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Abstract

The optimality of dualities on a quasivariety &, generated by a finite algebra M, has been introduced by
Davey and Priestley in the 1990s. Since every optimal duality is determined by a transversal of a certain
family of subsets of 2, where § is a given set of relations yielding a duality on &, an understanding
of the structures of these subsets—known as globally minimal failsets—was required. A complete
description of globally minimal failsets which do not contain partial endomorphisms has recently been
given by the author and H. A. Priestley. Here we are concerned with globally minimal failsets containing
endomorphisms. We aim to explain what seems to be a pattern in the way endomorphisms belong to
these failsets. This paper also gives a complete description of globally minimal failsets whose minimal
elements are automorphisms, when M is a subdirectly irreducible lattice-structured algebra.
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1. Introduction

A general theory of natural dualities started to emerge within universal algebra in the
mid 1970s and since then it has been rapidly developed. The primary aim of this
theory is to obtain a representation of the algebras in a quasivariety 2/ generated by
an algebra M, as algebras of continuous structure-preserving maps into a convenient
structure M on the underlying set M of M. A natural duality for &/ gives us a uniform
method to get such a representation for each one of the elements of &, in which case
we say that the structure M dualises M. (We refer to [1] for developments and basic
facts of the theory.) The optimality of dualities on a quasivariety & = ISP(M),
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where M is a finite algebra, has firstly been investigated by Davey and Priestley (see
[3, 4]). Relative to a given set 2 of relations yielding a duality, they characterized the
optimal dualities as the dualities determined by the transversals of a certain family of
subsets of 2. However the structure of these subsets—known as globally minimal
failsets—remained to be understood. The development of the theory presented in [4]
progressed, symbiotically, alongside computer calculations of the globally minimal
failsets relative to S(M?) for particular distributive-lattice-ordered algebras M. In
spite of the limitations on the size of examples that can be handled, the computer-
generated results suggest some common characteristics of these failsets. Somehow
this has showed us which direction to take in order to get a structural description of
globally minimal failsets in the case that S(M?) dualises M, as it does whenever M has
a definable lattice structure. To concentrate on analysing the globally minimal failsets
that do not contain any partial endomorphism of M——called pe-free globally minimal
failsets— seemed to be a natural first step. In [9] a complete description of pe-free
globally minimal failsets is given, for the special cases where condition (H) holds. This
condition states that the elements of the duals D(r), withr € S(MZ), are composites
of the restrictions p; to r of the projection maps with partial endomorphisms of M.
Following the work presented in [9], now we focus on globally minimal failsets that
contain partial endomorphisms. Among the examples we know, there are globally
minimal failsets whose minimal elements are exclusively endomorphisms and the
converses of their graphs. This makes us think that we should start to understand
first the structure of these particular ones. In certain cases the endomorphisms are
automorphisms living outside the same maximal subgroup of the group AutM of
automorphisms of M. The structure of these failsets is described here in Section 3.
In case M is a subdirectly irreducible lattice-structured algebra, as it happens to be
in many of the examples we know, we prove that the set of minimal elements of
any globally minimal failset, whose minimal elements are automorphisms, is the
complement of a maximal proper subgroup of Aut M; conversely, the complement of
each maximal proper subgroup of AutM is the set of minimal elements of one such
globally minimal failset. In Section 4, under the assumption that M is a subdirectly
irreducible lattice-structured algebra, we prove that these globally minimal failsets
are exactly those that contain automorphisms among their minimal elements. So we
concentrate on aut-free globally minimal failsets, that is, globally minimal failsets that
do not intersect Aut M but whose minimal elements are endomorphisms and converses
of their graphs. As expected, their structure is not so easy to describe as the structure
of globally minimal failsets described in [9]; it depends on the covers [a, b], of the
intersection of the kernels of endomorphisms of M outside Aut M. We show that the
aut-free globally minimal failsets are unions of sets, each of them depending on one
of the endomorphisms that separate a and b and belong to a given generating set of
the monoid End M of endomorphisms of M.

https://doi.org/10.1017/51446788700013628 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013628

[3] The role of endomorphisms 271
2. Preliminaries

Throughout the paper we assume that M is a given finite algebra of type F, and we
take & = [SP(M) to be the quasivariety generated by M; in the examples we refer
to, & = ISP(M) is often a variety.

An n-ary relation s on M is called algebraic if s is a subalgebra of the direct
power M"; we write s when we want to think of s as a member of &. For a given
set R of algebraic relations on M, define M := (M;R, t) to be the topological
relational structure on the underlying set M of M in which 7 is the discrete topology.
Let Z = [S.P(M) be the category in which objects are all isomorphic copies of
closed substructures of powers of M and in which morphisms are the continuous
R-preserving maps. Then we consider the hom functors D = &/ (—, M) : & — 2
and E = (-, M) : & — &. The dual space D(A) of each A € o belongs to
Z = IS.P(M), and therefore its topology is induced by the topology of M and its
structure is given by the set of the pointwise-defined relations on D(A): if r € Ris an
n-ary relation, then (xy,...,x,) € r on D(A) if and only if (x,(a), ... , x,(a)) € r,
forall a € A. We say that M (or, alternatively, R) yields a (natural) duality on M (or
dualises M) if every A € & is isomorphic to its second dual ED(A). This setting
is less general than that treated in [5], where operations (total or partial) are included
in the dualising structure as well relations. Here we encompass rn-ary operations
by including in R their graphs (which are subalgebras of M"*'); this is admissible
because we consider dualities, rather than strong dualities (see [1, pages 4041, 63]).
It allows us, in particular, to treat as interchangeable any partial endomorphism 4 of
M and the associated binary relation graph A.

In this work we are concerned only with cases where a duality is known to exist.
This occurs in particular if M has a (k + 1)-ary near-unanimity term, with k 2 2,
and then M = (M; S(M"), ) yields a duality on &/. This very useful result, the
NU-Duality Theorem, is due to Davey and Wemer (see [1, 5]); it applies in particular
whenever M has an underlying lattice structure and in that case asserts that S(M?)
dualises M. The NU-Duality Theorem is a valuable existence theorem for dualities.
However, even when k = 2 and M is small, it supplies dualities which, except in
the simplest cases, contain extremely large numbers of relations, and such dualities
are obviously of little practical use. It is therefore natural to ask how a duality based
on some given dualising set £ might be simplified by deleting superfluous relations.
In fact, we would like to know how to get a subset R of 2 that yields an optimal
duality on M, in the sense that R yields a duality on M but no proper subset of R
does so. The characterization of all the subsets of a given dualising set which yield
optimal dualities on M is one of central problems in the natural duality theory. The
solution of this problem relies on the analysis of entailment: a subset R of | J,., S(M")
entails a relation r (in symbols, R  r) if, for every A € &, every continuous map
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¢ : D(A) — M which preserves every relation in R also preserves r. Locally, for a
fixed s € &, we say that R entails r (on D(s)) if every continuous R-preserving map
¢ : D(s) —> M also preserves r. If R dualises M and r € R is entailed by R\{r}, then
we may delete r from R and we still have a duality on M, given by R\{r}. Hence it
was important for the relations entailed by R to be described intrinsically. This was
achieved by Davey, Haviar and Priestley in [2]. A key tool in this work is the Test
Algebra Lemma, which shows that entailment is a local matter.

LEMMA 2.1 (Test Algebra Lemma, [4, 2.4]). Let = U,,?, SM*). For every
R C Q and s € Q, we have that R entails s if and only if R entails s on D(s).

Let 2 C Un21 S(M") be a fixed set of algebraic relations on M. For every r € Q
and every map u : D(r) — M, define

U = Fail,(u) := {s € Q| u fails to preserve s};

the set U is called a failset of r (within §2) if it contains r and it is called a failser
whenever it is a failset of some s € U.

Let R C Q and r € Q. Observe that if R entails r and U is a failset of r then
U is a failset of some s € R. Themap R +— R := {r € Q| R F r} is a closure
operator, referred to as entailment closure. From the definition, it is immediate that
the complement of Fail.(u) is closed in €2, for every map u : D(r) —»> M [4, 3.1].
There are various ways of building relations which are entailed by a given subset R
of Q. Next we list the constructs we need for this work. They are particular cases of
some of the available constructs presented in [2], with n = 2.

