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Abstract

We prove strong convergence and asymptotic normality for the record and the weak
record rate of observations of the form Y, = X, + T,, n > 1, where (Xp)nez i
a stationary ergodic sequence of random variables and (7,),>1 is a stochastic trend
process with stationary ergodic increments. The strong convergence result follows from
the Dubins—Freedman law of large numbers and Birkhoff’s ergodic theorem. For the
asymptotic normality we rely on the approach of Ballerini and Resnick (1987), coupled
with a moment bound for stationary sequences, which is used to deal with the random
trend process. Examples of applications are provided. In particular, we obtain strong
convergence and asymptotic normality for the number of ladder epochs in a random walk
with stationary ergodic increments.
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1. Introduction

Records capture attention as they arise in diverse domains such as economics or meteorology
and, of course, sport. The mathematical theory has been developed over decades and reached a
fair level of maturity, which can be appreciated in [1] and [21]; see also [14] for recent results
on record counts from independent and identically distributed (i.i.d.) observations.

The literature on statistical analysis of record data reveal that records occur more often than
predicted by the standard i.i.d. theory. This was pointed out in [9], where a model with linear
deterministic trend was considered. Later, a power model which partly retains the theoretical
simplicity of the i.i.d. case was introduced in [27].

The theory of records from observations with linear trend was initiated by Ballerini and
Resnick in [2]. They obtained strong convergence and asymptotic normality for the record
rate from observations of the form Y, = X, + cn, where the X,, are integrable, i.i.d. with
continuous common distribution, and c is a positive constant. These results were later extended
to stationary X, in [3] with applications to athletic data. For additional theoretical results on the
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model with deterministic trend, linear or not, see [5] and [6]. Also, interesting distribution-free
inference methods were developed in [8].

The study of record events has attracted the interest of scientists beyond the probability-
statistics community in recent years. In particular, a fresh look at the problem of records from
observations with linear trend can be found in the physics literature, for example, [10], [19],
[20], and [25]. See also [23] and [26] for applications of the model with deterministic trend to
the analysis of climate change.

The main results of this paper are the strong convergence (to a positive constant) and a
central limit theorem for the record and the weak record rate in a model consisting of stationary
ergodic observations, subject to a stochastic trend process, whose increments are stationary
ergodic. These results generalize those of [3] for stationary observations with a deterministic
linear trend.

The proof of the strong convergence of the record rate relies on a result of [7] concerning
the almost sure (a.s.) convergence of the ratio of the sum of indicators to the sum of their
conditional expectations with respect to an increasing family of sigma algebras. We show that
the process of conditional expectations couples with a stationary process and we then apply
Birkhoff’s pointwise ergodic theorem to obtain the strong convergence of the record rate, unlike
in [3], where the proof is based on Kingman’s subadditive ergodic theorem. For the central
limit theorem we consider first a martingale approach, which leads to asymptotic normality
with a random centering process. Then we follow the strategy in [3] to obtain a central limit
theorem with deterministic centering, where, as can be expected, extra moment and mixing
conditions are needed due to the presence of a stochastic trend process.

We provide various examples of applications of our results. In particular, we analyze the case
of random walks with stationary increments. This problem has been studied in the literature
when the increments are independent [20] and [24]; our results are more general since they
include the case of correlated increments.

2. Definitions and preliminaries

Let the base process (W,),ez with W, = (X,,, 7,41) be defined as a bivariate, (strictly)
stationary, and ergodic random sequence such that E[Xa' ] <o0cand 0 < ¢ := E[19] < o0,
where Z denotes the set of integers, xT:=xVv0,and u vV v := max{u, v}. The base process is
taken as double-ended stationary for convenience, since any stationary single-ended sequence
can be extended to a double-ended one. Also, ergodicity is assumed for ease since, otherwise,
the asymptotic record rate has to be expressed as an expectation, conditional on the o -algebra
of invariant events of (W,),cz. We use the notation W,, for (W, ..., W,) with —oc <m <
n < oQ.

Let (Y»)n>1 be the sequence defined by

Yo =Xn+ Ty,

where T, := ZZ:I Tx,n > 1, denotes the random trend or drift process. The first observation Y
is conventionally taken as arecord and forn > 2,7, is said to be a (upper) record if Y,, > M,,_1,

where M,,_1 := max{Yy, ..., Y,—1} (also denoted by \/:‘;1] Y;). The record indicators are then
givenby I} = land I, = Yy,~m,_,}, n = 2. Finally, the counting process of records is defined
by the sums of indicators N, = Z:llk and the record rate by N, /n,n > 1.

