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Theta functions, fourth moments of eigenforms, and
the sup-norm problem I

[lya Khayutin and Raphael S. Steiner

ABSTRACT

We give sharp point-wise bounds in the weight-aspect on fourth moments of modu-
lar forms on arithmetic hyperbolic surfaces associated to Eichler orders. Thereby, we
strengthen a result of Xia and extend it to co-compact lattices. We realize this fourth
moment by constructing a holomorphic theta kernel on G x G x SLo, for G an indefi-
nite inner form of SLy over Q, based on the Bergman kernel, and considering its L?-norm
in the Weil variable. The constructed theta kernel further gives rise to new elementary
theta series for integral quadratic forms of signature (2,2).
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1. Introduction

The study of distributional aspects of automorphic forms has enjoyed ample consideration in
the past couple of decades, in particular questions related to the quantum unique ergodicity
conjecture, various bounds for LP-norms, and restriction problems. In this paper, we are mainly
concerned with the L°°-norm of holomorphic Hecke eigenforms on arithmetic hyperbolic surfaces
in the large weight limit, though our method also gives essentially sharp results for moments of
L*-norms.

The sup-norm problem asks for the best possible bound on the sup-norm of a Hecke eigenform
in terms of the analytic conductor. Specifically, one often seeks a non-trivial bound on the sup-
norm separately with respect to the weight, Laplace eigenvalue, or level aspect. It is analogous
and closely related to the Lindel6f Hypothesis for automorphic L-functions. The go-to method
for the majority of previous work on this problem is amplification. It was first used in this context
by Iwaniec and Sarnak in the pioneering paper [IS95], though the idea of an amplifier goes back
to Selberg [Sel42]. Iwaniec and Sarnak showed the bound

lelloe e (14 X212 (1)

for a Hecke-Maass form ¢: ['\H — C, where the lattice I' < SLy(R) is the unit norm elements
of an Eichler order in a quadratic division algebra. Here and henceforth, we have adopted
Vinogradov’s notation. Their result marked the first time a power of 1+ |\,| was saved over
what holds for a general Riemannian surface. Indeed, (1) has been known to hold with exponent
% for a general compact Riemannian surface, without any further assumptions of arithmetic
nature (cf. [Sog88]). The amplifying technique has been used heavily due to its versatility. In the
context of automorphic forms on arithmetic hyperbolic surfaces, Blomer and Holowinsky [BH10],
Templier [Tem10, Tem15], Harcos and Templier [HT12, HT13], Saha [Sah17a, Sah17b, Sah20],
Hu and Saha [HS20], and Kiral [Kirl4] have used it to show subconvex bounds in various level
aspects; Das and Sengupta [DS15] and Steiner [Stel7] have used it to show subconvex bounds
in the weight aspect. Blomer, Harcos, and Mili¢evi¢ [BHM16] and Blomer, Harcos, Maga, and
Mili¢evi¢ [BHMM20] applied it to a more general setting over number fields, which corresponds
to products of hyperbolic 2- and 3-spaces. The most general PGLsy result is due to Assing
[Ass17]. Moreover, the technique has also been adopted to arithmetic 2-spheres by Vanderkam
[Van97] and products of 2- and 3-spheres by Blomer and Michel [BM11, BM13], and generalized
to higher rank, e.g., by Blomer and Pohl [BP16] for Sp,, Blomer and Maga [BM15, BM16] for
PGL,, (n > 4), and Marshall [Mar14] for semisimple split Lie groups over totally real fields and
their totally imaginary quadratic extensions, to name a few examples.

In this paper, we employ a different tool, namely the theta correspondence. The theta
correspondence was first used by the second named author [Ste20] to tackle sup-norm problems.
It has been used previously by Nelson to answer questions regarding quantum unique ergodicity
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and quantum variance [Nell6, Nell7, Nell9, Nel20], and give Fourier-like expansions for forms
living on compact spaces [Nell5]. The main advantage of this approach is that instead of looking
at an amplified second moment, we are able to bound a fourth moment sharply. Another advan-
tage is that it works for co-compact lattices equally well as it does for non-co-compact lattices.
Our main theorem and its corollary read as follows.

THEOREM 1.1. Let the arithmetic lattice I' < SLa(R) be the unit norm elements of an Eichler
order in an indefinite quaternion algebra over Q and {f;}; C S2™(T') be an orthonormal' basis
of Hecke newforms of weight m > 4. Then, there is a constant A > 1, such that for any € > 0,
there is a constant C. for which we have

S P fi(2)]* < Cecovol (D) m! = (1 + m~?htr(2)?), (2)
j
where htr(z) = 1 if I is co-compact and
htp(z) = 3
r(z) L, S(v2)

if T' < SLy(Z). Furthermore, we have
ST < Ccovol(T)Am . .

J

COROLLARY 1.2. Let I' < SLo(R) be as above with the additional assumption of being co-
compact (< B(Q) is non-split) and f € SheV(I") a Hecke newform of weight m > 4. Then, there
is a constant A > 1, such that for any € > 0, there is a constant C. for which we have

Suﬁ ym/2|f(z)\ < C. covol(F)Am1/4+5Hf||2. (4)

ze

The first half of Theorem 1.1 marks a significant improvement over what has been known

previously. It shows that the L°°-norm of the fourth moment of holomorphic newforms of weight
m is, essentially, as small as it can be, meaning that they enjoy a stronger ‘orthogonality’ relation
than what was known previously. Remarkably, our proof does not rely on any deep results from
arithmetic geometry such as Deligne’s bound for the Hecke eigenvalues, but rather a sharp bound
for a second-moment matrix count as we shall explain in further detail in §2. The second half of
Theorem 1.1 is a simple consequence of the first half if I" is co-compact and otherwise it follows
in conjunction with [BKY13, Theorem 1.8], which says that the mass of the fourth norm is
concentrated in the domain {z € T\H : htp(z) < m!/4}. Following Sarnak and Watson [Sar03],
Inequality (3), through the use of Watson’s formula [WaT08, Theorem 3] or, more generally,
Ichino’s formula [Ich08] (cf. [Nelll, §4]), may be reformulated as a Lindel6f on average state-
ment about degree-eight L-functions. In particular, assuming that the product of the reduced
discriminant Dy of B and the level ¢ of I is square-free, one deduces

%Z 2;z:[,(f x fxg, ;) < C. covol(T)Am®, (5)
¥ g

where f € SPV(T') runs through a basis of newforms of weight m for I' and g € S9,,(I") runs
through an orthonormal set of newforms of weight 2m for I' with Hecke eigenvalues equal to 1
for all primes p | Dp and Atkin—Lehner eigenvalues equal to —1 for all primes p | ¢. This should
be compared with the result of Sun and Ye [SY19] who considered the double average of the
degree-six L-function L(Sym? f x g, %), where f, g are Hecke eigenforms of weight m, respectively

! With respect to the invariant probability measure.
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2m, for SLgo(7Z). Note that L(f x f x g, %) = L(Sym? f x g, %)L(g, %) One should also mention
a result of Khan [Khal4], who managed to show an asymptotic formula for the left-hand side of
(3) for I' = SLy(Z) with an extra (smooth) average over the weight m. Khan’s result matches
up with conjectures concerning the asymptotics of the L*-norm in the large weight aspect. We
refer to [BKY13] for details regarding these conjectures. In the future, we plan to address the
question whether one can upgrade the second half of Theorem 1.1 to an asymptotic without
any extra average over the weight. We shall also mention the strongest individual bound for the
L*norm of a Hecke eigenform f of weight m on SLo(Z) which is due to Blomer, Khan, and
Young [BKY13]. They managed to show || f||s <e mY 2+ f]|z.

The convex or trivial bound in the context of Corollary 1.2 is < covol(T')}/?m!/? and the
first non-trivial bound in the weight aspect <. m!/279t¢ for a small § > 0 was achieved by
Das-Sengupta? [DS15] through the use of an amplifier. The previous best bound in the weight
aspect is due to Ramacher and Wakatsuki [RW21] who established a subconvex bound for the
sup-norm in significant generality.

The analogue of Corollary 1.2 for non-uniform lattices is much easier to establish, because
one can use the Fourier expansion at a cusp and then apply Deligne’s bound for the Fourier
coefficients. This was observed by Xia [Xia07], who worked out the case I' = SLy(Z). In the
same fashion, a sharp hybrid bound for holomorphic forms of minimal type was derived by
Hu, Nelson, and Saha [HNS19]. We would also like to thank Paul Nelson for pointing out to
us the relation between our technique and [Nell5, Theorem 3.1]. Nelson uses an explicit (non-
holomorphic) version of Shimizu’s theta kernel [Shi72] to construct an expansion of y™|f(2)|?,
where f is an arithmetically normalized newform on a compact arithmetic surface, that resembles
a Fourier expansion.

Finally, we shall mention that we did not attempt to optimize the dependence on the co-
volume or level in Theorem 1.1 in this first paper. Due to our method requiring sharp bounds
for a second-moment matrix count of length comparable to the conductor, any such undertaking
must necessarily address the inability of pre-existing matrix counting techniques in the non-split
case, such as [Tem10], to deal with large determinants. Furthermore, a strategy needs to be
devised to incorporate the dependence on the reduced discriminant of the indefinite quaternion
algebra. All of this shall be addressed in a sequel joint with Nelson [KNS22].

As far as the structure of this paper goes, in the following section, we shall briefly explain
the main concept of the proof as well as mentioning an alternative approach using L-functions
instead of a theta kernel. Sections 3 and 4 deal with local and global properties of the Weil
representation and their consequences to the associated theta series. The action of the Hecke
algebra on the theta kernel is computed in §5. In §§6 and 7, we show that the Bergman kernel
satisfies the required assumptions in the construction of the theta kernel and compute its spectral
expansion. In §8, we reduce a bound on the L?-norm of the theta kernel to matrix counts. In
§9, we prove the essentially sharp second-moment matrix count. The main theorem is then
established in §10.

2. General method

In this section, we shall briefly explain two essentially equivalent strategies that lead to
Theorem 1.1. We shall first lay out the approach which is conceptually closer to that of

2 In the published version § = 1/32 appears, though this has been corrected to § = 1/64 in a recent revision on
the arXiv [DS20, Remark 4.1].
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an amplifier. For simplicity, we shall assume everything is unramified, i.e. I' = SLo(Z), which is
the set of determinant one elements of the maximal order R = Mato,2(Z) inside the quaternion
algebra Matg,2(Q). Let R,, denote the elements of R of norm n, such that I' = R;. We begin
with a Bergman kernel (also known as a reproducing kernel) on S,,(T"), the space of weight m
holomorphic cusp forms on T,

B(z,w) =Y (=)™ f;(2)S(w)™ f;(w), (6)
J

where {f;}; is an orthonormal basis of Hecke eigenforms of the space Sp,(I'). The amplified
counterparts to the Bergman kernel are

Z ()3 (2)™2 £(2) S (w) ™2 f(w), (7)

where A;(n) is the n-th Hecke elgenvalue of the newform f;. We normalize the Hecke operators
so that Deligne’s bound reads |\;(n)| < d(n), d(n) is the divisor function. The kernels B,, are
roughly of the shape

Bn(z,w)z% oo (8)

aGSRn
u(az,w)<1l/m
where u(z,w) = |z — w|?/(43(2)I(w)). Instead of taking a suitable linear combination of (7) as
one would do for an amplifier, we consider

[ 13 Bt 2yt it = T RGPHERAOR Y Al ©

n<m 4,7 nm
To the latter, or more precisely a smooth version thereof, one may apply Voronoi summation.
If we set aside any intricacies stemming from Riemann zeta factors and smoothing, we pick up
main terms for ¢ = j corresponding to the poles of L(f; x fj,s) at s =1 for i = j and a dual sum
of length m?/m. Thus, we find that (9) is approximately

ng(z)2m’f] |4+Z 2m’f] Hfz Z Aji( (10)
J

n<m?2/m
%#J

We see that the new dual sum is once again of the shape (9) and we may replace it with its
geometric counterpart. Through rearranging and the use of the approximation of the Bergman
kernel (8), one arrives at

SSEIsE em L Y (1)

J n<m a1,00€R
u(a;z,2)<1/m, i=1,2

We see that we end up with a second-moment matrix count. Before we discuss the latter further,
we shall describe how to arrive at the same inequality in an alternate fashion by using a theta
kernel.

At its core, one wishes to find a kernel® ¥ : I'\SLg(R) x I'\SL2(R) x A\SLy(R) — C, such
that

(9(z,ws o), (S)™2F) = (=)™ f(2)S(w) ™ (w) - |13, (12)

3 Here, T' < G(Q) is a congruence lattice in an indefinite inner form G of SLs and A < SL2(Q) is a lattice in the
split form SLy that arises in Shimizu’s explicit Jacquet—Langlands transfer of modular forms on I'\G(R).
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for an L%normalized newform f and f an arithmetically normalized newform in the
Jacquet—Langlands transfer to GLy of the automorphic representation generated by f. It
immediately follows that

Z IF113 - S (2)* < [10(2, 2 0) 13 (13)
by Bessel’s inequality. For I' = SLy(Z), such a kernel may be given by
9(z,w;¢) = ()™ Bulz, w)nt™ 1 2e(n(). (14)
n=1

This may be used to recover (11) upon using the Hoffstein-Lockhart bound for || f||2 (see [HL94])
and standard bounds for the incomplete Gamma function.

We prefer to employ the latter approach as it avoids translating spectral data back into
geometric terms. Specifically, in (10), we have been able to replace the dual sum by the integral of
the same amplified Bergman kernel on the left-hand side of (9). This step cannot be reproduced
verbatim in the ramified cases. Instead, one would need to express the dual sum in terms of
Fourier expansions of amplified Bergman kernels associated to various levels and different cusps.
The approach using the theta correspondence avoids these issues altogether.

Whilst the constructions of theta kernels in great generality have been known for a while, see
[Shi72] or [Nell5, §5 & Appendix B] for an explicit example, they are unfortunately generally
not in L2. An attempt to rectify this, would be to project such a theta kernel to Sy, (I"). Formulae
for such projections are given by Gross and Zagier [GZ86, §IV.5]. However, we follow a different
path. Motivated by the simplicity of the kernel 9 in the case I' = SLy(Z) (14), we modify the
general construction of a theta kernel to mirror a classical Bergman kernel of weight m. In order to
show that the novel theta kernel behaves in the prescribed fashion, we use a method of Vignéras
[Vig77] at the infinite place and compute the Fourier—Whittaker expansion in the (-variable.
We compare the latter with Shimizu’s explicit form of the Jacquet—-Langlands correspondence
[Shi72]. As a corollary, we derive a new elementary theta series for indefinite quadratic forms of
signature (2, 2).

THEOREM 2.1. Let R be an Eichler order of level q in an indefinite division quaternion algebra
over Q of reduced discriminant Dg. Denote by R the subset of elements of positive norm and
by ' the subset of elements of norm equal to one. Furthermore, let f € S,,(I") be a cusp form of
weight m > 2. Then, for each z € H, the function %¢(z;e), given by

Fr(z0) = > Nr(@)™* (flme)(2)e(Nr(a)]), (15)

ael\R Tt

is a cusp form of weight m for I'o(¢Dp). Moreover, we have Fr, f(z;®) = (1,,%f)(2;e) for
(na q-DB) =1

Returning to the second-moment matrix count, we see that upon using partial summation
we need to bound the number of solutions to

1
a2 € R 1< Nr(og) =Nr(ag) <N, u(oz,z) < —, i=1,2. (16)

m
Consider z fixed for the moment. Then, we are given a quadratic equation in eight variables all
of size N/2 with four additional linear inequalities of density m~'/2. Heuristics suggest that we
should have on the order of (N'/2)8. N=1. (m~1/2)* = N3m=2 solutions for N large. We see

that for N < m, N3m~2 < N, which is the bound we are aiming for. Moreover, by considering
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the order Matayo(Z) and the special point z = i, we see that the matrices of the shape (‘g ;b)
with 1 < a? + b < N satisfy the conditions in (16) and give rise to a lower bound of size N.
Likewise, we should expect that such subvarieties with exceptionally many solutions exist also
for other special points and orders under consideration. Hence, the general estimate we seek
is at the edge of what is achievable. This is in stark contrast to the classical approach of an
amplifier, where one may consider matrices of reduced norm up to only a small power of m in
order to get a non-trivial result. However, the difficulty of the task at hand is rewarded with
a sharp fourth moment estimate. In order to achieve the required bound, we rely on geometry
of numbers arguments, which have been successful in the past for first moments (cf. [HT13]),
in particular with regards to uniformity in the varying point z. To account for the additional
quadratic equation, we decompose each matrix «; into two parts: a multiple of the identity
and a traceless part a?. To the traceless parts a? we apply the geometry of numbers arguments.
The quadratic equation now reads

TI‘(Oq)2
4

Tr(a2)2

1 + Nra

Nrag = —i—Nra?:NraQ:
and we may use the divisor bound to bound the number of possibilities for the traces. This gives
the required bound if and only if the traces are not equal in absolute value. The latter case
needs to be dealt with separately. We do so by showing that there are essentially only a constant
number of matrices a € R satisfying u(az, z) < 1/m of a given trace and reduced norm < m.

