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It was shown by Baer in [ 1] that every soluble group satisfying Min-n, the min-
imal condition for normal subgroups, is a torsion group. Examples of non-soluble
locally soluble groups satisfying Min-n have been known for some time (see
McLain [2]), and these examples too are periodic. This raises the question whether
alllocally soluble groups with Min-n are torsion groups. We prove here that this is
not the case, by establishing the existence of non-trivial locally soluble torsion-free
groups satisfying Min-n. Rather than exhibiting one such group G, we give a general
method for constructing examples; the reader will then be able to see that a
variety of additional conditions may be imposed on G. It will follow, for instance,
that G may be a Hopf group whose normal subgroups are linearly ordered by in-
clusion and are all complemented in G; further, that the countable groups G with
these properties fall into exactly 2" isomorphism classes. Again, there are exactly
2" isomorphism classes of countable groups G which have hypercentral non-
nilpotent Hirsch-Plotkin radical, and which at the same time are isomorphic to all
their non-trivial homomorphic images.

As a by-product, we shall also show the existence of locally soluble torsion-
free groups which are characteristically simple and whose proper non-trivial
normal subgroups are linearly ordered by inclusion, with the order type Z of the
integers.

1. Treble products

1.1 Our results depend on some properties of the treble product of three
groups. This is a particular case of the twisted wreath product introduced by
Neumann in [3]; however, in order to make our arguments clearer, we use here a
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different notation from that adopted by Neumann. Suppose we are given three
groups A, B and C and homomorphisms

s:B—oAut 4 and t:C—AutB,

where Aut X denotes the automorphism group of X. Let W = A C be the (stan-
dard, restricted) wreath product of A and C. We form the free product F of W
and B, and write T for the quotient group of F by the normal subgroup K gen-
erated by all b'c™ b ¢ and all a*?b'a"'b, where a, b and ¢ run through
the elements of 4, Band C respectively. Then we call T the treble product of 4, B
and C, and we denote it by Tr(A4, B, C;s, 1) or, suppressing reference to s and ¢,
oy Tr(4, B, C).

Obviously W NK = BNK = 1. We may therefore identify A, B and C.
with their images in T'. It is not hard to see that the subgroups {4, B) and {B,C)
of T are split extensions of A and B, and that T itself is a split extension of the
normal closure D of A in T by BC,; further D is the direct product of the sub-
groups ¢ 'Ac (ceC) of T.

In the terminology of Neumann [3], T is a twisted wreath product of 4 by BC.

1.2 We collect here some results about normal subgroups, and in particular
minimal normal subgroups, of the treble product T of three given groups 4, B
and C. In the special case B = 1, Lemma 1 and Lemma 3 reduce to well known
properties of wreath products.

LEMMA 1. Suppose that N <1 A is a minimal normal subgroup of AB, and
that N is not contained in the centre Z of A. Then the normal closure N€ of N in
T is a minimal normal subgroup of T.

PRrOOF. Let M be a normal subgroup of T such that 1 # M < N€. We must
show that N° = M for some c € C; it then follows immediately that M = N€, and
that N is a minimal normal subgroup of T. If L, = [4A°,M] # 1 for some ceC,
then, because L, is normal in 4°B and contained in N°, we have N° = L, = M,
as required. If L, = 1 for each c e C, then M is contained in the centre of A€, and
its projection in each subgroup A€ is contained both in N°and Z°, and therefore
is trivial; thus M = 1, a contradiction.

It is easy to see that the conclusion of Lemma 1 need no longer hold if the’
condition N & Z is deleted. However, we require for later use a criterion valid
also in the case N © Z. One such is provided by

LEMMA 2. Suppose that N<1 A is a minimal normal subgroup of AB. If,
for every element ¢ # 1 of C, there is a two-variable word p(a, b) and there is an
element x, of B, such that
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(i) pS,b) =1 for all b in B,
@ii)) pfa,x) # 1foralla+#1in N, and
(iii) pJa,cx.c”') =1 for all a in N,

then N€ is a minimal normal subgroup of T.

