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A ZETA FUNCTION CONNECTED WITH THE EIGENVALUES
OF THE LAPLACE-BELTRAMI OPERATOR ON THE
FUNDAMENTAL DOMAIN OF THE MODULAR GROUP

AKIO FUJII

§1. Introduction

Let , =02, <4< --- run over the eigenvalues of the discrete
spectrum of the Laplace-Beltrami operator on L*(H/I'), where H is the
upper half of the complex plane and we take I' = PSL(2, Z). It is well
known that 2, >4 We put 3, =1+ r} for j = 0. Let « be a positive
number. Here we are concerned with the zeta function defined by

Z(s) = 3 sin(@r)

r7>0 r]’i
We shall prove the following theorem.
THEOREM. For any positive «, Z.(s) is entire.

This should be compared with Minakshisundaram and Pleijel [8],
Guinand [4] and Delsarte [1] and also with the author’s result which
states that on the Riemann Hypothesis )., (sin (a7)/r*) is entire for any
positive «, where 7 runs over the imaginary parts of the zeros of the
Riemann zeta function {(s) (cf. [3]).

We recall first Selberg’s trace formula. Let A(r) satisfy the conditions;

1) A(r) = h(—r)

2) h(r) is analytic in the strip |[Imr|< % +¢, ¢ >0

3) A(r) = O(@ + |r®)~'-°) in this strip.

Then we have

STh(r) = — f rth (zr) h(r)dr

+ J ( (em/s + e—xr/S)) h:(r) dr
—co ei"'." + e—;t’,"
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oy s logNE)
{Po) k=1 N(Py)** — N(Py)~*/*
+ J.f’ h(r)ﬁ'(l + ir)dr — lr L+ indr
2z J- o\2 T - r
— 21log 2g(0) + (1 — e(3)A(O) ,
where the left hand side is over all the solutions r; of all the equations
2; =1+ r}, {P} runs over all primitive hyperbolic conjugacy classes in

I', N(P,)) is the square of the eigenvalue (greater than one) of a repre-
sentative element P,

g(klog N(P,))

I A R —I'(s — Ht@s — 1)
= = h(r)dr, - b3
800 = o | e hOdr, o) =V E T e
(cf. Selberg [9] and Hejhal [6]). Let Z(s) bz the Selberg’s zeta function
defined by
ORS M@ —NP)**) for Res>1.
Po} k=0

Then Selberg’s trace formula describes the location of the poles and the
zeros of Z(s) and gives the functional equation of Z(s). Using these, one
can deduce the following formula for 7' > 0,

NTY=|{[0srs T}
=_LT(5£(,1 ; _gg’_l_.))
4z o \g 2+lr)+¢(2 ir ) )dr
+8.T) + LT — Lriog 74 18D 7 (),

where r runs over r;, S;(T) = (1/z)arg Z(} + iT) as usual and w(T)
satisfies w'(T) € T-* for T > T, (cf. Venkov [11]). Using this formula,
one gets the following result which can be proved by the same method
as the author’s [2];

ar 1 A(enﬂ) eiaT
o<rZ§Te - ; e*/? T T 6ix r
4+ Leen( > KP)T+ O(Tog T,
2r (P}, N(P)=ca

where T > T, A(x) is the von Mangoldt function, {P} runs over all
hyperbolic conjugacy classes and we put
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log N(P,) o k
AP) = 0 nd N(P) = N(P, fP=P
(P) =+ NEYyE d N(P)=NP)" i G

with an integer 2 = 1. By this we see that Z,(s) is regular in Res > 1.
We shall prove its analytic continuation using the Selberg’s trace formula.

Finally, we remark that Z,(1) or Z,(0) can be evaluated as a bi-
product of the proof of the above theorem and they have some significant
arithmetic meanings.™

§2. Proof of Theorem

We use Selberg’s trace formula with

h(r) = e=4*+"™% gin (ar)r .

Then

(u - d) — (u-a)2/4z pw (1/4)T
g(u = — ————F-€ e
8y x**
O p—
TX
and
2 Z e-(1/4+r2)a: sin (ar)r
r>0

= %(e“/ T et 4 %r rth (zr)e-4+™2 gin (ar)r dr

(2 s,

err + e~ "
x~32 /I(P) —1 N(P))e-=-108 N(P)4z o~ (1/Hz

T avE YNy @ s NP

+ &7 A(P) (a + log N(P))e~ (a+los NP2 is o=/

47 7 /NP)

+ log 71'/2 ax-3g-tzg=(1/HT

0T
_ %I: e~ WATT oin (aer)r<—l%(—é— + ir) + %(l + ir))dr
+ 2;—“— xon 37 AN (4 1 2 log n)e-erosnrarnzg-ums
T n=2 n
+ 2;—-36-3/2 > Aln) (o — 2log n)e-Clesn-aizg=t/hz
T n=2 n

@ The results are announced in the author’s “Zeros, Eigenvalues and Arithmetic”
(Proc. of Japan Academy, 60 Ser. A (1984) p. 22-25).
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Now we consider the integral

I= I x> e ™ sin (ar)rdx .
r>0

0

We remark that

gorj x" e dx = 2 7%1:1— , x°le " dx
X L fore>a2.
r>0

Hence for Re s > 3/2,
I=2,2s— DI(s).
Now
I = (jl + r)xs“(z e "% gin (ar)r) dx
0 1 >0
=1 +1,, say.

I, is entire.

