then

2
(y2A3—|— 34) 1—coA

207 7\ 1 C
(HQ)}(Z,2) = (n+$) = -

% B3

2
by Y1 3y2 3C3 (1 21
‘U@ﬂa+%@+ (a+%5»
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3. Generalized Ricci flow on aligned spaces

The aim of this paper is to study the generalized Ricci flow on homogeneous spaces of the
form M = G; x G3/K, such that each G, is a simple Lie group, K is a closed subgroup
of them and their Killing constants satisfy Be = a; By, [¢ for i = 1,2. As in §2.1, M is
an aligned homogeneous space satisfying Equation 7, note that a; = A¢;, for i = 1,2. We
assume that the standard metric g on each homogeneous space M; := G;/K is Einstein
for ¢ = 1,2. In that sense, we look for invariant solutions (g(t), H(t)) to the equations
given in Equation 1.
We set 1 := 21(t), x2 := 22(t), x3 := 23(¢) smooth positive functions and define

g(t) := T198lp; xp; T T29Blpgyxpy + T39B|pgxps-

As every scalar multiple of Hy is g(¢)-harmonic for every t > 0, the second equation
of the flow in Equation 1 vanishes and H(t) = Hy; therefore, we only need to focus on
the first one, starting from some generalized metric of the form (g(0), Hy), that is

5r9(t) = —2Ric(g(t)) + 5(Ho)y - (11)

Note that by definition, ¢(¢) is diagonal for all ¢ > 0. In the next lemma we see that,
under certain conditions, the set of diagonal metrics is invariant under the flow.

Lemma 3.1. Let M = Gy x G3/K be an aligned homogeneous space satisfy-
ing Equation 7 and assume that (M; = G;/K, gi) is Finstein, where g}, is the standard
metric on M;, then the set of diagonal metrics with respect to the decomposition p =
P1 D P2 @ p3 is invariant under the generalized Ricci flow.

Proof. As (M;, gi;) is Einstein, there exist constants ; € (0, 5] such that C,, = r; Id,,
for ¢ = 1,2. Therefore, from Propositions 2.4, 2.5 and 2.6, we see that %g(t) is tangent
to the space of diagonal metrics, because all the operators involved are multiples of the
identity in each p; for j =1, 2, 3. O

Proposition 3.2. Let M = G1 xG2/K be as in Lemma 3.1 such that Cxi = r; Idy, for
1 = 1,2. Fiz the standard metric of M, gg, as a background metric, then the generalized
Ricci flow for metrics of the form g = (1, 22,73)4y is given by the following system of
ordinary differential equations:

2/{1mlm§+c1m3 (71+x?+2/{1(1+m572x1m3)) +cf (zgfm?ngmcl (r3+zfz37r1(1+r§)))

/

xl(t) = 2(c1—1)c1zizs ’

:C, (t) _ c:f(1+252)x§z372n21213+6113 (71+z§+2/$2(1+z§+2m2m3))720?:@ (1213+N2(1+2:1:2:r3+z§))
2(t) = 2(c1—1)2c1a3w3 ’

() (23—2c123+c3 (2§ 1)) (-F(1+2N)@dad+(af —ad)wd+er (A-D)ad+(2+N)a] ) ad+ciAad (a3 —aD) )
3 = .

2(c1—1)3c1a?a3x?

(12)
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Proof. From Definition 2.1 (%), co = c%l Hence, as in [7, Section 5], we have that

A3 — _q%land B3 = 01171' Note that forj = 1a2737

g(Ric(g)p;,p;) = zj98(Ric(g)p;, b)),

and Ric(g)|pj is a multiple of the identity in p; given by Proposition 2.4.

Given Qg with y; = 1 and yo = _Tlfl’ the formula of (HO)?, follows from
Propositions 2.5 and 2.6 with
Ci= -1 S=—9  and 5= 9
3= q-1° 1= (e =Dag > A1 2= (o 1)%23°
Therefore, replacing these on Equation 11, the proposition holds. O

Note that we can write these equations using the usual notation of nonlinear systems
of differential equations

' (t) = f(x), (13)

where z := (21,72, 23) and f: R, — R? is given by the equations in Equation 12.

According to Theorem 2.3, (go, Ho) defined by Equation 10 is a BRF generalized metric,
which means a fix or an equilibrium point of the flow. If we set z¢ := (1, Clil, Clcil)
then f(xg) = 0 and the local behaviour of Equation 12 is qualitatively determined by the
behaviour of the linear system o’ = Ax near the origin, where A = D f(xg), the derivative
of f at zg.

