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The present article is devoted to the study of global solution and large time
behaviour of solution for the isentropic compressible Euler system with source terms
in R%, d > 1, which extends and improves the results obtained by Sideris et al. in
‘T.C. Sideris, B. Thomases, D.H. Wang, Long time behavior of solutions to the 3D
compressible Euler equations with damping, Comm. Partial Differential Equations
28 (2003) 795-816°. We first establish the existence and uniqueness of global smooth
solution provided the initial datum is sufficiently small, which tells us that the
damping terms can prevent the development of singularity in small amplitude. Next,
under the additional smallness assumption, the large time behaviour of solution is
investigated, we only obtain the algebra decay of solution besides the L?-norm of
Vu is exponential decay.

Keywords: The isentropic compressible Euler equations; the global smooth solution;
the large time behaviour of solution

2020 Mathematics subject classification Primary: 35Q31
Secondary: 35Q35

1. Introduction

In this article, we investigate the initial value problem (IVP) for the d-dimensional
isentropic compressible Euler system with source term

Orp + div(pu) = 0, (t,z) € RT x RY,
9 (pu) + div(pu @ u) = —=Vp — ppu, (1.1)
p(0,2) = po(x), u(0,x) = up(x), z € RY,

which governs the motion of a compressible inviscid fluid through a porous medium
and describes the compressible gas flow passes a porous medium and the medium
induces a friction force, where the functions p(t, ), u(t, ) = (u1, uz, - -+, ug) and
p(t, ) denote the density, velocity vector fluid and pressure, respectively. The sym-
bol u ® u denotes a matrix whose ij!" entry is w;u;, the constant > 0. The first
equation in system (1.1) is just the usual conservation of mass. The second equation
in system (1.1) represents the Newton’s law (or momentum conservation): the LHS
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denotes the acceleration of the fluid in Eulerian frame, whereas the RHS describes
the force (where pu denotes external forcing field).

In order to simplify the system (1.1), substitute (1.1); into (1.1)5 and (1.1)5 into
(1.1)s, one has that

Op + div(pu) = 0, (t,z) € RT x RY,
PO+ pu - Vu + Vp + ppu = 0, (1.2)
p(0,2) = po(z),u(0, ) = up(x), z€RY,

where u - Vu = Zgzl ;0 u, dive = 2?21 O, Uj.

The system (1.1) or (1.2) has (d+1) equations, (d+2) unknowns (p, u1, -+ , g, p)
and thus is not formally self-consistent, however, when we introduce the equality
of pressure and density, which is given by

p(t,z) = p(p) = Ap”

with the adiabatic exponent v > 1 and constant A > 0. Now the (d+2) unknowns
of system (1.1) become (d+1) unknowns (p, u1, - , ug), thus system (1.1) or (1.2)
is formally self-consistent.

As is well known, the formation of singularities is a fundamental physical phe-
nomenon manifested in solutions [17, 19, 22, 27, 34] for the compressible Euler
equations (i.e., system (1.1) with g =0), which are a prototypical example of
hyperbolic systems of conservation laws. This phenomenon can be explained by
mathematical analysis by showing the finite time formation of singularities in the
solutions. Therefore, the blow-up phenomena for the multi-dimensional compress-
ible Euler flows has attracted lots of interests and attentions because of its physical
importance. However, it is a difficult problem to understand the blow-up behaviour
of the general solutions of the compressible Euler equations. The earliest work of
system (1.1) with u = 0 began with Taylor [30, 31] finding the wave motion pro-
duced by an expanding sphere and preceded by a shock front. It is similar to the
one-dimensional gas flow produced by a piston with constant speed. The progress-
ing waves were also succeeded in finding some other types of spherical waves like
detonation, deflagration, combustion and reflected shocks. In [2, 4, 23, 24, 32],
the authors studied the global weak solution of the isentropic compressible Euler
equations with spherical symmetry. Recently, Li and Wang [18] derived some spe-
cial global and blow-up solutions of system (1.1) as p = 0 with spherical symmetry.
Some other results of system (1.1) with 1 = 0 can be found in [3, 5, 8, 20, 21, 29|,
as well as the references cited therein.

To our best knowledge, there are many mathematical works about system (1.1).
For one dimensional case, assuming that the initial data are smooth enough and that
the derivatives of the initial data are sufficiently small, the global existence and the
large time behaviour of the smooth solutions of system (1.1) were studied by Hsiao,
Liu and Luo in [10, 11]. If this assumption is violated, the solutions eventually will
develop singularities in general, hence it is necessary to consider the weak solutions.
If the initial data belong to L*° and satisfy some conditions, then the equation
admits a global entropy weak solution [7, 14, 25] and the solution converges to
Barenblatt’s profiles of the porous medium equation [13-16]. In [6, 12], the global
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existence of BV solutions for the Cauchy problem of system (1.1) was investigated
by using a fractional step version of the Glimm’s scheme. For multi-dimensional
case, if the initial data are sufficiently small, by analysing the Green function of the
linearized system, Wang and Yang [33] obtained the global existence and pointwise
estimates of the solutions by the energy estimates. When the initial data are near its
equilibrium, Pan and Zhao [26] showed global existence and uniqueness of classical
solutions to the initial boundary value problem for the 3D damped compressible
Euler equations on bounded domain with slip boundary condition and showed that
the classical solutions converge to steady state exponentially fast in time. In 2003,
for 3 dimensional case, Sideris, Thomases and Wang [28] showed that if the initial
data are sufficiently small in an appropriate norm, then damping term can prevent
the development of singularities and the Cauchy problem of system (1.1) has a
unique global smooth solution u(t, x) € C(R*; H?). Moreover, as the time ¢ becomes
large, they studied the long time behaviour of solutions to obtain the following
algebra decay of solution U(t, ) and exponential decay of vorticity w(t, z)

