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Abstract

The quasilinearity of certain composite functionals defined on convex cones in linear spaces is
investigated. Applications in refining the Jensen, Holder, Minkowski and Schwarz inequalities are given.
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1. Introduction

Let X be a linear space. A subset C C X is called a convex cone in X provided the
following conditions hold:

i x,yeCimplyx+yeC;
(i) xeC,a>0imply ax € C.

A functional & : C — R is said to be superadditive (subadditive) on C if:
(i) h(x+y) > (<) h(x) + h(y) forany x, y € C,
and nonnegative (strictly positive) on C if it satisfies:
@iv) h(x) > (>)0foreachx € C.

The functional 4 is s-positive homogeneous on C, for a given s > 0, if:
(v) h(ax)=a’h(x) foranya >0and x € C.

In [3], the following result has been obtained.

THEOREM 1.1. Let x, y € C and let h : C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C. If M > m > 0 are such that x —my and
My — x € C, then

M*h(y) = h(x) = m*h(y). (1.1)

Now, consider v: C — R to be an additive and strictly positive functional on C
which is also positive homogeneous on C. The following result concerning other
bounds for a composite functional may be stated as well [3].
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2] Quasilinearity of some functionals 109

THEOREM 1.2. Let x,y € C, let h be strictly positive, superadditive and positive
homogeneous on C and let v be an additive, strictly positive and positive homogeneous
functional on C. If M > m > 0 are such that x — my and My — x € C, then

h Mu(y) h v(x) h muv(y)
[ (y)} Z[ (X)] z[ (y)} ' (12)
v(y) v(x) v(y)
As shown in [3], the above results can be applied to obtain refinements of the Jensen,
Holder, Minkowski and Schwarz inequalities for weights satisfying certain conditions.
The main aim of the present paper is to study the quasilinearity properties of other

composite functionals and to apply the obtained results to improving some classical
inequalities as those mentioned above.

2. General results

The following result provides the quasilinearity property of a composite functional
when one of the components is additive while the other is either superadditive or
subadditive.

THEOREM 2.1. Let C be a convex cone in the linear space X and let v : C — (0, 00)
be an additive functional on C. If h: C — [0, 00) is a superadditive (subadditive)
Sfunctional on C and p > 1 (0 < p < 1), then the functional

W,:C—[0,00), W,x)=v"VP(x)h(x) (2.1)
is superadditive (subadditive) on C.

PROOF. First of all, we observe that the elementary inequality
@+ B = (=)ol +p7 (2.2)

holds forany o, 8 >0and p>1 0 < p < 1).
Indeed, if we consider the function

fpil0,00) >R, f,(1)=(+1)" —1”

we have fl/,(t) = pl(t + HP~1 —¢P=1]. Observe that for p > 1 and 7 > 0 we have
that fl’,(t) > 0, which shows that f, is strictly increasing on the interval [0, 00).
Now for t = «/B (where 8 > 0 and > 0) we have f,(¢) > f,(0) and consequently
((x/B) + 1)? — (a/B)? > 1, which is the desired inequality (2.2).

For p € (0, 1) we have that f), is strictly decreasing on [0, 0co) which proves the
second case in (2.2).

Now, if & is superadditive (subadditive) and p>1 (0 < p < 1), then we have
by (2.2) that

hP(x +y) = (=) [h(x) + k(D] = (=) hP(x) + AP (y) (2.3)

forall x, y € C.
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Utilizing (2.3) and the additivity property of v, we have for any x, y € C that
WPG4+y) P +hP ()

