SOME CHARACTERIZATIONS OF GENERALIZED
MANIFOLDS WITH BOUNDARIES

PAUL A. WHITE

In R. L. Wilder’s book [2] the open and closed generalized manifolds are ex-
tensively studied. However, no study is made of the generalized manifold with
boundary nor is a definition of such a space given except in the case of the
generalized closed #n-cell. A definition of a generalized manifold with boundary
was given by the author in his paper [1]. Before undertaking the study of further
properties of these manifolds it seems appropriate to characterize the manifolds
with boundary in terms of the open and closed manifolds of Wilder. It is to that
purpose that this paper is directed and in particular the generalized closed z-cell
of Wilder is characterized as a special manifold with boundary.

The space M that we shall deal with will be a compact Hausdorff space and
the homology theory used will be that of Cech in which the coefficient group
for the chains will be an arbitrary field which we shall omit from the notation
for a chain. We shall use small Roman letters for points and large Roman letters
for sets of points. We shall use ‘“U” for point set union or sum, “/\” {or inter-
section, reserving + and — for the group operations.

1. The generalized manifold with boundary; condition D.

Definition 1. If K is a closed subset of M, then we will say that the local
r-dimensional Bettt number of M at x mod K, denoted by p.(M mod K; x), s
the finite integer k if k is the smallest positive integer with the property that
corresponding to any open set P such that x¢ P there exists an open set Q such
that x€Q, @ C P, and such that any & + 1 Cech cycles of M mod

M- (P-K))=M-P)UK
are linearly dependent with respect to homologies on M mod
M- Q-K)=M™M-Q UK.

(Note that if K = 0 then this definition is equivalent to the definition of p,(M, x),
the local Betti number of M at x. Also this is equivalent to Wilder’s definition
[2, p. 291] of the Betti number around a point.)

Definition 1.2. The compact space M will be called an n-dimensional genera-
lized manifold (n-gm) with boundary if there exists a closed subset K of M such
that:

(1) M = K\U A where 4 is open, K = A — A, and dim K < 7, and dim
M = n (in the sense of Lebesque (2, p. 195],
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2) p,(Mmod K;x) =0forallxe M,r <n — 1,

3) pu(M mod K; x) = 1 for all x€ M,

4) p,(M,x) = 0forall x€K, r < n.
(Note that this definition reduces to Wilder's definition of an xn-dimensional
generalized closed manifold (#-gcm) when K = 0 [2, p. 244] for (2) becomes
p(M, x) = 0, r < n, which is equivalent to 7-co-local connectedness » < #, and
(4) no longer applies.)

TueoreMm 1.1. The boundary set K in Definition 1.2 is unique.

Proof. Let K, and K, be two closed subsets of M satisfying the conditions of
Definition 1.2. Suppose there is a point x€ K; but not € K. By (3), p.(M mod
K;; x) = 1, but since x§ K, p,(M mod Ks; x) = p,(M, x), hence p,(M, x) = 1
which is a contradiction to p,(M, x) = 0 by (4) since x€ K;. Thus K; = K,.

THEOREM 1.2. A necessary and sufficient condition that M be a manifold with
boundary is that there exist a closed subset K of M such that:

1N M=KUA, KNA=0,dim M = n,

(2) Kisan (n — 1)-gcm (see note after Definition 1.2),

(3) 4 is a non-compact #-gm (i.e., Definition 1.2 with K = 0 and M locally
compact, but not compact),

4) p,(M,x) = 0,r < nforall x€K.

Proof of necessity. (1) This clearly follows from Definition 1.2 (1). (2) We
first note that K is compact since K = A — A is a closed subset of the compact
set M. We next show that p,.1(K, x) = 1 for all x€ K and that K is colc*?
(that is, 7-co-locally connected » < n—2, which is equivalent to p,(K, x) = 0,
r < n—2 for all x€ K). Since by Definition 1.2 (4) p,_1(M,x) = p,(M,x) = 0 for
r < nand all x€ K, it follows that p,_1(K, x) = p,(M mod K; x) which [2, p. 291,
Theorem 1.4] gives us the result by referring to (2) and (3) of the definition.
Finally,dim K = n — 1, fordim K < %, butif dim K < » — 2, then [2, p. 196,
Theorem 7.7] we conclude that p,—1(K, x) = 0 contrary to what we have just
proved above.

(3) We first observe that K # 0 since dim K = » — 1 and, therefore, 4 is
locally compact but not compact, since it is an open subset of a compact space M
and has a non-vacuous boundary K. Also dim 4 = »n by Definition 1.2 (3).
A is clearly colc®™!and p,(4, x) = 1 forx€ 4 by (2) and (3) since p,(M mod K; x)
= p,(M,x) = p,(4,x) for x€ 4.