3
1

U= <CL+1)72, |UE ) <OQ+1)7T,
VU, )2 < CA+8)7F,  [lw(t, )|z < Ce™

Motivated by the article [28], in this paper, we investigate global existence
and the large time behaviour of solution of the Cauchy problem for system
(1.1) in R This tells us that if the initial data are sufficiently small in an
appropriate norm, then source term can prevent the development of singular-
ities. Compared with the results in [28], we consider the d-dimensional Euler
equations with damping terms and obtain the unique global smooth solution
u(t, z) € C(RY; HY)NCHRT; H*™Y), s > 1+ 4. By a detailed analysis of the semi-
group S(t) of the linearized system, we show an important lemma 4.1. As the time
t becomes large, we also have the following algebra decay of solution v(¢, ) and
exponential decay of vorticity Q(¢, x)

[o(t, e <CA+H7E, [ot, )|z <C(1+1)71,
IVo(t, )z < CA+8)7F, Q)| < Ce™,

which is the same as the results in 3D derived in [28]. By introducing a new weight
function J" (t) (see page 16 in § 4) and the Gagliardo-Nirenberg inequality, one
has that the estimate of high order derivative about solutions

+

IVu(t, )z~ < C(1+1)~ %,

d+2k

[VFu(t, )|, SCOA+8)~ 75,

where d denotes the dimension of space, 0 < k <1+ %, which is optimal in the
linearized sense. These extend and improve the result obtained by Sideris et al. in
[28].

The rest of the paper is organized as follows. In § 2, we rewrite the system (1.1)
into a quasilinear symmetric system and state the local well-posedness which will
be used in this article. In § 3, by virtue of a priori estimates, we establish the global
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smooth solution of the IVP for system (2.1) with small initial data. Finally, in § 4,
we investigate the large time behaviour of solution to the isentropic compressible
Euler system with source terms in R?, one only obtain the algebra decay of solution,
besides the L?-norm of Vu is exponential decay.

2. Preliminaries

In this subsection, for the convenience of the readers, we first introduce some nota-
tions. Let | -|x denote the norm of the Banach space X, such as, ||| g- and
(-, -)s denote the norm and the inner product of H*(R%), s € R, respectively, where
L", H* denotes L"(R%), H*(R?) spaces, r > 1, s € R. Throughout the article, we
will let ¢ or C be a generic constant, which may assume different values in different
formulas.

In order to achieve the aim, introduce the function

y— 2/ A —1
™= ClpTvl = %p%.
If the Cauchy problem of system (1.2) with the solution (p, u) satisfies

lim p(t,x) = p(constant) >0,  lim wu(t,x) =0,

let w =7 — 7, where 7 = C;p"D/27, p = Ap” and 7 = 7?7771, then system (1.2)
is equivalent to the following quasilinear symmetric system

Oyw + u - Vw + wdivu + VT_lwdivu =0, (t,z) € RT x RY,
O+ u - Vu+ 7Vw + %qu—l—uu:O, (2.1)
(w,u)|t=0 = (wo(z),uo(x)), x € R

Let v = (w, uq, -+, ud)T, T denotes transposition of matrix, the well-posedness of

system (2.1) in Sobolev space is corollary of theorem 3.2 and 3.7 in [9].

THEOREM 2.1. For any initial data vy = (wo, uo) € H*(R?), s > 1+ &, there exists
a time T > 0 such that the initial value problem (2.1) has a unique solution v =
(w, w), which belongs to

([0, T H*(RY) nc' ([0, T[ H~(RY)).
Moreover, if the vo € H*(RY), then the solution map
5 vp v HY(RY) — C(0,T]; H*(RY) N CH([0, T[; H* (R)
18 continuous in the sense of Hadmard, and we have the following inequality
10" = o)l < CU™ e, [10™ )

where sequence {v"},en is approxzimation solutions to system (2.1). In particular,
let Ty, be the lifespan of the solution v to system (2.1) with initial datum vg, the

vg = 05 [l e
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lifespan T,, satisfies

1
I
7 Cllvollms

If T, < oo, then for all t < T,, we have

¢
loge||lv(t)| s < loge||vol mre exp(c/ IVo(T)|| o dT). (2.2)
0

REMARK 2.2. The smoothness of solution (p, u) of system (1.1) is equivalent to the
smoothness of solution (w, u) of system (2.1) by the definition of w. The positivity
of the density p is guaranteed by the positivity of the initial density pg, in fact, by
the first equation in system (1.1), we have

ol (6, 2)) = pultso(1,)) + (- V)t 2)
= —(pdina) 1,0, ), (2.3

where we have applied the ordinary differential equation of the flow

d
ag@(t,x) =u(t,p) t>0, z€RY,

0(0,z) =z, r € R%.

For all time ¢ € [0, T, by solving the equation (2.3) yields that

plt,0) = pol(e) exp / ~divu(r, p(r,z))dr) > 0. (2.4)

In view of |lu(t, ¢)||L~ = ||u(t, z)|| L~ one has that
p(t,z) >0,

for any (¢, x) € Rt x R? provided the initial density po(z) > 0.