As a final remark, we address the natural question, whether the method lends itself to
further amplification. Albeit it being straightforward to produce amplified versions of (11), the
problem lies within the matrix count, where there is no further space for savings as all of the
savings stemming from wu(az,z) < 1/m are used up by the fact that we already have to consider
matrices of determinant < m. Any additional increase in the size of the determinant will thus
automatically increase the bound on the matrix count and subsequently the geometric side of
(11) by a considerable amount.

3. The Weil representation and theta series

3.1 Inner forms of SL2
Let B be a quadratic central simple algebra over Q and for each place v denote B, = B ® Q,.
We define the affine algebraic group G over QQ as representing the group functor

G(L)={z € B®L|Nr(z) =1}

for all Q-algebras L. The group G is an inner form of SLy, and all inner forms of SLy over Q
arise this way.

Fix a maximal order R C B and define R, to be the completion of R in B,. For each
finite place v the order R, is maximal in B,. For v < oo set K, := R}, < G(Q,) to be the
group of norm 1 elements in R,. If B splits over R we fix once and for all an isomorphism
By ~ Matay2(R) and use it to identify the two spaces. We then set Ko, = SO2(R) if B splits
over R and K, = G(R) otherwise. For almost all v the group K, is a hyperspecial maximal
compact subgroup of G(Q,). We define G(A) as the restricted direct product

G(A) — {(gv)v € H G(Qy) | gv € K, for almost all v}.

v<o0
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3.2 Normalization of Haar measures

For a linear algebraic group L defined over Q we denote [L(A)] := L(Q)\L(A). Assume [L(A)] is of
finite volume. We shall always integrate with respect to the probability Haar measure on [L(A)].
Let U < L(Ay) be a compact open subgroup. Then, L(R) acts on [L(A))]y = L(Q)\L(A)/U with
finitely many orbits [Bor63], and [L(A)]y ~ | |; I';\L(R) with I'; < L(R) finitely many lattices.
On [L(A)]y we integrate with respect to the push-forward of the probability Haar measure on
[L(A)]. This measure is evidently an L(R)-invariant probability measure. If [L(A)]y ~ I'\L(R)
is a single L(R)-orbit, then this measure is the probability Haar measure on I'\L(RR).

On SL2(R)/SO2(R) and Spinz(R)/SO2(R) we fix the standard Haar measures correspond-
ing to the volume form of Gaussian curvature +1 on the hyperbolic plane and the 2-sphere. We
fix the unique Haar measures on SL9(R) and Spins(R) whose push-forward to the symmetric
space coincides with the measure above.

On SLy(Q,) and PGL2(Q,) we fix the Haar measure giving volume 1 to SLy(Z,) and
PGL;y(Z,), respectively. Let D, be the unique ramified quaternion algebra over Q, with ring of
integers O(ID,). Denote by ID)él) the group of norm 1 element in D,. We fix the Haar measures
on ]D)]()l)7 Q,\D, that give volume 1 to the compact open subgroups 6(D;) N D,(}), Zy\O(Dp)*
respectively. These choices fix a Haar measure mg(q,) on G(Qp) for all primes p.

The product of the local Haar measures mg(q,) at all primes p induce a Haar measure on
G(Ay) = H;G(Qp), which we call the unnormalized Haar measure on G(Ay). Similarly, we
call the product of the fixed Haar measure on G(R) with the unnormalized Haar measure on
G(Ay), the unnormalized Haar measure on G(A). The unnormalized Haar measure on G(A) is
necessarily proportional to the covolume 1 measure, but they are not equal. Our local measure
normalization forces mgq,)(Kp) = 1 for all primes p, hence the volume of [G(A)] with respect

to the unnormalized measure is not 1, but rather the sum of the volumes mg(R)<R§1)\G(R>) for
orders R; C B representing all the classes in the class set* of R, where R is the maximal order
from above. Denote by og the volume of [G(A)] with respect to the unnormalized measure.
In the indefinite case, the class number is 1 and the volume is pg = (7/3)¢(Dp) (see [Voi2l,
Theorem 39.1.2]). Exactly the same formula holds in the definite case, due to the Eichler mass
formula [Voi21, Theorem 25.1.1]. We henceforth fix the Haar measure mgs,) on G(Ay) to be

the measure induced by gél Hp mg(qg,)- The product mgr) X mag(a PR the co-volume 1 Haar
measure. The same discussion applies mutatis mutandi to SLs.

Note that we have several normalizations of the Haar measure on G(R). When integrating
over a quotient by a lattice I'\G(R) we always use the co-volume 1 Haar measure. When inte-
grating over G(R) we use the standard measure mg(r) Which is not a co-volume 1 measure in
general. The discrepancy is accounted for by the factor Qél in the Haar measure of G(Ay). The
same discussion applies to SLo.

3.3 Local Weil representation

In this section, the field F' = Q, is a completion of Q at a place v, then B, is a quadratic central
simple algebra over F, i.e. B, = Matax2(F') or B, is the unique quadratic division algebra over F.
Denote by © — ‘x the canonical involution on B,,. In the split case, the involution sends a matrix
to its adjugate. Denote the reduced norm on B, by Nr and the reduced trace by Tr. We shall
also fix a unitary additive character ,: F' — C*. In this section, we recall the construction and
elementary properties of the Weil representation.

4 That is, all orders everywhere locally conjugate to R by a norm 1 element, where two orders are equivalent if
they are globally conjugate by a rational norm 1 element.
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The vector space B, is endowed with an additive Haar measure. For an integrable function
M: B, — C, we define the Fourier transform by

FM(x) = [ M) (o 9)) d
where the bilinear form (,) is defined by

(z,y) = Tr(z'y).

Note that this is twice the polarization of the norm quadratic form, i.e. (x,z) = 2Nrz. We
normalize the measure on B, so that it is Fourier self-dual, i.e. #2M () = M (—=x) for a Schwartz
function M.

If v is non-archimedean denote by (2, the space of Schwartz—Bruhat functions on B,,
i.e. locally constant functions of compact support. At the archimedean place, we need to consider
a space that differs from the space of Schwartz functions because the Bergman kernel does not
arise from a Schwartz function. To construct Q.., we will start first with a larger space L?(Boo)
and then restrict the Weil representation to a subspace {2, to be defined later.

The Weil representation of SLo(F) on Q,, L?(By,) satisfies

p<(}) j))M(x) — (0 Ne() M (@),
o((5 30))arte) = Earon),

o((5) o)) =warta)

where v = 1 if B, is split and v = —1 otherwise. For a proof that this defines a representation,
see [JL70, §1.1].

Note that the representation depends on the choice of an additive character v,. We will
usually suppress this dependence in the notation, but when we need to keep track of the character
we shall write py, . Because Q, is Fourier self-dual, all non-trivial additive characters are of the
form #y, (a) = 9, (aw) for some w € Q,F. We see that

p=y, (9) = py, (diag(w, 1)g diag(ew, 1)), (17)

LEMMA 3.1. Let O(By, Nr) be the group of linear transformations preserving the norm form, this
group acts on functions by u.M(x) = M (u~'z). The action of the orthogonal group O(B,, Nr)
commutes with the action of SLo(F) via p.

Proof. Tt is sufficient to verify the claim for each of the formulae above. The action of the
upper triangular matrices commutes with the action of any linear transformation that pre-
serves the norm. The Fourier transform intertwines the action of L € GL(B,) with the action of
|det L|;1*L~=1. Hence, it commutes with orthogonal transformations. D

COROLLARY 3.2. The p action of SLy(F') commutes with the right and left actions of G(F') by
multiplication. Moreover, the p action commutes with the B*-action by conjugation.

Proof. The actions of B* and G(F) preserve the norm form, hence they factor through the
orthogonal group. O

LEMMA 3.3. The Weil representation is a continuous unitary representation of SLo(F') on €,
L?(By).
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Proof. This is established by Weil [Wei64] for the space of Schwartz or Schwartz—Bruhat
functions. The same proof works for L?(By). O

3.4 The Archimedean Weil representation

To construct the appropriate subspace Qo C L?(By,), we will use a method based on the work
of Vignéras [Vig77]. We define the Laplacian A on Bs as the Fourier multiplier operator with
symbol —4m2 Nr. Write the archimedean additive character as s (a) = exp(2miaw) and consider
the partial differential equation (PDE)

— AM(z) + w? Nr(z)M(z) = %M(;p), (18)

where m € Z and w > 0. This is nothing but the PDE for energy eigenstates of four indepen-
dent quantum harmonic oscillators with total energy (ww)m and angular frequency ww. We call
m the quantum number of the equation and we denote by V;, ., the L?-closure of the space of
Schwartz solutions to (18). Note that unlike the standard harmonic oscillator, the individual oscil-
lators may have either positive or negative energy depending on the signature of the quadratic
form Nr.

We fix henceforth v (a) = exp(27mia), i.e. w = 1. Consider the densely defined linear
operator L, : L?(Bs) — L%*(Bs) given by L,[M] = —AM + w? Nr(z) - M with the domain of
Schwartz functions D(L,) = 8(Bso). Then, L, is real, i.e. (L,[M], M) € R for all M € §(B).
Hence, L, is symmetric. For explicitness, we state the following classical linear algebra lemma.

LEMMA 3.4. The spaces {Vm,w} are mutually orthogonal.

meZ

Proof. Tt is enough to show that if M, M’ are Schwartz solutions to (18) with quantum num-
bers m # m/, then (M, M’y = 0. Because the operator L, is symmetric, we have (wmM, M') =
(LIM],M") = (M, LIM']) = (M,wm/M"). We deduce that (M, M’) = 0 in the usual fashion. [

LEMMA 3.5. Let kg := (%9, 5n9) € SO4(R) and set Yoo (a) = exp(2mia). Then, for every M €
Vin,2r we have

(p(ko).M)(z) = ™M ().
Moreover, L?(By,) = @D...cz Vim2r. Therefore, Vi, o is the (p(SOQ(R)), eime)—isotypic subspace
of L?(By).

The idea to use the one-dimensional Hermite functions in the proof of the lemma has been
suggested to us by J. Wunsch.

Proof. We establish first the direct sum decomposition. Recall that we need the Laplacian in
(18) to be defined consistently as having Fourier symbol —472 Nr. Choose a coordinate system
1,..., x4 for By such that Nr(z) = Y27 ea? with ¢ € {+1}. The Laplacian for our fixed
character can be written in this coordinate system as

4
1 02
4 Z € 922
=1 ?

The 1/4 factor appears because the Fourier transform is defined with respect to the bilinear
form Z?Zl 2¢;x;9;. The space of solutions to the one-dimensional quantum harmonic oscillator
with angular frequency 4w, n € Z>o,

— 1" (@) + 4’2 f (@) = 20+ D f(2)
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is one-dimensional and the L?-normalized solution is
1
fo(x) = ———= exp (—2m2?) H,(2/72),
2n—1p)|
where H,, are the physicist’s Hermite polynomials. Moreover, these solutions form an orthonor-

mal basis of the Hilbert space L?(R). Define for every n = (n1,na,n3,n4) € Z‘éo the function
M,,: B, — C by

4
x) = H In,(75) = H 2"1_111 ‘ exp (—QWx?)Hnj(Qﬁxj),
j=1

where z1,...,z4 are the normal form coordinates for the quadratic form Nr(z). Because
L?(By) ~ L*(R)®*, we deduce that the functions M, form an orthonormal basis of L?(By).
These are Schwartz functions, and a separation of variables computation shows that M,, solves
(18) with® 2m = Z?:l €j(2nj +1). This and Lemma 3.4 establish that L*(Be) = @,,,c7, Vin,2r
as claimed.

We need to prove that if M € V;, o, then p(kg).M = €™M for all 6 € [0,2n). By continuity
of the Weil representation it is enough to establish this for Schwartz functions. Because Schwartz
functions are smooth vectors for the Weil representation it is sufficient to show (d/df)p(kg).M =

m (p(k@).M ) Because the group SO2(R) is abelian it is enough to verify this ordinary differential
equation (ODE) at 6 = 0. The formula kg = exp(Qw) for w = (%, §) implies that the ODE at

0 = 0 is equivalent to
dp(w).M =1imM, (19)

where dp is the Lie algebra representation of slp(R) on 8§(Bs) differentiated from the
Weil representation of SLy(R). Using the definition of the Weil action for upper diag-
onal unipotent matrices one easily computes that (dp(gé).M)(x) = 2mi Nr(z)M(z). The
formula (% §) = w™! (§ ) w, then implies that dp ( °; ) .M = (1/2mi)AM, and (dp(w).M)(z) =
(1/2mi) AM (x) + 2mi Nr(z) M (z). Thus, (19) is equlvalent to (18). O

COROLLARY 3.6. Let M € V,, , for arbitrary w > 0 and fix g = (a b) € SLo(R). Then,

o =2 L (M ) (i [ ) (2 ),

where D = /c?(w/27) + d2(27 w).
Proof. We use the notation a := diag (/27 /w, \/w/27) and write p(g).M = p(ga=")p(a).M.

The Iwasawa decomposition of ga™! is

27 w /2
ga_l _ 1 bd%ﬁ D - %%
0 D

0 1 o 2 d
27rD w D

(@) M) () = M(ﬁ o)

is a solution of (18) with angular frequency 27. Hence, we can apply Lemma 3.5 to p(ga=!)p(a).M
and the Iwasawa decomposition of ga™!. O

The function

® The sum of four odd numbers 22:1 €;(2n; + 1) is always even.
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DEFINITION 3.7. Fix m € Z. We are now ready to define the subspace 2, < L?(Bx). This space
will depend on a choice of m. Recall that V;, ., is the L?-completion of the space of solutions of
the quantum harmonic oscillator, (18), for a fixed m € Z and w > 0. Define

Qoo = Spanc { Yo (0 Nr(z))M(z) | 0 € R,Tw > 0: M € Vpyy
and 36 > 0: [M(z)| < (1+ [Jz]))~*7°}.

The span allows only for finite linear combinations. In other words, €2, is the space generated
by orbits of functions in | J,,- ¢ Vin.w satisfying a decay condition at infinity under the Weil action
of unipotent matrices. The decay condition implies that any function in 2 is in LP(By) for all
p=>1

PROPOSITION 3.8. The space ), is invariant under the Weil representation and the action of
O(Boo, Nr).

Proof. The space Vi, is invariant under O(By,Nr) because (18) commutes with orthogo-
nal transformations. Also, the decay condition is invariant under orthogonal transformations.
Invariance under the Weil action follows from Corollary 3.6. O

Remark. We note that we may assume the functions in 2., to be continuous, since we may replace
them with the Fourier inverse of its Fourier transform as it converges absolutely uniformly on
compacta due to the decay condition.

3.5 The non-Archimedean Weil representation

We now describe the interaction between the Weil representation and Eichler orders in B, for
v < 00. In this section, we fix a prime p and write /' = @, and set v to be the associated place.
For clarity of notation, we will write B), = B,. We assume that 1), = 1, is an unramified
character.

DEFINITION 3.9. Let R C B, be an order. Then, the dual lattice %R is defined as
%= {z € B, |Vz € R: Tr(a'y) € Zp}.
We begin by discussing maximal orders.
DEFINITION 3.10. Set Up(p™) < SL2(Z,) to be the congruence subgroup defined by

ny .__ ZP Zp
UO(p ) = (anP Zp) N SL2(ZP)

LEMMA 3.11. Let R C B, be a maximal order. If B, is split, then p(SLy(Zy)). 1 = 1g. If B,
is ramified, then p(UO(p)).]lgR =1g.

Remark. This lemma is closely related to Lemmata 7 and 10 of [Shi72].

Proof. All maximal orders in B, are conjugate to each other by an element of B;’. Because the
WEeil action commutes with conjugation, it is enough to prove the claim for a specific maximal
order. Moreover, the group SLy(Z,) is generated by the subgroup % < SLg(Z,) of upper triangu-
lar integral matrices and the involution w. The fact that 1g is invariant under & follows because
we have assumed v, is unramified. If B, is split, fix an isomorphism B, ~ Matayx2(Q),) and we
need only show that Ly, ,(z,) is invariant under the Fourier transform. This follows from the
fact that 1z, is invariant under the Fourier transform on Q, with an unramified character.

If B, is a division algebra, we need only show invariance under the element ( 11, (1)) =

—w ((1) _1p) w. This element and the upper triangular integral matrices generate Uy(p). Because of

the duality of the Fourier transform, this is equivalent to showing that p((é ° )) Flg = Flg.
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Let E = F(y/a)/F be the unique unramified quadratic extension and write B), as the cyclic
algebra (%) with the standard generators i, j, k and i2 = a, j?> = p and ij = —ji = k. As usual,
we identify F with the sub-ring Q, +¢Q, < B,. Denote by Op the maximal order of E. Then,
the unique maximal order of B), is R ~ O 4 jOg. The Fourier transform on B, descends to
the standard Fourier transform on E with an unramified character. Identifying B, ~ FE x E
via a + jb+— (a,b), we can write the Fourier self-dual measure on B, in these coordinates as
p~'mpg x mg. The p~! factor normalizes the measure to be self-dual.

