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In this article, we consider some critical Brézis-Nirenberg problems in dimension

N > 3 that do not have a solution. We prove that a supercritical perturbation can
lead to the existence of a positive solution. More precisely, we consider the equation:

—Au = i l42"+r-1 iy B,
u > 0 in B,
u = 0 on 0B,

where B C RY is a unit ball centred at the origin, N > 3, r = |z|,

a € (0,min{N/2, N — 2}), X is a fixed real parameter and ¢ € [2,2*]. This class of
problems can be interpreted as a perturbation of the classical Brézis—Nirenberg
problem by the term r® at the exponent, making the problem supercritical when

r € (0,1). More specifically, we study the effect of this supercritical perturbation on
the existence of solutions. In particular, when N =3, an interesting and unexpected
phenomenon occurs. We obtain the existence of solutions for A in a range where the
Brézis—Nirenberg problem has no solution.
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1. Introduction and main results

In 1983, Brézis and Nirenberg in [1.1] studied the following problem:

—Au = M@ l4+42 "l in Q,
u > 0 in (1.1)
u = 0 on 0,

where Q C RY is a bounded domain, N > 3, A is a fixed real parameter,
q € [2,2%) and 2* = 2N/(N — 2) is the critical exponent in the sense of Sobolev’s
embedding.

Brézis and Nirenberg proved the following results:

(a) For ¢=2 and N > 4, problem (1.1) has a solution for every A € (0, A1),
where \; denotes the first eigenvalue of —A. Moreover, it has no solution if
A ¢ (0,A1) and € is star-shaped.

(b) When ¢ =2, N = 3, and € is a ball, problem (1.1) has a solution if and only
itAe (3 n).

(¢) For ¢ € (2,2*) and N > 4, problem (1.1) has a solution for every A > 0.

(d) When N =3 and 4 < ¢ < 6, problem (1.1) has a solution for every A> 0.

(e) When N =3 and 2 < ¢ < 4, problem (1.1) has a solution only for sufficiently
large values of .

Recently, do O, Ruf, and Ubilla in [5] studied the following problem:

—Au = 2l gy B,
u > 0 in B, (1.2)
u = 0 on 0B,

where B C R¥ is the unit ball centred at the origin, N > 3, r = |z|, and a €
(0, min{N/2, N — 2}).

The authors demonstrated that problem (1.2) has a radial solution, which is
surprising because it corresponds to a supercritical perturbation of the equation
—Au = uz*_l, which has no solution due to the known Pohozaev identity. In
this same line of reasoning, in the context of the situation of item (b), we studied
the effect of a supercritical perturbation for the case of non-existence A € (0, ’\4—1],
which also generated the existence of a positive solution. We will also have the same
conclusion for situation (e), in which, due to the supercritical perturbation, we will
obtain a solution for all positive A and not just for sufficiently large \. Motivated
by the results of [1.1] and [5], we studied this problem in a more general context,

more precisely, let us consider the following problem:

“Au = Mt l+2 1 g B,
u > 0 in B, (1.3)
u = 0 on OB,
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where B C RY is a unit ball centred at the origin, N > 3, r = ||, and a €
(0, min{N/2, N — 2}) and )X is a fixed real parameter and ¢ € [2,2*].
We will now present the main result of this article.

THEOREM 1.1 If q=2, A € [0, A1) and N > 3, then the problem (1.3) has a radial
weak solution. If ¢ € (2,2*], problem (1.3) has a radial weak solution for every
A>0and N > 3.

We would like to highlight that in the case N = 3 we obtain a solution for
the perturbed problem for each A € [0, ), that is, the perturbation solves the
non-existence interval [0, A1/4].

Let H}(B) := {u € L*(B): Vu € L?*(B): u = 0ondB} be the usual Sobolev
space equipped with the gradient norm, or let Hu||H3(B) = [IVul|p2(p)- We say that

u € H}(B) is a weak solution to problem (1.3) if v > 0 in B and it holds:

/BVquod:c = )\/Buqflgoda: —|—/Bu2**1+’”a<pdx, Vo € Hy(B). (1.4)

REMARK 1.2. It is important to emphasize that the Eq. (1.4) is well defined due
to the results obtained in proposition 2.2 and corollary 2.3. Note that (1.4) is not
well-defined for ¢ > 2*.