3. The global existence of solution with small initial data

In this subsection, by showing a priori estimates of the IVP of system (2.1) by some
lemmas, we shall establish the global smooth solution of system (2.1) with small
initial data.

In order to distinguish time and space derivatives, let V = (9y,, - -+ , 05,) denote
the space derivatives, 0 = (9, V) is all first time and space derivatives. For s >
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1+ %, introduce the energy functions
Q1) = > [loV'u(t, )7
l1]<s—1

= Y oVt )z + D IV,
[<s—1 0<|8|<s

10)(t) = Q()(1) + [[v]3
= 3 1A+ IV B (32)

lil<s—1 jo1<s

= (10w (t M Frer + ot )1

(3.1)

where for all o € R, by the Fourier transformation yields that
ot = [ 1+ 16R)7 ot P

Next, we state the following lemma of energy estimates.

LEMMA 3.1. Assume the function (w, u) € C([0, T[, H*(R%)) be a solution of system
(2.1), for some T > 0. Then the following energy inequalities hold:

%(Ilwlliz +llullZ2) + 2ullullz: < Cll(w, w)llzelull2 | (Vw, Vu)l| e, (3.3)
%(Q(W)(t) + Q) (1)) +2uQ(u)(t) < C|(dw, du) || L= (Qw)(t) + Q(u)()). (3.4)

Proof. Taking inner product of system (2.1); with w, and system (2.1)y with w,
after integration by parts, adding them together, it yields that

10
35 (ol ull) + alhale == [ (w- Yl (u- Vupuds (39
20t R?
-t widivu + (wVw)udz
2 R4
1

-1
= —7/ u- V(w? +u?)dr + S (wVw)udz
2 Rd 2 Rd

< Cll(w, u)l|zefull 2| (Vw, Vu)| 22,

where we have used

/ (rdivu)wdx +/ (TVw)udx = 0,
Rd

Rd

in the first equality, the Holder inequality in the last inequality, and ||(w, u)||x =
lwllx + llullx-
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Next, we will show inequality (3.4). Applying the operator 9V? on both sides of
system (2.1), it follows that
5 5= 1: Y106, o
0, 0V°w + OV (7divu + u - Vw) = —T(‘?V (wdivu), (3.6)
—1

0OV u+ OV (u - Vu + 7Vw + pr) = —%avé (WVw). (3.7)
Multiplying equation (3.6) and equation (3.7) by dV°w and OV°u respectively,
|0] < s — 1. Adding them together and integration by parts, one has that

1o

Sor O (OV%ulda + [0Vl +0 3 [0V%uli  (38)

|6 <s—1 6] <s—1

-1
=— Z / OV (u - Vw + ,Ydeivu)OV‘swdx
Rd

6] <s—1

- Z / avé(qu—kL_lew)BV‘sudx
Rd

P
ll<s—1

= — Z (Il+12+13—|—14)

6] <s—1

where the first equality is guaranteed by
OV (=divu)dVowdz + | OV (FVw)dVoudz = 0.
R4 Rd

For |§] > 0, we first deal with the term I; as follows

|I1] :/ OV (u - Vw)OVo wdx
Rd

= / > o(Vou- V) | 0Viwda
R

a+pB=4
= [ A(Vou Vw+u- VVw)IVowde (3.9)
Rd
+ / Z OV u - V'TPu + Vo - 0V TPW) | 0V0wda
R\ o, 8<6-1,048=6
=: Ifl) + 11(2).
When 6 = 0, thanks to the Holder inequality, we have
1
/ uOVwiwdz| = = / divu(dw)?dx
R 2 | Jra (3.10)

< C||divu|| o ||0w]|3 2.
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As 6 > 0, by virtue of the Gagliardo—Nirenberg inequality yields that

VoudVwoVowdz| < ||0Vw]| e || VOul| £ |OVow]| L2

Rd

10w]|7 o [0V w]| 120 IVull 1 10V 2wl 2 [0V w]| 2

C(|0w|| L= |0V ull 2 + || Vul| L [|0V°w]| £2) [0V w] 12,
(3.11)

where %—i— % = % for p, g €2, o¢], and 6 € (0, 1), we also have used Young’s

inequality in the last inequality. In view of (3.10), (3.11) and the Hélder inequality,

IV can be dealt with as

1

<
<

1Y < C)(0w, 0u)|| 1= || (OV 0w, OV u)|| 12 |0V w]| 12 (3.12)

On the other hand, in order to deal with 1{2), in view of the Gagliardo—Nirenberg
inequality, for o, 3 < d — 1, a+ 8 =4, one has that
/ (avau . v1+%) OVowdz < C||OVul|1r ||V TP 4]0V w|| 2
Rd

_ _ 3.13
Cll0u]? < |0V ul| 15 [Vl 122 [ Vo w22 [0V 0w 2 (3.13)

<
< C(J0ull L= |V w2 + IVwl| < |0V ull 2) [0V w] 2,

where 1+ % = % for p, g € [2, 0], and ¥ € (0, 1), we also have used Young’s
inequality in the last inequality. Similarly, we can show that

/ (Ve - OVITPL)OVOwdr < C|| V| 1o |0V Pw|| 14 |OVow]| 12
Rd

< C(IVull 1= [0V 2 (3:.14)
+ (10w L [V 2) [0V .
Combining (3.13) with (3.14), it yields that
Y < C|(0w, 0u)|| = || (OV°w, 0V u) | 2| OV w]| 2. (3.15)
In view of (3.9), (3.12) and (3.15), it gives that
I = 1Y + I < O)|(0w, 0u)l| L= (10V° w2 + |0V ul3). (3.16)