(4) This is the same as Definition 1.2 (4).

Proof of sufficiency. By (1) A — A C K and if x€K, but x § A — A then

Pn—l(Mf x) = Pn—-l(K» x),

but pn-1(M, x) = 0 by (4) which contradicts p,.—1(K, x) = 1 by part of (2);
therefore A — 4 = K. Alsodim K = M — 1 < M by (2).
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By [2, p. 292, Theorem 1.4] again together with p,_1(M, x) = p,(M,x) = 0
for x€ K, r < n, we conclude that p,_1(K, x) = $,(M mod K; x) for all x€ K.

By (2) and the above equality, we have p,(M mod K; x) = p,1(K,x) =0
for all x€K,» < n — 1, and for x€ A this follows from (3).

By (2) and the above equality we have p,(M mod K;x) = p,_1(K,x) = 1
for all x€ K, which follows from (3) for x€ 4.

This is the same as (4).

Definition 1.3. The n-gm M with boundary will be said to satisfy condition
D if p»(My, K) = 0 (p"(M1, K) denotes the number of z-cycles on M; mod K
linearly independent with respect to homologies on M; mod K), where M, is a
proper closed subset of M. We will denote this by saying that M is an z-D-gm
with boundary. (This corresponds to condition D [2, p. 250].)

THEOREM 1.3. A necessary and sufficient condition that M be an n-D-gm with
boundary is that there exists a closed subset K of M such that:

1) M=KUA4,KNA4=0,dim M = n

(2) K1san (n — 1)-gcm.

(3) A4 is a non-compact n-gm satisfying D’ (i.e., if z* is an infinite cycle of 4
on a subset 4; of 4 closed relative to 4 such that the closure of A — A4, relative
to 4 is compact, then z* “~ 0 on 4. See [2, p. 254]).

4) p,(M,x) =0,r < n,forall x€K.

Before proving this theorem we remark that in the case of a closed subset K
of a compact space M, such as we have here, the cycles M mod K and the in-
finite cycles on A = M — K are related in a one to one fashion so that if 2" is a
cycle on M mod K and ” is the related infinite cycle on 4, then z* 0 on
M mod K if and only if 3* “~ 0 on A. This result has been verified by Wilder in
connection with some of his work that is not yet published. We now proceed to
the proof.

Proof of necessity. All the conditions (1), (2), (3), and (4) follow from Theo-
rem 1.2, except that 4 satisfies D’. To verify this let 4, C 4 be closed relative
to A, such that 4 — A, relative to A is compact. Let 3" be an infinite cycle on 4;,
then by the above remark there is a corresponding cycle 2” on M mod K and
2" will be on M; = A, U K, which is a proper closed subset of M. By hypothesis
p" (M1, K) = 0 implies that z* «~ 0 on M, hence on M; mod K, and by the
remark 3* “~ 0 on 4.

Proof of sufficiency. That M is an n-gm with boundary follows from Theorem
1.2. To show that M satisfies D, let M, be a proper closed subset of M. Now
AN (M — M) #0,forotherwise A C MyandA = M C M;also4d N (M — M,)is
open and therefore contains an open set U such that U C A N\ (M — M,).
If z* is a cycle on M; mod K, then the corresponding infinite cycle 3" of 4 is
on 4 — U, which is proper closed relative to 4, and

A-A4-U)=U0UCA
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is compact. Thus 3 «~ 0 on 4 and by the remark z* “~ 0 on M mod K, but this
implies that z* = 0 mod K (with respect to the n-dimensional coverings of M);
hence z* “~ 0 on M; mod K (with respect to all coverings).

TaeOREM 1.4. If M is an n-D-gm with boundary K, then p"(M,, K;) = 0,
where My and K, are closed subsets of M and K, respectively, and at least one subset
is proper.

Proof. 1t is sufficient to prove the theorem for cycles whose coordinates are
restricted to a complete family of coverings of M, [2, p. 130], and since M is
n-dimensional we can suppose this to be the family of #-dimensional coverings
of M {2, p. 195]. First consider the case where K is a proper closed subset of K.
Let p€ K — K, then p,(M, x) = 0 and we can choose open sets U, V such that
x€V, VC U UNK, =0, and such that any n-cycle on 3 mod (M — U) is
“0on M mod (M — V). In particular if 2" is a cycle on M; mod K, then itisa
cycle mod (M — U); hence «~ 0 on M mod (M — V). Since only n-dimensional
coverings are being used, this means that

=0 mod (M- T),

that is, 2" ison M — V. Now M — V is a proper closed subset of A{; therefore
(M — V,K) =0, and "~ 0 on M — Vmod K, but as before this implies
that 2" is on K; hence “~ 0 on M; mod K, that is, p"(M,1, K;) = 0. The only
remaining case would be where M; is a proper subset of M and K, = K, then
p"{(My, K1) = 0 by hypothesis.