The Fourier transform on E satisfies 16, = 1e,. An explicit computation with the Fourier
self-dual measure implies

Flogtjor = pillGE-&-j_l@E'
Hence, Nrx € p~'Z, for all z € suppF1lg, from which we deduce (p(((l) - ))%ﬂg{)(%) =
Uy(—pNrz)(Flg)(z) = Flg)(z) and the claim follows. O
LEMMA 3.12. Assume B, is ramified and let R C B,, be the unique maximal order. Then, there
is an isomorphism of finite abelian additive groups

Tt @/9{ — Fpe

such that —p Nrz mod pZ, = Nr 3, (z) for all x € % . The norm on the right-hand side is the field
norm Fp2 — ).
Moreover, if j is a uniformizer of R, then we can choose j, so that the composite map

g1 ~ :
RIIR T RIR S T
is a field isomorphism.
Note that there are exactly two field isomorphisms R /jR — F,2 and they differ by post-
composition with the Frobenius, i.e. by the action of the Galois group. If f: R/jR — [, is such
an isomorphism, then f(jzj~') = f(z)P, i.e. conjugation by j is intertwined with the Frobenius.

Y I~ v . . . .
Hence, the composition of R /jR LR /R v, [F,2 is necessarily also a field isomorphism

differing from the original one by post-composition with the Frobenius.

Proof. Let j be a uniformizer in ®. The field norm on R /jR ~ [F,» coincides with the reduction
modp of the reduced norm in R. This can be seen by taking a subfield F C B, such that E is
an unramified quadratic extension of F' that splits B,. In these coordinates, we can write

B,=E+jE, ®R=0p+j0p %=0p+; '0p. (20)
Now, the restriction of the reduced norm in B, to E coincides with the field norm on E and
R/jR = Op/pOp ~ F.

Observe that & = j71% and R /R ~R[jR ~TF,. The last isomorphism is a field iso-
morphism and, thus, it commutes with taking norms. The first isomorphism is via the map

x — jx and Nr(jz) = —pNraz. This establishes the claimed formula for norms. To summarize,
the map j, may thus be given explicitly as

go(a+j~'0) =b mod pOg, (21)
fora—l—j_lbeéjiwith a,b € Op. d

PROPOSITION 3.13. Assume B, is ramified and let R C B, be the unique maximal order.
Then,
1, (Nrzx -1
p(SLa(Zy)) g = {—p w( ; )]1@ |0<t <p} U{lg,—p 15}

Moreover, each of the functions above corresponds to a single coset in SLa(Zy)/Us(p).
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Remark 3.14. Because Nrx € p‘lZp and v is unramified, we can rewrite the result above
as

p(SLa(Z,)) g = (g} U {—p7 "y (tNra) 15 [ € 2/ 5.
Proof. As in the previous lemma, we put coordinates on B, corresponding to the cyclic algebra
(%) where E = F(y/a)/F is the unique unramified quadratic extension, see (20). We shall make
use of the explicit map 3, given by (21). It is an isomorphism of abelian groups ) /R — Fp2 and
—pNrz mod pZy, = Nr j,(x) for all x € QAi, where the norm on the right-hand side is the field
norm 2 — F.
For each o € F 2, fix a representative 24 € 7, (). Then,
%= |] (za+2). (22)

aE]sz

-1

Explicitly, for each o € F)2, we take zo = j~ &, where & € Op satisfies & mod pOg = a. The

duality between % and % implies that Nr(zq + R) C Nrzq + L.

Recall that 1g is p(Up(p))-invariant. Hence, we need only calculate the action of each rep-
resentative of SLa(Zy)/Up(p) on 1g. A set of representatives is given by w, (19), 0 <t < p.
The action of p(w) is the Fourier transform (multiplied by v = —1) and we have already seen in
the proof of Lemma 3.11 that

p(w)lg = —pilllg}b.

Write 2 =a+j"'b for z€R. Now, we compute the action of (%?)z—w(é_lt)w

using® (22)
(o((; 9))12)@ = =5 stw)- etz ) @)

= ot T 0N ) @)

acF 2
= p‘2]1§i(:c) Z (=t Nrxy + (z,24)).
aE]sz
If t # 0, then the sum above becomes

> w(er—Nz(x—txa)>:¢<Nl;x> S w(Nr(bt;ta)>: (m) > ¢<Nra0>

aE]FPQ aGIsz ap EIF 2

() £ o)) ()

BEF,

We have used the fact that every element of ' is the norm of exactly p + 1 elements in IFZQ.
This establishes the claim for 0 < ¢ < p. For ¢t = 0, the sum becomes

Tr ab) p?, b= 0mod pOg,
v =10 :

= otherwise.

In addition, 1 (2)0p=0 mod po(z) = L (7). Of course, the case of t =0 is actually trivial to
compute because it corresponds to the identity representative.

6 Note that p(—1).M(z) = M(—=z) and that our function is symmetric, so —1 acts trivially.
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O

LEmMMA 3.15. Let M: B, — C be a Schwartz-Bruhat function. Then, there is an open
subgroup Uy < SLa(Zy) such that p(Upr).M = M. In particular, p(SLs(Zy,)).M is a finite

set.

Proof. Fix a maximal order R C B),. We first claim that for every Schwartz-Bruhat function
M : B, — C there is some diagonal matrix a € SL2(Q),) such that p(a).M is a linear combination
of translates of 1g. Equivalently p(a).M(x + R) = p(a).M(x). Because M is Schwartz—Bruhat,
there is a small neighborhood of the origin ¥ C B, such that M(z + %) = M (x). There is
k > 1 such that p*® C V. The function = — M (pFz) is invariant under translations by &. Set
a = diag(p¥,p~*), then p(a).M is a linear combination of translates of 1g as claimed.

Fix b € B, and consider the group

d(b) = {diag(u,u™"): u € Z) and bu—b e R}.

Then, ¢1(b) is an open subgroup of the diagonal group in SLy(Z,) and p((b)).Lp1o = Lpsa.
Taking a finite intersection of such subgroups we find an open subgroup sy of the diagonal group
of SLy(Z,), such that p(sdpa).M = p(a).M. Hence, M is invariant under p(sdp).

In a similar fashion, let k, > 0 such that p*b € R and define ¥ (b) = ( (1) pkblzp). Then, N (b)
is an open subgroup of the upper-triangular unipotent group of SLa(Z,) and p(N,).1prs =
1p1@. Taking a finite intersection of such subgroups we can find an open subgroup A/ of the
integral upper-triangular unipotent subgroup, such that p(N/a).M = p(a).M. Set N1 = a1 N/a N
SLy(Zy). Then, p(N).M = M and W is an open subgroup of the upper unipotent integral group.
Replacing M by p(w).M, we can find N, such that p(w™'Now).M = M, and w™'Nyw is an open
subgroup of the lower-triangular integral unipotent group.

Set now Uy to be the group generated by sdg, N, w™ ' Nyw. Then, Uy is an open subgroup
of SLy(Z,) and satisfies the requirements of the claim. O

Assume now B, ~ Matay2(Q)) is split. Maximal orders in Matay2(Q,) are endomorphism
rings of lattices in @123 and they are in one-to-one correspondence with the vertices of the
Bruhat-Tits tree of SL2(Q)).

DEFINITION 3.16. An Eichler order in B, of level p™ is an intersection of two maximal orders
corresponding to two vertices in the Bruhat—Tits tree with distance n between them.

LEMMA 3.17. Let R C B, be an Eichler order of level p". Then, p(Ug(p”)).ILg{ =1g.

Proof. The action of BS on the vertices of the Bruhat-Tits tree is transitive on pairs of vertices
of a fixed distance,” thus it acts transitively by conjugation on the set of Eichler orders of a fixed
level p™. Because the conjugation action commutes with the Weil representation, it is enough to
consider a single Eichler order of the form

Ly Zy
= (anp Zp) '

Indeed, invariance of 1g under upper-triangular integral matrices is immediate and it is enough

to check invariance under the element (pln (1)) = —w ([1) _{’n ) w. Equivalently, we need to show

" This follows from the facts that the action of SL2(Q,) is strongly transitive, i.e. it is transitive on pairs (@, o)
where € is a chamber in the apartment o, and that PGL2(Q,) has an element which inverts the orientation of a
single chamber.
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p(( (1) _f" )).?I]lgi = F1g. We can compute the Fourier transform of 1g explicitly and arrive at
F1 =p "1 _ =p "ls.
Ly Ly Ly p~"Ly &
Py Ly L L

In particular, for all z € supp F1g, we have Nrz = detz € p™"Z, and

(P ((é _fn» -97‘]195) () = Yo (—p" Nra) (Flg) (z) = (Flg)(z)
as necessary. 0

LEMMA 3.18. Let R = R1 N Ry be an Eichler order of level p”,AWhere R1 and Ry are maximal
orders. There is an isomorphism of additive abelian groups j,: R/R — (Z/p"Z)2 such that

go(R2) = E/ jng x {0},
Jo(F2) = {0} x 2/ g,
Ve eR: —p" Nr(z) = gp(2)1 - Jo(x)2 mod p™.

Moreover, the isomorphism 73, is unique up to post-composition with the map (b,c) —
(bu, cu™t) for u € (Z/p"Z)*.

Note that the isomorphism 5, depends not only on & but on an ordered choice of R1 and Rs.

Proof. Because all local Eichler orders of fixed level are conjugate, it is enough to verify the

claim for
Z, 7 Z p "7
R = D P , Ro = D D ]
! (Zp Zp) 2 (anp Ly >

7, 7 ~ (7, p T
QR = P P , R = P Py
<anp Zp) (Zp Ly )

We define the abelian homomorphism j, : R — (Z/ p”Z)2 explicitly as

a b/p" n
<c /d >}—>(c,b)m0dp L.

In this case, we have

A direct computation shows that this homomorphism has kernel & and that it satisfies the
claimed properties.

This isomorphism is unique up to post-composition with a linear automorphism of the first
and second coordinate of (Z/p"Z)Q, i.e. a transformation of the form (b,c) — (buy,cug) for
uy,ug € (Z/p"7Z)*. The requirement that the quadratic form —p™ Nr descends to the product
form (b, c) + b- ¢ forces ug = uy*. O

Remark 3.19. The previous lemma implies that given two maximal orders R, Ry the map
x + (ordy 3y (2)1, 0rdp 75 (7)2) from R to {0,1,...,n}? is uniquely defined.

DEFINITION 3.20. Let R C B, be an Eichler order of level p". For every pF | p™ define the lattice
R = {z e R | Jv(x) = (0,0) mod pk}.

The definition of & ®*) does not depend on the choice of 3,. Note that FV =R and R*P") = R.
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Moreover, for x € % (") define®
Vpk () = _pikjv(x)l 'pikjv(w)Q S Z/pn—kz-
Note that v,0(x) = p™ Nrz mod p".
PROPOSITION 3.21. Let R C B, be an Eichler order of level p". Then,
p(SLQ(Zp)).]lgg = {]1@(33) -p "My (=pto Nrz) | 0 < tg < p"_l}

V_ord t(fE)
. p—(n—ordyt) _p PN
Moreover, each of the functions above corresponds to a single coset of SLa(Zy)/Us(p™). For
t = p™ above, the phase is 1, hence the representative for t = p™ is simply 1.
Remark 3.22. Because 1 is unramified, we can rewrite the result above as

p(SLa(Zp)) Mg = | {]]'@(pk)(x) 'P(nk)¢v<w> jue (Z/pn_kZ)X}

0<k<n p
U {]l@(m) p "y (tNrz) |t € Z/p"Z}'

The set on the second line is analogous to the k = 0 case missing in the first line, but requires ¢
to traverse the whole congruence subgroup, not just the units.

Proof. Again, as all Eichler orders are conjugate, the claim reduces to the case of

Ly Zy & _ (Zp P "Zp
H= <anp Zp) A= (Zp Ly ’

]((i b/fl’n)):(c,b) mod p"Z,.

Because of Lemma 3.17, it is enough to compute p(s).1g for each of the representatives of
SL2(Zy)/Up(p™). To find these representatives, we first write representatives for SLa(Zy)/Uq(p)

SLa(z,) = wtolp)u | (1) alo)

0<t<p

and

This decomposition follows from the fact that Uy(p) is the stabilizer of an edge in the apartment
of the diagonal torus in the Bruhat-Tits tree of SLy(Q,) and the representatives above permute
the p 4 1 neighbors of the vertex stabilized by SLa(Z)).

Next, we find representatives for Uy(p)/Up(p™) using their definition as congruence subgroups

_ L0 n
U= || (pto 1) Us(o").
0<to<pn—1
By combining, we arrive at

staz)—w | (y )oenu L (5 0) v

0<to<pn—1 0<t<pn

8 This definition does not depend on the choice of 7.
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We now compute explicitly the action of all representatives. We need to decompose % into

R -cosets
a- U (%) +a
B 0 '
0<a,B<p™

To simplify notation, we denote z, g = (g a/éjn ), with j,(za,8) = (6, a). The duality between

).
% and R implies Nr(zq5+ R) = Nr g+ Zy = —af/p" + Z,. Write (19) = —w (§7") wand
T = (‘Zb/gn). Then,

o((3 1)) 1@ =pmotwin((5 31))1ale) =p ") (v (e Nra)150)

o) X bt i)

0<a,B<p™
=1g(x)-p? D bu(taf/p" + (Tap )
0<a,B<p™
on —ac — b+ taf
:]1@('7;)'17 2 Z ¢v( ' )
0<a,B<p™

Let k = ord,t. Then, summing first over o we deduce p* | ¢ and summing first over 3 we see
that pF | b. Using this input, we can sum first over o and then over [ to arrive at

@ o
e {0 (D) (B2, = 0.0) ot

0, otherwise.

We need only deal now with representatives of the form w (p%O (1)) = ((1) _Zl’to ) w which are
easier to compute

p(w (g, 1)) = nlopto Nr )15 o) 0

pto

3.6 Local uniformity
As a preparation for the global theory, we will need the following proposition that uniformly
controls the decay of test functions for the Weil representation.

PROPOSITION 3.23. Let M € ), s € SLo(F') and L € O(B,,Nr). If v = co, then there is § > 0
such that the inequality

|(p(s)M)(Lx)| < (1 + H$H)7475

holds uniformly on compact sets in SLa(F') x O(B,, Nr). Ifv < oo, then for every compact subset
of # C SLy(F) x O(By,Nr) there is a compact subset € C B, such that

V(s, L) € T |(p(s)M)(Lw)| <o Teg-

Proof. The claim for v = oo follows immediately from Corollary 3.6. Fix now v < co. We may
cover the set & by the product of its projections onto SLa(F') and O(B,, Nr), which is compact.
Hence, we may assume without loss of generality that X = Xy x H; is a compact product set.
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Note that it is enough to show that there is some €y C B, such that |p(s).M| < Lg, for s € K.
In particular, the compact set 6 = Ledt, L=16, will satisfy the claimed properties. Using the
Iwasawa decomposition, we can find a compact subset Cp of the group of upper triangular
matrices such that Ho C CpSLa(Z,). Recall from Lemma 3.15 that the p(SLg(Zp))-orbit of
M is finite and a uniform bound on p(Hy).M will follow from a uniform bound on p(Cp).M’
for every M’ in p(SLg(Zp)).M. A uniform bound on |p(Cp).M’| follows immediately from the
formulae for the Weil action of diagonal and upper unipotent matrices. O

3.7 Global Weil representation and theta series

Fix an additive character ¢: A/Q — C such that ¢ =[], ¢, and 1), is unramified for all finite
v. This is possible for the adele ring of Q and the standard character with 1 (a) = exp(—2mia)
will do. We consider henceforth always the local Weil representations on 2, to be with respect

to y.
Set

Q= ®,Qv = Spangc {HM” | M, € Q,,Y a.e. v: M, = ]le}.

A pure tensor M =[], M, € Q is called a standard test function. The Weil representations for
each €, define in the standard way a representation of SLa(A) on 2. To see that this action is
well-defined we need to check that for almost every v we have p(SLg(Zv)).]l Rr, = Lg,, and this
follows from Lemma 3.11. The complex vector space 2 also carries actions of G(A) by left and
right multiplication because for every v < oo the function 1g, is invariant under left and right
multiplication by elements of K.

DEFINITION 3.24. For M € Q) define the theta kernel ©y: G(A) x G(A) x SLz(A) — C by
On(l,rss) = _ (p(s)M)(17"¢r).

¢eB

The uniform decay from Proposition 3.23 is sufficient for the theta series to converge abso-
lutely and uniformly on compact sets in G(A) x G(A) x SLy(A). In particular, the theta series
is a well-defined continuous function on its domain.