Similar to the process of proving (3.16), we can estimate I, I3 and I to derive
L+ Iz + I < C||(0w, 9u)|| 1= (|OV°w| 22 + [0V u|22). (3.17)

Substituting (3.16) and (3.17) into (3.8), by virtue of (3.1) and (3.2), thus we
consequently obtain (3.4). O
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LEMMA 3.2. Let 7 >0 and s > 1 + 4. Assume the function (w, u) € C([0, T[, H*
(RY)) be a solution of system (2.1), for some T > 0. Then the following inequality
holds:

Qw)(t) < CL{w)(H)Q(w)(t) + C(1 + I(w))I(u). (3.18)

Moreover, if the solution (w, u) satisfies I(w)(t) < 1 for any time t >0, then
Q(w)(t) can be controlled by I(u)(t) and we have

Q) (1) < CI(u)(t). (3.19)
Proof. Multiplying the operator V° on both sides of system (2.1), one has that

79 (wdiva), (3.20)

Vow = —V°(adivu 4 u - Vw) —
—1 -1

Vot = —[0,Vou + Vo (u - Vu + pu)] — Fyfvé(wVw). (3.21)
7 7

Taking L? norm of the equation (3.20) and (3.21) for |[§] < s — 1, adding them
together yields that

S lloViele <C Y IV (dive + u - V) + VO (wdiva)| 2

[0]<s—1 |6]<s—1
+C Z 10:Vou + Vo (u - Vu + u) + Vo (wVw)| 12
ll<s—1
<C > oViullge + IV (u- Votwdivutu - Vu + wVw)|| 2.
j81<s—1
(3.22)
Similar to the method of dealing with (3.9), one can easily check that
IV (u- Vo) llre < C(IVwllze=l|Voull 2 + ull = V0] 2) (3.23)
< OU(@)I(w)?, '
IV (wdiva) || 22 < O(|Vull | V0] £z + 0] o |V + ul| 2) (3.24)
< CUW)I(u)?, '
IV2 (u- Va)llzz < C(IVul o [[V0ul £z + lJull 2= [V ull 2) (3.25)
< CU(w)Qw)*,
IV (@VWw)llzz < C(IVwllz=[[Vowllzz + wll e V2wl 22) (3.26)
< CU@)QW))*,

where we have used for s > 1+ % that

£l < Clfllge—1 < CIZ(f)
IV fllze < CIVflle—r < CQE(F).
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Combining (3.22)—(3.25) and (3.26), it yields that
Qw)(t) < CI(w)(H)Q(w)(t) + C(1 + I(w))I (u).

If the solution w satisfies J(w)(t) < 1 for any time ¢ > 0, choosing CI(w)(t) < &
then we have

2Q(w)(t) < 3C + DI(u)(t),
which derives the inequality (3.19). d
Next, we will show the existence of global smooth solution for system (2.1).
THEOREM 3.3. Assume the initial data (wo, ug) € H*(RY), s> 1+ 4. If the
(wo, uo) satisfies I(wo, ug) = €9 K 1, then system (2.1) has a unique global solu-

tion (w, u) € C(R*, H*(RY)). Moreover, there exists some po > 0, for all t € RY,
we have the energy inequality

t
I(w, u)(#) + o / I(w)(7)dr < I(wo, u0).
0
Proof. Combining (3.3) and (3.4) in lemma 3.1 yields that

gl(@ﬂ)(ﬂ +2ul(u)(t) < C([[(w, )|z [l 2|V (w; w) | 2

ot (3.27)
+ [ (0w, Ou) | o< (Q(w, u)(t))).
Note that

[(w, wllzee [lull 2|V (w, u) || 22 < [[(w, u) || s Jull g |V (@, )] =

1 1 1 (328)
< IH (w, ) 1% (u) Q3 (w, ),
[[(Ow, Ou)[| L= Q(w, u)(t) < [|0(w, u) || a1 Q(w, u)(t)
. (3.29)
<12 (w, u)(t)Q(w, u) (1),

where we have used s > 1 + %, which guarantees

[fllzee < Cllfllars-1, IVfllpee < Cllfllas-

Inserting (3.28) and (3.29) into (3.27), one has that

%I(w, W) (t) 4 2ul(u)(t) < CI7 (w,u)[Q(w) + I(w)] + CI? (w, u)Q(w, u)

1

CI% (0, u)[Q(w) + I(u)] + CI* (w,w)[Q(w) + I(w)]
< CI% (w,u)[Q(w) + I(u)).

N

(3.30)
Suppose the solution (w, u) satisfies I(w, u)(t) = ¢g < 1 for any t € RT, choosing
CI(w, u)(t) < 3, then it follows from lemma 3.2 that the solution satisfies (3.19),
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in view of (3.30) we have

0 pwu)(t) + 2l (w)(t) < CL (o, w)[Q(w) + I(u)]

ot ¢l
¢
2

Since ¢q is sufficiently small, we can choose ¢y such that

< 5 (€0)2(3C + 2)I(u)(1).

C 1
o =: 24 — 5(60)5(30 + 2) > 0.