PROOF. Let M be a normal subgroup of T such that 1 # M = N Again it
will be enough to show that some conjugate of N is contained in M. Suppose that
this is not the case, and let

Ny, - N,
be a minimal collection of conjugates of N such that
Q=MANN;N,---N, # 1.

Then k = 2. We may clearly assume N; = N. Let N, = N°, so that ¢ # 1. We
choose a non-trivial element g of @, and write ¢’ = p.(q, x,.). Then, by condition
(i), q' lies in the normal closure of {(g) in {q, x>, and therefore in Q. Further, if
g; denotes the projection of g in N, then the projection of ¢’ in N; is pJq;,x,), for
each i. By (ii), p(q;,x.) # 1, so that g’ # 1. On the other hand,

pc(qk’xc) = c—lpc(chc-l’cxcc—l)c =1,
from condition (iii). Thus
1 # q,EM anNZ'“Nk—l'

But this is in contradiction to the choice of N, ---, N,, and the Lemma follows.
For later convenience we include the

REMARK. Let N be a minimal normal subgroup of AB, contained in A, and
suppose that there is an element y of B such that y 'ny = n® for all neN. If
[[y,c],n] # 1 whenever 1 # ce C and 1 # ne N, then the conditions of Lemma
2 are satisfied with

pfa,b) = a~?b"'ab, and x.= c yc,
forallc#1in C.

LEMMA 3. Let N be a normal subgroup of AB, contained in A, such that
N N X # 1 for every normal subgroup X # 1 of AB. Then NN M # 1 for
every normal subgroup M # 1 of T.

Proor. Letl # M < T. If ASBNM =1, then M centralizes A€ and so
normalizes A; but since the normalizer of 4 is evidently A°B, we have a contra-
diction. Therefore M, = A°B N M is a non-trivial normal subgroup of 7.

We choose an element m # 1 of M, with, say, m = db, where d € A€ and
be B. We may assume d # 1, for otherwise we would have 1 ¢ M; N AB and
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N N M, = 1. Replacing m by a conjugate if necessary, we may further assume
that the projection a of d in A4 is non-trivial. We write R for the direct product of
all conjugates of 4 except A itself. Then

1 #£ abe RM, N AB<1 AB,

so that (RM; NAB)N N # 1, and, in particular, RM; NA # 1. Let 1 # a’
= r'm’ witha’ e A, r'eRand m’ e M,. We cannot have a’ = r’, since the group
generated by A4 and R is their direct product; therefore m’ = r'a’~! is a non-
trivial element of A€ N M. It follows that M, = A° N M, is a non-trivial normal
subgroup of T.
Let

Ay, Ay

be a minimal collection of conjugates of A such that A4,---4, "M, # 1. We
denote by N; the subgroup of 4; conjugate to N, and write

Tj = Nl "‘NjAJ+1"'Ak nMZ

for 0 < j £ k (with the obvious conventions for j = 0 and j = k). Then T # 1.
Suppose j < k and T; # L. The projection of T;in A;,, is a non-trivial normal
subgroup of A4;, B, and so has non-trivial intersection with N;,; it therefore
follows that T;,, # 1. Thus we have

NeNM = N°NM, # 1,
as required.

"~ Combining Lemmas 1, 2 and 3 we now have

LemMA 4. Suppose that the normal subgroup N of AB is contained in every
non-trivial normal subgroup of AB and satisfies either the conditions of Lemma 1
or those of Lemma 2. Then N€ is contained in every non-trivial normal subgroup
of T.