Remark 1. Note that the random drift 7;, can be described as positive and linear in expectation
because E[T,] = nc > 0. Observe also that ¥, can be decomposed as ¥, = X, + nc
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with X := X,, + T, — nc. Such representation apparently implies that the random drift can
be reduced to a linear deterministic drift. However, this is not so because X ;l is not stationary
in general and so the type of sequence Y, studied in this paper generalizes those previously
considered in the literature. On the other hand, we point out that both sequences (X},) and (7,)
are allowed to be dependent (correlated), also possibly mutually dependent, but must yet have
finite expectation.

Lemma 1. (i) It holds that M,, — oo and N,, — o0 a.s.

(ii) The sequence Z, == M,_1 — T,, n > 2, satisfies the recurrence relation
Vil = (Ve V X)) — Tt (1)

Proof of Lemma 1(i). As M, is increasing, it converges to a finite limit or diverges to 0o a.s.
On the other hand, for all a € R, we have

nc nc
PIM, >a]2P[Xn>a—Tn]zIP’[X,, >a_7,Tn27]% N
since P[X, > a —nc/2] = P[Xg > a — nc/2] — 1 and P[T,, > nc/2] — 1, by Birkhoff’s
theorem. Hence, M,, — oo, which clearly implies N, — oo.

Proof of Lemma 1(ii). By direct substitution into (1).

We show next that (1) has a stationary solution, which couples with Z,,. Stochastic recursions
appear in many areas of applied probability; see [11] for results related to the (max, +) algebra.

Proposition 1. Let Z;; = \/j o 1{Xn—k — 2}__t41 Tj}s 1 € Z. Then
(i) Z} is a proper stationary solution of (1) and
(il) Z} = Z, a.s. for sufficiently large n.

Proof of Proposition 1(i). Note that Z* is a measurable function of W"2!, so Z* is station-
ary. Also, substitution into (1) shows that Z solves the recurrence.

We verity that Z7} is proper, that is, P[Z} € R] = 1. Due to stationarity it suffices to show
that P[X_; > Z(J)':—k+1 7j,1.0.] = 0 (i.0. stands for ‘infinitely often’). Birkhoff’s theorem

implies that P[Z?=7k+1 7; < kc/2,i.0.] = 0; hence,

0
k
P[X_k > Z rj,i.o.] < P|:X_k > ?c’ i.o.:|.

j=—k+1

Furthermore, by stationarity P[X_j > kc/2] = P[Xo > kc/2] for k > 1, and Z,fil]P’[Xo >
kc/2] < oo because I[-E[X(J)r ] < o0. The conclusion then follows from the Borel-Cantelli
lemma.

Proof of Proposition 1(ii). We iterate (1) with starting value Z, to obtain

n—2 n n

an\/(xn_k— > rj>v<zz—zrj>, n>2.

k=1 j=n—k+1 j=3

We claim that for large enough n, Z, = VZ_%(X,,_k — Z;=n—k+1 7j) a.s. because Zp —

Z’;=3 7; — —o0 a.s., by Birkhoff’s theorem. To prove the claim let us assume on the contrary
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that P[Z,, = Z, — Z’}-=3‘L'j, i.0.] > 0, which, from the definition of Z,, in Lemma 1(ii), is
equivalent to P[M,,_; = My, i.0.] > 0. As this contradicts Lemma 1(i), the claim is proven.
On the other hand, by iterating (1) with starting value Z5, we obtain

n—2 n n
Z;j:\/(Xn_k— ) f,-)v<z;_zf,-), "z
k=1 j=n—k+1 j=3

So from the previous claim, we have Z} = Z, v (Z5 — Z?:ﬂj) a.s. for large enough n.
Finally, we obtain Z = Z, for large enough n because

n
P[z; =Y 1> Zn, i.o.:| =P[M,_ < Z5 + T, i0] =0,

by Lemma 1(i).
Definition 1. Let (#,),cz be the increasing family of o -algebras given by
Fn = o{Xk, Tkt1, k <n} =o{W"

oot neZ.