The theta kernel is obviously G(Q)-invariant on the left in the first two coordinates by
virtue of its definition. Less obvious, yet well-known, is that it is also SLo(Q) left-invariant in
the third coordinate. A simple way to verify this is by first showing invariance under upper-
triangular matrices by an elementary calculation and then establishing invariance under the
involution (_01 (1)) using the Poisson summation formula. The decay conditions we have imposed
on functions in . are sufficient for the Poisson summation formula to hold [SWT71, p. 252,
Corollary 2.6].

We now recall the Fourier-Whittaker decomposition of a continuous function ¢: [SLa(A)]
— C. For any a € Q, define the Whittaker function

Wo(g, @) = /[N(A)](p(((l) ?) g>¢(—an) dn.

We have the following standard properties of the Whittaker function

wen (5 1)) = vanWiis.a)

A0
VAeQ*: W, ((0 )\_1> g,a) = Wy(g, \2a).
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Because our function ¢ is defined on [SLy(A)] and not [PGL3y(A)], we cannot reduce the depen-
dence on « to the two cases 0 and 1. Pontryagin duality for the compact abelian group [N(A)]
implies that the following equality

9) =Y Wylg,q) (23)
acQ
holds pointwise as long as the right-hand side is absolutely convergent.”

PROPOSITION 3.25. Fix M € Q. Then, the Fourier—Whittaker coefficients of © (1, r;s) in the
s-variable are

W@M (L,r;0) (37 a) = Z (p(S)M) (lilgT)'
Nieﬁia

Because the theta series in Definition 3.24 converges absolutely, an immediate corollary is
that the Fourier—Whittaker expansion (23) holds pointwise for @, (1, 7;e).

Proof. Because the theta series converges absolutely, we may exchange summation and integra-
tion in the definition of Wg, (1 .¢) and write

Wonrm(50) = 3 / ( ((O 1) s)ar ) teru-am o

{en

=2 / M) (17 €r)$(Nr€ - n — an) dn

£eB

= § (p(s)M) (17 ¢r). O
£eB
Nré=a

4. Theta kernels for Eichler orders

4.1 Weil action on Eichler orders
We first introduce the notation Dp for the (reduced) discriminant of B, explicitly

Dp = H p.

p:Bp is ramified

DEFINITION 4.1. An Eichler order & C B is an intersection of two maximal orders R and Rs.
The completion R, of R at any finite place v is a local Eichler order in B,. We say that R is
ramified at v if R, is non-maximal. If B is ramified at v then R, is unramified at v because B,
has a unique maximal order.

For almost all places, the local orders R1, and Ro, coincide!® and R, is a maximal order,
i.e. the level of R, at these places is 1. We define the level of R as

q= H level of R,.

v<oo

The reader may recall Definition 3.16, where we defined the level of a local Eichler order.

% For a fixed g € PGL2(A) this is the Fourier expansion of the function n +— ¢p(ng) evaluated at n = e. The
function n — ¢(ng) is a continuous function on the compact Abelian group [N(A)]. If the Fourier transform of a
continuous functions converges absolutely, then it coincides with the function everywhere.

10 This happens for any two lattices in a rational vector space.
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The dual lattice to R is
R = {zeB|VyeR: Tr(s'y) € Z}.
Dualization commutes with localization, i.e. (@\{)U = Q/i\v Using the decomposition

R/ = ] Ro/PRe

V<00
and Lemmata 3.18 and 3.12, we see the existence of an isomorphism of abelian groups
~ 2
72 R/R — (Z/qZ> X H Fpe
p|DB

The map 7 fibers through the local maps 7, and satisfies the properties inherited from

Lemma 3.18:
j(%l) = Z/qZ X {0} X H Fp2
p|Dp
§GR2) = {0} x 2/ 7 x ] Fpe
p|Dp

Vo eR: —qNra=y(z);-)(z); mod g,
Vr € @\i,p | Dp: —pNraz = Nrjy(z)s mod p.
For m € N and = € [F2 define
x mod m = {x, plm,
0, ptm.
Similarly, set x mod m = x mod ged(m, q) for all x € Z/qZ. We extend this definition element-

wise to a map
( >XHF o, (Z/gcqu )XHF

p|Dp p|Dp

DEFINITION 4.2. Let R = R; N Re C B be an Eichler order of level g. For every m | ¢Dp define
R = {x cR | 7(x) =0 mod m}.

Note that Z(Y) = R and R@PB) = R and
[QA’.,: @\i(m)] = m?.

Moreover, the definition of AQA{(”‘) does not depend on the choices involved in the definition of 3.
We also define for z € & (™)

ordy, Dp—ordp, m

l1—ord, m
p P NI'(J)) mod p y P | DB7 7,

Um(x) == H { E( /( )

orcdy m qDp/m)Z

plaDs Vpordp (x)v p|qv
The lattices & (™) will feature prominently in the description of the action of the Weil rep-

resentation. In classical terms, they will appear in the Fourier expansion of a theta series at
different cusps. We will use the following notation for the completion of an integral lattice at all
finite places.
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DEFINITION 4.3. If L C B is a lattice, then define ]lLf: By — C to be ]lLf = lele, where
L, C B, is the p-adic closure of L.

Our goal now is to describe the p(SLg(i))—action on 1g,. The first step is to identify the
stabilizer of 1g e

DEFINITION 4.4. Define the compact-open subgroup Ug =[] Up < SLa(Af) by

p<oo

Uo(p), B is ramified at p,
Up =1 Uo(p"), Ry has level p",
SLy(Zy), otherwise.

From Lemmata 3.11 and 3.17, we know that p(Ug}l).]lg}lf = 1g,.
We define the arithmetic function p(a | ¢Dp) as

plalgDp)= [ @-».
plged(¢Dp/a,a)
Note that (loglog(10¢Dp))™! < p(a | ¢Dp) < 1.
PrROPOSITION 4.5. Let R C B be an Eichler order. Then,

p(SLQ(Z)) .]lng

_ a(_l)w(DB/ng(a»DB))¢<t . ua(:c)) .
qDp qDp/a Ry

a|qDp,te€ Z/@Z’ ged(t,a) = 1}.
a

Moreover, each function on the right-hand side corresponds to a single coset of SLQ(Z) /Us .

Remark 4.6. For every a|qDp, the characteristic function 1 appears above exactly

(¢gDp/a)p(a | ¢Dp) times with different phase functions.

R (a)

Proof. This follows from combining the local contributions as calculated in Propositions 3.13
and 3.21 and the remarks following these propositions. O

4.2 Theta series for Eichler orders
We fix once and for all an Eichler order R = R1 N Ro C B of level ¢. In this section, we unwind
the adelic definition of a theta series for the case of Eichler orders into classical terms.

Denote K = [[, <00 (G(Qv) N in). Strong approximation for the simply connected group
G implies that the double quotient

c@' "k,

is a single orbit of G(R). The stabilizer of the identity double coset in G(R) is
I'=KaNGQ)={zeR|Nrz=1}.
Hence, there is a canonical quotient map

Tr: G(Q)\G(A) - I‘\G(R)-

Each fiber of this map is a torsor for K¢. The quotient map np induces a natural isomorphism
mp: Map (F\G(R), (C) — Map ([G(A)],C) K'%,

where the right-hand side is the set of all Kg-invariant maps.
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Set A = Uz N SL2(Q) < SLa(R). Explicitly, A =T'g(¢Dp) where Dp is the product of the
primes ramified in B and ¢ is the level of %R. Again, the double quotient

\SLz(A)

SL.(Q) Uq

is a single orbit of SLy(R) and the stabilizer of the identity is A. This induces a map

_ SLQ(Q)\SL2<A) _)A\SL2(R) (24)

and, furthermore, a natural isomorphism

mh: Map ( A\SL2(R),C) — Map (|SLy(A)], €)™

We can now write the adelic theta kernel in classical terms.
PROPOSITION 4.7. Fix M = My - [[, <00
loo,Too € G(R) and so € SLa(R). Then,

O (loo Ky Too Kat; $00Usn) = D (p(800) Moo) (I 700).
=

Hence, ©) defines a classical theta kernel on I'\G(R) x I'\G(R) x A\SL2(R).

M, € Q such that M, = 1g, for all finite v. Let

Proof. This follows from the discussion above, Lemma 3.17, and the local-to-global principle for
lattices that implies
R =[] R,

V<00
where the intersection is taken in B. O
DEFINITION 4.8. Fix My € Qs and define ¥y : I\G(R) x I'\G(R) x A\SL2(R) by

19Moo (lom T'oo; Soo) = GM(longia Too K} SooUQR)

4.3 The Weil L2-norm of the theta kernel

Our method relies heavily on bounding the L2mnorm of © (I, 7;s) in the s-variable. We use the
Fourier-Whittaker decomposition from Proposition 3.25 to bound the L?-norm by a second-
moment count of rational matrices. Unfortunately, the classical representation above is not
well adapted to this calculation because of the many cusps of A\SLo(R). Instead, we com-
pute adelically the L2-norm. This is easier to execute because the adelic quotient [SLa(A)] =

SL2(Q)\SL2(A) has a single cusp.

PROPOSITION 4.9. Fix My, € Q. Then,

1 2
covol(A) /A\SLQ(R) 1981 (foo, oo 800

<(@Dp)" D > ” /SOQ(R) S |(p(diag(y?, y1?)k). Moo ) (15 €ro0) | dk
£

a|qDB OZGQ \/3/2 eé]\l(a)
Nré=a

dy
y?’

where the measure on SO2(R) is normalized to be a probability measure, and the left-hand side
is independent of the measure normalization on SLa(R).
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Proof. Fix M = M, - HKOO M, € Q such that M, = 1g, for all finite v. Then, Proposition 4.7
and the isomorphism (24) imply

1 / 2 / 2
— A % loo, Too} 800) | dS0e = On oK, Toc K 8)|° ds.
COVO](A) A\SL3(R) | MOO( )‘ [SLa(A)] ‘ M( R R )|

We proceed to bound the adelic integral by expanding the domain of integration to a Siegel set.
Denote by N < SLy the algebraic subgroup of upper triangular matrices. We have N ~ G,
and a fundamental domain for the action of N(Q) on N(A) is

v=(3 O )

<00

Set A~ = {diag(yl/Q,y_l/Q): y > V/3/2} C SLy(R). A Siegel set for the action of SLa(Q)
on SLy(A) is given by

8§ =WN-A> SO, (R)SLy(Z).

Denote | = (I, €, €,...) and similarly r = (7, €, e,...). Because the Siegel set contains a
fundamental domain for the action of the lattice, we can write

/ ‘@M(ZOOK@,TOOK%;S)PdS
[SL2(A)]

S / ‘@M(longla Tonglv 5)|2 ds

“ast [ L
N(A)] /Vv3/2 JSLy(Z) /SO, (R) 5eB

_ = ia 1/2 —1/2 ‘ ~lg,
- o5l /m /w) /SWR) S (p(ding(y k)o(ks) M1 6r)

acQ £eEB
Nré=a

< ost, / / / Z\ (diag(y"/, y~/*)k)p(ks). M)~ Er)|
V3/2 JSLa(Z) JSO2(R)

acQ £eB
Nré=a

2
_ _ dy
(n)p(diag(y'/?,y~/?)kk;). M) (1" €r) dnEdk:fdk

dy
dk:f—dk:

dkf W .
y?

The last equality follows from the computation of the Fourier coefficients in the unipotent variable
in Proposition 3.25 and the orthogonality of characters. We normalize the measure on SLa(Af)
so that SLg(z) has volume 1. Then, the global measure normalization constant gsy,, is equal to
the volume of SLo(Z)\H with respect to the standard hyperbolic measure dx dy/y?, i.e. osL, =
covol(SLy(Z)) = /3.

In the last line we have inserted the absolute value into the sum using the triangle inequality,
and we continue to evaluate the integral along SLQ(Z) From Lemmata 3.11 and 3.17, we know
that the integrand is invariant under the finite index subgroup Ug < SL2( ). We decompose
the integral into [SLQ( ): Uz ]-integrals along the different cosets of Ug in SLy(Z). We have an
exact expression for the integrand on each coset due to Proposition 4.5. The phases of the form
Y (t - ve(x)/qDp/a) that appear in each element in the p(SLQ(Z))—orbit are discarded because
of the innermost absolute value. Hence, each Ug-coset reduces to a sum over elements in a
lattice R(@ for a | ¢Dp. From Remark 4.6, we deduce for any a | ¢Dp that the weight of the
sum over 1z, is p(a | qDB)ggl{2 [SLQ(Z) U@]_l Because A = Uy NSLa(Af) and SLy(Z) =
SLy(Z) N SL2(Ay), the index satisfies pgr,, [SLQ( ): Uz | = covol(A). Because A =T'y(¢Dp), we
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see that the weight factor is equal to

[jgcatgnp/an —P7")

el 1 D8) = 80D Ty ()

< (¢Dp) L. O

5. The theta lift

In this section we discuss the pairing between a theta kernel and an automorphic form. This
subject is well studied in the literature, we need to review and revisit several results because of
the explicit form that we require.

5.1 Cuspidal theta series
DEFINITION 5.1. We say that a test function M : By — C is cuspidal if (p(s)M)(I~t¢r) = 0 for
all [,7 € G(A), s € SLy(A), and £ € B with Nr¢ = 0.

For example, M is cuspidal if M =[], M, and there is a place v such that p(s,).M,(x,) =0
for every s, € SL2(Q,), and z, € B, with Nrz, = 0. The importance of cuspidal test functions
is that their theta series, when well-defined, is a cuspidal function of s on [SLa(A)]. This follows
from Proposition 3.25. Note that the cuspidality condition for M is very restrictive if G is split.
For example, if G = SLy, then the test function exp(—D Tr(Zoo ) P(Zoo) [[y<oo 1, » for a
polynomial P: Matayo(R) — C and D > 0, is used in [Shi72]. This test function is generally not
cuspidal.

5.2 Unfolding
LEMMA 5.2. If R, is an Eichler order, then Nr R = 7.

Proof. This is simple to verify if B is split at p by conjugating R, to ( p%ép %Z ) If B is ramified
at p, then R = ®J§p is the unit group of the ring of algebraic integers in B,. The algebra B,

contains an unramified quadratic extension £/Qp, hence Nr ¢ contains Nr© n= Ly O

LEMMA 5.3. Let My = Hp ]lp—kp%p: B® Ay — C, where k), € Z> for all p and k,, = 0 for almost
every prime p. Denote N = Hp p?*» € N and fix € € B*. Then,

/ M) dI <. oG N|Nr €|,
G(Ay)

where we recall that ¢ denotes the level of R, and this integral vanishes unless Nr& € N™1Z.

Proof. The integral decomposes into a product of local integrals Qél Hp fG(Qp) ]lp—kpg{p (lp_lé) dl,.

All elements of p_kpglp have norms in p_%PZp. Hence, the local integral vanishes if Nr(l; 1) =

Nr(¢) ¢ p~2rZ,. Because Nr¢ € Q, the non-vanishing conditions at all primes p imply that
fG(Af) --- vanishes if Nr& ¢ N~1Z.

Fix now p and assume Nré € p_QkPZp. Then, the local integral is equal to
fG(Qp) 1g, (lljlpk%) dl,. The integrand is right-invariant under K. Denote by R,(«) the set of

elements in R, of norm a € Q). Of course, R,(a) = 0 if o & Zy. The set Rp(«) is left-invariant
under multiplication by K, :— R,(1), and

—1, kp - R (kap Nrf)
L. o 1 )y = i () # (1 ).

We have mg(qg,)(Kp) = 1 if p [/g and mg(q,)(Kp) = (p + )~ p=mtlif pn || ¢ with n > 0.
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We now estimate #(K,\Rp()). Define
gip(a)T = {513 € Rp: |Nrz|, = |0‘|p}’

evidently ®,(a) C Ry(a)f. The set R,(a)l is invariant under left multiplication by Ry
Because Nr RS = Z,;, each coset of R \%, () contains exactly one coset of K,\%,(a). Thus,
#(Kp\gip(a)) = #(%pX \%p(a)T)-

If B, ramifies, then the fact that ord,(Nr e) is a valuation on B, implies that & ()T is a single

coset of RS if a € Zy. In the split case, we can assume B, = Matax2(Q,) and R, = (p%p %ﬁ),

where p" || q. Let QNipX be the image of R, in PGL3(Qp). Then, the map %;\Qip(a)T —
@Jipx \PGL2(Q,) is injective because Zgr,(Qp) N {g € GL2(Qp): |detg|, = 1} C R,’. Hence, it
is enough to find an upper bound for the number of ESJV{pX cosets in the image of R,(a)! in
PGL3(Q)).

The group PGL3(Z,) is the stabilizer of a vertex vy in the Bruhat-Tits tree of PGL2(Q,) and
diag(p~",1)PGL2(Z,) diag(p™, 1) is a stabilizer of a vertex vy, with dist(vo, v;,) = n. Hence, glpx,
which is the intersection of the two, is the stabilizer of the geodesic path of length n connecting
vo and vy, in the tree. Because PGL2(Q,) acts strongly transitively on its Bruhat-Tits tree, it
acts transitively on the set of geodesic paths of length n. Hence, the map g, — (g, 1 vo, 9p L)
is a bijection between é]v{; \PGL(Q,) and the set of oriented geodesic paths of length n in the
tree. We need to find an upper bound on the number of paths that correspond to the image of
Rp(a)l.