Remark. The condition D is actually stronger than the similar condition
p"(M, Ky) = 0, for proper closed subsets K; of K, which it implies, as is shown
by letting M consist of the union of a bounded 2-cell and a disjoint projective
plane.

TrEOREM 1.5. If M is an n-D-gm with boundary K, then p*(M, K) < 1.

Proof. Suppose C"; and C"; are cycles on M mod K linearly independent with
respect to homologies on M mod K. Let x€ M — K, then p,(M, x) = p,(M mod
K;x) =1 (by Definition 1.2 (3)); therefore we can find open sets V, U such
that x€ V, V C U, UNK = 0 and such that any two cycles mod (M — U)
are linearly dependent with respect to homologies mod (M — V). In particular
C"; and C*; are cycles mod (M — U); hence there exist elements a;, a2 of the
coefficient field, not both zero, such that

a1C" + a;C"o~0 mod (M — V).
Again we can restrict our cycles to z-dimensional coverings of M, which implies
that
2" = a,C" + a:C"
ison M — V. Since M — V is a proper closed subset of M, and M satisfies D,

we have 2" «~ 0 on M — V mod K contrary to the assumption that C* and C",
were linearly independent mod K; thus p"(M, K) < 1.
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2. Orientability.

Definition 2.1. An n-gm M with boundary K is called orientable if M is the
carrier of a cycle 2* mod K such that 2* ~ I'" mod K on M where I' is a cycle
mod K on a proper closed subset of M. (If K = 0, this becomes the definition
of an orientable #-gcm.)

THEOREM 2.1. A necessary and sufficient condition that M be an orientable
n-gm with boundary 1s that there exist a closed subset K of M such that:

1) M=KUA4,KNA4A =0,dim M = n.

(2) Kisan (n — 1)-gcm.

(3) A 1s a non-compact n-gm orientable in the sense that there is an infinite
cycle on A not homologous on A to any infinite cycle on a proper closed subset of A.

4) p.(M,x) =0,r < n, forall x€K.

(See [2, p. 254] for definition of infinite cycle on a proper closed subset.)
From Theorem 1.2 it follows that we need only show that the orientability
of 4 is a necessary and sufficient condition for the orientability of M.

Proof of necessity. Let 2" be the cycle on M mod K given in the definition of
orientability and let 3* be the infinite cycle on A4 corresponding to z* according
to the remark after the statement of Theorem 1.3. If z* “~ 3*; on 4 where 3%
is an infinite cycle on a proper closed subset 4; of 4, then §*; determines a
cycle 2"y on 4;\U K = M, which is a proper closed subset of M such that
2"« z"; mod K on M, contrary to the hypotheses on z". Thus 3" is the required
infinite cycle on 4.

Proof of sufficiency. Let 3* be the infinite cycle on 4 in the definition of the
orientability of 4 and let 2" be the cycle on M mod K corresponding to it. Sup-
pose 2" «~ z*; on M mod K, where 2" is a cycle on M; mod K, and M, is a proper
closed subset of M. Then 2" would correspond to an infinite cycle 3*; on a proper
closed subset A; of 4 as in the proof of Theorem 1.3, and 2" would be « 3%,
on 4, contrary to the hypotheses on 3*. Thus 2" is the required cycle on M mod K
in the definition of orientability.

TuEOREM 2.2. If M 1is an orientable n-gm with boundary K, then K is an
orientable (n — 1)-gcm.

Proof. K is an (n — 1)-gcm by Theorem 1.2. To show that K is orientable,
let z* be the cycle on M mod K according to the definition of orientability; then
3z = z"lis a cycle on K. Suppose 2"~ ! «~ 2"~} on K where 21, is a cycle on a
proper closed subset K of K. Thus 2"~1; «~ 0 on M and by [2, p. 201, Lemma 1.4]
there exists a cycle C"mod K; on M such that dC" - 2"!; on K;. Choose
x€K — K,, and since p,(M, x) = 0, there exist open sets U, V, such that x€ 7V,
VC U UNK,; =0, and such that any zn-cycle mod (M — U) is « 0 mod
(M — V). In particular C" is a cycle mod (M — U); therefore C* =0 on V
(when restricted to the complete family of n-dimensional coverings). Thus C*
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is on a proper closed subset M; = M — V of M. Now
C" — "~z — 2" ~0onkK;

therefore, there exists by [2, p. 201, Lemma 1.6] a cycle I on M such that
(C" — ")~ I"mod K on M. Again I'" is a cycle on M (mod K,); therefore T™
(when restricted to n-dimensional coverings) is on M; as before. Now 2" «~
C*— I'"mod K on M, where C* — I"™is on M,. It follows that z*is “~ mod K to a
cycle on a proper closed subset of M. This contradicts the orientability assump-
tion; hence 2*~! is not homologous to a cycle on a proper closed subset of K,
which is the orientability condition for K.

