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Influence of the local-ionization-induced neutral depletion on the thrust imparted by the
magnetic nozzle plasma thruster is discussed by simply considering reduction of the
neutral density due to the ionization in the thruster model combining the global source
model and the one-dimensional magnetic nozzle model. When increasing the rf power,
it is shown that the increase rate of the plasma density is reduced, while the electron
temperature continues to increase due to a decrease in the neutral density. Since the major
components of the thrust are originated from the electron pressures in the source and in the
magnetic nozzle, the increase in the electron temperature contributes to the increase in the
thrust in addition to the gradual density increase by the rf power. The model qualitatively
predicts the reduction of the thruster efficiency by the neutral depletion for the high-power
condition, compared with the constant neutral density model.
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1. Introduction

A magnetic nozzle radiofrequency plasma thruster has attracted much attention as an
alternative option for high-power and long-lifetime electric propulsion devices (Charles
2009; Mazouffre 2016; Takahashi 2019), where a high-density plasma produced by an
inductively coupled or wave-coupled plasma is transported along the applied magnetic
field lines and expands in the divergent magnetic field, being called a magnetic nozzle.
Physical phenomena occurring in the magnetic nozzle depend on the source plasma
parameters, such as a plasma density, an electron temperature, an ion temperature, a
plasma velocity, a discharge power and a neutral pressure. In the variable specific impulse
plasma rocket having an ion cyclotron resonance heating section, most of the rf power
is coupled with the ions and the ion temperature perpendicular to the magnetic field is
much higher than the electron temperature (Longmier et al. 2014). The ion perpendicular
energy is converted into the directed axial flow energy along the magnetic nozzle. For the
case of a helicon thruster, the rf energy is used to heat the electrons and the electron impact
ionization processes provide a high plasma density in the source. The plasma is transported
along the axial magnetic field toward the source exit and then expands along the magnetic
nozzle, where various plasma acceleration and momentum conversion processes have been

† Email address for correspondence: kazunori.takahashi.e8@tohoku.ac.jp

https://doi.org/10.1017/S0022377824000266 Published online by Cambridge University Press

https://orcid.org/0000-0001-5690-1893
mailto:kazunori.takahashi.e8@tohoku.ac.jp
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0022377824000266&domain=pdf
https://doi.org/10.1017/S0022377824000266


2 K. Takahashi

investigated so far. When applying the expanding magnetic field to the rf plasma source, a
number of experiments have shown the spontaneous formations of the current-free double
layer and the ambipolar electric field, both of which generate collimated supersonic ion
beams (Charles & Boswell 2003; Cohen et al. 2003; Plihon, Chabert & Corr 2007).
High energy electrons upstream of the potential drop can overcome the electric fields and
neutralize the ion beams, while they are decelerated by the electric fields (Takahashi et al.
2007, 2011a). Therefore, the energy of the electrons is the source of the electric fields,
and it is finally converted into the ion energy. Analytical, numerical and experimental
studies have shown that the electron pressure balanced with the magnetic pressure of
the magnetic nozzle is further converted into the axial thrust, which is equivalent to
the Lorentz force due to the azimuthal diamagnetic current and the radial magnetic field
(Fruchtman 2006; Ahedo & Merino 2010; Takahashi et al. 2011b; Fruchtman et al. 2012;
Ahedo & Navarro-Cavallé 2013; Takahashi, Charles & Boswell 2013; Lafleur 2014; Emoto,
Takahashi & Takao 2021). Therefore, the plasma parameters at the nozzle entrance and in
the nozzle are a key issue to improve the thruster performance.