Consequently, we have

%I(w, w)(t) + pol (u)(t) < 0. (3.31)

Integrating the inequality (3.31) with respect to the time variable on interval [0, ¢],
it follows that

I(w, u)(®) + 1o /O I(w)(7)dr < I(wo, o). (3.32)

Thus if the initial data I(wp, ug) = €o is small enough, then the inequality (3.32)
guarantees for all ¢ > 0 that

Tw,u)(t) <€ < 1,

which completes the proof of theorem 3.3. g

4. The decay rates of solutions in large time

Base on the global existence of solutions of system (2.1) in § 3, in this subsection,
as the time is sufficiently large, we shall derive the decay rates of the solution. In
order to obtain the decay estimates, we first study the following linear system

Oww + wdivu = 0, (t,x) € RT x R4,
Oru+ 7Vw + pu = 0, (4.1)
(w,u)|t=0 = (wo,up), z € R

LEMMA 4.1. Let the initial data vo(z) = (wo, o) € LY(RY) N H*(RY), s > 1+ 4.

Then there exists a semigroup S(t) such that the solution of system (4.1) is given
by

v(t,z) = S(t)vo(x).

Moreover, the following estimates hold:

VIS (oo, < OO+ )% JJuol| s + Ce™
L

)

L2 (4.2)

V<<21+d>/2>*v0‘

IVES (oo || o < CL+ 1)~ D) |lug|| 1 + Ce™ P ||VFup || L s

where d denotes the dimension of space, 1 >0, 8> 0, (2l +d)/2 < ((2l + d)/2)"
and 0 < k < s.
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Proof. Note that the linear system (4.1) is equivalent to

7 ()= (e T ) ().

:A<w>, (t,z) e R x R?

u

(4.3)

with initial data vo(z) € L'(R?) N H*(R?), where T denotes the transposition of
vector, ™ and p are positive constants, and I is d X d unit matrix. In view of the
Fourier transformation and v = (w, u) " we have

dpu(t, §) = A(§v(t,€)
with the (d + 1) x (d + 1) matrix

B 0 —irt
A(f) - < _iﬁ.fT _MHd ) .

By computing the determinant |[A\I — A(§)| = 0, we derive that the eigenvalues of

the matrix A(§) are Ay = -+ = A\g—1 = —p, and
! 2 172I£|2
Ad = =5t /2 —4m2lE?),
1 (4.4)

Adr1 = =5 (0 —/p2 = AT2[EP).
By virtue of the eigenvalue A\; = —p of matrix A(£),i =1, --- , d — 1, one has that
the unit orthonormal eigenvectors b; = (0, ;)" = (0, yi1, Y2, - » ¥id) |, such that
foreveryi=1,---,d—1

§-yi = &1yin + SaYio + -+ - Eayia = 0.

Similarly, it is easy to obtain the unit eigenvectors b; of the eigenvalue Aj;,
j=d, d+ 1 satisfying

. —\T ; —\T
bd _ (ZAd-‘rlv 71—5) and (Z)‘d7 7T§) i2

biv1 = ——s,
Nigr T Il VA el

Thus we can choose the unitary matrix B(¢) = (b1, -+ , bg, bay1) such that

—plg—1 0O 0

AGBE=BE | 0 x|,
0 0 an

where by, -, by and ZdH are unit orthonormal eigenvectors in R4+, the function
7 satisfies

(4.5)

{—<u+ VIE—ATER), if P —4n?e >0,
77 fn

— i, if  p? —47%¢)? <.
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Consequently, the solutions of system (4.1) are given by v(¢, ) = S(t)vo(z), where

S(t) = exp(tA(€)) = B()D(t,€)B~(€)

e My 0 0 (4.6)
=: B(¢) 0 etk B7(¢)
0 0 erenit

with the function

e)\dt _ e>\d+1t
rR=
Ad = Ad+1

Next, in order to show (4.2), we first estimate every element of the matrix D(t, &).
Case 1: if p? — 47%|¢|? < 0, then we have

ot =Mt 2sin(4\/AR2ER — P)

K=—79————=¢
/\d — >\d+1 /47_T2|§|2 _ qu
1 1
——ut ——put . —
< Cte 22 <Ce 3 , it t\/4m2|€)? — p? <« 1,
= 1

——ut
ce 3", if /AR — 2 > 1.
Case 2: if p? — 47%|¢|? > 0, then we have

e/\dt _ 6)\d+1t _ "
R= — =€ M

Ad — )\d+1 /M2 _ 4ﬁ2‘€|2
As 0 < \/p? — 472|€|? < 1, one has that

1 1
k< Cte 2M L Ce™3M,

Otherwise, if \/u? — 472(£|? € (do, §), for some 6y > 0, then it is easy to check that

t t t
25 ° 2 4R2|¢2 < —p,
500 < 5V — AT < Tp
thus we have
/{gCe_é“t.

On the other hand, if \/pu? — 472[£|2 € [4, p], then one can easily check that

3 |7 |?
< - <0
16" S w oo
this implies that
_lme?,
k< Ce n

Note that

0| < max {u, 2| Aa—1]} < 24
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Thus it follows that

I, .
ce H o, it |mel <Yy,
[kn| < 1 4 (4.7)
——ut 3
ce 5" if |7’r§|>§,u.

In fact, in a similar way, the bound of all diagonal elements of the matrix D(t, &)
satisfies (4.7).