Also,let G,—1(x) =P[X,;, > x | F,_1]and G]_(x) =P[X, > x | Fy_1]forx e R, n € Z,
be the (regular, conditional on ¥;,_1) survival function and the weak survival function of X,
respectively.

Proposition 2. Let G,_1(x) and G)_,(x) from Definition 1 and let Z}; be as defined in
Proposition 1. Then G,_1(Z}), G)_(Zy), n € Z, are stationary and ergodic.

Proof. First note that Z* is ¥;,_1-measurable; hence, G,—1(Z}) = P[X,, > Z} | W"OO]
n € Z. From the deﬁmtlon of conditional expectation, there exists a measurable function
fo: R® — R such that Go(Z}) = E[Lx,> 7y | WO 1= fo(W°,) and

ELfo(W20)g(W2 )1 = Ellx, - z118(W,)]

for any bounded and measurable function g: R* — R. We claim that fo(W"Oo ) is a version
of E[1x,~ zx} | Wfool] and, therefore, that G,_1(Z}) is stationary and ergodic. The claim
follows at once from the stationarity (and ergodicity) of W, since, forn € Z,

E[ fo(W" ) g(W =E[fo(W20)g(W2 )]

and
Ellix,> 258 (W2 o)1 = Ellx, > 25y g (W)l
The argument for G)'_ (Z}) is identical.

3. Main results

3.1. Strong convergence of the record and the weak record rate

The strong convergence of the record rate for stationary observations with random drift, is
contained in the following theorem.

Theorem 1. It holds that

Ny
— — p:=E[Go(ZD] = |:X1 > \/{Xlk - Z tj}:| a.s.

k>1
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Proof. Let G,—1(x) and Z,, be as described in Definition 1 and Lemma 1(ii). We invoke
Proposition 6 (see Appendix A) with U, = I, and §, = ¥, recalling that, from Lemma 1(i),
N,, — oo a.s. Hence, Zn>1 U, = oo a.s. and (10) holds. Furthermore, the conditional
expectation of I, is easily calculated as

Ell, | Famtl =PIy > My—1 | Fuil
=PX, > M1 =T, | Fu-1l
= anl(zn)a n 2 27 (2)

so, from (2) and (10), we obtain

N, |
_— ms  m >
> k=2 Gk—1(Zp)

On the other hand, by Proposition 2, G,—1(Z}) is stationary ergodic and so Birkhoft’s theorem
yields that

a.s. 3)

1 n
- > Gr1(Z)) - EIGo(ZD]  ass. 4
k=1
Furthermore, from Proposition 1(ii) we know that Z,, and Z; couple; hence, (4) also holds with
Z, replacing Z}, that is,

1 n
- E Gi-1(Zy) = E[Go(Z])] as.
k=1

and the conclusion follows from (3).

A weak record is an observation which is greater than or equal to the current maximum. We
define the indicators of weak records by IlW = 1 and I,:V = Ly, >m_,), K = 2; the counting
process and the rate by N, = > "¢ | IY and N, /n, respectively. Of course, records and weak
records coincide unless the distribution of the observations has discontinuities; see [12] and
[13] for results in the i.i.d. case. Observe that N} > N,, — 0o, by Lemma 1(i). We now state
the analog of Theorem 1 for weak records.

Theorem 2. It holds that

1
NW
% — pV :=E[Gy(ZD] = P[Xl > \/{X1_k - Z rj” a.s. (5)
k=1 j=2—k

Proof. As that of Theorem 1, mutatis mutandis.

We have the following result concerning the positivity of the limits in Theorems 1 and 2.
Observe that the integrability hypothesis of X is crucial.

Proposition 3. Let p, p% be as defined in Theorems 1 and 2. Then p%¥ > p > 0.

Proof. Clearly, since records are also weak records, we have p% > p and so it suffices to
prove that p > 0. Observe that p = E[G((Z])] = 0 implies that Go(Z]) = 0 a.s. and so,
by stationarity, G,—1(Z}) = O for all n € Z a.s. Now, since Z* and Z, couple, the series
Zn>l G,—1(Z,) converges. Therefore, by (9), Zn>l I,, < oo, thus contradicting Lemma 1.
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Remark 2. It is easy to find an example with p = 1 (see after Proposition 4). In this case all
observations are records except for a finite number. Indeed, we consider the indicators of not
being a record, that is, 1 — I,. Then, by (10), the total number of no-records >, (1 — I,)
is finite if and only if Zn>1(1 — G,—1(Z,)) is finite. The last sum converges because p=1
implies that Go(Z}) = 1 as.