Theorem 1.1 shows (see (b) and (e)) that there are critical equations without
solutions that have a solution when a non-negative term is added to them, con-
verting them into supercritical equations. Note that this phenomenon was already
observed in [5].

We also consider some perturbations of problem (1.1) that become superlinear
on the ball and subcritical for » € (0,¢), for some small §. However, it can be
supercritical away from r = 0, as in the following equation:

~Au = At l42H -1 iy B,
u > 0 in B, (1.5)
u = 0 on 0B,

where B C RY is a unit ball centred at the origin, N > 3, r = ||, A is a fixed real
parameter, ¢ € [2,2*) and f: [0,1) — R is a continuous function satisfying:

(f)  f(0)<Oand inf (2" 4+ f(r)) > 2.

rel0,1)
The next result involves the assumption (f):

THEOREM 1.3 Let g € [2,2%), N > 3, and f: [0,1) — R a continuous function
satisfying condition (f). Then the problem (1.5) has a radial weak solution in the
following cases:

(i) ¢g= 2 and X € [0, )\1).
(ii) q € (2,2*) and XA > 0.
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REMARK 1.4. In theorem 1.3, due to the generality of the growth condition
considered for the function f, it was not possible to reach the case ¢ = 2*.

The definition of a weak solution for problem (1.5) is analogous to the one we
defined in Eq. (1.4). The case 0 < ¢ < 2, which corresponds to a concave-convex
problem, was studied in [3] under a subcritical assumption. Therefore, theorem 1.3
complements the result in [3].

The article is organized as follows: In §2, we present preliminary results, in §3,
we prove theorem 1.1, and in §4, we prove theorem 1.3.

2. Preliminaries

First, we define the Sobolev space of radial functions H&’rad(B) = {u €
HY(B): u(z) = u(|z])} equipped with the usual standard ||ul| = ||[Vull. We will
now present the ‘radial lemma’, which can be found in [5, 8].

LEMMA 2.1. Let u € Hj,.4(B). Then
1 [Vull2
‘U(T>| S (N—2>1/2 ’]"<N72)/2 (21)
and
(1- r)1/2
lu(r)] < WHVUHZ (2.2)
For the next result, we refer [5]
PROPOSITION 2.2. Let a> 0; then
sup {/ |u(x)|2*+ra dx:u € Hé)rad(B), ([Vullz = 1} < +o0. (2.3)
B

COROLLARY 2.3. The following embedding is continuous:
Hj raa(B) = L¥+7(B) | (24)
where L2+ (B) is defined as follows (see, e.g., [4])
¥+ (B) = {u: B — R measurable: /B |u(x)|2*+ra dz < oo}

with norm
2*+r0‘
||u||2*+ra:inf{>\>0, / ’@‘ d:cgl}.
B

The following proposition follows directly from the definition:

PROPOSITION 2.4. Let p : [0,1) — R be a bounded continuous function and u €
LP)(B). Consider ||ul|(y = p. Then we have:
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0) 121, then = < [ fula)rOde < s,
B

(i) < 1 then i+ < [ Jula)Pde < -,
B
where py = sup,.c(o,1)p(r) and p— = inf,¢(o,1) p(r).

3. Proof of theorem 1.1

To establish a weak solution of problem (1.3), we define the functional
J: Hj 0q(B) — R given by

1

*
> 1 o (u™)? T da, (3.1)

_1 2 é +1|9 /
Tw) = 5 IVulld = ety = |

where u*(z) = max{u(z),0}. By proposition 2.2 and by corollary 2.3, it follows
that the functional J is well defined. We also note that J is a functional of class C*.
If u > 0 is a critical point of the functional then u is a weak solution to problem (1.3)
thanks to the symmetric criticality principle (see [7, 10]). The strategy then consists
of obtaining positive critical points of the functional J. For this, we will use the
Mountain Pass Lemma, due to Ambrosetti and Rabinowitz [1].