The orientability condition for the #-D-gm can be more simply stated as is
indicated in the following theorem.

THEOREM 2.3. A necessary and sufficient condition that an n-D-gm M with
boundary K be orientable is that p"(M, K) = 1.

Proof. By Theorem 1.5, p*(M, K) < 1; thus the orientability assumption,
which implies p"(M, K) > 1, implies p"(M, K) = 1. Conversely, p"(M, K) = 1
implies the existence of a cycle 2" on M mod K which is not “~» 0 mod K and,
therefore, is not homologous to a cycle 2" on a proper closed subset M, of M,
for any such cycle z; is « 0 by property D.

In connection with the orientable #-D-gm it turns out that if condition D
had been stated, “p"(M, K;) = 0, where M, K are closed subsets of M and K,
respectively, such that one but not both inclusions are proper,” then the #-
dimensional part of Definition 1.2 (4) follows from the other hypotheses. This
is embodied in the following theorem and corollary.

THEOREM 2.4. For an orientable n-gm M with boundary K satisfying the condi-
tion p"(M, K1) = 0 where K1 1s a proper closed subset of K, the condition p,(M, x1)
= 0 for x€ K in the definition of a manifold follows from the other conditions in
the definition.

Proof. It will be sufficient to prove the proposition for the complete family
of n-dimensional coverings of M. Let x be any point of K and U any open set,
x€ U, and let y" be an arbitrary n-cycle mod (M — U), hence mod [(M — U) U K].
Since p,(M mod K, x) = 1, there is an open set V, V C U, x€ V, such that there
is only one cycle mod [(M — U) U K] linearly independent with respect to
homologies on M mod [(M — V) U K]. Let 2" be the cycle on M mod K from
the definition of orientability, then 2" is a cycle mod [(M — U) U K]. Also

2"~ 0 mod[(M — V)UK],

for otherwise it would be on (M — V) \U K (since only #-dimensional coverings
are being used), contrary to the orientability assumption which says that 2" is
not  to a cycle mod K on a proper closed subset of M. Now suppose v* ~ 0
mod [(M — V)\U K] on M, then there exist elements a; # 0 and az # 0 of
the coefficient field such that a1v" + @+2" ~ 0 mod [(M — V) U K] on M, but
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this means that a1v"* 4+ a2 = Oon V — K, hence = 0 on
V—-K=V.

Then a10v" + @202 = 0 on V, but 9y is on M — U, hence = 0 on V C U;
thus 82" = 0 on V. Now K; = K — Vis a proper closed subset of K and by the
above 2" is a cycle mod K,; therefore by the hypothesis p*(M, K;) = 0, we
have 2"~ 0 on M mod K, contrary to the orientability assumption. Thus we
conclude that

Y"~0 mod[(M — V)UK]on M,

hence v* = 0 on V — K (since only n-dimensional coverings are considered).
This, however, implies ¥ = 0 on

V—-K-=71V,;
therefore y* “~ 0 mod (M — V), and p,(M, x) = 0 for all x€ K.

CorOLLARY 2.4.1. For an orientable n-D-gm M with boundary K the condition
p"(M, K1) = 0, where K, 1s a proper closed subset of K, 1s equivalent to the condi-
tion p, (M, x) = 0 for all x€ K.

Proof. The proof follows by combining Theorems 1.4 and 2.4
The following example shows that condition (4) of Definition 1.2 is necessary
for » < n even in the case of an orientable #-D-gm.

Example. Let M be a solid pinched sphere, i.e., a 2-sphere plus its interior in
which all points on some fixed diameter are identified. Let K equal the boundary
2-sphere with the pinched points, then M satisfies conditions D and (1), (2),
(3), and (4) (for r = n = 3) of Definition 1.2, but p.(M, x) = 1 where x is the
pinched point.

The next theorem and its corollaries clarify the role of the #-D-gm in connec-
tion with the orientable n-gm.

3. The orientable manifold satisfying condition D.

THEOREM 3.1. If M 1s an n-gm with boundary K, then M has only a finite
number of components M, \J M, \J ...\J My, and each component M; is an
n-gm with boundary K, = K M M;; and if M is orientable, then each M ; is an
orientable n-D-gm with boundary K ,.