Denote ordy(a) =m. If g, € R,(a)f, then the existence of the Smith normal form for
gp € M(Zy) implies that g, € GL2(Z)y) diag(p™,p"?)GL2(Zy) for some mg > my > 0, with
mo +m1 = m. Then, dist(g;l.vo, vg) = mg — my < m. Hence, the number of possibilities for the
first vertex of the n-path is at most the number of vertices in a ball of radius m, that is 1 +
(p+1)/(p—1))(p™ — 1) < p™. Because the length of the path is nm, the number of possi-
bilities for the final vertex, after the first vertex has been fixed, is at most [(p+ 1)p"~!| =
ma(q,)(Kp) ' We conclude that if B, is split, then

% Qkp N or r —
ma(gy) (Kp) #(Kp\ (P rg)) < pPhrtordy(Nr8) « INNrg| L

Multiplying the contributions from all primes p we arrive at the claimed bound. g

PROPOSITION 5.4. Let M: By — C be a finite linear combination of standard test functions
such that the component at infinity satisfies the decay condition of Proposition 3.23. Assume
that M is cuspidal. Fix ¢, € L*(|G(A)]) and let &, € B be an arbitrary element of norm
a € Q*. Then,

M@I™ér)p(l)¢! (r) dl dr = / M7 ear)p(l) dl dr,
/[G(A)] /[G(A)]&Z]; (=Er)e(l)' (r) di dr EQ;X /[G(A)]tp(r) /G " (I~ tear)p(l) dl dr

where we make the convention that if there is no &, € B of norm o € Q*, then the summand
pertaining such « is to be omitted.

Remark 5.5. The assumption that M is cuspidal is crucial here. Otherwise, there will be an
additional contribution from the norm-zero elements of B. This contribution may in general
diverge.

Proof. The theta series © s can be rewritten as a sum over B* due to the vanishing condition for
norm-zero elements. A priori, we do not even know that the left-hand side is integrable. Thus,
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we proceed with the following computation as formal operations which hold for positive-valued
functions. We will then use the positive-valued case to show absolute convergence which will
justify these operations in general.

Unfold first the integral along the [ variable to rewrite the left-hand side above as

"(r M~ er)o() di dr.
/[Gm)ﬁ"“ 3 (=2er) ()

ecG(@)\Bx ' GW)

Two elements in B* are in the same left G(Q)-orbit exactly when they have the same norm.
Thus, the equality in question holds if we can establish absolute integrability. To show absolute
integrability, we first bound

/G(A / oM en o) (r)] didr < lellooll @ lloe Y / / M7 ¢r)| dl dr.

A)l ¢eB acQX

By expanding the function M into finite summands of standard test functions, we reduce to
the case that M =[], M,. Furthermore, because we are only interested in upper bounds, we
can further reduce to the case that in any finite place v = p the function M, is a multiple of
the characteristic function of p_kpgip, where k, = 0 for almost all p. Taking into account this
reduction, the function M is right- and left-invariant under K¢ and we can apply Lemma 5.3
above. First we deduce that the integral over [ vanishes unless a € N~'Z for some fixed integer
N depending only on M. In addition, by using the bound from Lemma 5.3, we can write

/[G(M /[G Z{Mz Ler)yp()y' (r)| di dr

M) ¢en

< Gpptte No* a / / | Moo1 ar) | dl dr
O;AaeN 17, MGR

=N¢° |a|/ / | Moo (I7¢0) | dL dr

0#£aeN-1Z MG
<aga N¢ \a|/ | Moo (I71€0)]| dl

0£aeN—1Z

< N ol [, G+ lal ™ (29

O#aEN 17

In the second line, we have made a change of variable [ — &,r¢; . Note that we can take here &,
to be any real matrix of determinant «, choose &, = diag (1/|al, sign(a)/|a|). The last integral
in (25) can be computed using the formula for the Haar measure in Cartan coordinates

/ (14 Vel ! diag(1, sign(a H)
G(R)
< / (1+ v/2[a] cosh(t))) " sinh(t) dt
0

< |af 7202 / T _sinh() g,
0

cosh(t)2+9/2
—1 o0
| —2-5/2 ~2-6/2
o [cosh(t)1+5/2(1+5/2) <l
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Finally, we see that the expression in (25) is bounded from above by
246/2 &
NZHORgE N In!1 s < o0 0
0#n€Z

PROPOSITION 5.6. Let M =[], M, € Q be cuspidal and assume My, € Vy, 2r for m € Z. Fix
o, ¢ € L*([G(A)]). Denote

F(s —/ A)]/ v (L7 8)p()e (r) dl dr.
Then, F(s) € L*([SLa(A)]).

Proof. By Proposition 5.4, we know that F(s) is well-defined pointwise and can be rewritten as
-y / / (p(s)M) (I ear)p(1) dl dr.
ae@)( )

To calculate f[SLg(A)} |F(s)|? ds, we will bound the integral over [SLs(A)] by an integral over a

Siegel set 8§ = N - A~ - SO4(R)SLy(Z) as in the proof of Proposition 4.9. Because M belongs
to Q and My € Vip2r, the function M has a finite p(SLy(Z))-orbit and p(SO2(R))-isotypic.
Hence, it is enough to bound [ ,. Fi(z)F2(z)dz where Fy, F; are defined in the same manner
as F but with M replaced by test functions My, My in the p(SO2(R)SLy (Z))—orbit of M. Denote
a(y) = diag(y'/2,571/?) € SLy(R). Using the orthogonality relation of additive characters and
the sup-norm bound on ¢, ¢, we arrive at

/ Fi(2)Fy(z)dz
N-A>

<<9090 Z / /S /G /G
/f/Q

Poo(a())- My (I a1 ) poo (a(9)) Ma (1 YEars) j;’sz dry dly dry

% e o Lo

As in the proof of Proposition 5.4, we apply Lemma 5.3 to the integrals in the /; and [o variables.
The integral vanishes unless o € N~!Z for some integer N > 0 depending only on M. For every
e > 0, we can bound (26) from above by

poo(a Ml(l 1£a)POO( (y ))'MQ(lglga)

d
yi; dlydl;.  (26)

— 3/
o oltar [ [ el ) M e |5
0a GN 17 G(R) JG(R) JV/3/2
- og’ voltar [ [ e W )yt
O;éaeN 17, G(R) JV3/2
<am Y, INef¢ / / / vyl all = Ity all =0 dy dis diy
0£aEN-17Z G(R) JG(R) /V3/2
< |INa|%q / / 1T eall =405 e || 40 dlo diy.
O;ﬁaGN 17
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Take &, = diag(y/|a|,sign(a)/|a|) and bound the last integral from above in the same
manner as in the proof of Proposition 5.4 by a multiple of \a|_4_5. It follows
that

1
| PR s < N Y s <o :
[SL2(A)] 0+£neZ

5.3 The theta lift
DEFINITION 5.7. Let ¢, ¢" € L®([G(A)]) and fix M € Q cuspidal with My € Vin oy for some
m € Z. Define (¢ ® ¢')pr: [SL2(A)] — C by

(p® &) /G(A /G(A Ml s)p(l)e(r) drdl.

We call (o ® ¢') s the theta lift of o @ /.
In the case when ¢ = ¢, we simply let vpr == (p ® P) s and call @y the theta lift of .
For any a € Q*, we also define

/ M7 ar)p(l)dl, o € NrBX,
A
otherwise.

Assume M = My My with My = Hp M,. It would be useful to separate the finite and the
archimedean parts in the integral above. This motivates the definition

M — é.a —si
To T o(r) = / M(1 1§arf)<p<( > rooeg signa)/2 lf) dly,
a7 Vil s

where €5, € BOR normalizes K., and satisfies!! Nre, = —1, ego = 1. Using the change of
variable (£/+/]ql ) elLsien(e)/2 loo, We arrive at

/ Moo (/] arlelLsi8ne)/2) 1y, )Tyfgp(loorf)dloo

:(Ta ¢ *xa(r) Moo (V] el /2 o)) (7). (27)

Note that by Propositions 5.4 and 5.6 the theta lift ¢ is Well defined pointwise and belongs
to L?([SLz(A)]). The proof of Proposition 5.6 implies that 7 ¢ is a square-integrable function
on [G(A)] and that

puls) = Y (TEMop, ) (28)

acQ*
not only in an L2-sense, but in fact pointwise.
PROPOSITION 5.8. Let @ and M be as in Definition 5.7. Then, for all . € Q%
Wy (s:0) = (TZM g, ).
More generally, fix ¢, ¢" € L>°(|G(A)]). Then, Wioa)y (sia) = (T(Q)(S)Mw, ¢'), and
(p@Puls) = > (TEMp, o). (29)

aeQQx

1 SQuch an element does not exist if B is ramified at infinity, but then there are also no elements &, € B of negative
norm.
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Proof. We only establish the second claim as it immediately implies the first. Proposition 5.6
implies (¢ ® ¢')p(s) € L2([SLa(A)]). We then apply Propositions 5.4 to deduce (29).

We use the notation u, := ({7 ). Fubini’s theorem and the orthogonality of characters imply
for all a, 0 € Q*, s € SLy(A), and =z € G(A)

TEOMp(z), =3,
0, a # f.

The claim follows from substituting this expression in the definition of the Whittaker function
applied to (29). O

/ TN ()~ Bn) dn = {
(N ()]

5.3.1 Hecke operators. We would like to describe the relation between the Fourier—Whittaker
expansion of ¢y; and the Hecke translates of ¢. A minor difficulty is that the Hecke algebra of
G(A) is not rich enough and we would prefer to work with the Hecke algebra of the adjoint group
G24i(A). To that end, we lift a Kg-invariant function on [G(A)] to [G*(A)]. An alternative
more conceptual approach is to work with a PGLy Weil representation, cf. [Wal85, §1.3] and
[Nell7, §2.2.5].

Let us recall that the adjoint group is the affine algebraic group over QQ representing the
functor

Gi(L) = Lx\(B ® L)

for any Q-algebra L, where L* is embedded centrally in (B ® L)*. We will also use the algebraic
group BX(L) = (B® L)*, i.e. GM = Zg.\B*.

DEFINITION 5.9. For each finite place v denote by K, the image of R in G*(Q,) = QX\BX.
We further let Kg :— ] K.

v<oo TV

ProproSITION 5.10. The natural map

\G(A) / Gadi(A)

c@" Ka T eda@) /R
is a measure-preserving bijection. In particular, we have a Hilbert space isomorphism between

L2(|G(A))" and L2([G*H(A)]) "o

Proof. Denote by h: G — G2 the standard isogeny. The image is a normal subgroup and the
quotient is abelian. The kernel of the map h is the center Z < G. The center is isomorphic to
the group of second-order roots of unity ps. The reduced norm map then completes the exact

sequence

Nr

1—>,u2—>Gi>Gadj—>GQ\Gm—>1.
m

For a local field or a number field F' the image of Nr((B® F)*) in F*, is determined by
the Hasse—Schilling-Maass theorem. In particular, Nr((B® F)*) = F* if F = Qp, or F' =R and
B is indefinite. If B is definite, then Nr((B ® R)*) = Rs. Finally, Nr((B® Q)*) is Q* if B is
indefinite and Q¢ otherwise. It follows that h(G(A))\G2d(A) NL) AX2\A* if B is indefinite
and

h(G(A))\G2i(A) NL A2\ (Rso x AF) = AFH\AT

if B is definite.

Injectivity. Assume h(g') = 7h(g)k for some g, ¢’ € G(A), 7 € G*4(Q), and k K. We need
to show [¢g] = [¢'] in G(Q)\G(A)/Kg. To show that ¥ € h(G(Q)) we establish that Nr(%) is a
square in Q*, this can be checked locally at all places. Examining the archimedean component
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of the equality, we arrive at 7 = h(g. g='). Hence, Nr# is positive. Similarly, at all finite places

p < 0o we can write 7 = h(g;gp_l)/;:;l and ll\Ir Flp = |h(g;q;1)\p € p*2. Thus, 7 = h(vy) for some

v € G(Q). We can now write h(g') = h(yg)k. Hence, Nrk =1 as well, and k = h(k) for some
k € Kg. We deduce h(g') = h(ygk), and [¢'] € [Z(A)g] in G(Q)\G(A)/Kg.

To conclude [¢'] = [g] it is enough to show that Z(Q)\Z(A)/ ], (Kp NZ(Qy)) is a trivial
group. Because K, contains £ 1d for all p, this group is £1\A*[2]/ ][, Z;[2] ~ 1 as required.

Surjectivity. Using the norm map, it is enough to demonstrate that AXQQX\AX/HP Nr IN(p is

trivial. Lemma 5.2 implies that Nr K, = Z;2\Z; for all p. Because Q has class number 1, the
double quotient is isomorphic to RX?\R* /Z* ~ 1.

Measure preservation. Strong approximation implies that the group G(R) acts transitively on
the left-hand side in the claimed equality. Hence, it acts transitively on the right-hand side as well
because the map is equivariant. The Haar measure on both spaces is a G(R)-invariant probability
measure on a locally compact homogeneous G(R)-space. Uniqueness of Haar measure implies
that the map is measure preserving. O

DEFINITION 5.11. Let ¢: [G(A)] — C be Kg-invariant. Denote by @: [G*¥(A)] — C its unique
lift to a Kg-invariant function on [G2Y(A)].

We use the notation I' = G*(Q) N Kg, which is a lattice in G2U(R). Equivalently, I
is the image of ®* in G2Y(R). Proposition 5.10 implies that G2¥(R) acts transitively on
G*i(Q)\G*(A) /K4 and G*(Q)\G*H(A)/Kg ~ I'\G*H(R). We introduce Hecke operators
adapted to the order R.

DEFINITION 5.12. Let a € Q and f: I'\G*¥(R) — C continuous. Set
R(a)={reR|Nrz=a},R() ={z € R ||Nrz|e = |a|o}
and define
T.flg)= Y [Tl )y = 3T f(ogel)?).

[0F]€R(1)\R () [O]€R\R ()T

The two expressions are equal because R contains an element of determinant —1 if B is indef-
inite. These operators coincide with the classical Hecke operators for o > 0 co-prime to ¢Dpg.
Note that if & & NrR then T, = 0.

LEMMA 5.13. Let @ € Q% and f: [G*¥(A)] — C continuous and Kg-invariant. Set

gif(a)T = H {l‘p € Ry | | Nrap|p = |Nr0‘|p}~
p

Then, for every g € G*4(R),
(Tuf(oK2))(g) = (f * g, (oyr) (gell 8 )/2),

where the convolution takes place in B* (A ) with the measure normalization mpgx (Af)(E’R;) =1

Proof. The right IN(g{—invariance of f and the left SR; -invariance of 1g o)t imply

(Frtag)o) = [ flahidn = 3 flgar)

Ry(e)t [a]€RF\R s ()

There is a natural map R\ & (a)" — EJRJT \R ¢ (a)T. Strong approximation implies that this map is
surjective. To show this map is also injective, we observe that if 6 = ' mod 93? for 6,6" € R(a)f,
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then 66’1, 6’61 € BN 9%; C %, and 60'~! € R*. By choosing a rational representative for each
coset in 9%? \% ()" and using the left G*¥(Q)-invariance of f, we arrive at the claim. O

PROPOSITION 5.14. Let 0# o € Q* and assume My =[], 1g,. Then, for ¢ and ¢ as in
Definition 5.11, we have

To]{wfgo(r) = Taﬁ(r).

Proof. Assume o € Nr R, otherwise the claim is trivial. Although we claim the equality for all r €
[G2di(A)], because of the uniqueness of the lift in Definition 5.11, it is enough to verify the claim
for r € [Z\G(A)]. We apply Lemma 5.13 and evaluate the convolution by decomposing the Haar
measure on B*(Ay) into fibers over G(Af)\B*(Ay), this is possible because B*(Af) and G(Ay)
are unimodular. For consistent measure normalization, we set mpx (4 f)(gl}() =maga,) (Kf) =

mNngf (ZX) =1L

5% g oyt () = / o Vo (5 1) B0l
*(Ay

:/ / ]lglf(a)f(Afll]?lrf)gfb/(Toolf/\) dlfd)\
GA\B*(Ay) JG(Ay)

:/ / Lg oyt AN )@ (ool A) dlp dA.
G(Ap\BX(Af)/R} JG(Af)

In the last line, we have used the fact that Lap (o)t (l;lrf) is left Ql;f -invariant and ¢ is right f(f-
invariant. Fix £, € B* with Nr&, = a. Because Nr l;lrf =1 and Nr Qlf(a)T = Z*a, the inner
integral vanishes unless A = £, mod G(Af)\B* (Af)/gi; We conclude that

P * g (i (r) = / Uy oyt Eal ') P(rocly(Ea) 1) dly
G(Af)

= L ()i (7 ar ) @(ro (€a) 7 Hp) diy
/G(Af) FACIIANY !