1.3 We now show how the treble product construction may be iterated, to
produce a treble product tower. Let p be an ordinal number. Suppose we are
given a family {4,;0 < ¢ < p} of non-trivial groups and a family
{6,+1;1 £ 0+ 1 < p} of homomorphisms, with 6,,; a homomorphism from
A, +1 into Aut A, for each 6. We define an ascending sequence K, (¢ < p) of
groups, and an auxiliary sequence L,(c¢ < p) as follows:

K, = L, = A,, and K, is the split extension of A, by 4,. If K, is defined and
is the split extension of a subgroup L, by A,, then

Ka+2 = Tr(La" Aa” Aa+ 1)'

So K,., has K,,; = L,A, as a subgroup, and K_,, is a split extension of
L, =(K,.1)%*? by A, ,.If ¢ is a limit ordinal and K, is defined for all 7 < g,
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with K, c K, for all 7, then we define K, = U {K,; < 6}, and we define K,
= K, U A,, the standard wreath product of K, by 4,. Then K, « K,,,, and
K, ., is a split extension of the base group L, of K ., by 4,.

Thus the groups K, are defined for all ordinals ¢ < p. The group K, will be
called the treble product tower of the groups 4, (0 £ ¢ < p), and it will be denoted
by Trt(4,;0 < ¢ < p).

LeMMA 5. Suppose that p > 2 and that N is a minimal normal subgroup
of K, = {(Ay,Ay), contained in A,. Suppose further that the hypotheses of
Lemma 1 or of Lemma 2 are satisfied for N, with A = Ay, B= A, and C = A,.
Then N*» is a minimal normal subgroup of K.

ProOE. For p = 3 the statement is true by Lemma 1 or Lemma 2; we
therefore assume p > 3 and argue by induction on p. If p — 2 exists, we have

Kp = Tr(Lp—Z’ Ap—Z’Ap—l)s

and N¥»~* is a non-central minimal normal subgroup of K,_;. We may therefore
apply Lemma 1 (with A =L, ,, B= A, , and C = A4,_,) to deduce that N¥e
is a minimal normal subgroup of K,. If p — 1 exists and is a limit ordinal, then
K, is the standard wreath product of K,_; and 4,_, and the result again follows
from Lemma 1, with B = 1. Finally, if p is a limit ordinal, and if M is a non-
trivial normal subgroup of K, contained in N*¢, then M NN*- s 1 for some
o < p; and since M N N %~is a normal subgroup of K, contained in N*-, we have
N*- = M N N¥X- and N*» = M. Thus N¥¢ is a minimal normal subgroup of K,
as required.

LEMMA 6. Suppose that p > 2 and that N is a normal subgroup of K,
= {Ag, A,>, contained in A,, such that N N\ X # 1 for all non-trivial normal
subgroups X of K,. Then N** Y #£ 1 for all non-trivial normal subgroups
Y of K,

The proof by induction on p using Lemma 3 is similar to the proof of Lemma
5, and we omit it.

Combining Lemma 5 and Lemma 6, we have

LEMMA 7. Suppose that p > 2, and suppose that the minimal normal sub-
group N of AyA, is contained in every non-trivial normal subgroup of AgA,. If
either the conditions of Lemma 1 or those of Lemma 2 are satisfied for N, with
A= Ay, B= A, and C = A,, then N¥* is a minimal normal subgroup of K,,,
and is contained in every non-trivial normal subgroup of K,,.
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2. Groups satisfying Min-n

2.1 L,-groups. Every locally soluble group satisfying Min-n has an ascending
ivariant series with Abelian factors; this is a straightforward consequence of the
result of McLain [4] that each minimal normal subgroup of a locally soluble
group is Abelian. The first groups which we construct are locally soluble torsion-
free groups G which have unique ascending invariant series with Abelian factors,
of length any given limit ordinal p. The normal subgroups of such groups are
linearly ordered by inclusion, of order type p + 1, so that, a fortiori, the groups
satisfy Min-n. For brevity, we call a locally soluble group whose non-trivial nor-
mal subgroups are linearly ordered of order type p + 1 a L -group.

We begin with a general lemma concerning treble product towers.

LEMMA 8. Let G = Trt(4,;0 < ¢ < p), and suppose that

(a) A, has no A, -invariant subgroups other than A, and 1, for each o
satisfying 1l £ o +1 < p, and

(b) for each o satisfying 2 £ o + 2 < p, the conditions of Lemma 4 are
satisfied with A= N = A,, B=A,.; and C = A,,,.