Proof. M has only a finite number of components since it is compact and
locally-O-connected. Let A; = M; — K, then clearly (1) A; — A, = K. Condi-
tions (2), p,(M;mod K;,x) = Oforall x€ M;,r < n — 1; (3) p.(M; mod K ;, x)
=1 for all x€K;; and (4), p,(M, x) = 0 for all x€K;, r < n follow im-
mediately from the corresponding conditions on M and K since K; C K and
the M ; are separated. The condition dim M; = = follows since M; C M and
dim M = #n implies that dim M; < #, and condition (3) for M ; requires that
dim M; > n. Also if M is orientable, then each M is orientable, for the cycle
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2" in the definition of orientability of M can be written in the form

="+ ...+ 2,

where each z; is the part of 2" on M, and is clearly a cycle mod K; with the
properties required for the orientability of M.

Finally we will show that M, satisfies condition D. To this end consider M’
a proper closed subset of M ;. We must show p*(M’;, K;) = 0, and it will be
sufficient to consider only the complete family of #-dimensional coverings of M.
Let C"be a cycle on M’'; mod K; and let M""; C M’; be a minimal locus of con-
centration for the cycle C", that is, M"; is a closed set such that every open set
D M";is a carrier of C* and M, is minimal with respect to that property. The
existence of such a minimal locus of concentration is guaranteed by [2, p. 205,
2.2]. Let x be a point on the boundary of M"’, relative to M ;; such points exist
since M ; is connected and M"’; is a proper closed subset, and x € M"’;. Since
po(M;mod K, x) = 1, there exist open sets V, U such thatx € V, V C U, and
such that there is only one n-cycle on M; mod [(M; — U) U K] linearly inde-
pendent with respect to homologies mod [(M; — V) \JU K,]. Now both C" and
2"; are cycles mod K;, hence, mod [(M; — U) U K]; therefore, there exist
elements a; and a of the coefficient field, not both zero, such that

0«12"{ + azcn ~0 mod [(M( hd V) U K;]

Now z";is not “~ 0 mod [(M, — V) U K], for if it were, then it would be equal
to zero on V — K, (since only #-dimensional coverings are being used), and
z"; would be on the proper closed subset (M — V) \U K, of M, contrary to the
orientability of M. Alsoif M"'; Z K then C"is not “~ 0 mod [(M; — V) U K]
for if it were, then, as above,

(M= V)UKIN M
would be a proper closed subset of M"'; and a locus of concentration for C?,

contrary to the minimal property of M'';. We therefore conclude that a; # 0
and a; # 0 in the preceding homology, and that

C"~ — (a1/a2)s7 mod [(M,;— V) U K,]on My;

hence == (a1/az)z*; on V — K. Since x is a boundary point of M"'; and
K,=A;— A, thereisapointy €V — K, — M", Let W be an open set such
that

x €W, WNM'y=0, WCV—-K;,—M",

Now just as before 2", # 0 on W, but C* = 0 on W, since M"'; is a locus of con-
centration and this requires the open set M, — W O M", to carry C* This is,
however, contrary to C* = — (ai/as)z"; on V — K ; therefore we conclude that
M",C K, and that C* = 0 mod K ..

CoroLLARY 3.1.1. A mecessary and sufficient condition that the n-gm M with
boundary K be orientable is that p"(M,, K;) = 1 for each component M, of M
where K, = KM\ M, and that each M, satisfy condition D; in particular, a
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necessary and sufficient condition that a connected n-gm M with boundary K be
orientable is that p"(M, K) = 1, and M satisfy D.

Proof. The necessity follows from Theorems 2.4 and 3.1. The sufficiency
follows from Theorem 2.4 which requires each M, to be orientable, and from the
fact that M is clearly orientable if each component is.

COROLLARY 3.1.2. If M 1s an orientable n-gm with boundary K, then p*(M, K)
15 the number of components of M.

Proof. By Corollary 3.1.1, p"(M,, K;) = 1 for each component; therefore
p"(M, K) is the number of components, since H*(M, K) is isomorphic to the
direct sum of the groups H*(M ;, K,).

CoROLLARY 3.1.3. A necessary and sufficient condition that an orientable n-gm
M with boundary K be an n-D-gm s that M be connected.

Proof. The necessity follows from Corollary 3.1.2 and Theorem 2.4. The
sufficiency follows directly from the Theorem.

The above theorem and corollaries allow us to restrict our attention in the
orientable case to the #-D-gm.

TaEOREM 3.2. If M 1is an orientable n-D-gm (or equivalently connected orient-
able n-gm) with boundary K, then M 1is an irreducible membrane relative ro z*1,
the cycle referred to in the Definition 2.1. (See Definition [2, p. 209].)

