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Abstract. Let f be a continuous map of the circle to itself. Let P(f) denote the set
of periods of the periodic points. In this paper the set P(f) is studied for functions
without fixed points, so 1€ P(f). In particular, it is shown that if s, ¢ are the two
smallest integers in P(f) and s and ¢ are relatively prime then as+ Bt P(f) for
any positive integers a and B.

1. Introduction
Let f be a continuous map of the circle and let P(f) denote the set of positive
integers n such that f has a periodic point of period n. Block [2] has studied the
structure of P(f) when 1€ P(f) and n € P(f). In the particular case when » is odd
it is shown that, for every integer m > n, m € P(f) (see [1]}).

In this paper the case 1¢ P(f) is studied. It is shown that, if s, ¢ are the two
smallest elements of P(f), and s and ¢ are coprime, then

as+Bte P(f)

for all positive integers a and B.

It is easily seen that any continuous map of the circle that does not have a fixed
point is of degree one. Newhouse—Palis-Takens [4] have shown how to assign a
rotation set to such a map; this is also done in [3]. Suppose that the rotation interval
is [a, b]<= R. Then, in [4] and in [3, theorem 3.7}, it is shown that, for any rational
number m/n €la, b), with m and n coprime, n belongs to P(f).

The following example illustrates the difference between this result and
theorem 1.

Consider a map that has a rotation interval of [3, 3]. By the above result, 2 and
3 are contained in P(f). Theorem 1 shows that 10 € P(f). However, this conclusion
cannot be drawn from the above result as none of 11*0, 13—0, 17—0, 1% is contained in [%, %].

THEOREM 1. Let fe C%(S, S). Suppose 1& P(f). Let t, s be the two smallest elements
of P(f). Suppose that t and s are coprime. Then for any positive integers a, B,

at+ Bs e P(f).

2. Preliminary definitions and results
Let R denote the real numbers, Z the integers, N the positive integers and $ =R/Z
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the circle. Let 7 : R-> S denote the canonical projection. Let fe C'(S, S) be a map
that has no fixed points.
Choose the lift f:R- R such that f is continuous, 0= f(0)<1 and =f = fr.
Since f has no fixed point it is clear that
x < f_ x)<x+1
for any x € R. Thus
fx+1)=fx)+1,
so f is a map of degree one.
For any n € N we define f" and f" inductively by
f'=f F'=F
and
fn___fofn~1’ fn=f°fn_1-
Let s, ¢ be as in the statement of theorem 1. Choose z, € S such that f'(z,) = z..
Let P ={p; € R} such that
0=po<---<p_1<1
and
m(p)e{f (z.)|ieN}.
Given ke N let
Puvi =pit+ k.
Choose z, € § such that f°(z,) = z,. Let Q ={q; € R} such that
0.<..q0<- . .<qs—1<1
and
m(g)e{f'(z;)|ieN}L
Given k e N let

Qres+i =i + k.
Definition. Let j(p:) be the jump of p;, defined by

i(p)=k—i,
where f(p;) = px. Similarly,

ig)=k—i

where f(q;) = qi.

Notes
(1) It is easily checked that the jump is well-defined.
(2) Since x < f(x)<1+ux, it is clear that j( p:) and j{q;) are positive integers.
(3) For any k € N one has j(p:) = j(pir+i) and j(q:) = j(Qus+i)-

3. Proof of theorem 1

LEMMA 2. The following are true:

(1) f’(ﬂ'[Pi, pi+1)) 2 7 pi, Pi+1)).
(2) f(mlgs i) 2 7((qs gis1)).
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Proof. The first statement will be proved; the second can be proved in a similar
manner.