[ o O o Caerely)
G(Af)

- e g (S
_/G(Af) ﬂgif(a)f(lf farf)90<<m>oo7ﬂ00lf> dlf

— Tojé‘/ffsp(re((i}—signa)ﬂ)’

where in the first line we have used the change of variables {,1¢§, L 7 and in the second line
we have applied the left G2Y(Q)-invariance of . O

COROLLARY 5.15. Let ¢, ¢’ € L®([G(A)))%% and o€ Q*. Assume Thp = ANa)p, My =
Hp lg,, and My € Vip2r for some m € Z. Then, the function

F(s) :/ / O (L, 75 8) (1) (r) drdl
[G(A)] V[G(A)]

satisfies
W (s00Us; @) = M) (@ * (p(500)- Moo (/] L7582 0)/2 . 0)) )
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for all soc € SLa(R), where the convolution takes place in G(R) and where we recall Uy from

Definition 4.4.

Proof. Recall p(Ug).1g, = lg, from the sentence immediately below Definition 4.4. Proposi-
tions 5.8, 5.14, and (27) then imply that

W (500U @) = (Ta' o 5 (p(500)- Moo (/]| elE2)/2 - 0)) o)
= )\(oz)<<p* (p(soo).Moo( |a|ef>}j_31gna)/2 . o))’g0,>. O

6. The Bergman kernel

6.1 The Bergman Archimedean test function

From now on, we shall assume that B is split over R. Recall that we have fixed an isomorphism
Bo ~ Matoy2(R) and have used it to identify the two spaces. We construct a theta series whose
Fourier—Whittaker coefficients coincide with the Bergman kernel. For this endeavor, we will use
the following archimedean test function. We fix the global character 1 as in § 3.4.

DEFINITION 6.1. Fix a weight m > 2 and define

m—1
(m) gi(ff gy N0
MV (x) = exp(—27 Nrz) (T)
0, Nrz <0,
for z = (¢%). Note that Mo(om)(baf) = m@?)
Set pu: PGL2(R) — C
2iv/Nrx
: , Nrz >0,
p(x) =4 (b—rc)+ila+d)
0, Nrz <0.

Then, we can write M (z) = exp(—27 Nrz) Nr(z)™/ 2 pu(x)™.
LEMMA 6.2. Let kg == ( %9 51%) € SOy (R). Then, for every g € PGLy(R),

—siné cosf
wlgk) = nlg)e”. (30)
Proof. We assume Nr g > 0 as the claim is trivial for non-positive determinants. We verify the
claim by a direction computation. Let g = ( a Z) and gky = ( ‘;,/ Z'/). We have
(' =) +i(a +d) = (asind +bcosf — ccosd + dsinf) + i(acosd — bsinf + csinf + d cos 6)
=((b—c)+i(a+d))(cosf —isinb).
Hence, ji(gks) = p(g)e™. O
COROLLARY 6.3. For every weight m > 2 and kg, , kg, € SO2(R),
M (kg, kg, ) = ™M) (x).

m/2—1 m

Proof. Apply the previous lemma to M (z) = exp(—27 Nrz) Nr(z) ()™ and use the
identity MY (zt) = M (). O
LEMMA 6.4. If m > 2, then

[MEY (@)] <m (14 l2])) 7™
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Proof. This is trivial if Nrz < 0, hence we assume the determinant is positive. Denote r = ||z|| =
/Tr(ztz). A simple calculation shows that

_5 1?4+ 2Nr(2)
(@)~ = T 4Ni(z)
2™ Nr(z)m !

M) (2)| = exp(—27 N .
| o0 (.'13)| eXp( ™ rx) (T2+2Nr(x))m/2

If » <1, then we write
|M{™ ()] < exp(—2m Nrz) Nr(z)™? 1 < 1.

The last equality holds for all Nr(z) > 0 because we have assumed m > 2. Otherwise, if r > 1,
then

MU ()] < exp(—27 Nr2)2™ Nr(2)™ ™ <y 7™
| M P ;

where we have used the fact that the real function exp(—2mt)t™~! is bounded for t € [0, c0) and
m > 1. O

Up until this point, we have established that Méé” ) satisfies the decay condition in
Definition 3.7 if m > 4. We now turn to show that it also belongs to the space V;;, or by checking
that it solves the quantum harmonic oscillator, see (18).

LEMMA 6.5. If m > 6, then the function M{™ from Definition 6.1 belongs to Vi s

Proof. Lemma 6.4 above implies that Mégl) € L*(By,) if m > 4. To prove Mégn) € Vinor we

will show that M{™ 1 Vi 2r for all m’ # m. It is enough to establish <Mé£n), M’y =0 for any
Schwartz solution M’ of (18) with quantum number m’ # m and w = 2.

Define F(z) = exp(—27 Nr(z))N(z) and N(z) = Nr(z)™ 1(2))"((b—c) +i(a+d)) "
Then, F(z) is a well-defined continuous function on the open subset U = Boo \ {(¢ %,) 1 a,b €
R}. Moreover, MY = y,()50 - F. Define V = {& € Bo | Nrz >0} and Vg =V N B(0,R) \
B(0, R71) for R > 1, where B(0,r) is a closed ball of radius r centered at the origin. Note that
Ve CU.

We claim that F'(z) solves the PDE (18) on U with w = 27 and quantum number m. The
PDE (18) with w = 27, w = 1 for F is equivalent to the following PDE for N:

— AN +27(z, V)N = 27(m — 2)N, (31)

where V denotes the gradient operator and the bilinear form (z1,x2) is the twisted trace form
Tr(x1'z,) as before. Using the definition of the Laplace operator as the Fourier multiplier with
symbol —472 Nr and the definition of the gradient, we arrive at

02 02
A= dadd  Oboc’

0 0 0 0

Substituting the definition N(z) = (2i)"((ad — bc)™1/((b— ¢) +i(a + d))™) into the formulae
above we see that

AN =0,
(x, V)N = (m —2)N.
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These and (31) show that F' is a solution with quantum number m. Because the PDE (18) is
local, this establishes that!? Lgﬂ[Méom)] = 2emM{™.

Fix a Schwartz function M': By, — C. We want to show now that (LQW[M&W)],M@ =
(M{™ | Loe[M]). The equality (Nr(z)ME™, M’y = (M Nr(z)M?) is obvious. We need only
show

(AM{™, My = (MY, AM'). (32)
Note that the integrals defining these individual inner products are absolutely convergent because

M’ and AM' are Schwartz, and Méom), Nr(x)Méom), AMIY have at most polynomial growth. To
establish (32) we use the equality

(AM{™ My = lim | AF(x)M'(x)dz,

R—o0 Vg

and the analogous formula for (Mégl ),AM' ). These follow from the dominated convergence
theorem. Denote

0 1/2 0 0
{12 0 o0 0
=10 o o -ip

0 0 -1/2 0

and write A =V - (WV) with respect to the coordinates (a,d, b, c). Using the symmetry of the
matrix W and the divergence theorem we arrive at

AP() V(@) da — / V. (M(@)WVF)de - / (WYF) - (VM) da

VR VR VR

_ / V. (F@WVF -~ FWVIMI(@)) de+ | F(a)AM (@) de
Vg Vr

= / (M’(x)WVF — FWVM’(:I:)) -ndA(zx) —|—/ F(x)AM'(x) dx.
OVR Vr

The conditions of the divergence theorem are satisfied because F' and M are smooth in an
open neighborhood of the closure of Vg, which is compact, and the boundary 0Vy is piecewise
smooth. A direct computation, as in the proof of Lemma 6.4, shows that F' and VF vanish on
the boundary of the cone V', except perhaps the origin where they remain bounded. It remains
to consider the contributions from the surfaces Sg = 0Vg N B(0, R) and sp = 0Vr N B(0,1/R).
The area of Sg is bounded from above by the area of a 3-sphere of radius R, thus Area(Sg) < R3.
On the other hand, because M’ is Schwartz and F, VF are bounded on V we have that

/ (M’(x)WVF — FWVM’(QU)) -ndA(z)| <y R VR3 —R—o0 0.
Sr

Similarly, Area(sg) < R~ and M'(z)WVF — FWVM’(z) is bounded on B(0,1) NV, hence
the surface integral over sp converges to 0 as R — oo.
Now let M’ € Vs 2r be a Schwartz function and assume m’ # m, then we have

2mm(M™, M) = (Lor [M{™], M"Y = (M{™| Lo [M")) = 27m! (M™, M)

and we deduce <Mégl ), M') = 0 as necessary. O

12 The function Méom) is not necessarily in C? (Boo) and we extend the definition of Lar to this function in the
naive way, in particular this equality does not need to be well-defined on the cone Nrxz = 0.
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COROLLARY 6.6. The Bergman test function of weight m > 6 belongs to .

Proof. Lemma 6.4 implies that this test function satisfies the decay condition in the definition of
oo and Lemma 6.5 above implies that the Bergman test function transforms under p(SO2(R))
by a character. O

7. The spectral expansion

Fix a global Eichler order & = R1 N Ry C B and a weight m > 2. We focus henceforth on the
test function M = Méom) . Hp 1g, € Q. This test function is cuspidal as Méom) () =0if Nrz =0
and we denote the classical theta series attached to the test function M by Proposition 4.7 by

I (1r;s) =D (p(s) M) (17 ¢r)
£eR
for s € A\SL2(R), I, € '\G(R). In this section, we prove the main theorem about the spectral
expansion of (™).

DEFINITION 7.1. Denote by S,,(I') the space of I'-modular weight m modular forms on H.
Write Sy, (T) = SO4(T") @ S2eW(T) for the direct sum decomposition into new and old forms. The
decomposition is orthogonal with respect to the Petersson inner product.

If f € Su(T), we denote by f#: I\G(R) — C the automorphic lift of f. Specifically, if g =

(3%) (y10/2 yﬂ/z )ko, then f*(g) = y™/2e"™? f(x + iy). Following the discussion in §4.2, we shall

also consider f* as a Kg-invariant function on [G(A)].

Similarly, we decompose Sy, (A) = SO (A) @ S"¥(A), and denote by f**: A\SLy(R) — C the
automorphic lift of f* € S,,(A). Moreover, we shall also consider f *% as a Ug-invariant function
on [SLa(A)].

THEOREM 7.2. Fix an orthonormal basis B, for S,,(I") of Hecke eigenforms for all Hecke oper-
ators T, with (n,qDp) = 1. For two Hecke eigenforms f, f' € By,, write f ~ f' if and only if
their Hecke eigenvalues agree for (n,qDg) = 1. Denote by (f* @ f")y the theta lift of f* @ f'.

Then,
1 8w — —
9 (1,r;5) = covol (D) m — 1 S (R Huls) - D L)
f’];c,f%m

for all s € A\SLy(R), I,r € I\G(R). Furthermore, (f*® f’#)5; is an automorphic lift of some
cusp form (f @ f')ar € Spm(A).

Suppose further that f € S2V(I') is a newform. Let A¢(a) be the T,-eigenvalue of f*, then
fg/[ = (f* ® )5 is the automorphic lift of a cusp form fy; € Sy, (A) with Fourier expansion

(€)=Y n™* \p(n) exp(2ming).
n>0

Remark 7.3. The operator T7 acts as the identity on Kg-invariant functions on [G(A)], i.e. func-
tions on I'\G(R). Hence, Af(1) =1 and the theta lift fy; is an arithmetically normalized cusp
form.

The case where I'\G(R) = SL2(Z)\SL2(R) is already contained in [Zag77, § 2, Proposition 1],
see also (14). For the general case, the proof will bootstrap from the fact that the convolution
operator xgg)u™ acting on I'\G(R) coincides with the Bergman kernel on I'\H. This dates
back at least to Selberg [Sel56], though geometric expressions for the Bergman kernel in terms of
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Poincaré series were already known to Petersson [Pet40, Pet41]. The particular expression for the
Bergman kernel suitable for our needs may be found in [Zag76] and [Zag77, §2, Proposition 1],
[Stel6, Theorem 3], or [DS15, §2.3]. The first three references each contain the split case and the
latter the non-split case. There does, however, appear to be an error in the constant in [DS15].
Compare with the computation in [Zag76, Stel6], whose proofs also apply to co-compact lattices.
The statement is as follows.

PROPOSITION 7.4. Set

E(m) (I,r) Zu ’yr
vyel

The function k™) is the kernel of the convolution operator «u™ acting on L?(T\G(R)), where
the convolution takes place in G(R). Fix an orthonormal basis B, for S, (T'). Then, for all
l,r e G(R),

k’(m)(l,T‘) = fﬁ

Covol -1 il

In particular, the operator xu™ annihilates all the continuous, residual, and cuspidal spectrum,
whose archimedean component is not discrete series.
1/2

Proof of Theorem 7.2. Let (=oc+ir € H and fix s=(}9) (TO Tj{ﬂ)k:@ € SLy(R). The
definition of the Weil action, Definition 6.1, and Lemmata 3.5 and 6.5 imply for n > 0, g € G(R)

(p(5) M) (Vng) = /> 0™~ exp(2ming + im6)u™(g). (33)

We will establish that ﬁ(m)(l, r;s) coincides with the spectral expansion in the claim by show-
ing equality in L?(I'\G(R) x I'\G(R)). Pointwise identity then follows because both sides are
continuous.

The Bergmann test function M vanishes on the null-cone {z € B: Nrz = 0}, thus it
follows from Corollary 3.6 that M is cuspidal. For any ¢, ¢’ € L™®(T'\G(R)) C L*(I'\G(R)), we
can use Proposition 5.8, (27), and (33) to write the Fourier expansion

(e® ¢ )M /G(A /G(A)] (1,73 8) (1) (r) dl dr
= > (@ ¢+ ((p(s)Moc) (V- @), )

n>0
= Z 722 oxp(2mind + im9)<(T,i\/[f<p) * ™, '), (34)
n>0

Because T,]LV[  is a convolution operator, the maps ¢ — TTZLW To, o (Té‘/f T) % u™ preserve the
continuous and the discrete spectra. Proposition 7.4 then implies that (34) vanishes whenever
© or ¢ is a bounded function in the continuous spectrum. Using pseudo-Eisenstein series we
can construct a dense set of bounded vectors in the continuous spectrum of L?([G(A)]), hence
On(l,7;8) € L2 oro([G(A)] X [G(A)]). Moreover, O /(1,73 5) is Kg x Kg-invariant. There is an
orthonormal basis of L3, ...([G(A)])X# consisting of bounded Hecke eigenforms for all Hecke
operators T, with (n,qDp) = 1.

Furthermore, ¢ — Té\/l o, o (Té\/j Tp) x u™ preserve adelic automorphic representations.
Hence, Proposition 7.4 implies that (34) vanishes unless both ¢ and ¢ are lifts of weight m
modular forms with the same Hecke eigenvalues for (n,¢Dpg) = 1. The claimed spectral expansion
follows as the automorphic lifts of %,,(I") x %,,(I") can be completed to an orthogonal basis of
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L et ([G(A)] x [G(A)]) consisting of bounded Hecke eigenforms for all Hecke operators T,
with (n,qDp) = 1. The Whittaker expansion (34) further shows that the Whittaker function of
(o ® ¢')ar at infinity agrees with the Whittaker functions of a weight m holomorphic form, is
furthermore clear, following the discussion in § 4.2, that it is an automorphic lift of a holomorphic
form in S, (A).

If ¢ is a bounded Hecke newform with eigenvalues A(e), we can use Corollary 5.15 to rewrite
(

34) as
/ / On (L, r;8)e(l) (r)dldr = Z )\(n)Tm/anmfl exp(2ming + im9)<ap * ™, g0/>.
([G(A)] J[G(A)]

n>0
(35)
The formula for the Fourier-Whittaker expansion of fy; follows from (35) with ¢ = ¢/ = ft. O

A careful local analysis, following Shimizu [Shi72] shows that if f is a newform, then fas(s)
is the unique arithmetically normalized new modular form in the Jacquet-Langlands transfer of
the automorphic representation generated by f* (to be defined momentarily). We will need only a
weaker result. To discuss the Jacquet-Langlands transfer we need to lift functions from [SLa(A)]

to [PGLy(A)]. Define Ug, to be the image of {g€ (qung %) : detg € 2><} in PGL2(Ay). Then,

ﬁgg is a compact open subgroup, and an argument identical to Proposition 5.10 proves that

\SLQ(A) \PGLz(A)

SL.(Q) /Uy ~ PGL(Q) /U

is a measure-preserving bijection. Hence, we have a unique lift ¢ — ¢ from L?([SLay(A))Y# to
L*([PGLz(A)]).

DEFINITION 7.5. Let f € S,,(I") be a Hecke eigenform for all Hecke operators T, with (n,¢Dp) =
1. If f is a newform denote by fj1, € Sh¢V(A) the unique arithmetically normalized holomorphic

newform such that fﬁL belongs to the Jacquet—Langlands transfer of the automorphic represen-

tation generated by f#. That such a vector exists and is unique follows from [JL70, Shi72]. If f
is an oldform, then it factors through a newform with respect to a lattice arising from an Eichler
order R’ 2 R with level ¢’ | ¢. In this case, we denote by fj, the lift of the Jacquet-Langlands
transfer, defined as above, from S2¢V(T'g(¢'Dp)) to SO4(A = To(¢Dp)).