Trivial relations. Construct two trivial relations Ay := {(c, ¢) | c € M} and M>.
Converse. From a binary relation r construct r~ = {(c,d) € M? | (d, ¢) € r}.
Intersection. From binary relations r and s, construct r N s.

Product. From N, N; € M construct N; X N,.

Domains. From a partial endomorphism ¢ : N — M, construct the domain, dom e,
of e.

Action by partial endomorphisms. From r € M? and a partial endomorphism
e:N —> M, with N < M, construct

e-r:={(c, ) € M*| ¢, € N and (e(c}), ¢2) € r}.

If r is the graph of an endomorphism, then ¢ - r is the composition of e and r qua
maps, with e done first, that is r o e. In case r is unary we define the action of e on r
to be the natural analogue of this, namely

e'(r)y:={ceN|e)er).
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In case r is binary and e, f are partial endomorphisms, note that
(ex f)7'(r) :i={(c,d) € dome x domf | (e(c), f (d)) € r}

is (f - ((e- r)™))~ and so it is an available construct. In particular, if e, f € AutM
then (e x f)(r) = (¢! x £ "1)7(r) is an available construct. We often denote by
ker(e, f) the set (e x f)~'(Ay) and by e(r) the set (e x e)(r), where e € Aut M.

For a given dualising set  of algebraic relations on M, let R € Q yield an optimal
duality on M. For every r € R, we have that R\{r} does not entail r, that is, by
the Test Algebra Lemma, R\{r} does not entail r on D(r), and so there exists a map
u : D(r) —> M such that the set Fail.(4) contains r but does not intersect R\{r}.
Hence, for every r € R, there exists a minimal failset Fail,(«) of r such that r is the
unique element of R in Fail.(u). Let U C 2 be a failset. We say that U is a minimal
failset of r if U is a minimal element of the set of all failsets of r. If U is also a
minimal element of the set of all failsets, then U is called a globally minimal failset.
(Subsets of 2 are always ordered by inclusion.)

The following results are Corollary 3.6 and part of Theorem 3.14 of {4].

PROPOSITION 2.2. Let s € Q2. Let U = Fail,(u) be a failset containing s. Then
there is a minimal failset U, of s with U; C U.

THEOREM 2.3. Let @ # U C Q. Then the following are equivalent:

(a) U is a globally minimal failset,
(b) U is a minimal failset of r forall r € U.

In [4], Davey and Priestley demonstrated how optimal dualities are obtained from
the globally minimal failsets. Let & be the family of all globally minimal failsets
within © and let T be a subset of Q2. The set T is called a transversal of 4 if T
intersects each U € ¢ but no proper subset of T does. The next theorem is part of
Theorem 4.4 (the Optimal Duality Theorem) of [4].

THEOREM 2.4. Assume that 2 is finite and yields a duality on {SP(M). Then the
Jollowing are equivalent:
(a) R < Q yields an optimal duality on M;
(b) R is atransversal of the globally minimal failsets in 2.

Thus, when Q is finite and yields a duality on M, in order to obtain the optimal
dualities on & we start by determining the globally minimal failsets and then take the
transversals of ¢4. For further details see [4] and [1].

Onwards we assume that Q@ = S(M?) yields a duality on M. Given a failset U, we
denote by Upin the set of minimal elements of U.
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3. Globally minimal failsets with automorphisms as minimal elements

In the examples of globally minimal failsets within S(M?) that we already know, we
almost always find globally minimal failsets for which the set of minimal elements
is the complement of a maximal proper subgroup of AutM. That is the case of
M = P, ., the distributive double p-algebra given by the ordinal sum of the m-atom
Boolean lattice and the n-atom Boolean lattice, presented in [7], or of M being the
four-element generating algebra of the variety of de Morgan algebras, presented in [9,
Section 6], or even of the non-distributive cases presented in [10, Chapter 2], such as
the diamond M; and the modular ortholattice MO,. In this section we present some
general results that explain these particular cases.

The first result we present gives us a necessary conditiononamap 4 : EndM — M
for Fail, (u) to be a failset of g € Aut M whose minimal elements are automorphisms.
Observe that the relations r in such a failset must contain the graph of some automor-
phism and r € Failg(x) must be witnessed by a pair of automorphisms of M. So they
are neither graphs of proper partial endomorphisms of M nor graphs of endomorphisms
in End M\ AutM.

In case End M # AutM, we denote by « the following congruence relation on M

((kerf | f € EndM\ AutM).

PROPOSITION 3.1. Let u : EndM — M be a map such that Fail,(u) is a failset of
g € AutM whose minimal elements are automorphisms of M. If EndM # AutM
then, for every x,y € AutM, (u(x), y~'(u(y o x)) € k; consequently k #y.

PROOF. Take x,y € AutM and let f € EndM\ AutM. Since f,f oy™! ¢
Fail, («), we have that f (u(x)) = u(f ox) = u(f oy loyox) = (f oy N(u(yox)),
and so (u(x), y""(u(y ox)) € ker f. In particular, for y = g and x € AutM such that
(x, g o x) witnesses g € Fail,(u), we have that (u(x), g u(gox))) ex\ Ay. O

Now take U to be a globally minimal failset and suppose that the set Uy, of minimal
elements of U is a set of automorphisms of M.

Let [a, b] denote the subalgebra of M_2 generated by Ay, U{(a, b)}, where (a, b) €
M?. Recall that, given x € AutM, we denote (x x x)([a, b]) by x([a, b]).

PROPOSITION 3.2. There exists amap u : EndM — M such that U = Fail,(u), for
some g € U, and for every x,y € AutM

u(y) # (yox Nwx)) = x™'@x), y " OGN >du .

PROOF. Take g € Uny, and take u : EndM — M to be a map such that U =
Fail,(u). Let x,y € AutM satisfy (u(x), u(y)) ¢ g’, where g’ := y ox~'. Take
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a = x""(u(x)) and b’ = y~'(u(y)). Note that [a’, b'] > Ay because y(a’) # y ().
Suppose that [a’, '] does not cover Ay. There exists (a*, b*) € M? such that
[@,b] > [a*, b*] >Anm. Since (a*, b*) € [d/, '] there exist an m-ary term ¢ of
type F and (a;, b)), ... (@, bm) € M?, with either a; = b; or (a;, b;) = (a’, V'), for
i€(,...,m),such that

@, b)) =t"Uay, by), ..., (an, by)) = M(ay, ... ,ay), (b, ... , bn)).

Defineamapa : M —> M by a(c) = tM(cy, ... , cn), Where

a; if a; = b,';
C; = .
¢ otherwise.

Now define amap v : EndM — M as follows

v(2) = z(a(a)) if z ¢ AutM;
v= z(a(c)) otherwise, where ¢ = z7'(u(2)).

Note that (v(x), v(y)) = (x(a(a’)), y(@(¥))) = (x(a), y(b")) ¢ g'. Hence Faily (v)
is a failset of g’. Observe that for every z € AutM and every f € End M\ AutM, we
have that f ozox~!, f ¢ U and then

u(f oz) = (f ozox )ux)) = (f o2)(a)
and u(f oz) = f (u(z)). Hence (c,a’) € ker(f o z), where ¢ = z7'(u(z)). So
(a(c), a(a’)) € ker(f o z) and consequently
v(f 0z) = (f o 2)(@(@)) = (f o2)(a(c) = f (v(2)).
Thus Fail, (v)NEnd M C Aut M. Now lets € Faily(v). We want to prove thats € U.

There exist x’, ¥’ € Aut M such that (x’, y') € s and (v(x'), v(y’)) ¢ s. Observe that

(), v(y)) = (' (@(0)), y'(a(d)))
= @' (Mcr, .., om)), Y@My, ... dR)))
= ("X (), ... . X' (), MG (), ..., Y @w))
= MG (), Y (@), -, (K (Cn)s ¥ (@)
with x'(¢) = u(x’) and y'(d) = u(y’) and either ¢; = d; = a;, = b;or(c;, d;) =
(c,d). Since (v(x'),v(y")) ¢ s, we must have (x'(¢;),y'(d;)) ¢ s, for some-

ie(l,...,m). Note also that (x’, y') € s implies that (x'(c;), y'(d;)) € s when-
ever ¢; = d;. Thus we have (x'(c), y'(d)) ¢ s, thatis, (u(x), u(y’)) ¢ s. Now, by the
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minimality of U as a failset of g’, we have that U = Fail, (v). Moreover, for every
z, w € AutM, we have that

' (@), w W) = (@™ (@))), a(w™ (u(w))))
€ [z27' (), w' (u(w))]

and consequently, if [z7! (4(z)), w™!(u(w))] > Ay then either
' @), wl )] =8y or [27' (@), w VwW))] >Ay .