> (=)
v(x +y) v(x) +v(y)
h? (x) hP(y)
_ v(x) - NE) +v(y) - ) 2.4)
v(x) +v(y)
h(x) 1P h(y) 7P
_ v(x) ' [vl/Px(x)] + U(y) : [U]/I’y(y)]
v(x) + v(y)
Since for p > 1 (0 < p < 1) the power function g(¢) = t” is convex (concave), then
L _hx) L _h
12 () [v(x) ey T YO) G ]‘”
v(x) + v(y) (2.5)
B [h<x>v1—‘/P<x> +h(y)v‘—‘/P(y)T
N v(x +y)

forany x, y e C.
By combining (2.4) with (2.5) we get

ety [h(x>v1—‘/1’<x) +h(y)v“”ﬂ(y)r
vix+y) T T v(x +y)
which is equivalent to
ROty h)!' VP ) + h(y)o' VP (y)
l/P(x+y) T T v(x +)

that is, by multiplying by v(x + y),
Vpx +y) = (2) Vp(x) +Wp(y)
for any x, y € C and the proof is complete. O

COROLLARY 2.2. Assume that X, C and v are as in Theorem 2.1. If h : C — [0, 00)
is a superadditive (subadditive) functional on C and p, g > 1 (0 < p, g < 1), then the
two-parameter functional

W,,:C—[0,00), W,,x) =v/""VP)x)nd(x) (2.6)
is superadditive (subadditive) on C.

PROOF. Observe that ¥, ,(x) = [W,(x)]? for x € C. Therefore, by Theorem 2.1 and
the inequality (2.2), forg > 1 (0 < g < 1) we have

\Ilp,q(x +y) = [“ij(x + 0= () [q"p(x) + lIIp()’)]q
> () [y + [V, = W) 4 (x) + Wy 4(y)

for any x, y € C and the statement is proved. O
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REMARK 2.3. If we consider the functional ¥, (x) := vP~1(x)hP(x), then for p > 1
(O<p<1)and h:C — [0, co0) a superadditive (subadditive) functional on C, the
functional v/, is also superadditive (subadditive) on C.

The following result provides upper and lower bounds for a value of the functional
W, 4 in the case when the composite functionals are homogeneous.

COROLLARY 2.4. Let x,y e C, h:C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C and v an additive, strictly positive and
positive homogeneous functional on C. If p,q>1 and M > m >0 are such that
x —my and My — x € C, then

qu"'q(l_l/p)\IJp,q(y) > W, (x) > meI-i-fI(l—l/P)\pp’q(y)_ 2.7)
In particular,
MEEDPlyp () = Prp(x) = mE Dy () 238)
and
MY, (y) = W, () = m TP (y), 2.9)

where Vr,, and WV, are defined as above.

PROOF. The proof follows from Theorem 1.1 observing, from Corollary 2.2, that
the functional W, , is superadditive and [sq + g(1 — (1/p))]-positive homogeneous,
where s > 0 and p, g > 1. O

The following result also holds.

THEOREM 2.5. Let C be a convex cone in the linear space X and v : C — (0, 00) an
additive functional on C. If h: C — (0, 00) is a superadditive functional on C and
0 < p < 1, then the functional

1

®,:C — (0, 0), QP(X)ZW (2.10)
is subadditive on C.
PROOF. Lets := —p €[—1, 0). For s < 0 we have the inequality
(@+pB)y <o’ +p° (2.11)

for any «, 8 > 0.
Indeed, by the convexity of the function f;(¢) =¢* on (0, co) with s < 0, we have
that

(@+p8) <27'@ + 8
for any «, B > 0 and since, obviously, 2°~!(a* + B*) < a* + B, then (2.11) holds.
Taking into account the fact that £ is superadditive, then by (2.11)

R (x +y) < [h(x) + k()] < h°(x) +h*(y) (2.12)

forany x, y € C.

https://doi.org/10.1017/S0004972710000444 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710000444

112 S. S. Dragomir [5]

Since v is additive, then by (2.11) we have that
Rx+y) PO+ REG)
vix+y) T vx) +u(y)
h(x) 718 h(y) 78
v@) - [y ] o) - [ ]