In both cases, the modular form fj1, is an eigenform of all the classical Hecke operators
corresponding to n co-prime to ¢Dp, and its n-Fourier coefficient coincides with the T, Hecke
eigenvalue of f* if ged(n, ¢Dp) = 1.

LEMMA 7.6. Let f € S,,(T") be a Hecke eigenform for all Hecke operators T,, with (n,qDpg) = 1.
If f is a newform, then the orthogonal projection of fyr onto Sy (A) is equal to fyr. If f ~ Vi
are oldforms, then (f ® f')ar is an oldform as well.

Proof. Theorem 7.2 implies that the Fourier coefficients of fi; and fj1, coincide for all n co-
prime to ¢Dpg, which is the level of A\H. Theorem 1 of [AL70] then implies that fa; — f1, is an
oldform. Because fjr, is a newform if f is, the claim holds for newforms. If f ~ f’ are oldforms,
then so is fyr, = f};,. Hence, in this case (f ® f’)a is a sum of oldforms and is an oldform by
itself. g
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COROLLARY 7.7. Let l,r € G(R) and set z; = l.i, z9 = r.i € H. Fix an orthonormal basis &%
of Hecke eigenforms for Sy (I"). Then,

covoll(A) 195 ) 2 snae)
L 8m Vo g ym 1fo 3
Z<covol<r>m_1> (3(21)3(2) fe%covgﬁ(z)w 21) ()|
L mae) LT st T )Pl
> COVOI(F)2 (mq B (47T)mm2 (21 )38( 22 21 29)|°.

feRnew

Proof. Define 94(¢) = 77™/290™) (1, r;5), where (=0 +ir € H and s=(}9) (710/2 7701/2 ).
Because 9™ (1, 7; e) is Kuo-isotypic we have 94*(s) = 9(™) (1, r; 5). Theorem 7.2 and Lemma 7.6
above imply that the orthogonal project of 1911 onto SPV(A) is equal to

1

ﬁnew —

1O = vl mm o1 2 OFOF). (36)
fegsnew

Because oldforms are orthogonal to newforms |[9(™) (1, r; )||2 T2 (A\SLy(®) 2 Hﬁnesz The first

claimed inequality follows from (36) and the orthogonahty relations of Hecke eigenforms. The
second inequality follows from the Hoffstein and Lockhart [HL94] bound on the L?mnorm of an
arithmetically normalized holomorphic Hecke newform f of level N

118 > o (mv) .

This bound holds when the Petersson inner product is normalized with respect to the probability
measure on A\SLy(R). O

At this point, we shall note that we have also proven Theorem 2.1. Indeed, if we lift adelically
f € Sm(T) to f¥ then we find

()™ 2O 2F (2 C) =S T s n-0))(re) = c On(l,r;s)Fi(1) dl
(A0 5(25€) = € T o (o) MoV ) ) /{Gm)] willrs) ()

by (34) and Propositions 5.14 and 7.4, where c¢=covol(I')(m —1)/(87) and re =
1/2
(") (Y

to ¢). Thus, Ff(z; ) is the classical holomorphic modular form associated to [ ©/(1,7;s) f*(1) dl
from which the theorem follows.

- /2) and 7, being the identity for all finite places, and similarly for s (with respect

8. The geometric expansion

We have now established in Corollary 7.7 a lower bound on [|9(™) (1, r; o)||%2( A\SL,(R)) 1 terms
of a fourth moment of Hecke eigenforms of weight m. In this section, our goal is to establish an
upper bound in terms of a count of quaternions by norm. In the next section, we will establish
a sharp upper-bound for this count.

DEFINITION 8.1. For g € PGLy(R), define

Tr(g'g) — 2| det g|
4| det g|

u(g) =
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Specifically, for g = (2 5)

a? 4+ b+ + d?
4 = — 2.
u9) lad — be|

Using the fixed isomorphism B ® R ~ Matax2(R), we extend the function u to the group (B ®
R)*.

LEMMA 8.2. For all g € PGL2(R) with det g > 0,
u(g)l* = (1 +u(g)) ™"
Proof. Fix g = (‘Z g) with det g > 0. We deduce from Definition 6.1 that

o (b= +(a+d)? a2+ +P+d>+2detyg
(9] Zdetg Zdetg + u(g)

PRrROPOSITION 8.3. We have

1 m I'(m—1) 1 - 22
m”ﬁ( (175022 (a8, ) <o (qDB)HEW > n( > (1 +u ) >
n>0 EER
Nré=n
1 n < (¢Dp)*m,
exp(—n/(¢Dp)?), n > (¢gDp)*m

Proof. We first apply Proposition 4.9 to 9(™ and use the fact that our choice of My, = Méé” ) is
K-isotypical and transforms simply under the diagonal group:

o,
(M) ,r:s)|>ds
COVO](A) A\SLQ(R)| ( )’

2
< (¢Dp)~ Z Z/ ™2 exp(— 47ra7')< Z ‘um(l_lfr)o %

algDp 046@ f/Z geRr(@)
Nré=a

We bound the integral over 7, which is equivalent to the definition of the partial gamma function,
in two ways. Write first

[e.e] 1 [e.e]
/ 7202 exp(—4rat) dr = — / ™2 exp(—4nz) d.
V3/2 V3/2-a

For o < m, we complete the integral to deduce

/ 2™ 2 exp(—4rz) dz < (4m) "D (m — 1).
\/§/2~o¢

For a > m, we argue

/ 2™ 2 exp(—dmz) dr < exp(—2mv/3/2 - o) 2™ 2 / (2/2)" % exp(—4m(x/2)) dz
\/5/2-01 \/5/2-04

< exp(—2mV3/2 - 2)2™ (47) DD (m — 1)
<exp(— (27r\/§/2 —log2) - ) (47)~ "=V (m — 1)
< exp(—a)(@m) "™ DT (m — 1).
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We thus arrive at

/oo ™0™ 2 exp(—4mwar) < Z !u (- 1§r ) —<<(47T) mT(m—1)— ( Z | (1~ 1§r>

v3/2 geR (@ ceRr(@
Nré=a Nré=a

1, a<m,
exp(—a), a>m.
Note that %@ c (¢Dg) ‘% and

2 2
( > Ium(llérﬂ) é( > |um<zlfr>|> :
ce (@) EER

Nré=a Nré=(¢Dp)*a

The claimed bound follows from combining these inequalities with the divisor bound and
Lemma 8.2 above. 0

DEFINITION 8.4. For any g € G(R), n € N, and ¢ > 0, set
M(g,n;6) == {¢ € R |Nré&=n,u(g”'¢g) <4}
COROLLARY 8.5. If m > 2, then

1

m ||19(m) (9.9:) |’%2(A\SL2(R))

(¢Dg)?*m

h (qDB)HEW{ /00[ Z " M(g,m;0) ]1/2

+[ 5 exp(—n/(qDB>>M(g,n;5)2r/2 ds }

m/2+1
n>(aD)?m " (1+9)

Proof. Integration by parts for Riemann—Stieltjes integrals implies

> (+utg ) = | T (14 82 dM (g, s o)
N :

= lim M(g,n:6)(1+6) "/ + ”;/ (14 6)"™/2"1M (g, n; §) do.
— 00 0
(37)

The left-hand side is exactly the expression we need to bound in Proposition 8.3. Iwaniec and
Sarnak in [IS95, Lemma 1.3 & Appendix 1] establish the bound

M(g,n;0) Kcg.pp.gn° + (0 + 51/4)n1+5. (38)

Thus, the first term in (37) vanishes for m > 2. Set w, = 1/n if n < (¢Dp)*m and w, =
exp(—n/(¢Dg)?)/n otherwise. We apply Minkowski’s integral inequality to deduce

dowa| D (L+ulg'ég) ™| < (7;/0 ZW (g,n;0)? (+§lfm2+1> :

n=1 EeER
Nré=n
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The claim follows by splitting the sum into two ranges: 1 <n < (¢Dp)?m and n > (¢Dp)*m
and using the [?~{! inequality. O

9. Second-moment count of quaternions by norm

In this section, we prove our main results about the second-moment count of quaternions by norm
in a small ball. This bound in combination with the results of the previous sections will lead to
the proof of Theorem 1.1. To bound 227:1 M (g,n;6)? we can assume henceforth without loss of
generality that R is a maximal order, otherwise we can replace the Eichler order & = &1 N Ra
by R1 and the second-moment sum will only increase.

We shall deal separately with the split case G = SL9 and the case of anisotropic G. The
proof in both cases is very similar except that we need to track the dependence on ¢ differently.
While in the split case we shall work with the Iwasawa decomposition of g, in the anisotropic
case we will use an adapted Cartan decomposition of g.

9.1 Second-moment bound for the split matrix algebra
In this section, we fix G = SLg, i.e. B = Matay2(Q) and R = Mataxo(Z). If we write in
coordinates { = (¢ %), then the inequalities u(£) < 6, 0 < det & < N imply

a> + 02+ d? < N(46 + 2), (39)
(@ —d)* + (b4 c)* < 4NG. (40)
For g € G(R), write g = nak with k € SO2(R) and

(1 =z
"=\o 1)’

1/2 0
Yy

This is the standard Iwasawa decomposition of g.

PROPOSITION 9.1. Let g € SLy(R) and write ¢g.i = x +iy. Assume |z| < C and y > A > 0.
Then,

N
> " M(g,n;0)* <ace N7T262 + N2 NV2Hemin(NY2 (N6)Y2 4+ 1) (y*No + 1).

n=1

Remark 9.2. In the end, we may restrict ourselves to g in a fundamental domain for SLy(Z) and,
hence, the restrictions on xz,y will be satisfied.

Using the inequality of geometric and arithmetic means we can split the second-moment
count into two cases. The first is when both matrices are upper triangular and the second is
when neither is. We now prepare some preliminary results needed in the proof of Proposition 9.1.

LEMMA 9.3. Denote by 3 C By the subset of upper triangular matrices. Then,

#{(61.&) € (Matoxa(2) N 1) u(g™"619),u(g™'€2g) < 6, 0 < det&y = det& < N |

<o NY2Hemin(NY2 (N6)Y2 +1)(y* N6 + 1).
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Proof. Write & = (%1 ZZ'_ ) For upper triangular matrices we rewrite (40) for g~1&;g as

(bi + x(a; — di))?
Y2

Hence, we have at most < (N§)/2+1 choices for |a; —di|. In addition, the condition

0 < 4deté = (a1 +d1)? — (a1 — dp)? < 4N implies 0 < |ag + di| — |a1 — d1| < N1/2_ We deduce

that there are at most < ((N§)'/2 + 1)N/2 possibilities for (|a; + dil, |a1 — di|) and a similar

statement holds for (ai,d;).

On the other hand, 0 < a;dy < N and the divisor bound implies that the number of possible
pairs (a1, d;) is also bounded by <. N 1+ The number of possibilities for b; is now bounded
above by y(N§)'/2 + 1. Thus, there are at most <. N/ min (N/2 (N§)¥/2 + 1) (y(N§)Y/2 +
1) possibilities for &;.

Once & is fixed the condition det &; = det &2 > 0 fixes agde and the divisor bound restricts
the number of possible pairs (ag,ds2) to <. N¢. Finally, the number of possible by after fixing
(az,ds) is at most < y(N&)/2 + 1. O

(a; —di)? + < 4N§.

We continue to analyze the case when neither matrix is upper triangular. We will use the
direct sum decomposition By, = RId +BY . This decomposition is preserved by the conjugation
action. We denote by ¢0 = ¢ — %Tr(ﬁ) the traceless part of £ € By,. In coordinates we write

where e = (a — d) /2. If £ satisfies (39) and (40), then £ satisfies 2e% + b? 4 ¢ < N (46 + 2). This
leads us to define

BY O X = {goz (e b) :4e* + (b+c)* < AN, 262+b2+02<N(45+2)},

c —e
B 5 X9:— gXg L.
The set X is invariant under conjugation by K and using the Iwasawa decomposition we can
write the conditions for (e b ) € X9 explicitly as

c —e€

(b + 2xe — 2%¢)?

2(e — we)? + 5 +y2c® < N(46 +2), (41)
y
b4 92(e — 2 2) .2
s — zep? 4 D22 mc;;r (@459 yns (42)

LEMMA 9.4. Assumey > A >0 and 0 < § < 1, then
# (1 Matoxo(2)° N X9\ 4) < N*/25 + N2,

Proof. From (41), we learn that there are < y~'N/2(1 + §) options for ¢ (¢ # 0 because the
matrices are not upper triangular). For any fixed ¢, (42) describes an ellipse in the e, b plane
with radii < v/N&,yv/Nd. Hence, the number of possibilities for (e, b) € %Z X %Z is bounded
from above by

< YNG + (N§)'? max(y, 1) + 1 <4 y(NS + (N§)/? + 1),

Multiplying this by the bound for possible values of ¢ and the inequality N&§/2 <
max(N3/25, N/2) establish the claim. O
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LEMMA 9.5. Assumey > A >0, |x| < C, and 0 < § < 1. Then,
#1(€2,69) € (4 Matgy2(2)° N X9\ 4)%: det &) = det &)} <a o NY/262 + N'/2.

Proof. Note that the number of possible elements £ is bounded by Lemma 9.4 above. We fix
henceforth £) as in the claim and count the number of possible €9 & 4 with det &9 = det &Y.

Denote
—1.0. (€& b

4(61‘ — c,-ac)Q + ((i)l —G) + 2yci)2 < 4N§. (43)

We now rewrite (40) for £ as

Then, (by — é) is restricted to an interval of length < v/N4. Equation (40) implies
(bi +&)° +46% = (b — &)* — 4det(&]) = (bi — &)* — 4det(g~'g) € [0,4N4]

and ‘(b~1 —¢1)2 = (by — &2)?| < N6. We deduce that ‘|b~1 — 1| — by — &|| < VN§. In particular,
(by — @) is restricted to two intervals of length < v/N§.

Consider (43) for £ with (by — &) as a varying quantity in the aforementioned intervals, thus
ignoring their dependencies on es, ca. It describes an ellipse in the variables eo, co with center
—(by — &)/2y - (x,1). Because £ is fixed, the center of the ellipse is restricted to one of two
intervals of length < ¢ y~*v/N4. The radii of the ellipse satisfy <¢c VN4, y~ 'V Né§. We deduce
that the number of possibilities for (eg,c2) is <a.c y NS + (N(S)l/2 +1 <40 N6+ 1. Once
€, eg and ¢y # 0 are fixed, the value of by is fixed by the equality det &) = det &), Hence, the
total number of pairs (£9,£9) is bounded from above in this case by

<ac (N?26 + NV2)(NG +1) <40 NY26% + N3/25 + NY2 <40 NO/262 + N2 O
Proof of Proposition 9.1. Define
M. (g,1;6) := {€ € Mataxa(Z) \ | det £ = n, u(g~'¢g) < 6},
M, (g,n;6) = {£ € Matoyo(Z) N4 | det & = n,u(g1ég) < 6}

Then, the inequality of means imply

N N N
Z M(g,n;6)* <2 Z M, (g,n;8)* +2 Z M,(g,n;6)?
n=1 n=1 n=1
and we turn to bounding each term individually. The second term is controlled by Lemma 9.3
and is consistent with the claim.

To bound the first term we need to bound the number of pairs (£1,&) € (Matax2(Z) \11)2
such that 0 < det& = det&s < N and u(g~'&g) < § for i = 1,2. Assume first § > 1, we then
argue as in [IS95] to show the stronger bound M, (g,n;d) <4 0. n'T6. Let det £ = n and write
€= (2}%) as usual. When 6 > 1, we can replace the right-hand side in inequalities (39) and (41)
by 6/NJ. If either a = 0 or d = 0, then the equation bc = n and the divisor bound imply that we
have at most <. n® possibilities for (b, ¢). Moreover, (39) implies that there are at most < (nd)'/2
options for Tr(¢). Hence, the number of possible values of £ in these cases is <. nl/2tesl/2 «
n1*2§. Assume next a # 0 and d # 0. Equation (41) implies that we have at most < y~!(nd)/?
options for c. Likewise, we have < 14 (n8)/2(2? + )y~ <a.c y(nd)'/? choices for b. This
may be seen by either repeating the computation for (41) using the Iwasawa decomposition with
respect to the lower triangular unipotents or noting that (_; ) g.i = (—z + iy)/(z* + y*) and
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(L) e, 1)_1 = (_db ~¢). Now that (b,c) is fixed, we use the equality ad = bc+n and the
divisor bound to see that there are at most <. n° possibilities for (a,d). This establishes the
inequality for § > 1.

Assume henceforth § < 1. We will be using the simple identity

Tr(¢)®
4

det ¢ = + det £° (44)

and argue in two different ways depending on whether the traces of £, & are equal or not.