In fundamental laboratory experiments on the helicon plasma source, the saturation
of the plasma density, i.e. the density limit, has been observed due to neutral depletion
(Boswell 1984; Gilland, Breun & Hershkowitz 1998; Magee et al. 2013; Zhang et al.
2021). A theoretical model on the effect of the neutral depletion has been established
in a simple geometry with no magnetic nozzle, implying the modification of the plasma
density profile (Fruchtman et al. 2005; Fruchtman 2008). Such a behaviour has been
experimentally confirmed in a magnetic nozzle plasma thruster configuration where the
plasma density and potential near the thruster exit are reduced by the neutral depletion
(Takahashi et al. 2015; Takahashi, Takao & Ando 2016b). Under this situation, a part of
the axial ion momentum gained by the potential drop inside the source is often lost to
the radial source wall, resulting in the performance degradation of the thruster. A simple
thruster model using a particle balance, a power balance and a one-dimensional magnetic
nozzle model has been used to qualitatively understand the thruster performance, assuming
a weakly ionized condition (Takahashi 2022). In such a model the electron temperature
is independent of the rf power, while the source plasma density is proportional to the
rf power, giving a linear increase in the thrust by the rf power. However, the thrusts
measured in experiments have shown a decrease in the slope of the thrust versus rf power
characteristics for high-power conditions. This discrepancy is considered to be originated
from the change in the neutral density in the source tube.

In the present paper the change in the neutral density due to the ionization
is incorporated into the global source model, which are further coupled with the
one-dimensional magnetic nozzle model assuming isothermal electrons. In order to
qualitatively discuss the thrust versus rf power characteristic, the total thrust consisting of
the pressure forces exerted to the source and the magnetic nozzle is calculated. The results
are compared with those not taking the neutral depletion into account. These results show
the decrease in the density and the increase in the electron temperature in the source; it
is suggested that the total thrust and the thruster efficiency are resultantly reduced by the
neutral depletion.

2. Theoretical model

Figure 1(a) shows the schematic diagram of the magnetic nozzle rf plasma thruster
considered here. The source consists of an insulator glass source tube wound by an
rf antenna and a solenoid placed near the thruster exit. The radius and length of the
glass source tube are labelled as Rs and Ls, respectively. A magnetic field is applied
to the source by supplying a dc current to the solenoid, where an axial profile of a

https://doi.org/10.1017/S0022377824000266 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377824000266


Thrust imparted by a highly ionized MN rf thruster 3

(a)

(b)

FIGURE 1. (a) Schematic diagram of the magnetic nozzle rf plasma thruster. (b) Typical axial
profile of the normalized magnetic field on the z axis.

normalized magnetic field at the radial centre is plotted in figure 1(b). The field strength
gradually decreases along the z axis (z = 0 is defined as the source exit and the magnetic
nozzle entrance), i.e. the field lines geometrically expand, and the magnetic nozzle is
formed downstream of the source. The cross-section of the plasma then expands along
the magnetic nozzle as sketched in figure 1(a). In this section the global source model
considering the ionization-induced decrease of the neutral density in argon plasma is
coupled with the collisionless and isothermal one-dimensional magnetic nozzle model,
where the Maxwellian electron energy distribution is considered.

The source model in argon is based on the well-known particle and power balance
equations (Lieberman & Lichtenberg 2005) for spatially uniform profiles in the source.
Assuming the Bohm velocity uB = (kBTe/mAr)

1/2 of the ions at the wall sheath edge and at
the open-source exit, the particle balance equation between the ionization in volume and
the loss to the wall is given by

KizngnsV − nsuBAeff = 0, (2.1)

where kB, Te, mAr, Kiz, ng, ns, V = πR2
s Ls and Aeff are the Boltzmann constant, the

electron temperature, the argon mass, the ionization rate constant, the neutral gas density,
the plasma density in the source, the discharge volume and the effective loss area,
respectively. The effective loss area Aeff is described by considering axial (hL) and
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radial (hR) centre-to-edge density ratios as

Aeff = 2πR2
s hL + 2πRsLshR, (2.2)

hL = 0.86
(

3 + Ls

2λi

)−1/2

, (2.3)

hR = 0.8
(

4 + Rs

λi

)−1/2

, (2.4)

where λi = (ngσi)
−1 is the ion-neutral collisional mean-free path and the collisional cross-

section of σi = 1 × 10−18 m−2 is used for the calculation. A typical mean-free path λi is
about 10–25 cm for parameters used in § 3, being close to the source scale considered here.
The centre-to-edge density ratios in (2.3) and (2.4) have been validated for such a condition
as described in Lieberman & Lichtenberg (2005). The power lost from the system should
be balanced with the input power P, i.e.