We may go on constructing maps v until we get [x ' (v(x)), y ' (v(y))] > Ay for
every x, y € AutM such that v(y) # (y ox ") (v(x)). a

COROLLARY 3.3. There exist a map u : EndM — M and g € U such that
U = Fail (u), u(g) # g(u(idy)) and for every x, y € AutM

u(y) # (yox D)) = [x™ @),y wO)] >4y .

PROOF. By the previous proposition, we may take a map u : EndM — M and
g € U to satisfy U = Fail,(u) and for every x, y € AutM

u() # (v ox ) = [x7'(@(), y @) >4y .

If u(g) = g(u(idy) then we define a map v : EndM — M by v(x) = u(x oz), where
z is a fixed automorphism of M satisfying u(goz) # g(u(z)). Then v(g) # g(v(idy))
and U = Fail,;(v). Moreover, we still have that for every x, y € AutM

v(y) # (ox Hvx) = x7'(vx)), y 'O > Ay

because z([a, b]) > Ay whenever [a, b] >Ay. O

Let u : EndM — M be a map and let g € Uy, such that the conditions of
Corollary 3.3 hold.

If the algebra M has a definable lattice structure then the covers of A, in S(M?),
and in particular the covers [x ~' (u(x)), y~'(u(y))], are of the form [c, ¢"] or [¢™, c],
forc € # (M), where _# (M) is the set of join-irreducible elements of (M; v, A) and
¢~ denotes the unique element in M covered by ¢ (see [6], Proposition 1.6). Next we
see how this lemma allows us to restrict the possible choices of u.

Suppose that M is a lattice-structured algebra. By Lemma 1.5 of [6], there exists
c € _ZM) such that ((u(idy), g~ (u(g)) A (¢, ) V (¢, ¢7) € {(c,c7), (¢, 0)}
and so [u(idy), g~ (u(g)] € {[c, c7], [c™, c]}.
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Define amap ¥’ : EndM — M by v/(x) = (u(x) A x(¢)) V x(¢7). We claim that
U = Fail,(«'). Note that

(u'(idy), u'(8)) = ((u(idp) A ) V ¢, (u(g) A g()) V g(c7))
= ((u(dm) Ae) Ve, g(g7 (@) A ) V)
€ {(c, g(c™)), (¢, g(0))}

and hence u'(g) # g(u'(idy)). Then Fail, (') is a failset of g. Take s € Fail, («').
There exist x, y € End M such that (x, y) € s and (&/(x), ¥'(y)) ¢ 5. Since

(U (x), W' (y)) = ((u(x), u(y)) A (x(c), y(©)) V (x(c7), y(c7))

and (x(c), y(¢)), (x(c7), y(c™)) € s, we must have that (u(x), u(y)) ¢ s and so
s € U. Thus Fail,(#') € U and, by the minimality of U, we get U = Fail,(«').
Let x € AutM. Then either

x Mux)Ac=c andso w'(x)=x(x'wx)Ac)Vve)=x(c), or
xMu)Ac< e andso W (x) =x((x ') AV ) =x(c).

Moreover, note that u(x) = x (u(idy)) implies u'(x) = x (u'(idy)).

Also observe that in case EndM # AutM, we must impose (¢, c”) € k, by
Proposition 3.1.

Thus we have just proved the following result.

PROPOSITION 3.4. Let U be a globally minimal failset whose minimal elements
are automorphisms. If M is a lattice-structured algebra, then there exist a map
u:EndM — M and a, b € M such that the following conditions hold:

(a) U = Fail,(u), for some g € Upin;

(b) u(idy) = a, u(g) = g(b);

(€) Vx € Unin, u(x) € {x(a), x(b)};

(d) (a,b) € k, [a,b] =Dy and either a € F M), withb =a~, orbe FM),
witha = b~.

Take a map u : EndM — M and a, b € M to satisfy the conditions of Proposi-
tion 3.4, and define a map v : EndM — M by v(x) = u(x o g). Observe that U is
Fail,-i (v) and the following conditions hold:

(a) v(idy) = g(b) and v(g™") = a = g7} (g(@));

() la, b] >Lu= [gla), g(B)] >Au;

(c) g preserves join-irreducible elements of M and (g(c))” = g(c7), for every
ce FM);

(d) g preserves k.
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We may now reformulate Proposition 3.4 as presented below.

PROPOSITION 3.5. Let U be a globally minimal failset whose minimal elements
are automorphisms. If M is a lattice-structured algebra, then there exist a map
u:EndM — M and a € # (M) such that the following conditions hold:

(a) U = Faily(u), for some g € Uyin;
(b) u(idy) =a,u(g)=a";

(©) Vx € Unin, u(x) € {x(a), x(a7)};
(d) (a,a)exandla,a)>Ay-

The next result tells us that the failsets Fail, («) only depend on the set of automor-
phisms x of M on which u does not take the value x (u(idy)), and on the cover [a, b]
of Ay we choose; it does not depend on the pair (@, b’) we take among those that
generate [a, b).

PROPOSITION 3.6. Let u : End M — M be a map such that Fail,(u) is a failset of
g € AutM and suppose that there exist a, b € M such that u(x) € {x(a), x(b)}, for
every x € EndM. Foreveryad',b' € M, if[d', b'] = [a, b] then Fail,(u) = Fail, (i),
where u' : EndM — M is the map defined by

, {x(a') if u(x) = x(a);
Wix)=

x(b') otherwise.

PROOF. Let s be a binary algebraic relation on M. For every x,y € EndM, we
have that

(x,y) esA(x(a),y®B)) &s
S ACS XY A@ D) ¢ (x xy)T(s)
= 2SS @ xy) ' @OAW, Vl=[a,b] L (x xy)'(s)
= AnS (x X)) A (d, b)) ¢ (x x )7 (s)
= (x,y)esA(x(d),y®)) ¢s.

Therefore, (x, y) witnesses s € Failg(u) if and only if (x, y) witnesses s € Fail, («).
Thus Fail, (1) = Fail, (). O

The number of atoms in the lattice of congruences on M, ConM, is equal to the
number of sets {[a, a"], [a~, a]}, where a € _#(M) and [a,a”] >Ay in S(M?) (see
[6, Proposition 1.9]). Thus, the number of choices of maps u is as big as the number of
atoms of Con M contained in « if End M # Aut M, and the number of atoms of Con M
otherwise. Naturally, the simplest situation we may consider is when the congruence
lattice has only one atom, that is, when M is subdirectly irreducible. Besides, this is
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also the case for many of the globally minimal failsets we know, among which there
are those we mention at the beginning of this section.

Henceforward we consider that M is a subdirectly irreducible lattice-structured
algebra. Consequently, the trivial relation A, has at most two covers [a, a7}, [a~, a]
in S(M?), given by a non-zero join-irreducible element a of M. We also assume that, in
case End M # AutM, the congruence « is not Ay since this is a necessary condition
for having a globally minimal failset whose minimal elements are automorphisms,
according to Proposition 3.1.

We show that every maximal proper subgroup of AutM determines a globally
minimal failset and, besides these, there are no other globally minimal failsets whose
minimal elements are automorphisms.

The case [a,a”] =[a~,a). We first consider that A, has a unique cover in S(M?),
that is, la, a~] = [a™, a]. Therefore every automorphism g of M has a unique cover
[g U {(a, gla™))}]. If, for every proper subgroup H of AutM, we could define a
failset Fail,(«) whose minimal elements were the automorphisms not contained in
H, in such a way that their covers would be preserved by the map u, then we would
expect that the globally minimal failsets were exactly the complements in Aut M of
the maximal proper subgroups of AutM.

PROPOSITION 3.7. Let H be a maximal proper subgroup of Aut M. Then the set
Aut M\ H is a globally minimal failset.

PROOF. Define a map 4 : EndM — M by

x(a) ifx ¢ AutMorx € H;
u(x) =

x(a”) otherwise.