In the next lemmas, we will demonstrate that the functional J has the geometry
of the Mountain Pass Theorem.

LEMMA 3.1. There exist p>0 and 6 >0 such that
J(u) > p >0, if |Vull2 = 6.
Proof. Note that

1 A (ut)2 =+

J(u) = §||VUH§ - a||“+\|g - /B de
1 A 1 *

> 51Vl = 2l - g [ " de

Let u € H&rad(B) be such that ||[Vullz = 6 where 8 € (0,1) will be chosen. By
proposition 2.4 and corollary 2.3 follow that

* o * *
/B [l de < (Jul2) e < CVul2
Therefore,

1 A C *
J(u) = 5| Vull3 - 5||U||Z - o IVulis (3.2)
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We observe that when ¢=2, we consider A € [0,\;), then the expres-
sion /[|[Vul|2 — AJu[|? defines a norm in H}(B) equivalent to norm ||Vul|2. Since
[IVull2 = 6, we have
C C o
—0* - —0*.
2 2%
So, choosing 6; € (0,1) small enough we have that for 8 € (0,6,) fixed there is
p1 > 0 such that J(u) > p; > 0.

If g € (2,2*], by using (3.2) and Sobolev inequality, we get

O\
J(u) > fHVullg - LIIV 12— fHVullz
- 792 Mg G
q 2*

Since 2* > g > 2, we can choose 05 € (0,1) small enough such that for any fixed
6 € (0,6), there exists p2 > 0 such that J(u) > p2 > 0. O

Now, we will state the second condition of the mountain pass geometry.

LEMMA 3.2. Erist u € Hj ,q(B) such that ||[Vul[2 > 6 and J(u) < 0.

Proof. Let u € H&rad(B) \ {0} such that >0 in B. We have for ¢ > 1 that

A9 125+ (u+)2*+ro‘
A R R R
q B 2% +r

#2 Mt 2 ‘. a
< —||Vul3 = =—|ut |4 - / EA A
< S IIVull2 . w13 1 B(U) r

Therefore, since 2 < g < 2* we get

lim J(tu) = —o0,

t—+oo
which proves the lemma. O

We now d*eﬁne Sy as the best constant in the Sobolev embedding
HY(RN) < L? (RV), that is,

[Vul? .
Sy i=inf{ —LED e 12 RN\ {0); Ve L2RY) V. (3.3)
e o,

We consider

_(N=2)
a(x) =C (1 + |:c|2) 2

the standard Sobolev instantons, which satisfy the equation (see [9])

*
—Au=u?>"1, on RV,
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N—2
We also consider u*(z) = ﬂ(x/S}V/Q) and Ug(z) = 5*( 2 )u*(:c/s). As in [9] and

also [10], we know that,
/ VU2 dz = SY/? and / U.|* dz = SN2,
RN RN
Taking a suitable cut-off function 7 and setting u. = n U,, it is known that
/ Vue>de = SN2+ 0(EN2) | / lue(z)> dz = SN? +0(EN).  (3.4)
B B

Do O, Ruf, and Ubilla, in [5], demonstrated the following lemma:

LEMMA 3.3. There exists a constant C>0 such that for all e >0 small
/ Juc () da > / Jue(2)[2 da + C|logele® + O(e"?) + O(N2).
B B

Now let’s control the min-max level of the mountain pass theorem.

LEMMA 3.4. The level ¢ of the mountain pass of the functional J satisfies
0<c< %S]]\\,r/z.