Proof. In the proof of Theorem 2.2 it was shown that if z* is the cycle on
M mod K in Definition 2.1, then dz" = 2" !satisfies the definition of orientability
for the (n — 1)-gcm K. Clearly 2"~! «~ 0 on M; suppose also that 2*~1 «~ 0 on
M, a proper closed subset of M. By [2, p. 201, Lemma 1.4] there exists a cycle
2" on M;mod K such that 9z*; « 2" 'on K. Thus

A —2) =2"1— 9"y ~0onK
and by [2, p. 201, Lemma 1.6] there exists a cycle C* on M such that 2" — z « C”
on M mod K. By property D, C* « 0; hence 2" “~ 2", mod K on M contrary to
the orientability hypothesis of M. Thus M is an irreducible membrane for the
homology 2"~! «~ 0 on M.

Definition 3.1. If K is a closed subset of the compact space M then g"(M; K, 0)
is the maximum number of r-cycles on K «~ 0 on M and linearly independent
with respect to homologies on K [2, p. 211].

THeOREM 3.3. If M is an orientable n-D-gm with boundary K, then g"'(M;
K, 0) = 1 srreducibly (that is, g"'(M; K, 0) = 1 and g (M; K;, 0) = 0 where
K, is a proper closed subset of K).

Proof. Theorem 3.2 yields a cycle 2! on K «~ 0 on M such that 21~ (Q

on K (since 2"~ ~ 0 on any proper closed subset of M). Thus g"~'(M; K, 0) > 1.
Now consider two cycles 2! and 2"!; on K such that 2", ~0on M (1 = 1, 2).
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By [2, p. 201, Lemma 1.4], there exist cycles C"; on M mod K such that
aC" 2z, on K (+ = 1,2). By Theorem 8, p"(M, K) = 1; hence there exist
elements a,, a; of the coefficient field, not both zero, such that a,C* + a.C" 0
on M mod K. By [2, p. 201, Lemma 1.3],

3(a1C™ + a:C™%) = a18C™ + a20C™ ~0on K;
hence a2 ' + a2 2~ 0 on K, that is, g '(M; K, 0) < 1. Thus g (M;
K,0) = 1. .

Next consider the proper closed subset K; of K and a cycle *!; on K, such
that 21, «~ 0 on M. As before, there exists a cycle C*; on M mod K, such that
dC" 21y on K,. By Theorem 4, p"(M, K;) = 0; hence C*; “~ 0 on M mod K,
which implies that z*~!; «~ 0 on K. Thus g~ 1(M; K, 0) = 0.

4. The generalized n-cell. Before proving the next theorem we prove three
lemmas needed later.

LeMMA 1. If M is an n-gm with boundary K, then A = M — K s ulc™!
(uniformly r-locally connected » < n — 1).

Proof. Let A’ be homeomorphic with 4 such that 4’ 4 = 0 and such that
A’ U K is an n-gm M’ with boundary K ; then by Theorem 2.4of (1) M \U M'=S
isan n-gcm. By [2, p. 292, Theorem 1.7] wehaveS — K = A" UA4is(n —r — 1)
—ulcfor0<n—r—1<n—1, since

PT(ny)zpf(ny)zoy 0<1’<ﬂ—1,
by Theorem 1.2. Since A’ and A are separate, this implies that A is ulc™!,

LEMMA 2. If M 1is an orientable n-gm with boundary K and v, r < n — 1,
is a cycle on K, then there exists a compact cycle 27 in A = M — K such that
¥y 2" on M.

Proof. As in the preceding proof an #-gcm S can be constructed with 4 as
an open ulc™ ! subset of S. Furthermore it follows from Theorem 3.2 of (1) that .S
is orientable. The conclusion now follows from [2, p. 301, Theorem 5.9].

LEMMA 3. If M is an orientable n-gm with boundary K such that A = M —' K
is an F,, then h""(A) = H' (M, K) r < n if either group has finite dimension,
where h°(4) denotes the s-dimensional (unaugmented) homology group of A4
with respect to compact cycles.

Proof. As in the preceding lemmas, A can be considered as an open subset
of an n-gcm. By Theorem 2.1, 4 is an orientable non-compact #-gm. By [2,
p. 258, Theorems 5.13 and 5.14], H'(A) = h*7"(A4), r < n, if either group has
finite dimension, where H"(4) is the r-dimensional homology group of 4 with
respect to infinite cycles. By the remark after Theorem 1.3, H'(4) = H"(M, K);
thus #*7"(4) = H'(M,K), r < n.

Definition 4.1. A generalized closed n-cell is an orientable #-D-gm with a non-
vacuous boundary K such that p"(M,K) =0,0 <7r < n.
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TueoreM 4.1. If K is a closed subset of M such that M — K is an F,, then a
necessary and sufficient condition that M be a generalized closed n-cell with boundary
K is that:

1) M=KUA4,KNA4=0,dim M = n.

(2) Kisan (n — 1)-gem.