As 7(p;) and 7 (p;+1) are periodic, of period ¢, there exist positive integers k and
! such that

Ff(p)=k+p; and f(pi1)=I+p:

To prove the first statement it is enough to show that / = k.
Now

Feo=pi= ¥ L (o) =77 (pi)])
Since =
f_(Pn+i) —Di+i = f_(Pi) —Ds»
one obtains

Fp)=pi= X [Fp)=p)
Similarly,
f-l(pH—l)—pH-l = -}=':1 []F(Pi)_Pi]-
Thus [ = k. d

In the rest of the paper it will be assumed, without loss of generality, that 7 <s.
In the proofs that follow simple use will be made of Markov graphs; for more
information see [3] or [5].

LEMMA 3. For any i € N the jump of p; is equal to the jump of po.
Proof. For 0=j <t let

I= 77'([pkr-¢—j, pkt+j+1])-
Construct a directed graph (Markov graph), with vertices I; and an edge I, > I, if
and only if f(I;) > I,.

Using lemma 2 it can be seen that there is a loop starting and ending at I, of
length . There cannot be a shorter loop, as this would imply the existence of a
periodic point with period less than ¢ (see [1], [2] or [3]). Thus, there exists
a permutation, g, on {0, ..., f — 1} such that the Markov graph contains the graph
shown in figure 1.

Suppose that the lemma is not true, then some interval, I;, must be mapped onto
at least two intervals. This is a contradiction, as it would imply the existence of a
shorter loop. [

Iu(O}

T

Ia(l—l) Ia(l)

FIGURE 1
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LEMMA 4. If there exist two positive integers i, j such that j(q;) # j(q;), then for any
positive integers a, B the number as + Bt belongs to P(f).

Proof. For 0=j <t let
I = w({quevis Gueriv1 )

As in the previous lemma, some interval, I, is mapped onto at least two intervals.
This implies that there exists an interval, I, such that

fI)>I, where0<r<s.

Clearly, r = ¢ since ¢ and s are the two smallest elements of P(f).

By lemma 2,

ffi)=>1.

So the Markov graph has two loops starting and ending at I, one of length s and
the other of length ¢.

Let o and B be as in the statement of the lemma. Then there exists a periodic
point of period as + B¢ that corresponds to travelling around the ‘s length’ loop «
times and then travelling around the ‘¢ length’ loop 8 times. O

The following lemma completes the proof of theorem 1.
LEMMA 5. Suppose for all i that j(p;) = u and j(q;) = v. Then as + Bt € P(f), for any
positive integers o and B.
Proof. Relabel the points in P U Q by
Moy M1y o ooy Mgyioi,

where

O=mo<m<-- - <mg 1 <1.
For k e N let

Mg (sen+i = M+ K.

Define F:N-> N by F(i) = k, where f(m;) = m,.
Suppose that m; € P. Then

flim)—m;=u

and, for any r e N, one has
ru - ru
[ Je=rom-m=[2]r

where [ | means round down to the nearest integer and [ ]} means round up
to the nearest integer. Then one obtains

ru+[?]is sF'(i)—isru+[rt—u:|Ts, D
since after r iterates m; has ‘jumped’ ru elements of P and between [ru/f]|s and
[ru/t]1s elements of Q. Similarly, if m; € Q one obtains

tv+[ts—v]ltsF'(j)—jstv+[ts—v]TL (2)
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Suppose that u/t < uv/s. Then choose an integer k with 0<k <¢+s—1 such that
my € P and m; ., € Q. Inequality (1) gives

Fi(k)—k 5su+[s7u]1‘s.

Since u/t < v/s one has

F'k)—k=su+vs<v(t+s).
However,

Filk+1)—(k+1D)=0(t+s),
SO

Fr((mi, micia]) = [mi, myaa].
Using the second inequality, one can show similarly that

flﬂ([mk, Mic+1]) 2 [Mi, M),
ForO=<i<t+s let

I = 77'[mj(z+s)+i, M j(t+s)+i+1 ],

where j is any positive integer. From the above, the associated Markov graph has
two loops starting at I, one of length ¢ and the other of length s. Thus f has
periodic points of the form as + B¢ for any positive integers « and 8.

The proof for the case v/s < u/t is similar after choosing an integerO0 <k st+s—1
such that m, € Q and my.,€ P. [
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