3.2. Asymptotic normality

The asymptotic normality of N, was first investigated in [2] in the context of a base process
W,,, where the X, are i.i.d. with continuous distribution F', and the drift process is deterministic,
that is, 7, = c¢. The result was later extended in [3] to stationary, strongly mixing, and
square-integrable X, always under deterministic drift. Their method of proof relies on the
approximation of the indicators /,, by stationary ones.

We consider first a different approach based on the conditional centering of N,,. Itis clear that
N, — ZzzlE[lk | Fx—1], n > 1, is a martingale with bounded increments. So the martingale
central limit theorem can be applied; see, for example, [17, Corollary 3.1]. To that end observe
that the Lindeberg-type condition is satisfied and, letting & = I — E[I; | Fx—1], we have
I[*][Sk2 | Fr—1] = Gr—1(Zx)(1 — Gx-1(Zy)). Hence, by Proposition 1(ii), Proposition 2, and
Birkhoff’s theorem, we have

1 n
Y EBIE | Fitl = BIGo(Z))( - Go(Z)]  as.
k=1

‘We have thus proven the following proposition.

Proposition 4. Ifa,%,[ = E[Go(Z])(1 — Go(Z7))] > O then the following convergence holds:

1 n b
E<Nn - kzZle_l(zk)> = N, 0),

D e
where ‘—’ denotes convergence in distribution.

Examples with o3y = 0 are easy to construct. Take (X, ),z i.i.d. uniform in [0, 1] and
7, = 3,then Y, € [3n,3n + 1] and G,,_1(Z,) = 1 for n > 1. So all observations are records
and there is no asymptotic normality for N,,.

Proposition 5. If oy = 0, the martingale N, — Y j_Gr—1(Zx) converges a.s.

Proof. The argument is similar to that used in the proof of Proposition 3: o3y = 0 implies
Gi—1(ZH)(1 — Gr-1(Zf)) = 0,k € Z, and because of the coupling of Z; and Z}, the series
Zkil IE[gk2 | Frioi1l = Zkile,] (Zi)(1 — Gk—1(Zy)) converges and so does the martingale.

Remark 3. In the above proof observe that the random variables G _1 (Z}) take valuesin {0, 1}
and the same is true for G;_1(Zy) for large enough k. Since Z,f‘;l Iy — Gr—1(Zy)) < 00, we
have I}, = G_1(Zy) forlarge enough k. Suppose that, for example, X, i.i.d. with distribution F
and 7, = c,then Go(Z}) =P[X > Z] | Fol = P[X1 > Xo—c | Xo] =1 -F(Xo—c) > 0.
So P[Go(Z]) = 0] = 0, which implies that Gx—1(Z]) = 1 for all k and Gy—1(Z) = 1 for
large enough k. In other words, in this model o)y = 0 entails p = 1 and all observations are
records save a finite number. This is not true in the general case of stationary observations.
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The result of Proposition 4 does not depend on any mixing condition on the base process, but
it is not satisfactory because the centering sequence is random and there seems to be no simple
way of replacing it by a deterministic one. We present below a second central limit theorem for
N,, with deterministic centering, requiring the strong mixing of the base process W,, plus some
moment conditions on X, and t,. The proof follows closely that of [3, Theorem 2], but needs
extra conditions for handling the tail probabilities in the presence of a random trend. In fact
we rely on a bound for moments of stationary mixing sequences from [28]; see Lemma 2. We
recall the definition of the -mixing coefficients. Let O = o {W°_}, F,° = o{W}, and

a(n) = sup |P[AB] — P[A]P[B]].
AeFO  BeF>
Let also F "0 C=of...,1_1, 0}, F > =0{t., Tutl, ...}, and

o’ (n) = sup IP[AB] — P[A]P[B]|. (6)
AeFOT BeFt

Theorem 3. Suppose that anla(n) < 00, IE[X%] < 00, E[|t9]" ] < 00, and that for some
r>4,a >0, anl n"?H ot (n)]19/0+D < oo. Then the following convergence holds:

Nn_np
Jn

where p = E[I]] = P[Xo > Z;] ando? = p(1 — )+2Zn>17/(”) withy (n) = cov (I§, I
and I} = Yx,>zx) forn € Z.