Let g € AutM\H. The pair (idy, g) witnesses g € Fail,(«). We claim that this
failset of g is AutM\H. Take s € Fail,(«). Notice that if EndM # AutM then
f(a) = f(a™), forevery f € End M\ AutM. Hence there exist x, y € AutM such
that (x, y) € s and either (x(a), y(a™)) ¢ s or (x(a™),y(a)) ¢ s. Then (a,a™) ¢
(x x y)~1(s) since Ay < (x x y)~!(s) and [a, a”] = [a~, a]. Consequently we must
have (x x y)~'(s) =Ay and therefore s = y ox~! ¢ H. Thus Fail,(¥) = AutM\H
and, by the maximality of H as a proper subgroup of AutM, we have that the failset
Aut M\ H is indeed a globally minimal failset. O

PROPOSITION 3.8. Let U be a globally minimal failset whose minimal elements are

automorphisms. Then U = Uy, and the subgroup Aut M\ U is a maximal proper
subgroup of AutM.
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PrOOF. Take H to be a maximal proper subgroup of AutM containing the proper
subgroup Aut M\ Uy,. By the last result, Aut M\ H is a globally minimal failset and,
since it is contained in Upy,, we necessarily have that U = AutM\H = Upy,. O

Thus the following theorem comes immediately.

THEOREM 3.9. If Ay has a unique cover in S(M?), then there are globally min-
imal failsets whose minimal elements are automorphisms and they are precisely the
complements in Aut M of maximal proper subgroups of Aut M.

The case [a,a”] # [a—,a]. Next we consider the case [a, a”] # [a~, a]. Notice
that two situations may occur. Either (a, a™] is preserved by every x € AutM, or
x({a,a’]) = (a™, a], for some x € AutM.

Denote by S,.- the set of subalgebras of M* whose intersection with [a, a~}is Ay
and denote by S,-, the set of subalgebras of Mf whose intersection with [a~, a] i
Ap. Note that S,-, is precisely the set of algebras s, where s € S,,-, and Ay i
the smallest subalgebra of M2 in Sgo- U S;-4. It follows from the proposition belo!
that id,, is the unique automorphism whose graph is contained in a subalgebra «
Spa- U 8S-4-

PROPOSITION 3.10. Ler s be a subalgebra of M* and suppose that AyC s but
(a,a”) ¢ s. Then idy, is the unique automorphism whose graph is contained in s.

PROOF. Let f € AutM and suppose that graph f C s. Note that f = id, if

f(c)=c,foreveryce FM). Letce F(M). If f (c) # cthen c and f (c) are
non-comparable (see [6, Propositions 1.1-1.2]). But then we have (c, f (¢) A ¢) =
(e, f()A(e,c) € sand(c, ¢7) = (¢, f ()AC)V(cT, ¢7) € s (recall that f (c)Aac < ¢
implies f (c) A ¢ < ¢7). Similarly, we also have that (¢, ¢) € s since c and f ! (¢)
are non-comparable and (f ~!(c), ¢) € s. Observe that both [c, ¢, [¢™, ] properly
contain Ay and they are both contained in 5. Also (a,a”) € (¢, ¢7} if and only if
(a”,a) € [c7, c]. Then (a,a™) € s and we get a contradiction. O

For every proper subgroup H of AutM, denote by U3*" the set
(G xy)0), (x xy)r))" (x € Ay € AutM\H AT € S|,
and by U}, * the set
(e x ), (x x y)())7 | x € HAy € AuM\H At € Sp-0).

Next we prove that the sets U and U * are failsets of its minimal elements: the
automorphisms that do not belong to H.
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PROPOSITION 3.11. Let H be a proper subgroup of AutM and let g € AutM\H.
Then the sets Uy’ and Uj, * are respectively the failsets of g: Faily(use-), where
Use- - EndM — M is the map defined by

x(a™) if x € AutM\H;

x(a) otherwise,

Uge-(x) = {

and Fail, (u,-,), where us-, : EndM — M is the map defined by

x(a) if x € AutM\H;

x(a”) otherwise.

ua‘a(x) = {

PROOF. Clearly Fail,(u,,.-) is a failset of g. Take r € S,,- and take x € H and
y € AutM\H. Then (x, y) witnesses (x x y)(r) € Fail,(u,,-) because (a,a”) ¢ r.
Recall that a failset contains a relation s if and only if it contains s~, and there-
fore (x x y)(r), (x x y)(r))~ € Faily(uy,-). Thus Uj < Faily(uz-). Now
take s € Failg(#sq-). Then there exist x,y € EndM such that (x,y) € s and
(Maa-(x), Uge-(¥)) ¢ 5. Since s € Uy if and only if s~ € Uj*, we may as-
sume that (uge-(x), Use-(¥)) = (x(a),y(@™)). Thenx € H ,y € AutM\H
(recall that (a,a”) € k in case EndM # AutM) and (a,a™) ¢ (x x y)7'(s).
Since (x X y)7'(s) € Su-, we have s = (x x y)((x x y)~'(s)) € U5 . Thus
U™ = Faily(uge-). O

PROPOSITION 3.12. Let H be a proper subgroup of AutM. If U is a globally
minimal failset contained in one of the failsets Uy and Uy °, then Uy, is a subset
of AutM\H; in case H is a maximal proper subgroup of AutM, we have that
Unin = AutM\ H.

PROOF. Let U be a globally minimal failset and suppose U € Uj* . Take x € H,
y € AutM\H andr € S,,- such that (x x y)(r) € U. By Proposition 3.10, id is the
unique automorphism whose graph is contained in . But then r ¢ Uj* and thereby
r ¢ U. It follows that y € U because x ¢ U. Hence graph(y ox~!) C (x x y)}(r)
and y o x~! € U. Therefore Unin € AutM. So Unin S AutMN Uy = AutM\H.
For the rest of the proof, only notice that Aut M\ Uy, is a proper subgroup of AutM
that contains H. O

Note that

(x x y)(r) = (idy x (¥ 0 x™N{((x x x)(r))
and
((idy xy)(1))~ = (idy Xy~ Ny x Y)Y,
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forevery x,y € AutM and r € S,,- U S;-,. If x,y € AutM satisfy x([a, a”]) =
[a,a"1and y([a, a"]) = [a, a~], then

X XXIT) ESpp- €= TESy- & r € 85;-0 & ( xyNr”) € S;-a.
Hence suppose that x ([a, a”]) = [a, a”], for every x € AutM. We have

Uy = {(idy xx)(r), ((idy xx)(r))” | x € AutM\H A1 € So-}
= {(idy xx)(r) | x € AutM\H AT € S;0- U S;-5}
= {(idy xx)(r), ((idy xx)(r))” | x € AutM\H Ar € S,-,} = Ui °,

for every proper subgroup H of AutM. So we simply denote U* by Uy. We show
that the globally minimal failsets whose minimal elements are automorphisms of M
are exactly the sets Uy, where H is a maximal proper subgroup of AutM.

PROPOSITION 3.13. Let U be a globally minimal failset whose minimal elements
are automorphisms. If x([a, a”]) = [a,a”), for every x € AutM, then U = Uy,
where H = Aut M\ Upn.

PROOF. Recall that Uy is a failset of every g € Uy, by Proposition 3.11. Since
U is a minimal failset of every g € Uy, we only need to prove that Uy € U.
By Propositions 3.5 and 3.6, there exist g € U, and a map ¥ : EndM — M
such that U = Fail,(u) and u(x) € {x(a),x(a™)}, for every x € EndM. Take
r € S, and f € Upp- There is x € AutM such that u(f o x) # f (u(x)).
If (u(x), u(f ox)) ¢ (idpy xf)(r) then (idpy xf)(r) € U. If (u(x), u(f ox)) €
(idy xf )(r) then (u(x), u(f ox)) = (x(a™), (f ox)(a)), or otherwise

(a,a”) € [x(a),x(@ )] = [ux), f '(u(f ox))] C .