Then any proper non-trivial normal subgroup of G is either of the form
K¢ for some ¢ < p, or, in the case when p is not a limit ordinal, contains L,_,.

ProOF. Let 1 # M <1 G. We may assume M < K, = G. Let o be the smallest
ordinal with K, ¢ M then ¢ is not a limit ordinal, and, from Lemmas 5 and 6,
o > 1. Thus ¢ = 7 + 1 for an ordinal 7, and K¢ = M. But G is a split extension of
K¢ by H = {44;t < ¢ < p), which is itself a treble product tower. If t + 2 < p,
then, again by Lemmas 5 and 6, every non-trivial normal subgroup of H con-
tains A,,, = A,; thus by choice of o, we must have K% = M. Otherwise,
¢ =1+ 1= p, and M contains both K,_; and its normal closure L,_,. The proof
of Lemma 8 is complete.

We now suppose in Lemma 8 that p is a limit ordinal and that each subgroup
A, is Abelian. Then each subgroup generated by finitely many subgroups 4, is an
iterated extension of Abelian groups, and so is soluble; and it follows that G is
locally soluble. Thus, from the Lemma, G is an L ,-group. If each subgroup 4, is
torsion-free, so also is G. Further since 4, is a faithful module for 4, ., for every
o, each minimal normal subgroup of a non-Abelian quotient group of G will
coincide with its centralizer. Thus, in order to exhibit the existence of torsion-free
L -groups with unique ascending series with Abelian factors, it will be enough to
show how we may choose sequences (A4,;0 < ¢ < p) of Abelian torsion-free
groups, with A, a faithful irreducible A,.,,-module for each o, and with each
triple (4,, A, 41, A +2) satisfying the conditions of Lemma 2.

Let F be a field of real numbers which is closed under forming (real) nth
roots, for all natural numbers n. Examples of countable such fields are (a) the
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field of real algebraic numbers and (b) the field of all real algebraic numbers with
soluble Galois groups; the real field itself is an uncountable example. The group
QO of all matrices

‘a b)
(0 1 (a,beF,a > 0)

is a split extension of

N b)' _ffa 0Oy,
Sp = {(0 1) beF} by PF—{(O 1),aeF,a>0}.

The groups Sy and Py are isomorphic divisible Abelian groups, and P operates
faithfully and irreducibly on S;. The ring of endomorphisms induced by Qp
in Sg is isomorphic to F itself, so Qp, = Qf, if and only if F, = F,.

Now we consider Trt(4,; 0 < ¢ < p), where all A, are Abelian torsion-free
divisible groups of countable rank and the split extensions 4,4, ;, are isomorphic
to Qr , where the F, are countable fields of real numbers which are closed under
forming (real) nth roots. By the Remark following Lemma 2, each triple
(A,, Ay, A,y ») satisfies the conditions of Lemma 2. Thus, from Lemma 8, G is
an L-group.

Every normal subgroup of G is complemented. For each o there is a maximal
subgroup T, such that K, < T, and K,,,T, = G.

If p = w and, for some natural number k, we have a set of isomorphisms
s, such that

(454541 = AgirAosrs1r A7 = Agiis AT+ 1 = Agirsts

and such that s,s;}, is the identity mapping on A, , then there is an isomorphism
s defined by

(ala2 vee ar)s p— asld(l)a;d(l) vee a:ﬂ'(')

fora;e A,;, mapping Trt(4,;0 £ ¢ < w) = Gonto Trt(4,;k £ 0 < ) = G/K§,
and G is non-Hopfian. Indeed, by suitable choices for the groups Qy , we canensure
that G has precisely k isomorphism classes of non-trivial quotient groups.