P = ensuBAeffεT, (2.5)

where εT = εc + εe + εi is the total energy lost by the single electron-ion pair. Here
εc, εe and εi are collisional (including ionization, excitation and elastic collisions), electron
kinetic and ion kinetic energy losses, respectively, given by

εc = εiz + Kexc

Kiz
εexc + 3

(
me

mAr

) (
Kel

Kiz

)
Te, (2.6)

εe = 2Te (2.7)

εi = 5.2Te, (2.8)

where approximated forms for the rate constants of Kexc (the excitation), Kiz (the
ionization) and Kel (the elastic collision), which can be found in Lieberman & Lichtenberg
(2005) and functions of Te, are used for the calculation.

The initial neutral density ng0 in the source for the given mass flow rate mdot of the
argon gas is simply calculated from mdot = mArng0vn(πR2

s ), assuming the gas velocity of
vn = 400 m s−1. When considering the reduction of the neutral density by the ionization,
the neutral density ng during the discharge is described as ng = ng0 − ns. By combining
with (2.5), the neutral density ng and the mean-free path λi are given by

ng = ng0 − P
euBAeffεT

, (2.9)

λ−1
i = σi

(
ng0 − P

euBAeffεT

)
. (2.10)

Substituting (2.10) into (2.2), the effective loss area Aeff can be numerically calculated as
a function of Te; the left-hand side term of (2.1) is also calculated as a function of Te by
using Aeff. The electron temperature giving zero for the left-hand side term of (2.1) can be
numerically obtained, which further gives the source plasma density ns from (2.5).

The ion velocity uzi and the plasma density ni at the open-source exit corresponding to
the nozzle entrance are assumed to be uzi = uB and ni = hLns, respectively. Considering the
isothermally expanding electrons (Te = const.), the paraxial approximation of Bz(r, z) ∼
Bz(0, z) and the area expansion given by BzA = const., the previous analytical model has
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derived the axial profile of the ion velocity in the magnetic nozzle as (Fruchtman et al.
2012)

M2 − M2
i

2
− ln

(
M
Mi

)
= ln

(
Bzi

Bz

)
, (2.11)

where M is the ion Mach number and the subscript i denotes the value at the nozzle
entrance (z = 0). Since assuming the Bohm velocity at the nozzle entrance, Mi = 1 is
used for the calculation. In a collisionless plasma in the magnetic nozzle, the ion flux
integrated over the cross-section of the plume is conserved. The flux conservation gives
the equation of

hLnsMiuBAi = npMuBA, (2.12)

where np and A are the plasma density and the cross-section of the plasma plume.
By numerically solving (2.1)–(2.12), the source plasma density ns, the electron

temperature Te and the plasma density in the magnetic nozzle can be obtained. According
to the thrust model, the major components of the thrust exerted to the magnetic nozzle
rf plasma thruster are the static pressure force Ts inside the source and the Lorentz force
TB due to the azimuthal electron diamagnetic current and the radial magnetic field. After
rewriting these forces into the one-dimensional model, the thrust is given by

Ttotal = Ts + TB, (2.13)

Ts = nskBTeAi, (2.14)

TB = −
∫ z

0

np(z)kBTeA(z)
Bz(z)

∂Bz(z)
∂z′ dz′. (2.15)

The second term TB is the axial component of the electron pressure force exerted to the
expanding nozzle, being equivalent to the volume integration of the Lorentz force as
analytically demonstrated in the previous study (Fruchtman et al. 2012).