1
I, — %(enﬂ . e—a/Z)j 20 1eMz o
0

+ ~1—1§ : x*! r rth (zr)e """ sin (ar)rdrdx
0 - oo
et (1 1 o - e "% sin (ar)r
-I—J x ‘.[ (_ + (e 4 e )—ﬁwﬁ—*drdx
0 —co 4 3 /3 ( ) enr + e—m'
1 J" -5 AP) —(am 2
I o ) (e — log N(P (a-log N (P)2/4z o]
togyr o F T B Ny @ T s NPDe *
- ,1, f $-5/2 . /1@, log N(P))e- (a+log N(P)2/4z o
togyE T B Ny @ T los NPDe x

+ 1943‘\(/1'%2)*0{ ;x8-5/26—a?/4.t dac
B ;z S J e sin <“r>r(—§§-(% + ir) + »!;7(1 + ir)) dr dx
+ 43/_7? ﬁ x0 2 g; -4—(’?)—((& — 2log n)e- (el iz

+ (@ 4 2log n)e~(«rtlos M in)dy
=L+IL+ - +L+U,+ 1), say .
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We see at first that I,/I'(s) and I/I'(s) are entire. Since

1 © ms 12 /I(P) - P) —a)2x /4
I = wﬁ,,,j seipsy ML) ) 1og N(P))e-a0sv B -aan g
¢ 8y N1 ¥ 7l ¥ N(P) (« og N(P)e *

I, is entire. Similarly, I,, I, I,, and I, are entire.
We shall treat I, next.

I =— 1 1xs-‘ (Jq + J‘w)e“”I sin (ar)r
2r Jo 0 1
(E(L ) ,Z(l~-> vy + L _-)
(I‘(2+lr+1’ 5 r+F(+zr)—|—F(1 ir))drdx
=I,+1,, say .
I1,/I'(s) is entire.
By Stirling’s formula, we see that

I, = — 1 jl x*! r e "% gin (ozr)r(4 logr + f‘_‘ b )dr dx
2z Jo 1 =1

er
= 14(3) + Ils(s) ) say .
We remark that I(s)/I'(s) is entire.

L(s) = — = [ 2720,(0) + con(s) — () v

= — L) — Xds) + Ldfs),  say,
T i3 T

where we put

vi(x) = JT e "% gin (ar)r-'dr,

vy(x) = J: e " cos (ar) log r dr
and

vy(x) = I; e ™" cos (ar)logrdr.
J(s)/I'(s) is entire except a simple pole at s = 1. Since

1 | N
Jy(s) = - p(1) — *J. x*~v(x) dx
s—1 s—11Jo

for Res > 1, Jy(s)/I'(s) is entire except a simple pole at s = 1.
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- 1
0
+ - v r x-3+1/2<.[1 e-Ve-Uhats __ i—a*—”/““w )d_y dx
4 1 0 vit+y /y
+ VT J‘m xS+ Q= /H e e jw e—vd_y
4 1 iy
J— oo o H-a2r/4(1+Y)
_ A= f x—s+1/ZI fédydx.
4 1 1yl +y

We see that the first three integrals are entire and that the last integral

devided by I'(s) is entire except a simple pole at s = 1. By the calculus

of residues, we see that I,,(s)/I'(s) is entire, and hence I/I'(s) is entire.
We are left to treat I,.

I, = _j X ’(J I) sin (ar)e """ dr dx

I xo- lj 7‘28111 (0(7') —r2z dr dx
zr _|__ 1

= Iy + I;) + L5, say .
I,/ I'(s) and I,/I'(s) are entire. To treat I, we put

P(x) = f r’sin (ar)e " dr ,

n(x) = Jj r-?sin (ar)e "** dr
and

7(%) = f: r-®cos (ar)e-"*dr .

Then for x > 0,

sine e~ acosa e’ e* .
(%) = > p + 4 o + e sin «
1 e ” (x)
—_ -4x—2771(x) + goz cosa — -%;—a
_a sine®” _ a’cosa e’
16 x*
o qp(x) | o px)
T+ T8 x

We put Fi(s — 3) = Jq x* (%) dx and
0
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Fys — 4) = j (%) dx
0
Then F(s — 3) is regular in Res > 2 and F,s — 4) is regular in Res > 3.
We remark that in Res > 3,

Fs—a) =20 4 e L (1 — 8) — BGs — )

o
B R

and

oy n(D) sin & oy _
Fo =8 = J00 4 om0 (06 = ) — Bls — 2)

1

+ XCOS® (p(s _8) —E(s—8)— — > _F(s—3
4(3—2)( ( ) (s —3)) 56— 2) (s — 3)
ot a
——= F(s—4) — — = _Fy(s—
As — 2) (s ) 20 — 2) s —4),
where E(s — 2) = f x*%e~* dx is entire.
Hence in Res > 3,
2 —_—
LS4 =—(s— DFE -3+ 20
+ Sig“(r(s - 2) — E(s — 2) + S % (Is — ) — E(s — 3)
o @ cos o
— (1) — ——(I'(s —3)— E(s — 3)).
s gy M)~ G5 (06— 8) — Bl — 3)
From these relations we see that Fi(s) and F,(s) can be continued ana-
lytically to the whole complex plane except simple poles at s = — 1,
—2 ..
Now

6I, = f x*~'p(x) dx

0

_ _siga (I'(s — 1) — E(s — 1)) + ﬁc_z_s_‘i([“(s —2) — E(s — 2))

+ Sizla([v(s —2) — E(s — 2)) — —}I—FI(S —3)
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+ ST (s — 3) — E(s — 3) — %an(s -4

— DL (15— 8) — (s —3) — L (s — 4) — E(s — )

4
+ %E(s —5) + Fy(s — 5).

Hence we see that I,,/I'(s) is entire except, at most, simple poles at s =
4, 3,2 and 1. However as we see immediately by calculating the residues
that I,,/I'(s) is entire.

Thus we have proved that Z,2s — 1) is entire.
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