= (2.13)
v(x) +v(y)
/s — 1/s _
B v(x) - [vh(x(f)] T u(y) - [Uh(y()y)] ’ _. 7
v(x) +v(y) o
By the concavity of the function g(z) =¢~* with s € [—1, 0) we also have
1/s /sy
v() e ) S 1
J< [ h) ho) } (2.14)
v(x) +v(y)
Making use of (2.13) and (2.14) we get
1/s 1/s
W +y) _ |:v(x) . vh(x(f) +o(y) - Uh(y()y) :|_Y
vix+y) v(x) + v(y)
for any x, y € C, which is equivalent to
. Ul+1/S( ) v]+1/.\‘(y)
Al (x +y) - GE ()
v +y) T vx) +u(y)
and, since v(x + y) = v(x) + v(y), to
1+1/s 1+1/s 1+1/s
v (x+y) - v (x) v )
h(x +y) h(x) h(y)
forany x, y e C.
This completes the proof. O

The following result may also be stated.

COROLLARY 2.6. Assume that X, C and v are as in Theorem 2.5. If h : C — (0, 00)
is a superadditive functional on C and 0 < p, q < 1, then the functional

1
ve((/P) =D (x)h4 (x)

®,,:C— (0,00, P, 0x)= (2.15)

is subadditive on C.

PROOF. Observe that @, ;(x) =[P, (x)]? for x € C. Therefore, by Theorem 2.5 and
the inequality (2.2) for 0 < g < 1, we have that

q)p,q(x +y) = [q)p(x + )7 < [q)p(x) + q)p(Y)]q
=< [q)p(x)]q + [cbp(.V)]q = cbp,q(x) + cpp,q(.V)

for any x, y € C and the statement is proved. O
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REMARK 2.7. If we consider the functional
1
vI=P ()P (x)
then, for O<p <1 and h:C — (0, 00) a superadditive functional on C, the
functional ¢, is subadditive on C.

Yp(x) =

3. Applications for Jensen’s inequality

Let C be a convex subset of the real linear space X and let f : C — R be a convex
mapping. Here we consider the following well-known form of Jensen’s discrete

inequality:
1 1
f(P] ;Pﬂﬁ) = P, ;Plf(sz 3.1
where I denotes a finite subset of the set N of natural numbers, x; € C, p; > 0fori € 1
and Pr:=) ,.; pi > 0.

Let us fix I € P7(N) (the class of finite parts of N) to be a set consisting of two or
more indices and x; € C (i € I). Now consider the functional J : S (/) — R given by

1
Ji(p) = Z pi f(xi) — PIf(;{ Z Pixi> >0, (3.2)
iel iel
where
S :={p=(piier | pi =0,i €l and P; > 0}

and f is convex on C.
We observe that S (/) is a convex cone and the functional J; is nonnegative and
positive homogeneous on St (7).

LEMMA 3.1 [5]. The functional J;(-) is a superadditive functional on S4(1).
Define the functional
-1 2p—1 1 1
aw@:P#)”Zmﬂm—ﬁ””%Q—ZmQ} (3.3)
; Py 4
iel iel
for p>1landg > 1.
The following proposition can be stated.

PROPOSITION 3.2. The functional Jp, 4 ;(-) is superadditive on Sy (I) for any p > 1
and g > 1.

PROOF. Define v(p) = P; and h(p) = J;(p). Then, for p > 1 andg > 1,
W, 4(p) = v =P ynt (p) = PP gl (p) = 7, 4.1 (P)

for any p €S+ (1).
Since v(-) is additive and J; (-) is superadditive on S (I), on applying Corollary 2.2
we conclude that J,, 4 ;(-) is also superadditive on S (/). O
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REMARK 3.3. We observe that, in particular, the functionals
~1 2p—1 1
@ = PPN gy — PP ”pf(F, > pl-x,-)
iel iel

and

- _ _ 1 P
Tp1(p) 1= [P,(” DIPS™ pif Gy — PPV ”f(;[ > pm)]

iel iel
are superadditive on Sy (/) for any p > 1.