3. Results

Figure 2 shows typical axial profiles of (a) the plasma velocity uz and (b) the plasma
density np calculated for P = 10 kW, mdot = 2 mg s−1, Rs = 5 cm, Ls = 15 cm, where
the blue dotted and red solid lines are the results for the constant neutral density
(i.e. non-depletion) model (ng = ng0) and the neutral depletion model (ng = ng0 − ns),
respectively. The particle and power balance equations in § 2 give the source plasma
density ns, the electron temperature Te and the axial centre-to-edge density ratio hL of
(ns, Te, hL) ∼ (7.1 × 1018 m−3, 8.3 eV, 0.446) and (4.4 × 1018 m−3, 11.8 eV, 0.468) for the
constant neutral density and neutral depletion models, respectively. Figure 2 clearly shows
the continuous increase in the axial velocity and the decrease in the plasma density in
the magnetic nozzle; the higher axial velocity uz and the lower plasma density np can be
obtained for the neutral depletion model (the solid lines). Since the ion Mach number M
depends on only the magnetic field profile as can be seen in (2.11), the profile of M should
be the same for the two cases. The change in the axial velocity in figure 2(a) is due to the
change in the electron temperature Te and the resultant change in the Bohm velocity. The
value of the axial centre-to-edge density ratio hL is very similar between the two models;
the change in the density np in figure 2(b) is originated from the source plasma density ns.

To qualitatively understand the influence of the neutral depletion induced by the
local ionization, the source plasma density and the electron temperature are calculated
as functions of the rf power as plotted in figures 3(a) and 3(b), respectively, for the
non-depletion model (crosses) and the neutral depletion model (open squares). Dotted and
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(a)

(b)

FIGURE 2. Axial profiles of (a) the plasma velocity uz and (b) the plasma density np in the
magnetic nozzle region for the non-depletion model (blue dotted lines) and for the neutral
depletion model (red solid lines), where the rf power and the mass flow rate of the argon gas
are chosen as Prf = 10 kW and mdot = 2 mg s−1, respectively.

solid lines in figure 3(a) denote the initial gas density ng0 for the given mass flow rate mdot
and the gas density ng given by (2.9) in the neutral depletion model. In the non-depletion
model the particle balance given by (2.1) is decoupled from the source plasma density ns.
Therefore, (2.1) solely gives the electron temperature, being constant for the given source
geometry and the neutral density ng0 as seen in figure 3(b). Then the plasma density is
found to be proportional to the discharge power as derived from (2.5) and as plotted by the
crosses in figure 3(a). It is found that the plasma density exceeds the neutral gas density
ng0 (the dotted line), which is out of touch with reality due to the lack of the discharge fuel
in the low temperature and open system plasma. On the other hand, the plasma density
in the neutral depletion model (the open squares) is significantly smaller than that for the
non-depletion model; the electron temperature is contrarily increased for the high rf power
conditions. It is found that the neutral density ng decreases with an increase in the rf power
due to the local ionization. In general, lowering the neutral gas density provides the high
electron temperature due to the less collision between the electrons and neutrals. Reduction
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(a)

(b)

FIGURE 3. Plasma densities calculated from the non-depletion model (crosses) and from the
neutral depletion model (open squares) as functions of the rf power, together with the initial
neutral density ng0 (a black dotted line) and the neutral density ng in the neutral depletion
model (a red solid line). (b) Electron temperatures calculated from the non-depletion model
(crosses) and from the neutral depletion model (open squares) as functions of the rf power. In
these calculations, the mass flow rate is set at mdot = 2 mg s−1.

of the background neutral density for the high plasma density condition provides the high
electron temperature. Therefore, the rf power is used to heat the electrons rather than the
ionization in the high discharge power conditions.

For the calculated source plasma density ns and the electron temperature Te, the thrust
components given by (2.13)–(2.15) are calculated. Figure 4(a) shows the calculated Ts and
TB for the non-depletion model (Ts: open squares, TB: crosses) and the neutral depletion
model (Ts: open circles, TB: stars). The total thrust Ttotal given by the sum of Ts and TB are
plotted in figure 4(b). It is noted that TB is the function of z and continuously increases
for the isothermal model. On the other hand, the electron temperature is typically cooled
down along the z axis during the expansion since the electron energy is converted into the
mechanical energy of the magnetic nozzle as discussed in terms of the thermodynamics
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(a)

(b)

FIGURE 4. (a) Calculated Ts (open squares) and TB (crosses) for the non-depletion model, and
Ts (open circles) and TB (stars) for the neutral depletion model for the same conditions as figure 3.
(b) Total thrusts given by Ttotal = Ts + TB for the non-depletion model (open circles) and for the
neutral depletion model (open squares) as functions of the rf power.