Proof. By lemmas 3.1 and 3.2, J has the geometry of the Mountain Pass lemma.
We consider u. as before and set

¢ = inf max J(u)
veT uey

where
.= {fy : [0, R] — Hg(B)continuous ,v(0) = 0,v(1) = Rua},
with R >0 sufficiently large such that J(Ru.) < 0. By (3.4) and lemma 3.3, we

note that R can be chosen independent of €. The path ~.(t) = tu., t € [0, R],
belongs to I', and

< J(t = J(t . 3.5
> tg[la)é] (tue) (teue) (3.5)
We have also that %J (tue) e 0 and by J satisfying the geometric conditions

of the Mountain Pass lemma, we can assume that ¢, € (4, R] with § >0 because
if t- = 0 by (3.4) and lemma 3.3 we obtain that J(t.u.) — 0. So, for £ >0 small

enough, we have J(t.ue) < S’JI\\,[/Q/N.
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Now, let’s consider the following auxiliary functional:

1
Iatw) = 5Vl - [

~— _d H}  (B).
B 2% 4 pa Z, u€ O,rad( )

So, for t. € (4, R] we have the estimate

t2 4 2% r a
J(touz) = éHVuEH%—?EHuEHg—/B2i+ra (1) 7 da

S JA (tsus)
2*

t2 ,
= 5 Ivueli -5 |

. 1 1 .
2 (5 - Jud
+ 1z /B<2* 2*+r“>u6 x
1 * * [e%
+/B g ((t0)” = (o) 77) da

12 2" . 0w
< mex <2||Vus|§ - 2*IluaH%*) + e — e[ loge]
+0@EN?) +0(eN2)

2/(2" -2 2% /(2% -2
= ¥ ell2 . * ell2*
2\ Jluell3+ 2\ uel3«

+ e — e loge|

1 (vep)t

N (HU5| g:)Q/(z*—Z)

+ ce® — el loge], (3.6)

where we use that « € (0, min{N/2, N — 2}), the lemma 3.3, and the estimate

/ (1 1 >| 2 / re N g
—— —||u xr = — U r x
p \2% 2% fqpa)TE B 25(2* +ro) ¢

1 N
<ec Er“E_NrN_l dr+c ro‘—g rNoldr (3.7)
- 0 5 TQN

<ce®Fc(e® —eV) = ce”.
Therefore, by using (3.4) and (3.6), we obtain
1 (SN2 +0(eN-2)7 /Y

J(teue) < Ja(teus) < — —— + ce® — ce®|loge]l,
ele ele N (SJIQ,[/2+O(5N))2/(2 2)

1
= NS%/Q +0(ENT2) + e — | log e,

1
< —Sﬁ/g, for € > 0 small enough and for all N > 3.
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3.1. Proof of theorem 1.1

By lemmas 3.1 and 3.2, we know that the functional J satisfies the geometric
conditions of the Mountain Pass lemma; by lemma 3.4, it follows that there is a
sequence of Palais-Smale {u,} C H ,,q(B) such that:

rad

1
J(up) = ¢ < NS%/Q, and J'(u,) — 0.

Let’s show that the sequence {u,} is bounded in H& (B). Indeed, for n

sufficiently large and ¢ € (2, 2*], we have:

rad

1
c+ 14 ||Vun|2 > J(up) — a]’(un)un

1 1 1 1 x
—_(Z_ = v 2 - +\2" +r d
(5-3)Wult+ [ (G- g ) 7" a0
1 1
> (3-3) Vel

It follows that {u,} is bounded in Hy ,4(B). If ¢=2, we recall that A € [0, A1)

and in this case the expression (||Vul|3 — A|u||3)'/? defines a norm in H&}rad(B)
equivalent to the usual norm ||Vul|z. Thus, we will also have for n sufficiently large
that:

1
c+ 1+ ||Vun|lz > J(un) — §J’(un)un

1 1
> (3 5) (190l = Aul)

1 1 x o
- +\2" +r d
+/B<2* 2*+ra)(“") '

> 1| Va3

(B) such

rad

It follows that {u,} is bounded in Hg ,4(B). So there exists u € Hj
that u,, — u in H&rad (B). We have two possibilities:

If w # 0, then v is a non-trivial non-negative solution to problem (1.3). By the
maximum principle, we guarantee that u is positive, thus proving the theorem.