The following result provides a refinement and a reverse for Jensen’s inequality
when bounds for the weights are known.

PROPOSITION 3.4. Ifp, q € S+ (I) and M > m > 0 are such that Mp > q > mp, that
is, Mp; > q; > mp; foreachi € I, then

M(zp—l)/p(ﬂ>(p_l)/p [Z pif(xi) — P,f(i > p-x->]
Qi o Pr -

iel
1
> qif ) — sz(— > ini) (3.4)
iel Q1 7
= v PLYCTT ey — p 2 .
=Zm (E) [;sz(xz)_ If(?];plxl)]7
forany p > 1.

PROOF. Applying Corollary 2.4 for the functional ¥, ,(p) = Jp 4.7 (p) and s =1,

_ 1-1 2—1 1 4
m1e 1/p)|:PI( w Z pif (i) — P} mf(;{ Z Pm)]

iel iel
_ _ 1 q
> [Q;l ) Z qi f (xi) — QEZ l/p)f(— Z Qixi)j| (3.5)
iel 01 5
q
e-1/p)| p=1/p) Creon _ pC-p o 1 -
>mf P |:P1 ;plf(xl) P, f(P] ;plxz)} .

Taking the power 1/¢ >0 in the inequality (3.5) we deduce the desired
result (3.4). O

The above Proposition 3.4 can be utilized to obtain various inequalities generated
by the appropriate choices of the convex function f.
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1) If f:X—>R, f(x)=|x||", r =1, p>1 where (X, | - ||) is a normed linear
space, then we can state the inequality

ep-nyp( PLY T r_ pl-r
M — > pillxill” = P}
iel

Z DiXi

Qi icl
r
> qilxil” = Q17| Y gixi (3.6)
iel iel
_— Py (p=D/p ' r
>m®P- ””(—) [Z pillxill” = Py D pixi }
Qi iel il
and, in particular,
. Py (p—D/p
M- W(—) [Z pillxil = | pixi ]
Qi iel icl
> aqillxill = || D qixi 3.7)
iel iel
5 | PI (p—1/p
=m®r- W(—) [Z pillxill = || Y pixi }
Qi il iel

for I € Py(N) and p, q € S+ (I) with Mp > q > mp and M > m > 0, for any
vectors x; € X,i € 1.
(2) Forx; >0and p; >0 (i € N) sothat P; > 0, let us denote

1 1/ Py
A p.x) = 5 Y pixi, GU,p,x):= (H(xi)"f) :

iel iel
to be the weighted arithmetic and geometric means, respectively.
Applying the above Proposition 3.4 for the convex function f(x) =—Inx, x €
(0, 00), we can state the inequality

[A(I, D, )C) :|M(2I’1)/P(P1/Q1)(2P1)/1’ . A(I, q, X)

G p.x) o er-np (3:8)
m'=P=IP(Pr/ Q)P '
_[Ad.p. %)
G, p, x)
for p> 1,1 € Ps(N) and p, q € S (/) with Mp > q > mp and M > m > 0, for any

xi>0,iel.

It is well known that if f: C — R is a strictly convex function and not all vectors
x;i € C, i €I are equal between them, then a strict inequality holds in Jensen’s
result (3.1). Therefore, we can consider the functional

1

v/ =D (x)h4 (x) (3.9)

Rp,q,l(p) =
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where, as above, v(p) = P, h(p) = J;(p) and 0 < p, g < 1.
In a more explicit way we then have

1
Rpq.1(0) = . 310
qu/p[f% Yier pif i) = £ Lies pixi)]’
We can also consider the particular functional
1
Rp.1(p) = 3.1

Pl[r% Yier Pif(xi) — f(p% el Pixi)]p'
By utilizing Corollary 2.6, we can state the following result.

PROPOSITION 3.5. If f:C — R is a strictly convex function and not all vectors
x; € C, i €I are equal between them, then the functional R, 4 1 is subadditive on
S+ (I) forany p, q with0Q < p, g < 1.

