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Abstract

We consider an SIR (susceptible — infective — recovered) epidemic in a closed pop-
ulation of size n, in which infection spreads via mixing events, comprising individuals
chosen uniformly at random from the population, which occur at the points of a Poisson
process. This contrasts sharply with most epidemic models, in which infection is spread
purely by pairwise interaction. A sequence of epidemic processes, indexed by n, and
an approximating branching process are constructed on a common probability space via
embedded random walks. We show that under suitable conditions the process of infec-
tives in the epidemic process converges almost surely to the branching process. This
leads to a threshold theorem for the epidemic process, where a major outbreak is defined
as one that infects at least log n individuals. We show further that there exists § > 0,
depending on the model parameters, such that the probability that a major outbreak has
size at least én tends to one as n — oo.
Keywords: Branching process; coupling; random walk; SIR epidemic; size of epidemic;
threshold theorem
2020 Mathematics Subject Classification: Primary 92D30; 60F15

Secondary 60J27; 60J80

1. Introduction

A key component of any epidemic model is the assumption made concerning transmission
of infection between individuals. In almost all epidemic models it is assumed that infection
spreads via interactions of pairs of individuals, one of whom is infective and the other suscep-
tible. In some epidemic models, such as network models (e.g. Newman [15]), this assumption
is explicit, whereas in others, such as the so-called general stochastic epidemic (e.g. Bailey
[1, Chapter 6]) and many deterministic models, it is implicit. In the general stochastic epi-
demic, the process of the numbers of susceptible and infective individuals, {(S(z), I(¢)) : t > 0},
is modelled as a continuous-time Markov chain with infinitesimal transition probabilities

PS4+ A, It + AD) = (s — 1, i + DI(S(), 1)) = (s, 1)) = BsiAt + o(Ab),
P((S(t+ A, I(t + AD)) = (s, i — D|(S@), (1)) = (s, i)) = yiAt 4 o(Al),

and with all other transitions having probability o(At). Here, § is the individual-to-individual
infection rate and y is the recovery rate. However, it is probabilistically equivalent to a model

Received 25 July 2022; accepted 7 June 2023.

* Postal address: School of Mathematical Sciences, University of Nottingham, NG7 2RD, United Kingdom.
** Email address: frank.ball@nottingham.ac.uk

*** Email address: peter.neal @ nottingham.ac.uk

© The Author(s), 2023. Published by Cambridge University Press on behalf of Applied Probability Trust.

430

https://doi.org/10.1017/apr.2023.29 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.29
https://orcid.org/0000-0002-5599-2903
https://orcid.org/0000-0003-2257-8535
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/apr.2023.29&domain=pdf
https://doi.org/10.1017/apr.2023.29

Strong convergence of an epidemic model with mixing groups 431

in which the infectious periods of infectives follow independent exponential random variables
having mean y~! and contacts between distinct pairs of individuals occur at the points of
independent Poisson processes, each having rate .

In real-life epidemics, people often meet in groups of size larger than two; in many coun-
tries, one of the most significant control measures in the COVID-19 pandemic was to impose
limits on the size of gatherings outside of the home. In Cortez [8] and Ball and Neal [5], the
authors independently introduced a new class of SIR (susceptible — infective — recovered)
epidemic model, in which mixing events occur at the points of a Poisson process, with the
sizes of successive mixing events being independently distributed according to a random vari-
able having support contained in {2, 3, ..., n}, where n is the population size. Mixing events
are instantaneous, and at a mixing event of size c, each infective present contacts each sus-
ceptible present independently with probability m.; a susceptible becomes infected if they are
contacted by at least one infective. Such an infected susceptible immediately becomes infec-
tive, although they cannot infect other susceptibles at the same mixing event, and remains so
for a time that follows an exponential distribution with mean y ~!. In Cortez [8] and Ball and
Neal [5], the temporal behaviour of epidemics with many initial infectives is studied, with [8]
considering the mean-field limit of the stochastic epidemic process. In Ball and Neal [5], the
focus is on a functional central limit theorem for the temporal behaviour of epidemics with
many initial infectives and on central limit theorems for the final size of (i) an epidemic with
many initial infectives and (ii) an epidemic with few initial infectives that becomes established
and leads to a major outbreak. A branching process which approximates the early stages of
an epidemic with few initial infectives is described in [5], though no rigorous justification is
provided. A key result required in the proof of the central limit theorem for the final size in
Case (ii) above is that there exists § > 0 (which depends on model parameters) such that the
probability that an epidemic infects at least a fraction é of the population, given that it infects
at least log n individuals, converges to one as the population size n — oo. This result is simply
stated without a proof in [5]. The aim of the present paper is to fill these gaps for a model that
allows more general transmission of infection at mixing events than that considered in [5].