If w =0, we have u,, — 0, and for every € > 0 and n sufficiently large, the following
inequality holds:

/ |un|2*+Ta dz — / |un|2* dz <e. (3.8)
B B

Indeed, note that for all >0, we have H ,,4(B\ By) CC L*(B\ By) for all s > 1.
Therefore,

un — 0in L*(B \ By)for all s > 1,
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and consequently,

/ |Un|2*+ra dx — Oand |un|2* dx — Oas n — oo.
B\By

B\Byp

By (3.9), we can write
* « n * o
/ (7t dx:wN_l/ lun (7)) T PNy
By 0
n * o
:wN,l/ |y, (r) |2 (\un(r)|r —1) rNldr
0
n *
—|-OJN_1/ |y, ()2 N tdr
0
n * o
:wN,l/ ()2 (Jun () = 1) 7V
0
+/ [un(2)?” dz + o(1).
B

Using lemma 2.1 (Radial Lemma), we can estimate

[ 1 () =1) 7

0

n « 1 e
< DO () 1| Nl
_/O |t (7)] KT(N_Q)/Q) ] r r
< [N funtr)P “log [~ ) ) — 1| »¥1d
lun ()| |exp | 7 log N r r

~Jo
n *

S/ |, ()| 7 logr(N_Q)/Q‘ rN=tdr
0

1
< Cin® Jlog | / ()P PN dr
0

< Con™ [logn],

where C1 and C9 are constants.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Therefore, for all £ >0, we can choose = n(e) > 0 sufficiently small such that

- £
Can® [logn| < 3

which implies

n
2* re N-1 €

— < —,

wN,l/O [t (1) <|un(r)| 1) r dr < 5

https://doi.org/10.1017/prm.2024.85 Published online by Cambridge University Press
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From (3.9), (3.10), and (3.14), we obtain that for sufficiently large n and for all

e>0,
/|un|2*”adx7/ |un|2*dm§€.
B B

Therefore, we have proven (3.8).
Now, for sufficiently large n, we obtain the inequality

2* |un|2 -
|un| de < — o dz.
B +r

Thus, for sufficiently large n, we get
JO(un) S JA(Un),

where

1 1 .
Jolw) = 5Vl = 2ty = 57 [ (@ de, € (D)

Then, we ha\/e
J ('U/ ) > d <c< *SN/Q
0\Un = 7,7— .

Since u,, — 0 also in L2 (B), it follows that (J(up), ) = Oforall p € H0 rad (B)-
Indeed, by the embedding Hj,,4(B) < L*(B) for all s € [1,2*], we have

/ Vu, - Vodzr — 0, / (w9 'pdz — 0, and
B B

/ (u+)2*_1<p dz — Oas n — oo.
B

Therefore, {u,} is a Palais-Smale sequence for the functional J, at the level
d < £SN/2. According to [1.1, 10], the functional J, satisfies the Palais-Smale
condition for levels d < £ S™/2. Thus, we have u,, — 0 strongly in Hj oa(B), and
by the continuity of the functional J, it follows that J(u,) — 0, which leads to a
contradiction.

Therefore, we have u # 0. Choosing ¢ = u~ as the test function in the equation
(J'(u),p) = 0, we get that v = v+ > 0. By the strong maximum principle (see [6,
theorem 4, pp. 333]), it follows that u >0 in B. Therefore, u is a weak solution of
the problem (1.3), and this completes the proof of theorem 1.1.
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4. Proof of theorem 1.3

For problem (1.5), we will follow a similar strategy to the one we used in the proof
of theorem 1.1. We define the functional J: Hj .4(B) — R given by

1 A uH )2 )
) = Spvagz = Ao - [ 4O
2 q

T dz, (4.1)

where ut(z) = max{u(z),0}, f: [0,1) — R is a continuous function satisfying
condition (f) and ¢ € [2,2*). The parameter X is considered in two cases: if ¢ =2
then A € [0, A1), if ¢ € (2,2*) then A\ > 0. We will show in the following lemma that
the functional J is well defined and by standard arguments, we will obtain that J
is of class C''. We also know that positive critical points of J are weak solutions to
the problem (1.5).