Case I: | Tr(&1)] # | Tr(&2)|. Lemma 9.4 implies that there are at most <4 N3§2 + N options for
(€9, €9). After fixing the traceless parts, (44) fixed Tr(£1)? — Tr(£2)?. Because the traces are not
equal in absolute value the divisor bound and the trivial bound | Tr(¢)| < N imply there are at
most <. IN¢ choices for the traces. This establishes the claim in this case.

Case II: | Tr(&)| = | Tr(&)|. In this case, we use the trivial bound | Tr(¢;)| = | Tr(&)| < N1/2
from (39) to fix the traces and Lemma 9.5 to fix the traceless part. The final bound is consistent
with the claim. O

9.2 Second-moment bound for division algebras

In the section, we assume G is anisotropic, i.e. B is a ramified quaternion algebra over Q, and
that B is split over R. Fix an imaginary quadratic field F/Q of discriminant Dp, such that every
prime dividing Dp is inert in F. Let us denote by Of the ring of integers of . By a theorem of
Chinburg and Friedman [CF99], there is an optimal embedding O < R . We henceforth identify
Op with its image in R. Denote by Kr < G(R) the group of norm 1 elements in (F ® R)*.
Recall that we have a fixed isomorphism By, ~ Matgy2(R) that induces a group isomorphism
G(R) ~ SL2(R), which we use to identify the two groups. Moreover, K., was defined as the
image of SO2(R) in G(R), and we define similarly A to be the image of the diagonal subgroup
in G(R). The group K is conjugate to K, and we can write Ko, = hKgph™!.

PROPOSITION 9.6. Assume Op — R is an optimal embedding of the ring of integers O of an
imaginary quadratic field E in the maximal order R. Let h € G(R) be an element conjugating
Kp to Koo < SLa(R). Then, for any g € G(R), 1 > 6§ > 0,

N
> M(g,n;6)* < [Dp|*TENT[N?6? + (A + A HPE(N2552 4 N,

n=1

where we write v A > (v/A)™' > 0 for the eigenvalue of the diagonal part in the Ko, AKy, Cartan
decomposition of hg. Moreover, if § > 1 the bound

M(g,n;0) <e (()\ + )\_l)n5’DE|1/2)1+E
holds for all g € G(R) and n € N.

We now fix R, F, h, g as in the proposition above and prepare some notation and lemmata
that we will use in the course of the proof. The proof is very similar to the split case, except
that we track the dependence on g differently, not using its Iwasawa decomposition but rather
its Cartan decomposition relative to the stabilizer of £ — B.

Because of our choice of E as optimally embedded in &R, we can find an isomorphism B ® E ~
Ms(FE) where R is mapped to

{((% €§b> :a,be@,a+be®E}
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and after fixing a field embedding F — C the algebra B, coincides with {(fb Do'?;b) ta,be C}.
We denote by B the subspace of traceless elements, equivalently pure quaternions. There is a
direct sum decomposition By, = RId +BY% . This decomposition is preserved by the conjugation
action. In our new coordinate system, the space B, is identified with iR x C and the projection
map becomes (a,b) — (a’,b) where a® = (a — %a)/2 = iSa is the traceless part of a € C. The
space Bgo is equipped with an inner product constructed as the direct sum of the standard inner
product on R and C, i.e. [(a’,b)|? = |a®|® + |b|?. Let R be the projection of R to B), . Then,
R < BY is a lattice of co-volume = 1.

In this new coordinate system, we have for a quaternion of positive norm'3
h a DBb hil 1 Nra+DBNrb 1 DBNl“b
u = - — e
% Y%a 2|Nra — DgNrb Nra — DgNrb

Hence, if we write in coordinates

(ah)tetan) = (5, O2)

with Nr¢ > 0, then the conditions u(g~'¢g) < §, Nré < N imply
Nra+ DpNrb < N(2§ +1), (45)
DpNrb < §N. (46)

The traceless part of (gh)~1&(gh) is

0
(gh) "€ (gh) = (ﬁ.’b ?fob) ,

where a” = iSa is the traceless part of a. Equation (45) implies that Nra® < N (20 + 1).
Motivated by these inequalities, we denote

7} O'ao

BY. 5 X9 :— (gh)X (gh)L.

0
BY O X {x: (a DBb) : DpNrb < 6N,Nra’ < N(25+1)},

We decompose gh according to a Cartan decomposition in K g Ap K g where Ag is the orthog-
onal group preserving the quadratic form (Sa)? — Dg(Sb)2. Equivalently, the Lie algebra of
A E is

LieAp =R- (0 DB) < BY.
1 0
Write gh = koapk, with ki, ke € Kg, ag € Ag, and denote by v\ > (\A)_1 > 0 the eigenvalues
of ag. Then, V/\, (ﬁ)_l are also the eigenvalues of the diagonal part of the regular K, AK
Cartan decomposition of hg = h(gh)h™1, i.e. the singular values.

The set X is invariant under conjugation by Kg, hence X9 = (ksag)X (koag)~!. We can

write the equations defining the set ag X ag,l explicitly by decomposing the Lie algebra BY, into

the weight spaces of Ag. The result of the computation is that every x = (f,z efob) €apX agl
satisfies

A+AT A=At N2

T%a + DBT%I) < N(20 4+ 1), (47)

13 Note that the transpose operation with respect to Kg is (aaﬁ D%’B) — ( o DBB).
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_y—1 -1 2
<A ; Sa0+\/DB)\+2)\ %) + Dp(Rb)? < N6. (48)

The set X9 = kg(aEXa;Jl)kQ_l is a rotation of aEXa;;1 around the Sa” axis. Hence, the
equations defining X9 are derived from (47) and (48) by a rotation in the b-plane. Note that (47)
and (48) imply that |Sa®| < (A 4+ A" NY2(1 + §'/2). Because the axis Ja’ is invariant under

conjugation by ko this inequality holds also for X9Y.
LEMMA 9.7. Assume 0 < 6 < 1. Then,
#(R°N X9) < |Dp|(N325 + (A + A"H (N2 + NV/2)),

Proof. From |Sa®| < (A 4+ A~1)N'/2 we deduce that there are < (A 4+ A1) (N|Dg|)Y/? possibil-
ities for a® = i3a’. The second equation (48) implies that for any fixed a = iSa® the element b
belongs to an ellipse with radii \/N&§/Dg, (2/(A+ A71))\/Nd/Dp. Conjugation by ks amounts
to rotating the set around the Sa® axis. Hence, this observation remains valid for X9. We deduce
that for any fixed Sa” we have

Né+/|Dgl N§|Dg|\"?
7t +1

DA+ X1 Dp

possibilities for b. The claim follows by multiplying the number of possibilities for a® by the
number of possible b for each a®. O

LEMMA 9.8. Assume 0 < ¢ < 1. Then,
#{(€0,63) € (RO X9)%: Nred = Nréd} <. [Dp|" (A + AH)2HeN=(N26%/2 4 NV/2).

Proof. Write
0 (a2 Dobia
1,2 O'b172 Ua1,20

and assume £9,£9 € X9 and Nr& = Nréd. Our goal is to count the number of possible pairs

(€7, 6)-

For every ¢ € BY let @° be the a° coordinate of a;&aE. Then,

At At Ao
a0 = +2 Sa® + /Dy~ 3.

Moreover, @ is also the a” coordinate of (gh)~1£(gh) because conjugation by Kp acts trivially
on the a’-axis. By substitution, we can rewrite (48) as

&

A-21 2 2 )
P )\_l%a + DB)\ n )\_1%19 +DB(§Rb) < N§. (49)

Assume ¢ € X9, Because (45) implies that |3a°] <« N'/2, we see that (49) restricts b € X9 to an
ellipse with radii (N3/Dp)"2, (A + A~1)(N§/Dp)'/? and center in an interval of length < N1/2,
We deduce that there are at most

< A+ AHN§Y2 ’DE F A+ A Nl/ﬂ/'DE +1 (50)

choices for b if £ € X9. Moreover, we see that necessarily Nrb < (A 4 A 71

Case I: |a| = |a9]. In this case, the condition Nr¢&f = Nr €9 implies that Nrb; = Nrby. Because
there are at most <. (n|Dg|)° elements of norm n in 6 and Nrby < (A + A"1)N we see that
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for any fixed &) there are at most <. ((A + A"!)N|Dg|)? possibilities for £. We deduce from
Lemma 9.7 that the number of possible pairs (£1,&2) with |al| = |a9] satisfies

< (A + ATYN|DER|)F|IDE|(N325 + (A + A7L)(N§Y2 + N1V/2))
and this bound is compatible with the claim.

Case II: |al| # |a9]. In this case, we will first count the number of possibilities for (by,b2). We
bound the number of choices for b; using (50) above. If £ € X9, then (46) implies

(33)% — Nré = (33%)2 — Nr((gh) '€ (gh)) € [0, No].
Thus, we deduce for &7, that (3a9)? — (Vad)?| < 2N6 and

|1Sal| — |Sad|| < VNG. (51)

Once by is fixed, (49) restricts (A —A"1)/(A+ A1)} to an interval of length < v/N§.
Equation (51) then restricts (A — A7) /(A + A71))|SaY| to an interval also of length < v/N§.

This constraints the possibilities for the center of the ellipse in (49) for be into two intervals
of length < v/N§. Hence, given by, there are at most

1Del | 172 |1 Dl
< A+ AHNG Dyl + A+ AH(NG) !DB\+1

options for the bo.

After fixing by, ba, we use the condition Nr&d = Nréd to fix (Saf)? — (Sad)?. The divisor
bound and the condition |3a?| # |3a9| now implies there are at most <. (A + A"!)N|Dgl|)®
options for the pair (af,a3).

The total number of possible pairs (£, £9) in this case is thus bounded by

< (A ATNIDE) | DE| (A +ATHNGYZ + (A + A7)
(AFATHNS+ A+ ATHING)V2 1),
This bound is also compatible with the claim. O

Proof of Proposition 9.6. Assume first § > 1. Then, we follow [IS95] to establish the bound
M(g,n;6) << (A + A_l)n5|DE|1/2)1+E. We have the bounds Tr(a) = 2Ra < (n6)'/? and Sa =
Sa® < (A + A1) (nd)Y/2. After fixing a we can fix b using the equality n = deté = Nra —
DpNrb. The divisor bound and the inequality Nrb < (A + A71)2né imply we have at most
< (A + A71)Enf6%| Dg| choices for b.

Assume next § < 1. Once again, an important role is reserved for the simple formula

Tr()?

Nrz = + Nra® (52)

that holds for all z € By, with 2° € BY, the traceless part of z. Our goal is to bound the number
of pairs (£1,&2) € R such that 0 < Nr& = Nré&; < N and u(g~1¢19) = u(g~1&yg) < 6.

Case I: | Tr(&1)] # | Tr(&2)|. Lemma 9.7 implies that the number of possibilities for the pair
(€9, £9) is bounded by

< |DE|2(N352 + ()\+ )\—1)2(N5/253/2 —|—N))

For any pair (£),£9) € BY, x BY, the lifts to B X Bog are determined by ( Tr(&;), Tr(&2)).
From the formula (52), we derive Tr(&)? — Tr(&2)? = 4(Nr&d — Nr&f). The right-hand side
is bounded in absolute value by < N. The divisor bound and the assumption | Tr(&;)| # | Tr(&2)]
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imply that for every (&7, £9) the number of possible pairs ( Tr(&;), Tr(€2)) is bounded by <. N°.
The cumulative bound is consistent with the claim.

Case II: | Tr(&1)| = | Tr(&2)|. In this case, formula (52) implies that Nr&? = Nréd and we can
bound the total number of pairs (£7,£9) using Lemma 9.8. The number of pairs (Tr(&1), Tr(&2))

is trivially bounded by < v/N because | Tr(&;)| = | Tr(&2)|. The resulting bound on the pairs
(&1,&2) is consistent with the claim. O

10. Proof of the main theorem

This section is dedicated to establishing our main result, Theorem 1.1. Recall that RB)¢" is an
orthonormal basis of Hecke newforms of weight m > 2. We can combine Corollaries 7.7 and 8.5

to deduce
f0 V4 3. m2 [(m (aD)*m 1/2
Dp)?te—— —M( 9)
ﬂ%;wu<m\<<€@ 5) 7n_2{ /ﬁ [ ;; —~M(g,n; }

exp(—n 2 1/2 2
+ I: Z p( /(qDB) )M(g,n; 5)2:| ( do } _ (53>

m/2+1
n>(q¢Dg)?m n 1+ 5)

On the right-hand side, we have denoted by M (g,n;d) the counting function associated to a
maximal order containing R.

10.1 Proof of the main theorem for the split matrix algebra
Let F be a fundamental domain for the action SL2(Z) on H. Recall that in this case I' = T'g(¢q) <
SLy(Z). For g € G(R) = SL2(R), we denote

htp(g) = min {y | 3y € SLa2(Z): (vg).i =z + iy € F}.

We first bound the sum ) ™ qDB " Because M (g,n; ) is the count associated to the maximal
order Matay2(Z), the sum is 1nvar1ant under the operation of replacing g by g for any ~ €
SLy(Z). In particular, we can arrange ¢.i = x + iy with y = htp(g). We need to convert the
logarithmic sum Y (1/n)M(g,n;06)? to an unweighted sum. We achieve this using the general,
integration-by-parts, identity

ARy} 1 & N1 dt
S g = s [ 5305

which holds for any f: N — C. This identity and Proposition 9.1 imply

>

where N = (¢Dp)?*m. We next need to compute the integral [;+/--(dd/(1 + 6)™/2H1). We
use the I2-1! inequality to separate the terms in (54) under the square root. To compute the
contribution of the term proportional to htr(g) in (54), we split the integral over ¢ into fol + 77
For the former integral, we have (14 &) > %2 for 6 € [0,1] as the function (1 + §)e~%2 only

N1+€(53/2+N1/2+85, §<1,

54
N1teg, 0>1, oy

3|

M(g,n;6)* <. N2+E(52+N5+htr(g)2{
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increases in the interval [0,1] and is equal to 1 at 0. Hence, for x > —1, we have'

1 (5“ 5 F(]. -+ /ﬂ?)
-_ < K (m/4+1/2) — 1-k
/0 (1 %) o dd /0 oe dé (m/d 1/2)1 - <k

On the other hand, we have for £ < m/2 that

0 §r 0o 9—(m/2—K)
—————dé < L) m2 gy ==
| s [ s e

Hence, for the first two terms in (54), we have

/OO N1+65+ NeE 5 < Nltey—1 + N¢ - (qDB)2+ems
o (14 48)m/2+1 " m— 2 m-—2
and for the last term, we have
" oo [[N1/2tegd/t 4 NV/Aatesl/2 5 < 1, ds
F( ) 0 ‘]\[1/2+€51/27 5> 1, ' (1+5)m/2+1
N1/2 N1/4 /2 N1/2
< htr(g)N® <m1+3/4 tooae T 27 m—2>

—1/44¢
ht Dp)te
<htr(9)(¢Dp) ™" ———

In conclusion,

oo (aDB)? 1/2 —1/4
do 2+e, € 1+ htp(g)m
/ [ Z M (9,7:9) } D REE (gDp)™""m m— 2 '

The computation of the bound for the integral

/Ooo[ 5 o/ @Dy 5)2}”2( a5

m/2+1
n>(qDp)?*m " 1+9)

uses a very similar argument, except that we need to apply the integration-by-parts

identity

exp(—n/A) B exp dt

I e =) WLURS § S0 o0l (B I

n>Am n=1

that holds for any function f: N — C satisfying log f(n) = o(n) and A, m > 1. The contributions

of these terms is then easily seen to be negligible.
Combining these inequalities with (53), we arrive at

44

> 1P < (@Dp)

m—2) (1+ htp(g)zm_1/2).
fedmnew

This is consistent with the first claim in Theorem 1.1 for m > 2. As mentioned in the introduc-

tion, the second claim requires the additional input of [BKY13, Theorem 1.8], which says that
most of the L*-mass is concentrated on htr(g) < m'/%. Since the extension of said theorem to

include a polynomial-level dependence follows their proof almost verbatim, we leave it to the

reader.

14 We thank the referee for this simplification in estimating the integral.
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10.2 Proof of the main theorem for division algebras
In this section, we use the notation of §9.2. We follow the same arguments as for the split algebra
replacing Proposition 9.1 by Proposition 9.6 to arrive at

m4+5

> 19t << DT+ )\71)2+5(qDB)7+5m~

feRnew

Recall that O — R is any optimal embedding of the ring of integers of an imaginary quadratic
field into the fixed maximal order. By [CF99], this is always possible if any prime dividing Dp
is inert in E. Using the Chinese remainder theorem, one deduces that such a discriminant Dg
exists satisfying |Dg| < Dp.

Lastly, we can replace g by any ~g for any v € I, hence A + A~! is polynomially bounded
by the volume of I'\G(R), as follows from [CL16]. The latter has been recently improved by the
second named author in [Ste23].
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