On the other hand, if F; and F, are two non-isomorphic countable fields of
real numbers closed under forming (real) nth roots, and if f is a function defined
on the positive integers taking the values 1 and 2, we may define G, =
Trt(4,; 0 £ ¢ < w) with all 4, Abelian torsion-free divisible of countable rank and

AoA; = Qf,,

A,A, 1 = Qp, if 0 is not a square, and
~ —_— 2

AsAs+1 & Oy, for o = n?.

If f; # f,, then G; % G, ; and G, is not isomorphic to any of its proper
quotients, since the distribution of the fields is not periodic. So there are at least
2% isomorphism classes of Hopfian groups G;, and if f(n) = 1 for infinitely
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many n, the quotient groups of G, are mutually non-isomorphic. However there
are only 2™° isomorphism classes of countable groups, and we conclude that
there are exactly 2*° isomorphism classes of countable Hopfian torsion-free
L-groups.

2.2 Normal subgroup lattices which are not linearly ordered. Of course,
not every torsion-free locally soluble group satisfying Min-n is an L ,-group for
some ordinal p, because any finite direct product of groups of the sort constructed
above in section 2.1 satisfies Min-n. We next suggest how two of the many possible
modifications of the construction of L, -groups can be used to establish the exis-
tence of locally soluble torsion-free groups satisfying Min-n, none of whose non-
trivial quotients are directly decomposable or have their normal subgroups linearly
ordered by inclusion.

Let G; = Trt(4,; 0 < o < p), where p is a limit ordinal, and where the
operation of each 4, on A, is defined in the following way: A4, is considered as
the additive group of a vector space of finite dimension n, over, for example, the
field F of real algebraic numbers, and A4, ; operates on A, as the multiplicative
group of positive elements of F. Using Lemmas 5 and 6 for the group P, =
Trt(A,; 6 <t < p) and for quotient groups of P, by normal subgroups contained
in AZ-, it follows that every normal subgroup of P, is contained in or con-
tains 47 . The lattice .% of normal subgroups of G, has a sublattice

¥ ={1,K}';0 <0 <p},

of order type p + 1, consisting of the elements comparable with all elements of
&#; and the interval of the lattice between K&' and K&, is isomorphic to the
lattice of subspaces of an F-space of dimension n,. G, is locally soluble, torsion-
free and satisfies Min-n; however if n, > 1 for at least one ¢ < p, the lattice & of
normal subgroups of G, is not even distributive.

Let G, = Trt(4,; 0 < ¢ < p), where p is a limit ordinal. We express each
group A, as a direct product of two isomorphic factors, which we regard as the
additive groups of two non-isomorphic fields of real numbers closed under forma-
tion of (real) nth roots for all n. We let A4, , operate on the direct factors as the
multiplicative groups of positive elements of the two corresponding fields. This
time, the lattice % of normal subgroups has a sublattice & of elements comparable
with all elements of %, and the intervals of .# between any two neighbouring
elements of ¥ are isomorphic to the non-linear lattice of order 4.

2.3 Once we have constructed locally soluble groups satisfying Min-n which
do not possess central factors, it is possible to construct new ones by using wreath
products. This is a consequence of the following Lemma which is probably well
known (cf. Hall [5]; p. 425).
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LEMMA 9. Let X and Y be transitive (faithful) permutation groups, and let
W be the (permutational) wreath product of X and Y, with base group D. If X
has no non-trivial central factors, then any normal subgroup H of W is either
of the form NY with N< X or DM with M < Y.

It follows in particular from Lemma 9 that the wreath product of two groups
satisfying Min-n and having no central factors has the same properties. Indeed, it
can be deduced from Lemma 9 by induction on the ordinal p that the wreath
product W = Wr(G,; 6 < p) (in the sense of Hall [6], p. 175) satisfies Min-n
whenever the groups G, (g < p) satisfy Min-n and have no non-trivial central
factors. If the groups G, are locally soluble, so is W, and if the G, have their nor-
mal subgroups linearly ordered by inclusion, so does W. Thus we have another
source of locally soluble groups satisfying Min-n; and in particular, using the
periodic L ,-group defined by McLain in [2], we see that there are L ,,-groups
with elements both of finite and infinite order.