LEMMA 4.1. Let J be the functional given in (4.1). Then J is well-defined.

Proof. We only have to demonstrate that the variable integral is finite. Let u €
Hj .a(B), then we write

/|u|2*+f(r)dx:/ \u|2*+f(r)dx+/ |u|2*+f(r)dx
B B B

P1 p2\Bpy

+ / u[? ) dy (4.2)
B\Bp,

where p; and py will be chosen later. By hypothesis (f), it follows that there exists
p1 > 0 such that 2 < 2* + f(r) < 2*,Vr € [0, p1]. From Holder’s inequality and
proposition 2.4, it follows that

/ [ dz < C(Jullye + Jlullsr ) < +o0 (4.3)
Bpy

where F'y = sup,¢(o ,,1(2"+ f(r)) and F_ = inf,.¢[0 5,](2" + f(r)). Now, we consider
p2 > 0 sufficiently close to 1. By lemma 2.1, we know that, for r € [p1, po]

(1 —r)1/2

1 " 1/2
u(r) < S L 19l < S D Vull = G IVl (44)

pngz) /2

Since f is continuous in [p1, pa] it follows that f € L>[p1, p2] and therefore the
second integral in (4.2) is finite. For r € [p2, 1), again by lemma 2.1, we get

(1 —r)1/2

)1/2
lu(r)| < TN-2)2

(1—po

IVullz € —F=77
P2

[Vullo := Cpy [Vull2 <1 (4.5)

since po was chosen sufficiently close to 1. Therefore, we obtain that the third
integral in (4.2) is also finite. Therefore, we conclude that the J functional is
well-defined. O
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As previously mentioned, we must ensure that the functional J has a positive
critical point, for this, we will use the Mountain Pass Theorem, due to Ambrosetti
and Rabinowitz [1]. We will show now that the functional J has the geometry of
the Mountain Pass Theorem.

LEMMA 4.2. There exist p>0 and 0 >0 such that
Jw) > p >0, if ||Vulls = 6.

Proof. Let u € Hg,.,(B) be such that [|[Vuls = 6 < 1. By (4.3) and Sobolev’s
inequality, we have for p; small enough that

* 4 eim F F_ F F_ F_

/B [u* D de < C(|lully + [lully ) < Cr(lIVully™ + [Vully ™) < Col | Vully
1

(4.6)

where Fy = sup,¢(y,,,)(2" + f(r)) and F_ = inf, [ 5;](2" + f(7)). Let p2 > 0 be
sufficiently close to 1 as in lemma 4.1. By (4.4) and (4.5), and choosing 6 > 0 small
enough such that Max{C,,, Cy, }||Vull2 < 1, we obtain

/ W20 dg g/ (Max{Cp,, Cp, M Vull2)® ) de < Co|Vulf (4.7)
B\Bp, B

where C5 = | B] (MaX{Cpl,Cp2})F_. Then, by (4.6) and (4.7), we get
[0 4z < ol (49
B

where C' = Max{C3, Cs}. Therefore, we have

1 A w2 +F(r)
J(w) = =||Vul|2 = Z|jul|d — | ——d
() = gVl = Zlhly — [ S resa
A

1 F_
> §IIVUH§ - QIIUIIZ = C[[Vull,~.

When ¢ =2, we consider A € [0, A1) and then the expression +/[|Vul|? — A|u||?
define a norm in H{(B) equivalent to usual norm. Since 2* > ¢ > 2 and F_ > 2
due to the above inequality and by Sobolev inequality follows that for ||Vu|2 = 0
with € sufficiently small, that there exists p >0 such that J(u) > p > 0. O

LEMMA 4.3. Erist u € Hj ,q(B) such that ||[Vullz > 6 and J(u) < 0.
Proof. Let u € H&md (B) \ {0} such that >0 in B. We have for ¢ > 1 that

{2 ()| 7S ()

d
2*_|_,r-a x

2 A4
tmm=5ww3~—mm—/
q B

t2 Atd th- *
< \IVaull?2 = 2l = ——— 2741 Qe
< IVl = =l T+ﬂéy| z
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Therefore, since F_ > 2 and ¢ € [2,2*), we get

lim J(tu) = —o0,

t—+oo

which proves the lemma. O
Now we will show that the functional J satisfies the (PS) condition.