Since u(x) = x(a~), there must exist k > 2 such that u(f* o x) = (f¥ o x)(a").
Moreover, we may take k to satisfy u(f *~! o x) = (f ¥"! 0 x)(a) too. Then we get

u(f " ox), u(ffox)) = ((F* ' ox)(@), (F* o x)(a)) ¢ (idy xf)(r)

because [(f *' o x)(a), (f ¥ ' ox)(@ )] =[a,a")and (a,a”) ¢ r.
Thus (idy xf)(r) € U. O

THEOREM 3.14. Let [a, a™] and [a~, a] be the unique two covers of Ay in S(MP)
and suppose that x (la, a”)) = la, a”}, for every x € AutM. Then a subset U of
S(M?) is a globally minimal failset whose minimal elements are automorphisms if
and only if U = Uy, for some maximal proper subgroup H of AutM.
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PROOF. Note that Uy. € Uy whenever H and H' are proper subgroups of AutM
such that H € H’'. Hence, if U is a globally minimal failset with Uy, € AutM, it
is immediate that U = Uy and H = Aut M\ Uy, is a maximal proper subgroup of
Aut M, by applying Propositions 3.11 and 3.13. Now take H to be a maximal proper
subgroup of AutM. Recall that Proposition 3.11 tell us that Uy is a failset of each
of its automorphisms. If U is a globally minimal failset contained in Uy, then , by
Proposition 3.12, Uy, = AutM\H. Now, from the previous proposition, it follows
that Uy = U is a globally minimal failset. a

As an application, take the example M = P, , studied in [7]. We have that
6(ds, d;) = id is the unique atom of Con P, ,,, [d, d;] = (idS)™ and S,,4, = {id, idS}).
Also EndP,,, = AutP,,, and x([d;, d|]) = [d,, d1], for every x € AutP,, ,. Hence
we may apply Theorem 3.14 and, as we expected, the globally minimal failsets Uy
are the sets Wy = K U {gS, (g¥)~ | g € K}, where K = AutP,, ,\H.

Finally consider that x([a,a”]) = [a~, a], for some x € AutM. Observe that
H,o- = {x € AutM | x(la,a”]) = [a,a"]} is a proper subgroup of AutM.
Moreover, H, ,- is a maximal proper subgroup of Aut M:

Take H to be a proper subgroup of AutM such that H,,- € H. Take y ¢ H.
Foreveryx € H, we have y,yox ¢ H and then y,y ox ¢ H,,-. Hence we have
y(la,a™]) = [a~, a] = (y o x)({a, a”]) which implies x([a, a"]) = [a,a"] and so
x € H,,-.

From Proposition 3.11 it follows that the sets U"" and U“ ¢ are failsets of their
automorphisms. Now, for every y € AutM\ H, .- and r € Su- U Sa-2, we have that

FE S, & 7 €8, & X)) E Su-
Hence
Ust™_ = {(idy xx)(r) | x € AutM\H, - AT € So-} and

US® = {(idw xx) (1) | x € AutM\H, - AT € Spra).
PROPOSITION 3.15. The intersection of Uy _and Uy ® is AutM\Hq o-.

PROOF. Let x € AutM\H, .- and let r € S,,-. Suppose that (idy xx)(r) =
(idy xy)(s), for some y € AutM\H,,- and s € S,-,. Since idy is the unique
automorphism whose graph is contained in r, we must have that x = y and therefore
r=s5.Thusr € S;o- N S,-. = {Aum). O

Now take U to be a globally minimal failset contained in U““ . By Proposi-
tion 3.12, the set Uy, is Aut M\ H, ,- and, by Proposition 3.15, (1dM xg)([a,a™]) ¢
U, for every g € Upnn. This suggests that we should analyse a more general case,
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where U is a globally minimal failset whose minimal elements are automorphisms and
such that either (idy xg)([a, a”]) ¢ Uor (idy xg)([a~, al) ¢ U, for some g € Up.

Hence, take U to be a globally minimal failset such that Uy, € Aut M and suppose
that there exists g € Uy, such that (idy xg)([a,a”]) ¢ U. Consider the map
u : EndM — M defined as follows

{x(a) if (idy xx)([a,a"]) € Uorx ¢ U;
u(x) = .
x{(a~) otherwise.

LEMMA 3.16. The globally minimal failset U is Fail,(u).

PROOF. By Propositions 3.4 and 3.6, there exist a map v : EndM — M and
f € Upnin such that U = Fails (v) and v(x) € {x(a), x(a™)}, for every x € EndM.
Note that g € Fail, () is witnessed by (idy, g). Since U is a minimal failset of g, we
only need to prove that Fail,(«) C U. Take s € Fail,(x). We may assume that there
exist x, y € AutM such that y o x™' € s and (u(x), u(y)) = (x(a), y(a™)) ¢ s. We
are going to consider two situations.

(i) Suppose that x ¢ U. Then we have

(x x y)([a,a”]) = (x x idy)((dy xy)([a,a"])) ¢ U

because (idy xy)([a, a”]) ¢ U. Since y ox~! € U, there exists z € Aut M such that
V@), v(yox'oz)) ¢ y ox~!. But we have

(v(2), v(yox' 0 2)) € (x x y)([a, a™]) = (idy x(y 0 x™))([x(a), x(a ))).

Consequently [v(z), (y o x )N (v(y o x~! 0 2))] = [x(a),x(a”)]. We also have
(x(a), x(a™)) ¢ (idpy x(y o x~1))~!(s) because (x(a), y(a~)) ¢ s, and so

(@), (yox N (w(yox""oz))) ¢ (idy x(yox~))7'(s).

Hence s € U is witnessed by (z, y ox~! 0 2).

(ii) Suppose that x € U and (idy xx)([a,a”]) € U. On the one hand, we
may take z € AutM to be such that (v(z), v(x o z)) ¢ (idy xx)([a, a”]) and then
[v(z), x ' (v(x0z))] = [a~, a]. Onthe otherhand, (v(z), v(yoz)) € (idy xy)([a, a”])
because (idy xy)([a,a”]) ¢ U, and thus

either v(yoz) =y@(R) or [v@),y '(w(yoz)]l=Ila,al
If v(y 0 2) = y(v(z)) then

la,a7] =[x '(v(x 02)), v(@)] = [x ' (W(x 02)), y ' (v(y 0 2))].
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Note that (a,a”) ¢ (x x y)~!(s) and Ay C (x x y)~'(s). Therefore
Gl (x02),y ' Wy o)) ¢ (x x ¥)7'(s)

which implies (v(x 0 z), v(y 0 2)) ¢ 5.
If [v(z), y ' (v(y 0 2))] = [a, a~] then we have

v(xoz)=xo0z(a) & v(z)=2z(a") < v(yoz)=yoz(a)
because [v(z), x ' (v(x 0 2))] = [a~, a], and so

[a™,a] = [v(@), x ' 0 2)] = [v@), y ' W o )] =[a,a”].

Thus s € U. O

LEMMA 3.17. For every x € AutM, condition u(x) = x(a~) holds if and only if
x([a,a”]) =[a",alandx € U.

PROOF. First we prove that for any x € AutM, if u(x) = x(a™), thenx([a,a”]) =
[a~, a]. Letx € AutM and suppose that u(x) = x(a™). Then (idy xx)([a,a”]) ¢ U
and x € U. Since u(idy) = a, there exists k > 1 such that u(x*) = x*(a™)
and u(x**') = x**!(a). But since (x*(a™), x**'(a)) € (idy xx)([a, a"]), we have
(x*(a™), x*(a)) € [a,a" ], and so x*([a~, a]) = [a, a”]. Therefore, x([a,a”]) =
[a~, a].

Conversely, take x € U to satisfy x([a, a"]) = [a~, a]. Forevery y € AutM, we
have that (x o y)({a, a”]) = y([a~, a]). Hence, when u(x o y) # x(u(y)), either
u(y) = y(a™), and therefore y([a, a™]) = [a~, a], by the first part of the proof, which
implies [u(y), x " (u(x 0 )] = [y(a™), y(@] = [a,a"], ot ux 0 y) = (x 0 y)(@"),
and therefore (x o y)([a, a~]) = [a~, a], by the first part of the proof, which implies

(), x "' (u(x o y))] = [y(a), y(@a)] = [(x o y)(@”), (x o y)(@)] = [a, a”].
Then (idy xx)([a, a”]) ¢ U and thus u(x) = x(a™). O
Thus we may redefine the map u as follows,

x(a) if x([a,a”])=[a,a ]orx ¢ U;
u(x) = .
x(a~) otherwise

and as we prove next the automorphisms in U are exactly those that do not preserve
la,a”].