2 N©,0?) ifo >0, (7)

Proof. We follow the strategy of [3], which consists of proving a central limit theorem for
a sequence of strongly mixing indicators and then transferring the result to N,. Let Zk
VR0 o =Y icnipitj}fork>1,n € Z, andrecallthatZ* Visit{Xn—i =2} _n_I_H‘L'j}
Let also IX = I{X -z forn € Z, and N¥ =" | 15, N¥ = Zl I forn > 1.

As in [3 p.- 807], we note that I k, n € Z, is stationary with mixing coefficients a (n) such
that ox (n) < 1forn <k, and ax(n) < a(n — k) for n > k. Since, by hypothesis, the mixing
coefficients are summable, [18, Theorem 18.5.4] can be applied to yield the following result.
Let pr = E[Ié‘] and okz =y (0) + 2> ,-v(n) with yx(n) = cov (Ié‘, I,’f). Then O’kz < 00
and, if o > 0 the following convergence holds:

Nk npy LY
N

The next step is to apply [4, Theorem 4.2] to obtain the asymptotic normality of N,' by letting
k — oo in (8). To that end, we first show (in Lemmas 3 and 4) that pr — p and oy — o as
k — oo. Finally, in Lemma 5, we verify that

2 N, oP). ®)

hm hmsupIF’[|(N —npr) — (NF —np)| > ea/n] — 0 foralle > 0.

k—o00 n—o0

The conclusion (7) follows because the coupling of Z,, and Z implies that (N, — N;*)//n — 0
a.s.

Remark 4. If the increments 7, of the trend process are bounded then the condition on a7 (n)

in Theorem 3 can be relaxed to an ((n+ D2+ gT (n) < oo; see [28, Theorem 2].
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Remark 5. Theorem 3 and the corresponding lemmas can be easily adapted to weak records,
yielding
NY —np%

N

where 02 = p%(1 — p¥) + 23 ,sq cov(Iy™, 1Y) with Y = Ly, >zx forn € Z.

> N(0,02),

4. Examples

Example 1. Let (X},),¢cz be i.i.d. with common distribution function F (not necessarily con-
tinuous).

(a) Lett, = c > 0,n € Z. Then, from Theorems 1 and 2,
N, - Ny w
— > p=[]]F&+koF@x), - p¥ = [ []F@&x +ko)Fdx),
n

n
k=1 k=1

where F(x) = P[X| < x]. Also, Theorem 3 can be applied to obtain the asymptotic
normality of N, and N,".

For the Gumbel distribution F(x) = exp(—e™¥), the explicit result p = 1 — e~ is
easily obtained; see [2]. This particular case is interesting in its own right because the
sequence Y, can be seen as an F'*-scheme, that is, the Y;, are independent with respective
distribution functions F,,(x) = F(x)%", where o, = ¢"¢. Therefore, the record indicators
I,, are independent and so strong convergence and asymptotic normality follow; see
[21] for information on the F¥-scheme. Also, the variance in Theorem 3, whose exact
evaluation is in general out of reach, is given by o2 = p(1 — p).

(b) Let (ty)nez be i.i.d., independent of (X;),cz. Then, from Theorem 1,

M= /E[l_[ e+ Tk)]F(dx)-

k>1

For F(x) = exp(—e™¥), we have

1 o0 -1
o] )
0 k=1

Example 2. (Ladder variables.) Let (n,),>1 be a stationary ergodic sequence with E[n;] > 0
andlet S, = Z’}=1 nj.n =1, 8y = 0. We are interested in the asymptotic record rate, denoted
by A, of the random walk (with positive drift) S,. In this context, record times and record values
are referred to as (ascending) ladder epochs and heights, respectively. To that end, we define a
base process (W) ez with X,, = 0 for all n, and (t,,), ¢z the stationary ergodic double-ended
extension of (1,),>1 with 7, = n, for n > 1. Given that the number of ladder epochs of S, is
equal to N, from Theorem 1, we obtain

SRR

k=1 4j=1-k

where /\ denotes the min operator. Observe that A depends on the auxiliary random variables
7,, n < 0, instead of depending only on the original increments 7,,. However, due to stationarity,
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we have

)Vznli)ngop[nn>ovnn+77n—l>Ov-~~a77n+"'+7]1 > 0].