(3) 4 is a gemeralized (open) m-cell (i.e., a non-compact orientable #-gm
satisfying D’ which is cell-like in the sense that its compact (augmented)
homology groups of dimensional < # reduce to the identity).

4) p,(M,x) =0,7r < n,forallx €K.

Proof of necessity. By Theorems 1.3 and 2.1, it follows that (1), (2), (4) are
satisfied, and that A is an orientable #-gm satisfying D’. By Theorem 2.3,
p"(M,K) =1, and by hypothesis p"(M,K) =0, 0 < r < n; therefore by
Lemma 13.3,

K T(A) =H (M,K), 0<r<n

Thus for 0 < » < n, k*"(4) = 0 and %°(4) has dimension 1, or if the augmen-
ted homology groups are used the 0-dimensional group also reduces to the
identity, as required in condition (3).

Proof of sufficiency. M is an orientable n-D-gm by Theorems 1.3 and 2.1. By
Lemma 13.3 1" 7(4) = H' (M, K) for 0 < n — r < n, i.e., for 0 < r < n since
the dimension of the left-hand group is finite by property (3). In particular,
(A) = 0 for 0 < n — r < n; therefore p"(M,K) = 0 for 0 < 7 < n.

THEOREM 4.2. If M s a generalized closed n-cell with boundary K, such that
A=M-—K is an F,, then p"(M) = 0 for all r (where augmented theory is
used).

Proof. By Corollary 3.1.3, M is connected and p"(M) = 0 (using augmented
theory). Next let 2" be a cycle on M, 0 < r < n. Since 2" is also a cycle mod K
and p"(M,K) =0, 0 < r < n, it follows that 7~ 0 mod K on M. By [2,
p. 203, Lemma 1.13], there is a cycle " on K such that ¥" «~ 2" on M. By Lemma 2
above, there is a compact cycle C" of 4 such that y"« C” on M. Since by
Theorem 4.1, 4 is a generalized n-cell, C"~0 on 4; hence, 3" 0 on M. Since
M is an n-D-gm,

p"(M,0) =p"(M) =0
by Theorem 4. Finally, p"(M) = 0 for all » > #n since M is n-dimensional; thus
p"(M) = 0 for all 7.

THEOREM 4.3. If M is a generalized closed n-cell with boundary K, such that
A =M — Kisan F,, then K s a sphere-like (n — 1)-gcm. (The (n — 1)-gcm is
sphere-like if its homology groups are isomorphic to those of the (# — 1)-sphere.)

Proof. Letz’,0 < r < n — 2,beacycle on K, then by Lemma 2 above, there
is a compact cycle 47 in 4 such that 2"~ +" on M. By Theorem 4.1, 4 is a
generalized n-cell, and it follows that v" 0 in 4; hence 2"~ 0 on M. By
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{2, p. 201, Lemma 1.4], there is a cycle C"*! mod K on M such that 9C7+1 « 2"
on K. Now 1 <7+ 1 < #n —1; hence p"+'(M, K) = 0, by hypothesis. Thus
C™*t~ 0mod K on M, and by [2, p. 201, Lemma 1.3], 2” «~ 0 on K. By Theorem
2.2, K is orientable; therefore, there is at least one cycle ! on K, not 0
on K; hence p*1(K) > 0. Consider two cycles *~!; and z*~!, on K, then by the
same argument used above in the lower dimensions, we have two cycles C*
and C" mod K on M such that 4C";~ 2!, on K (¢ = 1, 2). Since M is an
orientable #-D-gm, we have p"(M, K) = 1 by Theorem 2.3; therefore, there
exist elements a; and a; of the coefficient group, not both 0, such that

a,C" + asC ~0 modK on M.

Thus as before a;0C" + a2:9C" ~ 0 on K; hence,

02" + a2 s ~0onK,
which proves that p"1(K) = 1.

THEOREM 4.4. If M is a generalized closed n-cell with boundary K, such that
A = M — Kisan F,, and if 2"~ ' is a non-bounding (n — 1)-cycle on K, then M is
an irreducible membrane relative to z" 1.

Proof. By Theorem 3.2 there is one cycle 2"~! on K satisfying the conclusion
of the theorem. By Theorem 4.3 any two non-bounding (# — 1)-cycle on K are
linearly dependent; therefore, any such cycle satisfies the conclusion of the
theorem.