As a simple example, we can consider the functional

1

P [in(Gp5)]"

Apg1(P) = (3.12)

which is therefore subadditive on S (1) for any p, g withO < p, ¢ < 1 and any x; > O,
i € I that are not all equal between them.

4. Applications for Holder’s and Minkowski’s inequalities

Let (X, | - ||) be a normed space and I € P7(N). We define
E():={x=(xj)jer | xj € X, jel}

and
K(I) = {)»:()»j)]g] |)‘j EK,jEI}.

We consider the functional

1/a 1/8
H1<p,x,x;a,ﬁ>:=(ijm,-r’) (Zp,-uxm) -

jel jel

> pirxj|.

jel

fora, > 1, where 1/aa +1/8=1.
The following result has been proved in [3].

LEMMA 4.1. Foranyp, q € S+(I),
Hi(p+q, 2, x;a,8)>Hi(p, A, x; a, B) + Hi(q, A, x; , B), “4.1)

where x e E(I), e K(I) and o, B > 1 with 1 /o +1/8 = 1.
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REMARK 4.2. The same result can be stated if (B, || - ||) is a normed algebra and the
functional H is defined by

1o 1/8
Hi(p, k. x: at, B) = (Z piuxin“) (Z pinyinf’) -
where x = (x;)ier, y=i)ies CB,peSi(I)and o, B > 1 with 1/a +1/8 = 1.

Z DiXiYi

iel

iel iel

Define the following functional on S (/):
1-(1
Hpg1 (0, 2 x5, B):= PIU VP H(p, 2, x; @, ). 4.2)

Since H (-, A, x; o, B) is positive homogeneous, on utilizing Corollary 2.4, we can
state the following result.

PROPOSITION 4.3. Ifp,q € S+ (I) and M > m > O with Mp > q > mp, then

B Py (p—=D/p 1/a 1/8
M®er ”/P(—) [(Z pi|xl-|“) (Z p,-||xl~||ﬁ) — 1D pinixi }
Qi iel iel iel
1/a 1/B
> (Z q,-|xi|“) (Z qinxinﬂ) — 1D airixi

iel iel iel (4'3)

. Py (p=D/p 1/a 1/
>m@r- ’“’(—) [(Z pi|xi|“) (Z pillx; ||'3)
Q1 iel iel
Zpi)»ixz' }

iel
forx e E(I), \e K(I), p>1landa, p > 1, where 1/a +1/8 = 1.

PROOF. By Corollary 2.4 applied to the functional W, ,(p) = Hp 4.1 (P, A, x; o, B),

l/a 1/ q
_ 1-1
MeC=YP plt /’”[(Z pi|xi|“) (Z pinxinﬂ) — I3 pirixi }

iel iel iel
:|LI

1/a 1/8
zQ?“‘”’”[(Zq,-ma) (Zq,-nxinﬁ) — 1> ainini

iel iel iel (4‘4)

1/a 1/8
> mq<2—1/P>P,‘f“‘”P>[(Z pi|x,-|°‘) (Z pillxi ||ﬁ)
iel iel
q
Z PikiXi :| :

iel
Taking the power 1/g > 0 in the inequality (4.4) we deduce the desired result (4.3). O
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We define the functional
1/ 1/aqo
Mi(p. x, y: o) = [(Z pl-||xi||°‘) + (Z pi||yi||°‘> ]

iel iel

— > pillxi + yill®,

iel

4.5)

wherepe Sy(I),a>1and x, y € E(I).
The following result concerning the superadditivity of the functional Mj (-, x, y; «)
holds [3].

LEMMA 4.4. Foranyp, q € Sy(I),

Mip+q,x,y;a)>Mi(p, x,y;,a) + M;(q, x, y; @),
where x, y € E(I) and o > 1.