2.4 Properly hypercentral Hirsch-Plotkin radicals. In this section we
construct torsion-free locally soluble groups G satisfying Min-n, whose normal
subgroups are linearly ordered by inclusion, and all of whose non-trivial quotient
groups have non-nilpotent hypercentral Hirsch-Plotkin radicals. We begin by
constructing a treble product T = Tr(A4, B, C), with A, B and C Abelian torsion-
free divisible groups, whose normal subgroups contained in A€ are linearly
ordered by inclusion and satisfy the minimal condition, and whose Hirsch-
Plotkin radical is non-Abelian.

We take for 4, B and C Abelian torsion-free divisible groups of countable
rank, and consider 4 as a vector space of countable dimension over a countable
field f of real numbers closed under the formation of the (real) nth roots of positive
elements for all natural numbers n. Let ¢y, ¢,, --- be a f-basis of 4, and let E; be
the f-subspace generated by e, -+, e, We write B as a direct product Fy x F,
of two divisible groups of countable rank, and let one of them, F,, operate on
A as the group of scalar multiplications by positive elements of f. Thus the sub-
groups of A invariant under F, are just the f-subspaces of A.

Let us denote by # the -linear mapping of A which maps ¢; ontoe;_, fori > 0
and e, onto the zero vector. We choose a subfield §) of ¥ (not necessarily closed
under taking roots) whose additive group is isomorphic to that of f.For each
webh we define &(w) by the formal power series for (1 + n)*:

_Iww—=1--(w=n+1) ,
é(W)—n=ZO 1.2_“.’1 ,7'
Because 7 is a locally nilpotent endomorphism of A, the &(w) are all well defined
f-linear mappings of A. Furthermore we have &(kw) = (&(w))* for all integers k,
and &(wy)E(w,) = &(wy + w,) for all w,,w, €l). Therefore the set L of all linear
mappings &(w) is an Abelian torsion-free divisible group of automorphisms of A
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and has countable rank. We choose an isomorphism of F, and L, and use it to
define the operation of F, on A. The automorphisms of A induced by F, and F,,
centralize each other; we may therefore consider B = F, x F, as operating on
A, and form the split extension of 4 by B. It is then easy to verify that

(a) the non-trivial normal subgroups of AB are just the subgroups E; and
the subgroups containing A,

(b) AF, is hypercentral, and E;_, is the ith term of its upper central series;
further AF, is the Hirsch-Plotkin radical of AB,

(c) ABJE, is isomorphic to AB for each i, and

(d) ifae A and a ¢ E,, then the centralizerof ain ABis A;ifac Aand a¢E,,
then [b,a] ¢ E, for all b # 1 of B.

We take an element y € E,,y ¢ E,. Then [y, Fo] is a subgroup of E, isomorphic
to the additive group of ), and the normalizer P of [y,F,] in F, is such that
[y, Fo]P is isomorphic to Qp as defined in section 2.1. Since there are 2% non-
isomorphic subfields Iy of  with additive group isomorphic to that of f, there are
2% jsomorphism classes for the extensions AB.

It remains to define the action of C on B. This we may do by requiring that
BC be isomorphic to AB under an isomorphism f : AB — BC such that

A =B, Ef=F, and B’ =,

and such that E{ does not contain the element x € B which satisfies a~2x " 'ax =1
for all a e A. Then we may use Lemma 4, together with the Remark after Lemma 2,
to deduce that E§ is contained in every non-trivial normal subgroup of T =
Tr(A4, B, C). Because Tr(4, B, C) and Tr(A/E,, B, C) are isomorphic under the map
which acts as the identity on BC and maps ¢; onto the coset Ee;, ;, for each j,
it follows furthermore that every non-trivial normal subgroup of T either is one
of the subgroups Ef or contains A€ .

We now use the group T as the starting point for the construction of a treble

product tower
G =Trt(4,; 0 £ k < w).