To initiate our study of the generalized Ricci flow on this class of aligned homogeneous
spaces, we define some invariant subspaces and show some plots. Regardless of whether
K is abelian (A = 0) or not, we see that:

e The plane given by z3 = Clcil is invariant by the flow.
e Within the plane, the lines defined by ;1 = 1 and zy; = Cl%l are invariant,
and
e when k; = Ko, the plane 1 = (¢; — 1)z2 and the line in it given by z3 = Clcil
are also invariant.
Just to illustrate the flow in those invariant planes we consider M = SU(7) x
SO(8)/SO(7), a homogeneous space of dimension 55 such that ¢; = 2, k1 = kp = 3

and A = 1. In this case, the BRF metric is zg = (1, Z, &) and the plots of the invariant
planes of the flow are shown in Figure 1 and Figure 2.
For the remainder of this section, we recall some definitions of the local theory of

nonlinear systems. Consider the system given in Equation 13,

Definition 3.3. An equilibrium point xy (i.e., f(xo) = 0) is called hyperbolic if none
of the eigenvalues of the matriz D f(xg) have zero real part.

https://doi.org/10.1017/50013091524000658 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000658

10 V. Gutiérrez

4

S

o
NN

AN

Al

\

Y

\ /L1

=
\

W
\
\

\

\

\

W)

o
i
N
(&)

x1

Figure 1. Flow in the invariant plane z3 = %‘

Definition 3.4. Let ¢, denote the flow of the differential equation in FEquation 13
defined for all t € R. An equilibrium point xy is stable if for all e >0 there exists a § >0
such that for all x € Ns(xo) and t > 0 we have

d(x) € Ne(zo),

where No(z0) 1s the open ball of positive radius a centred at xg.
T is asymptotically stable if it is stable and there exists 6 >0 such that for all x €
Ns(xo) we have

Jim () =

Since the stability of an equilibrium point is a local property it is reasonable to expect
that it would be the same as the stability at the origin of the linear system z’(t) =
Df(zo)x. This expectation is not always met, but it holds for hyperbolic equilibrium
points.

https://doi.org/10.1017/50013091524000658 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000658

11

spaces

i flow on aligned homogeneous

Generalized ricci

N\ e
NN e
////// | \ \\\ 7 S ———

NN\ =
N e e s
—e e
e
e s e
PRl \ _ L, ~————

is asymptotically stable for the

1 = %.Tg.
sfies

ati

iant plane x

a BRF generalized metric, which means an

— 1 ¢
= L g a1

Figure 2. Flow in the invar

The next result gives us a better understanding of the local behaviour of the flow near

the BRF generalized metric.
It f = (fl(l’l,l’Q,fL’i;),f2(1'171'271'3),f3(131,172,133)) S

Proof. From Theorem 2.3, (go, Hp) is
equilibrium point of the generalized Ricci flow.

Theorem 3.5. The metric g
dynamical system Equation 12.
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as in Equation 12, then f(go) = 0 and its differential at g is given by:

-1 0 0
Df(go)=[0 1-a 0
0 0 Cl(—1+>\)

As all the eigenvalues of the matrix are real and negative, the equilibrium point

go = (1, cl%l, Cf—ll)gB is asymptotically stable by [12, Section 2.9]. O

4. Global stability

In the previous section, we study the local behaviour of the nonlinear dynamical system
given in Equation 12, the study of its global behaviour is substantially harder due to the
possibility of chaos.

Definition 4.1. An equilibrium point xy of a nonlinear system of differential equations
x'(t) = f(x) is globally stable if it is stable and globally attractive, which means

lim ¢:(x) = g for all z € D,
t—o0

where D is the domain of f.

This definition says that an equilibrium point is globally stable if the set of points in
the space that are asymptotic to it is the whole space. The Lyapunov stability theorems
provide sufficient conditions for this type of stability as well as asymptotic stability, this
approach is based on finding a scalar function of a state that satisfies certain properties.
Namely, this function has to be continuously differentiable and positive definite. Besides,
if the first derivative of this function with respect to time is negative semidefinite along
the state trajectories, then we can conclude that the equilibrium point is stable. Further, if
the first derivative along every state trajectories is negative definite then we can conclude
that the equilibrium point is globally stable.