Remark. Wilder has defined a generalized closed n-cell [2, p. 287] as a com-
pact space M satisfying Conditions (1), (2), (3), and (4) of Theorem 4.1, and
in addition the properties in the conclusions of Theorems 4.3 and 4.4. Thus we
have proved (at least in the case where M — K is on F,), that the weakened
conditions (1), (2), (3), and (4) are equivalent to Wilder’s apparently stronger
conditions. It should also be noted that if (1), (2), (3), and (4) are taken as the
definition of a closed #-cell, then an examination of the proofs of Theorems 4.2,
4.3, and 4.4 shows that the conclusions of those theorems hold without the
hypothesis that M — K be an F, if the additional assumption $"(M, K) = 0,
0 < 7 < m, is added. Thus we have proved the following theorem.

THEOREM 4.5. A mnecessary and sufficient condition that the n-gm M with
boundary K, such that A = M — K 1s an F,, be a generalized closed n-cell in the
sense of Wilder is that p"(M,K) =0, 0 <7 < mn, or that A be a generalized
(open) n-cell.

The next theorem, which is a summary of the necessary and sufficient condi-
tions contained in Theorems 1.2, 1.3, 2.1, and 4.1, shows that in each case the
condition imposed on M is equivalent to a similar conditionon 4 = M — K in
the presence of three other conditions that do not change.
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THEOREM 4.6. A necessary and sufficient condition that M be:

(a) an n-gm with boundary,
(b) an n-D-gm with boundary,
(c) an orientable n-gm with boundary,
(d) a generalized closed n-cell,

is that there exists a closed subset K of M, such that:
1) M=KUA, KNA=0,dim M = n.
(2) Kisan (n — 1)-gcm.

(a) n-gm,

(b) n-gm satisfying D',
(c) orientable n-gm,
(d) generalized n-cell.

4) p,(M,x) =0,r < n,forallx €K.
(In case (d) the additional hypothesis that A4 be an F, must be included.)

(3) A is an open, non-compact

5. Classical manifolds. We close with two theorems which show that the
generalized manifolds with boundary reduce to the classical ones in the one- and
two-dimensional separable cases.

TaEOREM 5.1. If M is a connected, separable 1-gm with boundary K and K = 0,
then M is a 1-sphere and if K # 0, then M is an arc with end points a and b such
that K = a \J b.

Proof. By Theorem 1.2, K is a 0-gcm, that is, a finite set of points; and by
Conditions (2) and (4), M is a Peano continuum. Suppose M is not a 1-sphere;
then either M is acyclic or contains a 1-sphere J. If M D J, but M # J, then the
argument in the remarks on [2, p. 271] yields a neighbourhood P of a point
x €J and three arcs xx’, xy’, and xy such that each lies entirely in P except
their end points x’, y’, and y which lie on the boundary of P, and each pair of
arcs has only the point x in common. We can also suppose P is chosen so that it
contains no points of K — x. Then the arcs (x’x \U xy) and (x’x \U xy’) carry
1-cycles mod [(M — P) U K] (actually mod (M — P)) which, because M is
one-dimensional, are linearly independent with respect to homologies mod
[(S — Q) U K] for every Q, Q C P, contrary to p;(M mod K;x) = 1..If M is
acylic, then M D a (maximal) non-degenerate arc J. If M # J, the argument
above again yields a neighbourhood P of an interior point x € J and three arcs
xx’, xy’, and xy with the above properties, and leads to a contradiction as before.
Thus M is either a 1-sphere or an arc. If M is a 1-sphere, then K = 0; for if
x € K, then

pr(Mmod K; x) = p1(Mmod x;x) = 2,

contrary to property (3). If M is an arc with end pointsaand b, then K C a\J b
by the argument just applied above for the 1-sphere. Finally ¢, b €K, for if
a ¢ K then

pr(M mod K, a) = p1(M,a) = 0,
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contrary to property (3). This shows that the remainder of the theorem holds.

COROLLARY S5.1. If M 1s a separable 1-gm with boundary K, then M consists
of a finite number of components each of whicl is a 1-sphere or an arc.

Proof. This follows directly from Theorem 5.1 and the fiirst part of Theorem 3.1.

THEOREM 5.2. If M is a connected separable 2-gm with boundary K, then M
is a classical 2-gm from which a finite number of open 2-cells whose closures are
disjoint have been deleted. K consists of the union of the 1-spheres that form the
boundaries of the deleted 2-cells.

Proof. By Theorem 1.2, K is a 1-gcm, hence K = J, U J, U . .. UJy, where
the (J,) are pairwise disjoint 1-spheres. Let
M = AU DU @ UT)U ... U AU T)

where each A4, is an open 2-cell with boundary J; 4; M\ A4; =0, 7 # j, and
A;N\ M = 0for all .. Now M’ is a 2-gm with boundary K and by (1) M’ U M
is a 2-gm. By [2, p. 272, Theorem 2.3], M’ \U M is a classical 2-gcm and our
theorem follows. (If M is not assumed connected then as before M consists of a
finite number of components each of which has the property of Theorem 5.2.)
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