Since the functional M;(-, x, y; o) is positive homogeneous on S;(/), then on
utilizing Corollary 2.4, we can state the following proposition.

PROPOSITION 4.5. Ifp,q€ S+ (I) and M > m > 0 with Mp > q > mp, then

I AN /e 1
M©eP- W(—) {[(Z pinxiu“) + (Z pi||yi||“> ]
o iel iel
— > pillxi +yi||°‘}

iel

1/a 1/aqa
> [(Z qinxin“) + (Z qinyz-n“) } =Y gillxi + yil® (4.6)

iel iel iel

omiynf PP e 1/eq
>m@r “’(—) {[(Zpiuxin“) +<2p,~||y,~||°‘> ]
i iel iel
-~ Zpi||x,~+yi||“},

iel

where x,y e E(I), p> 1 and o > 1.

5. Applications for Schwarz’s inequality

Let X be a linear space over the real or complex number field K and let us denote
by H(X) the class of all positive semi-definite Hermitian forms on X or, for simplicity,
nonnegative forms on X, that is, the mapping (-, -) : X x X — K belongs to H(X) if
it satisfies the conditions:

i) (x,x)>0forallx € X;

(i) A(ax + By, z) =alx,z) + B(y,z)forallx, y € X and o, B € K;
@) (y,x)=(x, y)forallx, y e X.
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If (-, -) € H(X), then the functional | - || = (-, -)!/? is a semi-norm on X and the
following version of Schwarz’s inequality holds:

Iyl = 1x, y) (.1

foreach x, y € H.

Now, let us observe that H(X) is a convex cone in the linear space of all mappings
defined on X? with values in K. Also, we can introduce on H(X) the following binary
relation [4]:

(- 9)2= (-, )1 if and only if ||x[|2 = [|lx||y for any x € H. (5.2)

This is an order relation on H(X) (see [4]).
Consider the functional [4]

o HX) x X2 = Ry, o ({0 x,3) = Ixllyll = 16x, p)l,

which is closely related to the Schwarz inequality in (5.1).

LEMMA 5.1 [4]. The functional o (-; x, y) is nonnegative, superadditive and positive
homogeneous on H(X).

Now, if we consider the composite functional

Wy el ), x,y) = (e, e)0=IPDGa (. x,y)

(5.3)
= [lel A=A PI x|yl — [ (x, y)[14

where x, y, z € X, and p, g > 1, then, by Corollary 2.2, we can state the following
result.

PROPOSITION 5.2. The functional Wp 4 (-, x, y) is superadditive and monotonic
nondecreasing on H(X).

The following proposition concerning some inequalities for equivalent norms
generated by inner products is of interest for applications.

PROPOSITION 5.3. Let M > m > 0 and let (-, -)1, (-, -)2 be two inner products on X
such that M||x||1 > ||x|l2 = m||x||| foreach x € X. Ife € X, e # 0 and p > 1, then

20p-1y/p ( lleln 2p=D/p
- lel (xlaliyl = 1y = Ixli2liyllz =[x, y)al

5.4
s2p—1yp (Nlell \ 2@ ~7P 64
=z my el Ul iyl = Kx, y31D,

foranyx,y e H.
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PROOF. On applying Corollary 2.4, we deduce that

_ 2q(1—1
M= 2P eyl — [, )i

2q(1—
> 11el 392 allylla = [(x, y)2117 (5.5)

— 2g(1-1
> m2 1P e 1P eyl — [ )i

for x, y fixed in X.

Taking the power 1/g > 0 in the inequality (5.5), we deduce the desired result
(5.4). O

The above result can be used to obtain some inequalities for positive definite
operators.