As there is no universal method for creating Lyapunov functions for ordinary
differential equations, this problem is far from trivial.

Theorem 4.2. [12, Section 2.9] Let E be an open subset of R™ containing xg, the
equilibrium point. Suppose that f € C*(E) and that f(x¢) = 0. Suppose further that there
exists a real-valued function V € C*(E) (called Lyapunov function) satisfying V (zo) = 0
and V(x) > 0 if © # xo. Then,

(a) if V'(z) <0 for all x € E, xy is stable.
(b) If V'(z) <0 for all z € E\ {zo}, zo is asymptotically stable.
(c) If V'(z) >0 for all x € E\ {xo}, zo is unstable.

Given the space H/K, where H is a simple Lie group and K C H, we consider the

homogeneous space M = H x H/AK, such that G; = G2 = H and ¢; = 2. We aim to
establish global stability for this specific case, when hypothesis used before hold.
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Theorem 4.3. Let M = H x H/AK, (c; = 2) a homogeneous space such that
(H/K,gg) is Einstein (i.e., Cy = kld, for a constant k € (0,3]) and By = 2ABy |e.
Then the BRF metric g := (1,1, 2)gB is globally stable.

Proof. Consider the function,

2@ — 1) + A (22 — 1)? + (23 — 2)2
2 )

—

V(x17$27$3) =

we will prove that this is a Lyapunov function for the dynamical system given in Equation
12 taking ¢; = 2 and k := k1 = ko, i.€.,

13—x%w3+n(—2x3—21%m3+x1(4+w§))

29:%903 ’
, :v3fx%x3+n(721372z%x3+12(4+x§)) (14)
z5(t) = 20303 )
, (x3—4)((x1+a:2)w3 2)\(x2:c3+x1( 4x2+3c3)))
T3 (t) = 4512222432

Set E := {(x1,72,23) € R® / x1, 79,23 > 0}, it is evident that V(1,1,2) =0 and V is
clearly positive for all other (21,2, 23) € F, and thus V is a Lyapunov function for the
dynamical system Equation 14 if its derivative F is negative definite on E \ {(1,1,2)},
where

A A
F(x1,29,23) i=—(x1 — 1)z} + 0 — (22 — )b + (w3 — 2)ahy =

10
1
=- m (64/\x1x2
+ %/\/ﬁxfxgxg + %/\fmlx%xg, — %/\mﬁx%xg — 1%/\/‘6%‘%33%])3 — 32\rir3ws
+ )\:rlx3 + 8zix3 — )\mclxg — 16A\ziz; — )\xlxgx3 + )\mslxzxg
+ 35 2 \e3x3 + 8xias — 4 )\m:Qm?) 16 z3w3 — 10)\3:1332333 + ﬁ)\mrla@a:?)
—Ax%x%x% Ax%x%x% )\Hl’%.’[%l’% )\Hl’%%%l’% — 16 23 x3a?
+ 10/\3011‘2303 + 10/\,%9511‘2963 + 10/\951:52963 + 10)\lmlx‘gaz3
— daial + 8 rial + i 2 \kairoxs — dxdxd + 8Awdxl + 10Aﬁz1x%zg

— l)\mc%a:%xg 2 )\/m%m%mg + 8 xtwied

— 22325 + 4>\:z:1933 —202x% + ddaday + alal — 20aial + adal — 2)\x2:1:3) .

Given the symmetries of 1 and 2, to establish the negative condition of F, we define
a function ¢ as follows,

F(xy,x2,23) = —W (33?9(302,363) + 9039(9517963)) )
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where

_ 2 2 24,2 2_ 4 2 2
g(x,y) := 32\z? + 7 )\/my— 1o ATy — 16Ax7y + 15 Y + 8y~ — ;5 Aky” — 16y
—)\my + E)\mvy — 2 )\x2 2 40)\11332y2 — 8 \z?y? + 10)\x3y + 10/\/-@95 1>
2 2,3 2,3 5
— 4y + 808 + 5 )\Ii:L"y — Tg KXY +4AzTy — 2t ANy + P — 2090,

Hence, it is enough to prove that g(z,y) > 0 on E, where E := {(z,y) € R? [ 2,y > 0},
and equality is only attained at (z,y) = (1,2). We split the function g considering the
terms where \ or x is involved,

1 2
g(.’E,y) = TOAhl(l'vy) + hQ(xay) + TOAHhB‘(x’y) + 2Ah4(1',y),

where
hi(z,y) = 2y* — 2zy® — 22°y° 4 22°y?
ha(z,y) == 8y* — 4y° — 2" +¢°,
hs(z,y) = 4oy — 422y — 2% + 2xy? — 222y + 223y + a9y — 2%y,
ha(z,y) := 1622 — 8z2y — 8y? — 4xy? + 49° + 222> + 24" — o/°.

hl(xvy) = 2(x — 1)’ (1 + 2)y?,
=(y - 2°°(2+y).