Observe also that A = lim,,—, 5 P[V,, > 0], where V,, := min{n,,, n, +n0p—1, ..., in+---+n1}
satisfies V41 = (Vi 4+ nnt1) A ng1, 1 > 1, with Vi = ny. This representation can be useful
when (1,),>1 is a Markov chain since then (V,,, ,,),>1 1s also a Markov chain and A can be
obtained in terms of its stationary distribution.

On the other hand, if the increments are reversible, in the sense of (11,...,n,) and
(M, ..., n1) being equally distributed for all n > 1, then A is simply IP’[/\k>lSk > 0], the
probability that the random walk stays strictly positive. Reversibility occurs, for instance,
when 5, is a time-reversible Markov chain.

In the case of i.i.d. increments 7, the limit above is well known since N, can be seen as the
counting function of a renewal process and, therefore, N,,/n — 1/E[L], where L is the first
ladder epoch. See [16, Chapters 2 and 3] for more details on ladder variables. To the best of
the authors’ knowledge, the result in the general stationary case appears to be new.

We also consider weak records in the random walk S,,, n > 0, corresponding to weak ladder
variables. From Theorem 2, the asymptotic rate of weak ladder epochs is given by

AV = P[k/z\l{jgojl_kz,} > o].

In this case A = lim, o P[V, > 0], where V, := V,, A0,n > 1, satisfies V, | = (V, +
Mnt1) A 0,n > 0, with Vj = 0; that is, V, is a random walk taking values in (—oo, 0] with
increments (1,),>1 and reflecting barrier at 0.

Example 3. (Range of a Bernoulli random walk.) Let (n,,),>1 be a stationary ergodic sequence
with n, € {-=1,1},P[n; = 1] = p > %, and let S, = Z’;’:l nj,n > 1,5 = 0. We
consider R, the range of the walk up to time n, defined as the number of distinct values in
(S1, 82, ..., Sp). As in Example 2, we define a base process (W,),ez with X,, = 0,n € Z,
and (7,),e7 the stationary ergodic double-ended extension of (1,),>1 with 7, = n, forn > 1.
Note that, due to the nature of 1,, R, and N, are asymptotically equivalent in the sense that
R, — N, converges a.s. as n — o0o. Hence, from Theorem 1, R,/n — A, where A is defined
in Example 2. This result is a particular instance of the Kesten—Spitzer—Whitman theorem; see

[22, p. 38].

Also, from Theorem 3, (R, — An)//n 2N (0, 62). For illustration we explicitly calculate
below A and o in the case of i.i.d. increments 7,,.

From the gambler’s ruin problem, we have A = 2p — 1. Now cov (1§, I;) = E[I] 1] — A2
and because of the independence of the t,,, we obtain

n

0
EI; 1] = IP’[ > 1;>0, Y 1;>O0forallk > 1}
j=—k+1 j=n—k+1

k—1 n+k—1
=P|:er>0, Z T >0f0rallkzli|
j=0 j=n
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k—1 n+k—1
:]P’|:er > 0, 1§k§ni|]P’|: Z 7; > Oforall k > 1i|
j=0 j=n
k—1
=P[er > 0, 1§k§ni|)\.
j=0

So cov(Ia‘, I =AP[Ty > 0,1 <k <n]-— 2.2. Note also that
PlTy >0,1<k<n]—XA=Pn+1< Hy < 0],

where Hy = min{k > 1: T} < 0} (hitting time of {..., —1, 0}). Therefore,

D coviIg, I¥) = 1Y Pln+ 1 < Hy < 00] = AE[(Ho — 1)Kz, <c0)]-

n>1 n>1

We have P[Hy = 1] = 1 — p and, from the hitting time theorem (see [15, p. 79]),

P[Hy = n] = LIIP’[Tn_l ——1]. n>2
n

Hence,

2m +1\ ,, m 1—p
E[(Ho—l)l{Hom}]:pZP[Tn_l:—1]=p2< . )p A=p" =7
n>1 m=0

and, thus, 62 = 4p(1 — p).

Remark 6. Records in random walks, as considered in Examples 2 and 3, have received much
attention in the physics literature in recent years. The unbiased case (zero drift) was analyzed
in [19] using a theorem of Sparre Andersen; for this model, assuming the independence of the
increments, E[N, ] ~ 2./n/m, regardless of the (symmetric and continuous) distribution of the
increments.