Now, we prove the inequality (4.2). Let (21 +d)/2 < ((2l+d)/2)" < (2l +d)/
2+¢ for any €>0. In view of the Fourier transformation and (4.7), for
(2l +d)/2)* < s, it follows that

[t < € [ [e<ie) S| de
R4

|€]? N L N
e e” i g Bo()lde + C e 5H(¢|! [Tn(€)|dg
|7eI< L u |we|> 2
V3
~ i -0ty —ty 1P
< C|vo|| o< T e # dr+Ce™s €1 [00(&)[dE
0 |7e|>Y3

b

<O + 1)~ D2y 11 + Cetht HV((2z+d)/2)+v0‘

L2
(4.8)
where the last inequality is guaranteed by

N2 (O)d
‘ /mb% €' B0 €) e

2
< / €|~ de €2 @7 Ty (€)[2de
|7¢|>E |7¢|> B

<C HV((2l+d)/2)+’UO’ 2

L2’
On the other hand, by virtue of the Fourier transformation and (4.7), for 0 < k < s,
one has that

2

fosstonf, = st

L2

_ |7¢|? . 2 .
<C e 2T g o (6)Pde + C e 3P [Bo (€)]de

I7el< 2 |7g|> Y2

55

Ko (mr)? _ _2 .
< Ol / o2 I a1y 4 gt / €[2[0 () e
0

l7el>3

2
<O+t F D ||yg|2) + Ce 31

k
\V4 Uo‘

L2’

(4.9)
which concludes the proof of lemma 4.1. O

THEOREM 4.2. Assume the initial data vo(x) = (wo, ug) ' € L'(R?) N H*(RY), s >
1+ 2, and |Jvo|| 2 + I(vo) = €0 < 1, then system (2.1) has a unique global solution
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v=(w,u)’ €C(RT, H*(R?)), which is guaranteed by theorem 3.3. In particular,
for all time t > 0 the solution v(t, x) of system (2.1) satisfies

lo(t,)llze SCA+O, ot )lw < CL+1)7F, 10)
Vot e < CL+H™F, |[Volt, )|z~ < CL+1)75.
Furthermore, we have
IVF0(t, )| o < Cmax { (14075, (1407, (4.11)

ol

where d denotes the dimension of space, 0 < k <1+

Proof. In view of the linear system (4.1) and v = (w, u) ", the system (2.1) can be
transformed into

-1
) (w) ( 0 v/ ) <w> - Vw + Wdeivu
ot \u) —\ =7V' —ply u u-Vu+ 7; lew 7 (4.12)
=: Av + F(v, Vv), (t,z) € R* x R?

with initial data vg(z) € L*(R?) N H*(R?). By the Duhamel principle, the solutions
of system (4.12) are given by

o(t,z) = S(t)ue(x) + /O S(t — 7)F (v, Vo) (r, 2)dr. (4.13)

By virtue of the assumption in theorem 4.2, inequality (4.2) and equation (4.13),
for (1 + )+ < s we have

Hvlv(t7 -)HLOO < Hvls(t>v0HLoo —l—/o HVZS(t — T)F(U,V’U)(T)HLOO dr

< C(1+ 1)~ D2 || 1 + Ce™

V((zz+d)/2)+vo‘

L2

t
- c/ (14t — 7)~HD/2| P 1 4CePE=T)
0

‘V<<2z+d>/2>+FH dr
L2

t
SO+ D 2e + C/ (L4t —7) D2 (r, )| padr
0

t
+C/ e—ﬁ(t—T)
0

‘V((2l+d)/2)+p(7—’ .)HL2 dr.
(4.14)
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In order to derive the results, introducing the following four functions
H(t) = sup [Jo(7,)|u,
T€[0,t]

Jo(t) = sup (L+7)%o(r,-)||z2,
T€[0,t]

Ji(t) = sup (1+7)% [|Vo(r, )| e,
T7€[0,t]

Jh(t) = sup (1+7)F |V 0(r, )| 1

T€[0,t]

Then for all 7 € [0, ] and (I 4+ 1+ %)™ < s, the nonlinear term F(v, Vo) in (4.14)
can be dealt with

1E (v, Vo) (7)1 < Cll(w, w) |22 |V (w, u)|[ 2

=: Clv[|L2|| V]| L2 (4.15)
C(1+7)""% Jo(t)J1(t),
Cllv||e[Vvl| 2
Cllllzellv]l e (4.16)
C+7) 2 J% (M),
IV087 F (0, Vo)(r)z2 < Cllofl o= | V9 0] 12
<C(L+7)"2J2 (H ().

<
1 (v, Vo)(T)[| L2 <
<

N

(4.17)

Plugging (4.15) and (4.17) into (4.14) yields that

t
[o(t, )l Lo < C(1+t)*d/2eo+cjgo(tm(t)/ B (1 4 1)~ $dr
0

d
2

+ CJo(t)J1(t) /Ot(1+t7) (1+T)7%d7

< C+ (e + I (OH(D)) (4.18)
+ CJo(t)J1(2) /t(l tt—1)F147)" T dr
0

4
2

SO +1)"2(eo + Jo(t)Ji(t) + T (HH(1)),

where we have used for ¢t > 1

/Ot(1+t—7-)‘

e

(147" Fdr<CA+1)%,
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On the other hand, thanks to (4.2), one can easily check that

t
[ot, )Lz < 1S (E)voll 2 +/0 1St = 7)F (v, Vo)(7)| L2dT
t
<C(1+1) e +C/ e P F (1, )| p2dT
0