We take for all of the 4, Abelian torsion-free divisible groups, and for each k,
two subgroups A, and 4,,, satisfying

Ao © Ayq and Ay fAy, = Ag1/Aro & Aro-
We set :
AO = A, Ao,i = Ei fOl' i = 0, 1,

A =B, Ay,=Fy,and A, =C.
We let the operation of B on A, the operation of C on B, and the isomorphism
f=fo be as already defined with A4,,; = 4{ ;. For k = 0, the split extension

of A, by A, , is taken isomorphic to the split extension of 4, by A4, ., under an
isomorphism f; such that
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A{k = Ai+1s A{,ko = Ai+10
A{kl = Ak+l.1’ A{’-:-l = Ay

and such that the element x, ,; of 4,,,; which squares each element of A4, is not
contained in (4, ;)"

By Lemma 7, (4,,0)¢ is contained in every non-trivial normal subgroup of G.
For each i, G and Trt(de/Ao; A 1 £ k < @) = GJ(A,,)® are isomorphic
under a map which fixes Trt(A4,; 1 £ k < w) elementwise and maps 4, ; onto
Agi+j+1/Ao, for all j, and it follows that every non-trivial normal subgroup of T
either is a subgroup Ag,,- or contains A§. The same argument applied to the groups
G/KS or their isomorphic images Trt(4,; n < k < ) shows that the normal
subgroups of G are linearly ordered, of order type w? 4+ 1. The Hirsch-Plotkin
radical of G is properly contained in (4,4, ;)% and so coincides with (AoA1,0)%
which is hypercentral with upper central height w + 1. If N is a proper normal
subgroup, satisfying K< N < K&, ,, then G/N = Trt(4,; n £ k < w). This shows
that the Hirsch-Plotkin radical of every non-trivial quotient group of G is hyper-
central with upper central height @ + 1. Further, since G is a union of soluble
normal subgroups, G is locally soluble.

If we now assume that the isomorphisms f, are so chosen that f,(f, )~ "' is
the identity map on A, , for each k = 0, then the maps f, : A, - A, . extend to
an isomorphism ffrom G to Trt(4,; 1 £ k < ); and /" is an isomorphism of G
and Trt(4,; n £ k < w), which is isomorphic to G/KS. Since we have already
remarked that all of the non-trivial quotient groups G/Ag,,- are isomorphic to G,
it follows that G is isomorphic to all of its non-trivial quotients.

The group G thus constructed is of course countable. We have already re-
marked that there are 2™° possible isomorphism classes for the split extension
Agd,, and since non-isomorphic groups Ay4, give rise to non-isomorphic treble
product towers, it follows that there are (exactly) 2o mutually non-isomorphic
choices for G.

We mention one further property of G. It is clear that all of the subgroups
K¢ are complemented in G; however none of the other subgroups (K,d4,.:.)°
is complemented, since otherwise A4,,,; would be complemented in 4,.,,4,+,,
which is not the case. Thus in each quotient the minimal normal subgroup is not
complemented, and G has no maximal subgroups.

3. Characteristically simple groups
Our remarks about characteristically simple groups stem from the following

LeMma 10. Let G be a group whose normal subgroups are linearly ordered
by inclusion. If there is an isomorphism s from G onto a subgroup H, and if H is
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complemented in G by a subgroup N<aG such that G = (N,N‘,N‘i---,),
then G may be embedded in a characteristically simple group G whose normal
subgroups are linearly ordered by inclusion, in such a way that G is com-
plemented in G by a subgroup C<aG.

If Q is the linearly ordered set of all K<aG with K < N, then the order
type of the set of proper non-trivial normal subgroups of G is Z x Q, where Z
denotes the set of integers with its natural order and where the Cartesian product
Z x Q is lexicographically ordered.