PROPOSITION 3.18. The set of minimal elements of U is AutM\H, ,-. Moreover
U is the failset Uy _.
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PROOF. By the previous lemma, u(x) = x(a~) if and only if x ([a,a™]) = [a™, a]
and x € U. Recall that u(g) = g(a™). Then g([a,a”]) = [a~, a]. Letx € AutM
and suppose that x ¢ U. Then u(x o g) = x(u(g)) = (x o g)(a~) which implies
that (x o g)([a,a”]) = [a~, a), and hence x([a~, a]) = [a~, a]. Thus AutM\ Uy, €
H,,-. Conversely, for every x € H, ,- and y € AutM, we have that

u(y) =y(@) < y(la,a’]) =[a",a]
& (xoy)(a,a’ ) =[a",a]
<= u(xoy)=(xoy)a’)

and so u(x oy) = x(u(y)). Hence H,,- S AutM\U,,. Note that we get that
u(x) = x(a~) if and only if x € Aut M\ H, ,-. The rest of the proof is now immediate
by applying Proposition 3.11. g

We have just proved that U"“ _ is the unique globally minimal failset U that does
not contain (idy xg)([a, a”]), for some g € Unin. By using the same arguments, we
get the corresponding result for U, ¢

Thus we have the following result

PROPOSITION 3.19. The unique globally minimal failsets U whose minimal ele-
ments are automorphisms and that do not contain one of the covers (idy X g)([a, a”])
and (idy xg)([a~, al) of g, for some g € Uy, are U,",‘:;_ and Ug ° .

We still need to know if there are any other globally minimal failsets U whose
minimal elements are automorphisms. If so, they must contain both (idy, xg)([a, a™])
and (idy xg)([a™, a)), for each one of their automorphisms g.

PROPOSITION 3.20. Let U be a globally minimal failset whose minimal elements are
automorphisms. Suppose that (idy xg)([a, a”]), (idy xg)([a~, a]) € U, for every
£ € Upin. Then

U= Uy = Uj*={(idy xx)(r) | x € AutM\H AT € Sz- U Si-0),
where H = Aut M\ Uyn.

PROOF. By Propositions 3.4 and 3.6, there exist a map ¥ : EndM — M and
S € Ugin such that U = Fail;(x) and u(x) € {x(a),x(a”)}, for every x €
EndM. By Proposition 3.11, the set Uj* is a failset of every g € AutM\H.
We claim that U CU. Letx € H,y € AutM\H and r € S,,-. By hypothesis,
(idy xy)([a~, al) € Usince y € Uy, Then we may take z € Aut M to be such that
(u(z), u(y 02)) ¢ (idpy xy)([@a™, a]), and hence [u(z), y ' (u(y 02))] = [a, a~]. This
implies (u(z), y~'(u(y o z))) ¢ r because [a, a~] N r =Ay. But now we have

(u(2), (u(y 0 2))) ¢ (idy xy)(r)
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and, since x ¢ U, we also have

(u(x 0 2), (u(y 02))) = (x(u(2)), (u(y 0 2))) ¢ (x x y)(r).

Thus (x x y)(r) € U. Similarly we prove that U5 * € U. Then, by the minimality
of U, we get U = U = Uj;°. Finally, observe that forevery x € H, y € Upp
and r € S U S,-,, we have that (x x y)(r) = (idy x (¥ 0 x ™)) ((x x x)(r)), with
yox7! € Unin and (x x x)(r) also in S, U S,-4. Thus

U={(dy xx)(r) { x € Upn AT € Sga- U Ss-4}. a

From the next result, it follows that every maximal proper subgroup of AutM
different from H, ,- is the complement in Aut M of the set of minimal elements of a
unique globally minimal failset.

PROPOSITION 3.21. Let H be a maximal proper subgroup of AutM and suppose

that H # H,,-. Then Uf" is a globally minimal failset whose set of minimal elements
is Aut M\ H. Moreover,

U™ = US® = ((idy xx)(r) | x € AutM\H AT € Sp0- U So-a).

PROOF. By Proposition 3.11, U* is a failset of every g € AutM\H. Let U
be a globally minimal failset contained in Uj® . By Proposition 3.12, the set Upyn
is AutM\H. Since H # H,,-, and therefore U # U;‘,‘:;_, U,‘j,;’:_, we must have
that (idy xg)([a, a™]), (idy xg)([a~, a]) € U, for every g € Unn, by applying
Proposition 3.19. Finally

U= Uy = U = {(idy xx)(r) | x € Upin AT € Saa- U Sa-a},
by Proposition 3.20. O
COROLLARY 3.22. Let H be a proper subgroup of AutM and suppose that H #*
H, - If U= {(idpy xx)(r) | x € AutM\H AT € Sz0- U S;-,} is a globally minimal

failset, then H is a maximal proper subgroup of AutM.

PROOF. Take H' to be a maximal proper subgroup of AutM such that H € H'. It
follows from the last proposition that

U2 = {(idy xx)(r) | x € AutM\H’ AT € Sga- U Sp-a)
is a globally minimal failset. Clearly Us? € U and so Uj; = U which implies that

AutM\H' = AutM\H. 0
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Now we combine the last corollary and the previous three propositions and we
obtain the theorem below.

THEOREM 3.23. Let [a, a”] and [a™, a] be the unique two covers of Dy in S(M?)
and suppose that x([a,a”}) = [a~, a), for some x € AutM. The globally mini-
mal failsets whose minimal elements are automorphisms are exactly the following
sets:

(@ Ut ={Gdu xg)(r), ((idy xg)(r))~ | g € AutM\H, - AT € Si0-};

(b) Ug? = {(dy xg)(r), ((idy xg)(r))~ | g € AutM\H,,- AT € So-a};

(©) Uy =Ui*={(idy xg)(r) | g € AutM\H AT € §,,- U S,-,), where H is a
maximal proper subgroup of AutM, distinct from H, ,-.

When the globally minimal failsets U that satisfy Upyin € Aut M are determined by
the maximal proper subgroups H of AutM in a way that U, = AutM\H, a given
set of automorphisms of M is a transversal of the family of globally minimal failsets,
whose minimal elements are automorphisms of M, if and only if it is a minimal
generating set of Aut M. Thus, the subdirect irreducibility of M allows us to take any
minimal generating set of Aut M as a transversal of the globally minimal failsets we
have been describing here.

4. Aut-free globally minimal failsets

In the preceding section we considered the globally minimal failsets whose mini-
mal elements are automorphisms. Their description was given in case the generating
algebra M of the quasivariety & is a finite subdirectly irreducible algebra with a
definable lattice-structure. Now we aim to describe the globally minimal failsets
whose minimal elements are either endomorphisms of M or the converses of their
graphs. We first prove that such a failset cannot intersect AutM if it contains an
endomorphism in End M\ Aut M. Therefore, here we only consider aut-free globally
minimal failsets, which we define to be globally minimal failsets whose minimal
elements belong to the set

{graph f, (graph f )~ | f € End M\ AutM}.

Throughout this section we assume that the quasivariety & = [SP(M) is generated
by a finite lattice-structured algebra M.

PROPOSITION 4.1. Let U be a globally minimal failset whose minimal elements are
either endomorphisms of M or converses of graphs of endomorphisms of M. If the
algebra M is subdirectly irreducible, then either U contains no automorphisms of M
or every minimal element of U is an automorphism of M.
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PROOF. Suppose that U N AutM # @. Then take g € U N AutM. By [9,
Proposition 3.1.1], there exists a map u : EndM — M such that U = Fail,(«) and
u(g) = g(c), ulidy) = d, with ¢ # d. There exists a € _# (M) such that either
a<canda ¢ d,ora € canda < d. Now take @/, b’ € M such that [a', b'] >Ay
and [@’, '] C [a, a”]. Define amap v : EndM — M by

[x(a') if x(a) < u(x);
v(x) =

x(b') otherwise.