t
v [@at=n HIpE s
0

(4.19)
t
<O+ te+ CJSC(t)H(t)/ e Bt (1 4 7y~ 4ar
0
t d d+1
+ o)1 (1) / (At d1+m)-Har
0
<C(L+1) 7% (e + Jo() (1) + TS (OH(D),
where the last inequality comes from for d > 2 and ¢t > 1
t d d+1 d
O(t) =: / (I+t—7)"4(1+7) 2 dr<CA+1t) 4,
0
which is guaranteed by
<1>(t)<(1+t)—i/t ! ! T
= o \1+t—7 1471 i 4
t
<0(1+t)’%/ (4+t—7) "+ 1+ 7)1+ ) Far
0
<C(L+1)71.
Similarly, we have
t
[Vu(t, )2 < VS(#)vol 22 +/0 VSt —7)F (v, Vo) (7)]| 2 dT
t
<O+t g +c/ e POV (7, )| padr
0
¢ d+2
+c/ (Lt — 1) F(r, )| prdr
0 (4.20)

t
<CO+6)"Fe +CJ20(t)H(t)/ A=) (1 4 7y~ bar
0

t
o) [t P
0

d+2

SO+ (e + Jo(t)J1(t) + JL(OH(2)),
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Combining (4.18), (4.19) with (4.20), by the definition of J;(¢), ¢ =0, 1, oo, we end
up with

Jo(t) + J1(t) + T2 (£) < Cleo + Jo(8) 1 () + IO ()H(L)). (4.21)

If the initial data satisfy |lvo||p: + I(vo) = €p < 1, thanks to theorem 3.3, then it
implies that

H(t) < I(v)(t) < e < 1.

Define f(t) = Jo(t) + Ji(t) + JL(¢), in view of inequality (4.21), one has for all
t € RT that

f(t) < Ceo + CF2(1). (4.22)
If we choose €y < 1 such that 4C%ey < 1, then the equation
Cy> —y+Ce =0

has two differential roots

1—+1—4C%?%¢ - 14+ V1 —4C%¢
— <Yy =

0<y = _
<h 2C 2 2C

Thanks to

F(0) = Jo(0) + J1(0) + J2,(0) < Ceg < 1,

in order to ensure inequality (4.22) hold for all ¢ > 0, thus we deduce that f(t) < y1
is bound, this implies that

lo(t, ez < CL+6)~%,
IVo(t, )| < COA+1)~F, (4.23)

lo(t, )= < C(L+8)7%.
In view of the above inequality (4.23), we can consequently estimate
t
9406t < 98O0l + [ 9480 =)@ 90 e
t
<C(1+ t)_(dtli%)eo + C/ e Alt-T) Hka(T, -)HL2 dr
0

d+2k

T E(r ) prdT

+C/0t(1+t—7)_

d+2k

<O +1)~ "5

t
eo + CT% (HYH(?) / B (1 4 1) dr
0
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d+2k

T (14 T)_%dT

+ CJo(t)J1(t) /Ot(l +t-7)"

d+2k

gcmax{(utr 7 ,(1+t)*%}(eo+Jo(t)J1(t)+J80(t)H(t))

d+2k

<Cmax{(1+t)— : ,(1+t)_}7 (4.24)

vl

where we have used
IVEE(7, )| 2 < Cllollpe [|[VEF || . < C(L+ 1) 2 IS (7 H(1),
andfor0<k<1+%

d+42k

t
/ (Q4t—7) T (147 Fdr|<CAL+t)" 7.
0

On the other hand, thanks to (4.2) and (4.23), similar to estimate (4.18) it follows

that
V00t )l < COFO™H o+ HOAG + TeH@)
<C(L+1)%.
This completes the proof of theorem 4.2. O

REMARK 4.3. In fact, we can show the following estimates of high order derivative
of solution

4
2

[Vou(t, )|z < C(L+t)"2, ford > 1,

d

V70t Nl S COA+ )75, for 5> 1+ 3.

Because the result of (4.24) and (4.25) is not optimal in the sense of linearization,

if the solution is sufficiently smooth, we can improve the result of theorem 4.2 and
have the following result.

COROLLARY 4.4. Under the assumptions of theorem 4.2, the system (2.1) has a
unique global solution v = (w, u)" € C(RT, H*(R?)). Moreover, for all time t > 0
and s > % + 2+ 1, the decay rate of solution v(t, z) of system (2.1) satisfies

&
W
-

Vot )l e < C(L+E)" 7,

andf0r0<k<1—|—g we have

d+2k

Hvkv(t?')HL2 <0(1+t)7 i,

where d denotes the dimension of space.
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Proof. Taking advantage of the Gagliardo—Nirenberg inequality, it follows that

Hv((2+d)/2)+F(7—’ .)‘

.
L <l )l= HV((4+d)/2) U(ﬂ.)‘

L2
1-6 [%
< o )z [[Volr, )< [[Vo(r, )l

< C(1+ )~ BHA=O0ED 70 (1) (L (1)1~ 1O (1)

C
O+ 1) F IS0 (L (0) " HO (1),

(4.26)

N

where the last inequality is guaranteed by % +2+ % < s, the constant

+
91 - S_((l:[)_kd) S (0,1)

Using inequality (4.26), we can estimate

t
IVo(t, )| e < CL+ 1)~ D 2 4 C/ (Lt =) HV2|E(r )| prdr
0

t
+C/ e_ﬁ(t_"')
0

< O+ )72 (eo + Jo (1) 1 () + Joo (1) (o (8) ' H(E) ™).
(4.27)
Note that Jo(t), J1(t) and J2 (¢) are bounded, in view of Young’s inequality yields
that