LEMMA 4.4. Palais-Smale condition Let ¢ € [2,2*), A > 0, and f: [0,1) > R a
continuous function satisfying condition (f). Then the functional J given in (4.1)
satisfies the Palais—Smale condition.

Proof. Let {u,} C H,,4(B) be a Palais-Smale sequence. So, we get

J(un) — ¢ >0 and J'(u,) — 0. (4.9)

Since 2*+ f(r) > 1 for r € [0, 1) by standard calculations we know that the sequence
{un} is bounded in Hy ,,4(B), So, up to a subsequence, there exists u € Hy ,q(B)
such that

Up — win Hj q(B),

o (4.10)
up —uin L*(B) V s € [1,2%).

From J'(u,) — 0, we can choose ¢ = u, — u as the test function and obtain the
following inequality:

’ / Vu,V(u, — u) dx—)\/ (w9 (uy — ) da — / (ur'f)z*_l"’-f(r) (U, — u)dx
B B B
< enllV(un —u)l2 < Cen,

(4.11)

where €, — 0. As ¢ € [2,2*), by Holder inequality and (4.10), we obtain

(a=1)/q 1/q
/ (uH) Ty —u)de < </ |(u,)e dx) (/ |ter, — ul|? dx)
B B B
< Clluy, — ullg — 0.
Therefore, by (4.11), the lemma will be proved if we check that
/ (uh)2 =1 O (4, — w) da — 0. (4.12)
B

Indeed,

1 * . P1
/(u:)Q _I—H(T)(Un —’U) dx —/ (u+)2 —1+f(r )(un _ u)TN_l dr
B

WN-1

2 ) (g, — w)rN T da

+
/ 2*—1+f(r)( . U)TN—I dr,
1)

https://doi.org/10.1017/prm.2024.85 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.85

Notes for Brezis—Nirenberg’s problem 15

where p; and p, will be chosen later. We will estimate each integral above separately.
First, for r > 0 small enough, we know that 2—2* < f(r) < 0 because f is continuous
at r=0 and f(0) < 0. Therefore, for r small enough, we have that 2 < 2* + f(r) <
2*. So, we can choose p; > 0 small enough such that 2 < 2* + f, (p!) < 2*, where

fi(p') = sup f(r). Then, we get
r€(0,p1]

Pl .
WN_1 / (u:)2 _1+f(r)(un — u)rN_1 dr
0

<2 TN iy Mun = ullae g
1+ F(r)

< Cllun — u||2*+f+(p1) — 0.

To estimate the second integral, we need to choose ps =1 — p{v ~2 sufficiently close
to 1. So, by inequality (2.1) of the lemma 2.1, we get

P2 1 2*71+f+(p) P2

(u})? —1+f(r)(un —uw)yrV e < | (up, — uw)rN =1 dr
" (N—2)/2

P1 pl o1

< Cllun = ull 15 = 0,

where f(p) = sup f(r).

re[plvp2]
To estimate the last integral. Note that for po =1 — leV_2 and po <17 <1, we
have
_ 172
(1(N—702))/2 <
P1

By inequality (2.2) from lemma 2.1, we get

' +\2¥—14f(r) N-1 ' (1- 7")1/2 S N-1
; (uy) (Un —u)r dr < ) 7/)(]\,72)/2 (up, —w)r dr
2 1 1

< Jun — u||L1(B) — 0.
Therefore, (4.12) is verified and the proof of the lemma is concluded. O

From lemmas 4.2, 4.3, and 4.4, we conclude that the functional J has a non-
trivial critical point u. Using ¢ = u_ as a test function in equation (J'(u), ) =0,
we obtain that u = uy > 0 and by the strong maximum principle (see [6, theorem
4, pp. 333]) it follows that w is positive, thus finishing the proof of the theorem 1.3.
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