(Little & Choueiri 2016; Zhang, Charles & Boswell 2016; Kim et al. 2018; Takahashi et al.
2018, 2020a; Kim et al. 2023). Furthermore, the finally obtained thrust would depend
on where the plasma is detached from the magnetic nozzle (Hooper 1993; Arefiev &
Breizman 2005; Merino & Ahedo 2014; Takahashi & Ando 2017; Little & Choueiri 2019;
Takahashi, Charles & Boswell 2022). Previous experiments have shown that both the TB
force and the momentum flux increase along the z axis over about 20–30 cm downstream of
the thruster exit (Takahashi et al. 2016a; Takahashi, Sugawara & Ando 2020b). Therefore,
the TB force at z = 30 cm is taken here. The TB force is found to be a major component
of the thrust and is comparable to the Ts force, being consistent with the experiments
(Takahashi et al. 2013). The Ts and TB forces for the neutral depletion model (the open
circles and the stars in figure 4a) are smaller than those for the non-depletion model
(the open squares and the crosses in figure 4a), respectively. As a result, the total thrust,
which is simply the sum of the two forces, is found to be reduced by considering the
neutral depletion. It should be mentioned that the discrepancy between the two models is
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FIGURE 5. Thrust efficiencies for the non-depletion model (open circles) and for the neutral
depletion model (open squares) as functions of the rf power for the same conditions as figure 3.

enhanced for the high-power condition as it is a result of the neutral depletion effect. As
Fruchtman predicted and Takahashi et al. observed previously, the neutral depletion leads
the asymmetric plasma density profile when introducing the gas from the upstream side
of the source (Fruchtman 2008; Takahashi et al. 2016b), which provokes the loss of the
axial ion momentum to the radial source wall and the thrust loss (Takahashi et al. 2015).
However, the two-dimensional effect is not taken into account in the one-dimensional
thruster model.

Thruster efficiency ηT is one of the important parameters to assess the thruster, which
is generally given by

ηT = T2
total

2mdotP
, (3.1)

implying the ratio of the thrust energy to the input power. Figure 5 shows the calculated
thruster efficiency ηT as a function of the power for the non-depletion model (open circles)
and the neutral depletion model (open squares), showing the thruster efficiency lowered
by the neutral depletion effect. It is seen that the slope of ηT versus P characteristic gets
smaller for the high-power condition in the neutral depletion model. This trend seems to be
consistent with the experiments, as the experimental assessment has shown the saturation
of the thruster efficiency when increasing the rf power (Takahashi 2022).

It is noted once again that the Maxwellian electron energy distribution is considered
here. However, the observed electron energy probability function is often non-Maxwellian
and close to Druyvesteyn due to the non-local effect for low pressure and collisional effect
for high pressure (Takahashi et al. 2007, 2011a; Boswell et al. 2015). On the other hand,
the beam electrons having an energy close to a phase velocity of the helicon wave have
been detected in a helicon discharge experiment before (Chen & Hershkowitz 1998). The
shape of the electron energy distribution would impact on the energy loss in the source as
investigated previously (Kim et al. 2014, 2015). Therefore, incorporation of the effect of
the distribution function into the thruster model will provide further precise estimation of
the thruster performance, which remains a further analytical issue.

https://doi.org/10.1017/S0022377824000266 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377824000266


10 K. Takahashi

4. Conclusion

The change in the neutral density due to the ionization is considered in the
magnetic nozzle rf plasma thruster model combining the global source model and the
one-dimensional magnetic nozzle model. When considering the neutral depletion effect,
the source plasma density significantly decreases for the high-power condition, being
originated from the reduction of the fuel gas in the source. It is considered that the
energy is alternatively used to heat the electrons in the source, providing the high electron
temperature in the source, by which the imparted thrust can be increased by the rf power.
The analyses predicted that the neutral depletion effect reduces the thrust and the thruster
efficiency, compared with the non-depletion model, i.e. the constant neutral density model.
These numerical investigations contribute to the qualitative understanding and prediction
of the high-power plasma thruster performance.
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