The biased case, assuming i.i.d. increments, with density symmetric around ¢ > 0 was
studied in [20]. In that paper, no restriction on the moments of the increments was imposed. In
particular, it is shown that E[N,,] grows as a power of n when the distribution of the increments
has no expectation. Also, when the increments have no variance, the distribution of N,
approaches a non-Gaussian limit. Our results do not cover those situations since we need
finite expectation of the increments to obtain the linear record rate (Theorem 1) and another
moment condition implying the existence of variance, required for the Gaussian limit law of N,
(Theorem 3). A differential feature of our results is that we do not impose the independence of
the increments, neither the continuity, or symmetry of their distribution. In that sense, our results
in Theorems 1 and 3 reveal a kind of universality principle for random walks with correlated
increments and positive drift: under some moment restrictions, the number of records grows
linearly and fluctuations are Gaussian when r is large.

Appendix A

To make this paper self-contained we present in this appendix a key result used in our proofs.
We also collect technical lemmas related to the proof of Theorem 3.
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Proposition 6. (Dubins—Freedman strong law.) Let (Uy,),>1 be a sequence of nonnegative and
bounded random variables, adapted to the increasing family of o -algebras ($n)n>0. Then

{Zunzoo}={ZE[Un | 9n_1]=oo} as. ©)

nz1 n>1
and -
_ Ug
k=1 — 1 on { E[Un | n—11 = oo} as. (10)
Y et ElUK | Gr-1] r; Gn-1

Proof. See [7] or [17].

Lemma 2. Let (t,),e7 be the stationary process of Section 2 with E[tg] = ¢ # 0. Suppose
that E[|1o|" "] < oo and )", n"?H ot ()]0 < oo for some r > 2,a > 0, where
a’(n) is defined in (6). Then

1 < 1
P| — < - | <Kn"2
[ncj;rj_21|_ !

Proof. Let S, = 27:1(7:] —c¢) and ¢ > 0. Then, from Markov’s inequality and
[28, Theorem 1],

" nc ne nc\” E[1S,]"]
i <l opls, <" <pis,r > (") | < J—
[,;T’W] [S”— 2}— ['S”'>(2”—<nc/2>r— o

where K > 0 is a constant. The argument for ¢ < 0 is identical.

Lemma 3. Under the hypotheses and with the notation of Theorem 3.
(i) There exists a random variable K, such that ZF = Z,i( " foralln € 7Z, and
(i) pr — p and yr(n) — y(n) as k — oo.

Proof of Lemma 3(i). By stationarity we take n = 0. Clearly Z’é 1 Z§ a.s. and the result
follows if we show that only finitely many terms X_; — ZO Tj,i > 1, are greater than

j=—i+l
the first a.s. That is, if P[X_; — Z?:_lej > X_1—1, { > 1, i.0] = 0. Using

the same argument as in the proof of Proposition 1, this probability is bounded above by
P[X_j—1 — X_1 >ic/2, i > 1, i.0.]. Observe that

P[X—i—l - X1 > %} < IP’[IX—i—ll + X1l > %} < 2P[|X0| > %]

SO ZizlP[|Xo| > ic/4] < oo because E[|X¢|] < oo and the conclusion follows.

Proof of Lemma 3(ii). From the proof of Lemma 3(i), we have I¥ = IOK % a.s.andso Ié‘ — I
as k — oo, which yields py — p and yx(n) — y (n) by the dominated convergence theorem.

Lemma 4. Under the hypotheses and with the notation of Theorem 3.
(1) There exists a summable sequence y (n) such that |yx(n)| < y(n), and

(ii) ak2 — o%ask — oo.
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Proof of Lemma 4(i). Asin[3,p.808],ifk < a, := |n/2], wehave |yx(n)| < a(a,). When
k > a, we bound |yk(n)|, but ci is replaced by the corresponding random trend. Observe that
if] <kthenI! > I¥and I¥ = I¥I!. So I} 1} = 151" — 1K 1}" (1 — I¥) and, hence,

lye()| = RS IKT — pR| < IBLE 191 — p?| + BLIE 19 (1 — 19)]. (11)

Let A/, and B;, be the first and second summands in the right-hand side of (11), respectively.
Then

n

k
B,;kgP[zgn<X,,5 \/ {X,,_,-— > rj},xo>z’5}

i=a,+1 Jj=n—i+1
k n
=< P|: U {Xn—i —Xn = Z Tj}:|
i=a,+1 j=n—i+l
- n
= Pl Xy—i — X > Z Tj:|
i>a, - Jj=n—i+1
n
<D P{IXpsil +1Xal = Y r,}
i>a, - j=n—i+1
I 1 [
=D P IXOIZEZTJ}-FZ]P’[IXOIEE'Z r,}. (12)
i>a, - j=1 i>a, j=—i+1