For every f € EndM\ AutM, we have that (a’, ') C kerf because 8(d’, V') is
the atom of Con M (see [6, Proposition 1.8]). Then, for every x € EndM, we have
(f ox)(a@) = (f ox)(b') which implies that v(f o x) = f (v(x)). Consequently,
Fail, (v) does not intersect End M \ AutM and also (f; N f2) = {(f1(x), f2(x)) |
x € M} ¢ U, for every f|,f, € EndM\ AutM. We claim that U = Fail,(v),
and therefore every minimal element of U is an automorphism of M. Observe
that either g(a) < g(c) = u(g) and a ;{ d = u(idy), or a < d = u(idy) and
g(a) ;( g(c) = u(g). Therefore, v(g) # g(v(idy)) and so Fail,(v) is a failset
of g. Now, by the minimality of U as a failset of g, we only need to prove that
Fail,(v) € U. Take s € Fail,(v). There exist x,y € EndM such that (x,y) € s
and (v(x), v(y)) ¢ s. We may assume that (v(x), v(y)) = (x(a’), y(¥')). Then
x(a) € u(x) and y(a) ;( u(y). Note that (a’, ') ¢ kery (otherwise (v(x), v(y)) =
(x(a@),y(a)) € s). Thus y € AutM, and so y(a~) < y(a) and y(a) € # M) (see
{6, Proposition 1.1]). Consequently, y(a™) = (y(a) A u(y)) Vv y(a~) and we have that

(x(a),y(@)) = ((x(a) Aux)) Vx(a), (y(a) Au(y)) Vy@))
= ((x(a), y(a)) A (u(x), u(y))) V- (x(a™), y(a™)),

and (x(a), y(a™)) ¢ s, or otherwise (x(a’), y(¥)) € (x x y)(la,a”]) € s. Then we
must have (u(x), u(y)) ¢ s since (x(a), y(a@)), (x(a™),y(@ ) €s. Thuss € U. 0O

Note that the binary relation 8 defined on End M by x0y if and only if x € (AutM)y
is an equivalence relation. Hence take fo, ... , f, € End M to be such that fo = idy
and fo/g, ..., fn/s are the equivalence classes modulo 6.

Let U be an aut-free globally minimal failset. Then U N AutM = @ and thereby,
for each i € (1,...,n), we have f; € U if and only if (AutM)f; is a subset
of Upin. Also observe that every map u : EndM — M that satisfies U = Fail; (u),
for some f € EndM, is completely determined by the values that it takes on each
endomorphism f;, with i € {0,...,n}; moreover u(f;) € fi(M) for every i €
{O, ey n} since idf,(M) ¢ U.

Whence take f € Upyp and take a; € M, with i € {0,...,n} to satisfy U =
Fail; (u), where u : EndM — M is defined by u(x o f;) = (x o f;)(a;), for each
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x € AutMandeachi € {0,...,n}. Fori,j € (1,...,n), note that
p(FinfM) =fi(M)CM and pp((finf)(M)) = f;(M) C M.

Hence (f; 1 f;)(M) ¢ U because every r € Uy, satisfies p;(r) = M or p,(r) = M.
Then f € U must be witnessed by (x, f ox), forsomex € AutM. Leti € (1,...,n)
and y € AutM such that f ox = y o f;. It follows that

(yofi)a) =u(f ox) # f (u(x)) = f (x(a0)) = (y o fi)(a0)

and so [ay, a;];, > ker f;, where [ay, a;];, denotes the subalgebra of Mz generated by

kcrfl' U {(00’ ai)}'
The following result allows us to assume that [ao, a;];, > ker f;, for every i €
(1, ..., n) such that [ay, a;];, > ker f,.

PROPOSITION 4.2. There exist ay, ... ,a, € M for which the following conditions
hold:

(@) Foreveryie (1,...,n),if(ay, a;) ¢ ker f; then [ay, a}];, > ker f..
(b) U = Faily (v), where v: EndM — M is the map defined by

Vie(0,...,n}Vx € (AutM)f; (v(x) =x(a)).

PROOF. Let iy be the least i € (1, ..., n) such that f;(a;) # fi(ao) but [aq, a;y,
does not cover ker f; in S(Mz). Let ¢, d € M satisfy [c, d)s, > kerf, and [c,d]s, €
[ao, a, ]y, - There exists an m-ary term ¢ of the same type as that of M such that

(C’ d) = th((Cla dl)! ret (Cm7 dm)) = (tM(Clv Y Cm)v tM(dlv e 1dm))a
where either (ci, di) € ker f,, or (¢, dy) = (ao, a;), fork € (1,...,m). For every

i€{0,...,n),take a, = tM(ci, ..., c), where

; [Ck if (a, di) € ker f;
¢ =

a; otherwise,

fork € (1,...,m). Fori € (1,...,n), observe that (ay, a}) € [aq, a;];, and hence
either (ay, a;) € ker f; or [ay, a}]s, > ker f; whenever [ay, a;];, > ker f;. Now define
amapv:EndM — M by

Vie{0,...,n}Vx € (AutM)f;, (v(x) =x(a))).

Note that a; = qand folay) = t”(f,b(c;"’), ooy fio(€2)) = fi,(d) since either c,'f =
a, =diorfi(c)) =filc) =fi,(d).fork € (1,...,m). So

v(fiy) = fi,(d) # fi(c) = fi,(v(idy)).
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Therefore, Failfb (v) is a failset of f,,. We claim that Failf.m (v) € U. Take s €
Failfb (v). There exist x, y € End M such that (x, y) € s and (v(x), v(y)) ¢ s. Let
i,j €(0,...,n}suchthatx € (AutM)f; and y € (AutM)f;. Then
e, v(») = o (M(c), ..., D Y (], ... )Y
=" (e (), y()), ..., (x(c), y(cl)))

and foreach k € (1, ..., m), we have that either
(x(c), ¥(c})) = (x(c), y(c)) €5 or
(x(c)), y(c}) = (x(a), y(@))) = (u(x), u(y)).

Then (v(x), v(y)) ¢ s implies that (u(x), u(y)) ¢ s,and sos € U. Now recall that U
is a minimal failset of f;, and consequently U = Fail;, (v).

If there is still some i € (1, ..., n) such that f;(a}) # f.(ap) and [ay, a;];, does
not cover ker f;, then we repeat the procedure until we get that (ag, a;) € kerf; or
lag, ail;, > ker f;, forevery i € (1,...,n). Then we get elements q;, ... ,a, in M
and a map v : End M — M under the conditions required. O

Hence we may assume that f = f, and u(f') # f (u(idy)). Therefore, [ag, a1] >
ker f .
Since f (ap) # f (a)), there is a € _# (M) such that (a, a™) ¢ ker f and

((f (@), f (@) A (f (@), f (@) V (f (@), f(a7))
e{(f(a@).f @), (@) f @)

(see [6, Lemma 1.5 and Proposition 1.3]). Thus we have
fUara)yva),flanra)var))e({(f(a),f(a)), (f@) f(a)}
andso ((apAa)va),{agAa)Vva) ¢kerf. Since
((@Ara)va,(@ara)yva)={a,a)A(aa)V(a,a")e€la, alf
we have [(ap A a) Va~,(a; Aa)Va'l; = lag, a1]; > kerf. Finally, observe that
((agrna)Va,(a Aa)Va)iseither (a,a”) or (a”, a).
Now define a map v : EndM — M by

Vie{0,...,n}V¥x € (AutM)f; (v(x) =x((a; Aa)Va)).

Observe that v(y) € {y(a), y(a™)}, for all y € EndM, because a € _# (M) and
a>a .
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LEMMA 4.3. The globally minimal failset U is Fail, (v).

PROOF. Note that (v(f), f (v(idy)) is either (f (@), f (@7)) or (f (a7), f (a)), and
so v(f) # f (v(idy)). Hence Fail (v) is a failset of f. By the minimality of U as a
failset of f , we only need to show that Fail; (v) C U. Take s € Fail; (v). There exist
x,y € EndM such that (x, y) € s and (v(x),v(y)) ¢ s. Leti,j € {0,...,n} such
that x € (AutM)f; and y € (AutM)f;. Note that

(v(x), v(y)) = ((x(a)), y(a;)) A (x(a), y(@)) V (x(@™), y(a™))

and (x(a), y(a)), (x(a™), y(a™)) € s. Consequently (u(x), u(y)) = (x(a:), y(a;)) ¢
s. Thus s € U. O

Let x € EndM and suppose that v(x) # x(v(idy)). Observe that [a, a~], covers
kerx:

There exists i € (1,...,n) such that x € (AutM)f;. Note that kerx = ker f;
and so [a,a”], = [a,a7);,. If v(x) # x(v(idy)), that is, x((a; A @) V a~) #
x((ap A a) V a™), then x(a;) # x(ap) and so (ao, a;) ¢ ker f; which implies that
[ag, ails, > ker f;. Finally, observe that ((agAa)Vva~, (a;Aa)va~) € [ag, ail;, \ ker f;
and ((ag Aa)va~,(a;Aa)Va~)iseither (a,a”) or (a~, a). Then [a, a” ]y, is either
[ao, a;)y, or [a;, aly,. Therefore, [a, a”], > ker f.