COROLLARY 5.4. Assume that A : H — H is a self-adjoint linear operator on the
Hilbert space (H, (-, -)) satisfying the property that there exist I' >y > 0 such that
'l > A > y I inthe operator order (that is, Ilx|?> (Ax, x) > y||x||2f0ranyx e H)
Then for p > 1 we have the inequality

rep=b/p - y
m(llxﬂﬂyﬂ — e, VYD) > (Ax, )2 Ay, Y2 (Ax, y)]|
y(2p—1)/17 (5.6)
= Creeyorp (AT = 16 D,

forany x, y € H and e € H with |e| = 1.
The following result for invertible operators also holds.

COROLLARY 5.5. Assume that A : H — H is an invertible linear operator on the
Hilbert space (H, (-, -)). Then for p>1 and e € H with |le| =1 we have the
inequality

| A||2(@P=D/p)

W(IIXIIIUII =[x, 0D = [[Ax[[| Ayl — [{Ax, Ay)]|

|A=1|—2(@p=1/p) 5.7)
ey (I =10 3D,
foranyx,ye H.
PROOEF. Since A is invertible,
IANIx] = 1Ax] = [JA™H 7 ]
for any x € H. Applying Proposition 5.3 we deduce the desired result (5.7). O
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REMARK 5.6. Similar results can be stated if one uses the following nonnegative,
superadditive and positive homogeneous functionals on H(X) (see [2, pp. 8-15]):

o (-, ) x, ¥) := [x [yl — Re(x, y),
8(( ), y) = I Py l® = 1, )12,
8 (- ) x, ¥) i= Iy I? — (Relx, y)2,
2 2 2

e 7, ) i llx]] ||y||”y”2|<x, )

where, in the definition of y, (-, -) is an inner product and y is not zero, and

’

Bt s x, )= (I Pyl =[x, y) )2,

foreach x, y € X.
The details are left to the interested reader.

REMARK 5.7. For other examples of superadditive (subadditive) functionals that can
provide interesting inequalities similar to the ones outlined above, we refer to [1, 6-9].

References

[1] H. Alzer, ‘Sub- and superadditive properties of Euler’s gamma function’, Proc. Amer. Math. Soc.
135(11) (2007), 3641-3648.

[2] S. S. Dragomir, Advances in Inequalities of the Schwarz, Triangle and Heisenberg Type in Inner
Product Spaces (Nova Science Publishers, New York, 2007).

[3] S.S.Dragomir, ‘Inequalities for superadditive functionals with applications’, Bull. Aust. Math. Soc.
77 (2008), 401-411.

[4] S.S. Dragomir and B. Mond, ‘On the superadditivity and monotonicity of Schwarz’s inequality in
inner product spaces’, Contributions, Macedonian Acad. Sci. Arts 15(2) (1994), 5-22.

[5] S. S. Dragomir, J. Pecari¢ and L. E. Persson, ‘Properties of some functionals related to Jensen’s
inequality’, Acta Math. Hungar. 70 (1996), 129-143.

[6] L.Losonczi, ‘Sub- and superadditive integral means’, J. Math. Anal. Appl. 307(2) (2005), 444-454.

[7]1 S. Y. Trimble, J. Wells and F. T. Wright, ‘Superadditive functions and a statistical application’,
SIAM J. Math. Anal. 20(5) (1989), 1255-1259.

[81 A. Vitolo and U. Zannier, ‘Inequalities for superadditive functions related to a property R [of]
convex sets’, Boll. Unione Mat. Ital. A (7) 4(3) (1990), 309-314.

[9] P. Volkmann, ‘Sur les fonctions simultanément suradditives et surmultiplicatives’, Bull. Math. Soc.
Sci. Math. R. S. Roumanie (N.S.) 28(76)(2) (1984), 181-184.

S. S. DRAGOMIR, Mathematics, School of Engineering & Science,

Victoria University, PO Box 14428, Melbourne City, MC 8001, Australia

and

School of Computational and Applied Mathematics, University of the Witwatersrand,
Private Bag-3, Wits-2050, Johannesburg, South Africa

e-mail: sever.dragomir@vu.edu.au

https://doi.org/10.1017/S0004972710000444 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710000444