Observe that both probabilities above can be bounded by P[| X¢| > ci /4] + P[Z;zl Tj < ci/2]
and that Zl> an P[|Xo| > ci/4] is well defined and summable (with respect to n) because Xg
is square-integrable. Also, by Lemma 2, IP’[Z 1T Sci/2] < Ki™" /2 for some constant K.
So, By, is summable because, from the 1nequahtles above,

ci _
nk B, = 2 Z( |:|X0| = _i| + Ki r/2)

1>ay

On the other hand,

e < |EUS IS = pa, prl + pr(Pa, — Pr)
< alan) + pa, — Pk

k n
< a(ay) +1P>[zzn <X, < \/ {X,,,- -y rj}] (13)
i=ap+1 j=n—i+l
and we see that the probability in (13) is bounded as in (12); hence, A}, < A, = a(a,) + B;,.

Proof of Lemma 4(ii). By Lemma 3(ii), yx(n) — y(n) and, by Lemma 4(i), yx(n) is
dominated by y(n) := A’ + B’ , which is summable and, consequently, the result follows
from the dominated convergence theorem applied to an] yr(n).

Lemma 5. Under the hypotheses and with the notation of Theorem 3,

lim supIP’[|(N,’1‘ —npy) — (N7 —np)| > e/n]l — 0 foralle >0 ask — oo. (14)

n—oo
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Proof. We estimate the variance

NE—N¥\ 1 U = -
var[ 22— ) = —var (J, —qk)>=var(1)+— (n—Dcov(J5, J5, (15)
(B -2 (z GEEY 5

k _ gk _ g% _ ) _ _ o
where J/ = I — I = I[Z]k<X6§Zl*} = llZf<Xzsv;'ik+l{Xz_,-—Z§=,_,-+1 o) and g = pr — p =
IP’[Zk < Xo <V {X Zj:—i+1 7;}]. For the variance term, we have, by Lemma 3(ii),

var(J§) = qu(1 — qr) < g — 0. (16)

For the covariances assume that n > 2k, then as k — o0,

) 2k ) 2k
z -1 Jk b < Z —1 JE
n;(n ) cov(J 1)—,1;(” ) var(J§)

< 4kqx
0
< 4kP|:U{X_i — Xo > Z ‘L'j}i|
i>k Jj=—i+1
R 1<

<4k Z(P[Ix_il =5 2 r,} -HF’[IXOI =5 2 rj])

i>k j=—i+1 j=—i+1
< 8k P — =
(=] off=4)

i>k
— 0. (17)

‘We bound cov(]é‘, Jlk) for [ > 2k. Let Lk ]IX RVUE then

I
ikt X =2 i T

cov(JE, I = cov(JE, K = LEY) + cov(JE, JFLE (18)

and
lcov(J§, JFLNY| < E[JF LK
1

SP[Z;‘<X1§ \/ {Xli_ Z

o}
i>|1/2] j=l—i+1
I

)

i>1/2] j=l—i+1

IA

P|:X1 <

i>|1/2] j=l—i+1
N 1
Cl C
<2 Z (]P’|:|XO| > Z} +]P’[Z ;< _D
i>|1/2] j=1
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Hence,
y i ci d ci
'; Z (n —1)cov(J§, JFLN| < 42 Z (}P’[|X0| > Z} +IP’|:Z Tj < 3}>
1=2k+1 12k i>|1/2] =1

— 0 ask — oo. (19)

For the first term in the right-hand side of (18) it suffices to see that its absolute value is bounded
above by «(|7/2]). Indeed, J(1 — L¥) is the indicator of

L1/2] 1
{Z,"<X1§Z,*,Xl§ \/ {Xl—i_ Z T,,'”

i=k+1 j=l—i+1
/2] !
i=k+1 j=l—i+1
Therefore,
p R I
‘; Y (n—Deov(s, JfA-L <2 “QEJ) -0 ask — oo. (20)
1=2k+1 1>2k

The conclusion follows from (16), (17), (19), (20), and Tchebychev’s inequality applied to (14).
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