‘v((2+d)/2)+p(7—7 .)HL2 dr

JL(t) < C,
which implies for s > g + 2+ i that
V0 (t, )| oo < C(L+ 1)~ @D/,

Finally, thanks to theorem 4.2, we only need to show the last inequality holds for
4 <k <1+ ¢. Similar to estimate (4.26), one has that

[VEF(r )| 2 < ol [ V5 u(r )|
007, Y|z [Volr, P2 V07, )
(14 7) "G (1) (L ()7 H = (1)
T8O (L (1) H = @),

N

(4.28)

d+2k

<C
<C(l+7)” 1

where the last inequality is guaranteed by k < [(3 +1)(s — 1) — ‘14—2]/(5 + £, the
constant
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By virtue of J1 (t) < C and (4.28), it follows that

[V ()], <0(1+t)7<¢fk>eo+c/ P \TEE(r, )| . dr
0
t
+C/ (L4t — 1) F (7, )| pdr
<O+~ (eo + Jo (1)1 (1))

d+2k

+OUL (0o (8) 7 (H(1) /teﬁ(”)(1+T) Tdr
0

<O+ (eo + Jo(t) () + JL O (IL ()" (1))

d+2k

<CA+t)~ "1, (4.29)

where we have applied 0 < £ <1+ % and g + 2+ é < s, which is equivalent to

3d d? d
1(s—1 =).
E<(G 41— 1) - T)/6+5)
This completes the proof of corollary 4.4. O

REMARK 4.5. In view of lemma 4.1, for sufficiently large time ¢ > 0, the algebra
decay rate of solution v(t, x) for linear equation (4.1) satisfies

[V e =2 198 @0l o < CO+H7F,

(4.30)
[VFo(t = ||[V*S(t)vo|| . < C(1+1)"EF5),

) HL2
where d denotes the dimension of space, | > 0,d < 2(s — ) and 0 < k < s. However,

by virtue of theorem 4.2 and corollary 4.1, we only show that the algebra decay
rate of L™ -norm of v, Vv and L?-norm of Vv satisfies

d
2

[o(t, )L S CA+1)72, [Vt )|z <CA+8)" =

and

Vo0t )l < CA+1)"

which is optimal in the linearized sense (4.30), where 0 < o < 1+ 4. How to esti-
mate the high order derivative of the solution v(¢, z) in L? and L norm is an open
problem.

REMARK 4.6. For the smooth initial data (po, ug) € H*(R?), s > 1+ % with small
amplitude, there exists a unique global smooth solution of the Cauchy problem for
system (1.1). As the time ¢ becomes large, theorem 4.2 tells us that the smooth
solution v(¢, x) is algebra decay which extends and improves the following result
[0t )= < CL+07F Ul < C+1)75,

VUl < CO+8)7, wlt, )l < CeO.

derived by Sideris, Thomases and Wang in [28].
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In addition, if the initial data belong to L!(R?) N H*(R?), then one shows that
the following algebra decay rate of smooth solution in L? norm.

COROLLARY 4.7. Under the assumptions of theorem 4.2, the system (2.1) has a
unique global solution v = (w, u)' € C(RT, H*(RY)). Moreover, for all time t > 0
and 2 < p < 00, the decay rate of solution v(t, x) of system (2.1) satisfies

ot Her < O+ 072072,

IVt e < C(1 + )" 2@+a=5)

where d denotes the dimension of space, 0 < o« < 1+ g, In particular, we have

d+1

Hv<1+%>v(t,.)H <C(L+1) 5.
Lp
Proof. In view of interpolation inequality and theorem 4.2 yields that
2 1—2
o, )lze < o, )z llv(E, )l "
<O+t~ 209,

By the Gagliardo—Nirenberg inequality and corollary 4.1, for 0 < a < 1 —l—% one
shows that

o d 1-6
1920t )l < otk [V Do, )|

L2

< C(1+t) 2ldte=35),
where 1 — 0 = o — % and 6 € (0, 1). Note that

1/2
[V @B <Ivote 12 v e, )|

L2

<O+t 7,
which includes the proof of corollary 4.7. (|

COROLLARY 4.8. Under the additional assumptions of theorem 4.2, the derivative
of wvelocity decays exponentially in Sobolev space L?(R?), i.e.,

IVu(t, )llz2 < C||Vuo| 2 exp(_gt).

Proof. If we define the vorticity 2 = Du — Vu, where Du stands for the Jacobian
matrix of velocity u, and Vu stands for its transposed matrix, then the vorticity
plays a fundamental role in the compressible fluid mechanics. Indeed, by system
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(2.1),
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Q) takes the form of a quasi-linear evolution equation of hyperbolic type

0+ u-VQ+Q-Du+ Vu-Q+ ud =0. (4.31)

Multiplying © on both sides of equation (4.31), integration by parts, it follows that

)
5/ |Q|2dm+2u/ |Q|2dx<C’||Vu||Loo/ Q% dx
t JRd R4 R4

(4.32)
<u [ |0,
]Rd

where we have applied I(vg) < 1, which guarantees that

C||Vul L~ < CI2 (v)(t) < CT2(v0) < pr

In view of Gronwall’s inequality to (4.32) one has that

M

I, Iz < [1Q0]lL2e™ 2"

Thanks to ||Q|z2 < C||Vul|r2, and |[|[Vul[z2 < C||Q|z2 (see proposition 7.5 on page
294 in [1]), therefore, we have

[Vult, )| 2 < C||Vuol| 26~ 5"
O
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