We now define the functions g1, go as follows:
91(x,y) = ha(z,y) + 550 (2, y),
92(,y) = 55h3(2,y),
such that
9(@,y) == ha(z,y) + 2Ag1 (2, y) + 46Ag2 (7, ).

The proof that g(z,y) > 0 on E \ {(1,2)} is going to be by cases, as hy is already
positive, we have to differenciate if g; and g are positive or not on E \ {(1,2)}.

e Case 1: g; < 0 and g» < 0, The (x,y) € E satisfying these conditions are
represented in Figure 3. Note that g; < 0 if and only if hy < 0.
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Figure 3. Region of Case 1: g1 < 0 and g2 < 0.

Since g1 < 0 and 2)\ < 1, we have that g; < 2Ag;. In the same way, g2 < 4\kgo
and the following inequality hold for all (z,y) € E,

ha + g1+ g2 < h2 +2Ag1 + 4Akga.

Our aim now is to demonstrate that the function hy + g1 + g2 is greater than
zero on E. It is a cubic function on z such that p(z) defined below is quadratic,

2
(h + g1+ g2)(@,y) = @ (Fy(4 + y%) + 25(320 — 164y — 84y + 395°) + 225
= ap(x).
To understand p(z) € Ry|[z], we look for its critical point, which is always a

2
minimum given that the quadratic coefficient %- is always positive.

p'(r) =0 if and only if x = 7 := ;15 (22—1y2 — 40+ %y - %yg’) .
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Since p(0) = ;—Oy(4+y2) is positive for y > 0, and due to the continuity of p(z),
we conclude that if z < 0 then p(x) > 0 for all z,y > 0 and hence h; +g1+g2 > 0
for all ,y > 0, with equality only occurring a (x,y) = (1, 2).

Thus, the values of y we have to study are those that lead to & > 0, signify-
ing y € I := (55 (81 —V/321), 35 (81 4+ v/321)). For this interval, we want that
p(Z) > 0, as the positivity of the minimum implies the positivity of the entire
function.

N (y—2)%(25600—640y—13756y2 —484y° +1521y%)
p(@) =~ 320y2 ’

and this is positive in the interval we are interested in if and only if ¢(y) :=
(25600 — 640y — 13756y% — 484y + 1521y*) is negative for all y € I. Note that
as q(Z) > 0, q(2) < 0 and ¢({2) < 0, ¢(3) > 0 we can localize the positive
roots of ¢ and conclude that there are no roots of ¢ in I (see Figure 6), besides
q(2) = —10240 < 0.

This implies that p(Z) > 0 for all y € T and therefore, hy + g1 + g2 > 0 on
E\{(1,2)} as desired.

e Case 2: g; <0 and go > 0,

The z,y > 0 satisfying these conditions are plotted in Figure 4. As in Case 1,
g1 < 0 implies that hy < 0 and therefore hy < 2\hy. It is easy to see that

(ha + hy)(z,y) = 222 (y — 2)*(2 + ),
and hence,
0 < ha + ha < ha + 2\hy < hg + 2X\hy + 2A55hy,

proving that g(z,y) > 0 for all (z,y) € E\ {(1,2)} in this case.
e Case 3: g; >0 and g, <0,
This represents the last case for our analysis, it includes the cases when x tends
to infinity and y tends to 0, as illustrated in Figure 5.
Consider g factorized as follows:

g(z,y) = ha + 2X\(g1 + 2k gs).
Since g2 < 0 in this case, go < 2kga, therefore if g1 + go is positive this case is
proved.
On the other hand, if g1 +g2 < 0, since g; > 0, we have the following inequalities

g1+ 92 < 26(g1 + g2) < 2691 + 2692 < g1 + 2kga.