ProoF. We write N, = N, and for each integer kK > 0 we take a group N,
isomorphic to N and an isomorphism ¢, of N, onto N,_,. Let H = G_,. Begin-
ning with G = G, and s = s,, we construct inductively an ascending sequence
G, (k = 0) of groups and a sequence s, (k = 0) of isomorphisms of G, onto G,_,
such that G, is a split extension of N, by G,_; and such that the restriction of s,
to G-, is s, for each k > 0. Suppose the sequences defined as far as G, and s;;
we define G, . to be the split extension of N, ., by G,, where the operation of
G, on N, ., is defined by

g—lng — ((g—l)skn‘M-1gsk)t(k+1)"l
for all g in G, and n in N, . It is then easy to see that the map s, , defined by
(ng)**** = n"**'g™ (neNy,,9€Gy)

is an isomorphism of G, ; onto G, whose restriction to G, is s,. Thus the G;s and
5,5 may be defined for all k. We write G for the union of the groups G, and ¢ for the
automorphism of G whose restriction to G, is s, for each k.

Suppose now that U and V are distinct normal subgroups of G; then U N G,
# V NG, for some k. We assume UNG, ¢ VNG,. Then UNG,E VNG,
for all m = k; and since these intersections are normal subgroups of G,,, which is
isomorphic to G, we have V N G,, =« U NG, So

V=UynG,mzkl<c UUnG,;m=2k}=U.

It follows that the normal subgroups of G are linearly ordered.
We define C = (N, N,,--->. Then C is a normal subgroup of G which com-
plements G inG. For each integer k, we write C, = C™. Then

G = U{C; kz0} and 1 = N{C,; k < 0}.

Thus if R is a non-trivial proper normal subgroup of G, we cannot have R = C,
for every integer k or C, = R for every k. Hence there is a least m satisfying R = C,,,,
and we have

Ch.-1 € RcC,

Since
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R c Cm = C:n—l < R‘,

R cannot be a characteristic subgroup of G, and it follows thatG is characteristically
simple. Because C,, = C,,_;N", we have R = C,,_{(N"" N\ R), and N"" N R is
a normal subgroup of G*". The map

R—>(m,(N" NRY ™

is easily verified to be a 1-1 order preserving correspondence of the set of proper
non-trivial normal subgroups of G and Z x Q. This concludes the proof of
Lemma 10.

In a natural extension of the notation of section 2.1, we call a group an Lg-
group if it is locally soluble and if Q is the order type of its set of proper non-trivial
normal subgroups. Applying Lemma 10 with G one of the L -groups isomorphic
to every non-trivial quotient group constructed in section 2.1, we obtain a torsion-
free characteristically simple L,-groupG. Since every normal subgroup of G has a
complement, G has many maximal subgroups, the subgroups G¢°C**" in the
notation of the Lemma for instance. We may also apply Lemma 10 with G one of
the torsion-free L, .-groups isomorphic to every non-trivial quotient constructed
in section 2.4. We deduce that there are torsion-free L., -groups, all of whose
proper non-trivial quotient groups are isomorphic and have non-nilpotent hyper-
central Hirsch-Plotkin radicals.

An example of a periodic characteristically simple L,-group may be con-
structed by Lemma 10, using the periodic L -group M described by McLain in [2].

A different approach to characteristically simple groups is provided by the
wreath powers of Hall [6]. A linearly ordered set Q is called irreducible if, for all
x and y in Q with x < y, there is an order automorphism 6 of Q such that y < x 6.
This implies in particular that Q has neither a greatest nor a least element. In
Theorem D of [6], Hall proved that the derived group W' of the wreath power

W = WrSs?

of a group S over a linearly ordered set Q is characteristically simple, provided
only that Q is irreducible. If S is an Lg-group with no non-trivial central factors,
it follows readily using Lemma 9 that W is an Lg, (; + 5-group with no non-trivial
central factors, and since S must be perfect, we have further that W = W'.
Thus, once we have constructed locally soluble groups with no non-trivial central
factors, we may construct characteristically simple such groups. Taking for Q the
set of integers and for S the wreath product G ¢ M of a torsion-free L -group G
and the periodic L -group M mentioned above, we obtain a characteristically
simple L,, ,-group with elements of both finite and infinite order.
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