LEMMA 4.4. The following condition holds
Vx € EndM\ AutM  v(idy) =a < v(x) =x(a").

PROOF. Recall that (f (v(idy)), v(f)) € {(f(a),f(@a™)),(f(a™),f (a))} and
f(a) # f(a~). Hence, if v(x) = x(a”), for every x € End M\ AutM, and in
particular v(f ) = f (a~), we must have v(idy) = a. Now suppose that v(idy) = a
andletx € End M\ AutM. If v(x) = x(a) # x(a™), then there exists ¢ € M such that
x(a) =x(c)and f (a~) = f (¢) because (x(a), f (a7)) = (v(x), v(f)) € (xNf )(M)
(recall that x, f ¢ AutM implies that (x 1 f)(M) ¢ U). But then we have that

x(lanc)va)=x@nrx()vx(@)=x(@vx(@)=x(a) #x(a)
and this implies that a < ¢. Consequently,
f@=fang=f@nf=f@nf@)=f(@a)

and we get a contradiction. a

Now the proposition below follows immediately.
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PROPOSITION 4.5. Let U be an aut-free globally minimal failset. Then U =
Fails (u), for some f € EndM\ AutM, where u : EndM — M is the map defined by

{x(a) if x € AutM;
u(x) =
x(b) otherwise,

Jor some a, b € M that satisfy the following conditions:

(a) Eitherae F(M andb=a",orbe gM) anda=>b".
(b) Foreveryx € End M\ AutM, if (a, b) ¢ kerx then [a, b], > kerx.

Leta € £ (M) and let b = a™. The following are equivalent:

(i) (a,b) ¢ kerf, for some f € End M\ AutM, and [a, b], > kerx whenever
x € End M\ AutM and (a, b) ¢ kerx;

(i) (a,b) ¢ k andkerx vO(a, b) > kerx in ConM whenever x € End M\ AutM
and (a, b) ¢ kerx;

(iii) « v 8(a, b) > « in ConM;
where k = [\(kerf | f € End M\ AutM) as defined in Section 3 (see [6, Proposi-
tions 1.8 and 1.16]).

Hence, we may reformulate Proposition 4.5 by replacing condition (b) by the
condition below,

k V8(a,b) isacoverof k in ConM.

At this stage we already know where to search for maps u that define aut-free
globally minimal failsets. Next we are going to describe the elements of these failsets.
Denote by _#, the set of all non-zero join-irreducible elements a for which « v
8(a, a™) is a cover of « in the congruence lattice Con M.
For every a € _#,, we denote by
I, theset{ie{l,...,n}| (a,a”) ¢kerf:};
St,- the set {r € SOM?) | (idy xf)™'(¥) N[a,a";, = ker f.);
Si_, the set {r € SQM?) | (idy xf;)~'(r) N [a~, a];, = ker f:}.
Forae #. i€ l,andr < M?, observe that

(idy, fi)ern(e, fi(d) &r
< kerf; € (idy xf) 7 (r) A(c,d) ¢ (idy xf)7'(r)
& (idy xf)'(")N[c,dly, =kerf, & re S,

where ¢, d € M and {c, d} = {a, a~}. Thus, §!__ is the set of subalgebras r of M? that
contain the graph of f; but do not contain (a, f;(a~)), and S._, is the set of subalgebras
r of M? that contain the graph of f, but do not contain (a~, f(a)).
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PROPOSITION 4.6. Let U be an aut-free globally minimal failset. Then the minimal
elements of U are the endomorphisms of M that belong to the set

JAumfiAud | i € L),
for some a € _#,, and the converses of their graphs.

PROOF. Take a and b to be elements of M under the conditions of Proposition 4.5.
Recall that Uy, € End M\ AutM. Let x € End M\ Aut M. Then x € U if and only

if there exists y € AutM such that u(x o y) # x(u(y)), that is, (a, b) ¢ kerx o y.
Hence,x € Uifandonly if thereexisty, z € AutMandi € I, suchthatxoy = zof;
or equivalently there exists i € I, such that x € (AutM)f;(AutM). O

Forevery ¢,d € M, let u, : EndM — M be the map defined by

x{c) if x € AutM;
Uecd (X) = .
x(d) otherwise.

LEMMA 4.7. Leta € _#,. If U = Faily (u), for some f € EndM and c,d e M
such that {c,d} = {a, a”}, then

U= Jlx x »)(), ((x x )(r)7 | x,y € AutM A r € S,).

iel,

PROOF. Forevery s € M?, wehavethats € Uifandonly if thereare x, y € AutM
and i € [, such that

either (x,yof;)€s and (x(c),(yof)d) ¢s
or (x,yof))€es” and (x(c),(yof)d)¢s”,

that is,

either (idy,f) € (x x )™'(s)  and (¢, fi(d)) ¢ (x x ¥)7'(5)
or (idy,f) € (x xy)7'(s7) and (¢ fild) ¢ (x x y)7'(s7).

For every i € I,, recall that (idy, f;) € rA(c,fi(d)) ¢ r & 1 € S;d, for every
r < MZ. Thus, s € U if and only if there exist x, y € AutM and i € [, such that
either (x x y)~'(s) € S', or (x x y)~'(s™) € §.,, if and only if there existx, y € AutM
andr € | J,., S, such that either s or s™ is of the form (x x y)(r). |

i€l,

Finally we get the result below.
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PROPOSITION 4.8. Let U be an aut-free globally minimal failset. Then

U = Faily (uea) = (G x (), (& x 9)()7 | %,y € AutM A€ S},

iel,
for some f € EndM, where c,d € M satisfy {c,d} = {a, a”}, for some a € g,.

Forevery a € Z,, let

Ua- = | JlG x (), (x x y)(r)~” | x,y € AtM AT € S},.} and
iel,

Ura = |l x ), ((x x y)())” | x,y € AstM AT € Si ).

iel,

Given a cover k V 6(a, a™) of k, with a € _# (M), note that, for every c € _# (M)
such that k vV 8(a, a”) = k Vv 0(c, ¢™), we have that

kerf;vO(a,a)=kerf;vVikvél(a,a)=kerf; Ve VvO(cc)
=kerf,vO(c,c), VYiel{l,...,n},

which implies that I, = I, and either [a,a”], = [¢,c" ), or [a,a”), = [¢c7, clk
(see [6, Lemma 1.7]). Thus we also have either [a,a” ], = [c, ¢, for every
ief{l,...,n}orla, a’l;, =[c,cly, forevery i € {1,..., n}. Consequently, either
Sig- = Si.- foreveryielor S, = S. foreveryie I,.

Finally, we may observe that, for each cover 6 of « in Con M, we have at most two
candidates for aut-free globally minimal failsets that are U,,- and U,-,, where a is
any element of _#, that satisfies 6 = « v 0(a, a™). For applications we refer to [8,
Chapter 5, Example 3].

If M generates a congruence distributive variety and each of its subalgebras is
subdirectly irreducible, we get further. Denoting by R, the set of all binary relations
that are minimal elements of some pe-free globally minimal failset, we can prove
that an aut-free globally minimal failset must not intersect R, (see [8, pages 107
and 108]). Moreover we get

PROPOSITION 4.9 ([8, 4.2.10]). Let U be a subset of Q. Then U is an aut-free
globally minimal failset if and only if U is a minimal element of the set of all sets U,,,
where ¢, d € M satisfy the following conditions:

(a) there exists a € g, such that {c,d} = {a,a”};
(b) Ruin does not intersect | J,,, {r | r € S,}.

In case ISP(M) is a variety, the congruence « is the kernel of some endomor-
phism f in End M\ AutM. Then, either R, intersects U,.E,a{r | re S .}and
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Ui Lrire S._,), or at least one of the sets U,,- and U,-, is an aut-free globally
minimal failset, with @ € _#,. Thus, either there are no globally minimal failsets
whose sets of minimal elements intersect End M\ AutM, or, for each f € EndM
such that ker f = «, the set {f } is a transversal of the set of aut-free globally minimal
failsets. Hence GU{f }, where G is a minimal generating set of Aut M, is a transversal
of the set of all globally minimal failsets whose minimal elements are endomorphisms
of M or converses of their graphs.
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