If the last expression is still negative for some x,y > 0 satisfying the hypothesis
of this case, one obtains that:
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Figure 4. Region of Case 2: g1 < 0 and g2 > 0.

ho + g1+ 92 < ha + 2/@(91 + 92) < hoy + (gl + 2I€g2) < ho + 2)\((91 + 2/-@92)
= g(z,y),

and the proof is complete due to the proof of Case 1. d

5. Generalized Ricci flow on the Lie group SO(n)

5.1. Setup for any compact Lie group

Before presenting the main problem in this section, we review some known facts for
compact Lie groups, see [7, Section 6].

Let M? = G be a compact, semisimple, connected Lie group and g its Lie algebra. By
[2, Chapter V], we know that every class in the set of all closed 3-forms of G, H3(G) has
a unique bi-invariant representative called Cartan 3-forms of the form:

Q(X’Y’Z) :Q([X,Y],Z), VXY, Z € g.
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X

Figure 5. Region of Case 3: g1 > 0 and g2 < 0.

We note that if G is simple, then H?(G) = R [Hp] where Hg := By, and By is the
Killing form of g. It is well-known that Cartan 3-forms are harmonic with respect to any
bi-invariant metric on G.

Following [8, Section 3], we consider a bi-invariant metric g, on G, a gy-orthonormal
basis {e1,...eq} and a left-invariant metric g = (z1,...,2q) on G, such that g(e;,e;) =
x;0;5. The ordered basis {e1,...eq} determines structural constants given by

ij = gb([6i7 ej]) ek)a

and by [8, Corollary 3.2 (ii)]:

. - . C?jcéj
Hpg is g-harmonic if and only if, Z ——= =0 Vk,I such that xy # z;. (15)

;X5
1<i,j<n "~

Therefore, within the context of the generalized Ricci flow, if Equation 15 holds, then
H will remain constant along any solution and the flow will be governed by the equation
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F9(t) = —2Ric(g(t)) + 5 (H(t))j)- (16)

We will use the formulas derived in [7, Section 6], which are as follows for Hj

gb(['v ']’ )

ko
(Hy)2(en, e1) = Z milmjgb([ek»eiLej)gb([elaei]aej) = Z ;Zm;]’ vk, 1. (17)
1,] 2,J
Concerning the Ricci curvature, it is well-known that
l z; +w —zkwl
Re(g)(ek, er) Zc Cij — ch T Yk, 1. (18)

5.2. Case SO(n)

For this section, we consider G = SO(n), the usual basis of its Lie algebra is 8 =

{ers := Epg — EST} which is nice as it satisfies Cw U =0 for all k#1.

For computational purposes, we label the elements of the basis as [ :=

{e1,e2,...,epm—1)}. This basis is orthogonal with respect to gg, the Killing met-
2
ric of SO(n), and any diagonal left-invariant metric can be expressed as g =
(@112 ) Do
2

Proposition 5.1. Consider G = SO(n) and fiz the Killing metric gg as a background

metric. For <g(t) = (x1(t), .., T 1) (t ))gB,HB>, the generalized Ricci flow is given
2

by
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1 ?+r?-22 1 (ck)?
k\2 kN2t k i n(n—1
@, (t) :*E:(Cij) T3 E (cij) T;jJri E :ci]xj Vk=1,..., 220 (19)

.3 2] 2]

Proof. Replacing Equation 17 and (Equation 18) in Equation 16, the proposition
follows as the basis 8 is nice. O

It is clear that gg = (1,1,..., l)gB is a BRF generalized metric, which means a fix
point of the above system. To study the dynamical stability of this point, we examine
the linearization of the provided nonlinear system.

Theorem 5.2. The Killing metric gg on the compact Lie group SO(n) is asymptoti-
cally stable for the dynamical system given in Fquation 19.

Proof. We define functions

1 p?+ 22 -2 +1 n(n_
fk(xlv---,xn(nfl))::_Z(cﬁj)Q_‘_aZ(ij)Q Ik fork=1,..., (’2 O}
2

¥} 2,7 v

such that 2/(t) = f(x). Therefore, the differential of f is given by:

afk: _1 (C?j)Q _ n(n—1)

Ofr _1 e R .
=_ Y Vk .
81:1. 2 izj(c’bj) zZij 7& ?

Hence, on the Killing metric gg,

E\2

Zi,j(cij) 0 0

0 o (ck)? 0
Df(1,1,...,1) = 20a6)
0 0 0
k \2
0 0 —=>,(c))
As all its eigenvalues are reals and negative the proof is complete. (]
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