Approximation of the process of infectives in an epidemic model by a branching process has
a long history that goes back to the pioneering work of Bartlett [7, pp. 147-148] and Kendall
[12], who considered approximation of the number of infectives in the general stochastic epi-
demic by a linear birth-and-death process, with birth rate SN and death rate y, where N is
the initial number of susceptibles. This leads to the celebrated threshold theorem (Whittle [17]
and Williams [18]), arguably the most important result in mathematical epidemic theory. The
approximation was made fully rigorous by Ball [2] (cf. Metz [13]), who defined realisations
of the general stochastic epidemic, indexed by N, with the Nth epidemic having infection rate
BN~! and recovery rate y, and the limiting birth-and-death process on a common probability
space and used a coupling argument to prove almost sure convergence, as N — 0o, of the epi-
demic process to the limiting branching process over any finite time interval [0, ¢]. The method
was extended by Ball and Donnelly [3] to show almost sure convergence over suitable intervals
[0, ty], where ty — o0 as N — o0.

The key idea of Ball [2] is to construct a realisation of the epidemic process for each N from
the same realisation of the limiting branching process. Moreover, this coupling is done on an
individual basis, in that the behaviour of an infective in the Nth epidemic model is derived
from the behaviour of a corresponding individual in the branching process. The method is very
powerful and applicable to a broad range of epidemic models. However, it cannot be easily
applied to epidemics with mixing groups, because the mixing groups induce dependencies
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between different infectives. Thus instead, we generalise the method of Ball and O’Neill [6],
which involves constructing sample paths of the epidemic process, indexed by the population
size n, and the limiting branching process (more precisely, the numbers of infectives in the
epidemic processes and the number of individuals in the branching process) via a sequence of
independent and identically distributed (i.i.d.) random vectors. The generalisation is far from
straightforward, since Ball and O’Neill [6] consider only epidemics in which the number of
infectives changes in steps of size 1, as in the general stochastic epidemic, whereas in the
model with mixing events, although the number of infectives can only decrease in steps of
size 1, it can increase in steps of any size not greater than the population size n. We improve
on the coupling given in [6] by coupling the time of events in the limiting branching process
and epidemic processes, so that the event times agree with high probability, tending to 1 as the
population size n — oo, rather than having the event times in the epidemic processes converge
in the limit, as the population size n — 00, to the event times of the branching process. Finally,
we use the coupling to prove the above-mentioned result concerning epidemics of size at least
log n, which was not addressed in [6].

The remainder of the paper is structured as follows. The model with mixing groups £
is defined in Section 2. The approximating branching process B and the main results of the
paper are given in Section 3. The branching process 15 is described in Section 3.1, where some
of its basic properties are presented. The offspring mean of B yields the basic reproduction
number Ry of the epidemic £™. The extinction probability and Malthusian parameter of B
are derived. The main results of the paper are collected together in Section 3.2. Theorem 3.1
shows that the number of infectives in the epidemic process £’ converges almost surely to
the number of individuals alive in the branching process B on [0, f,,) as n — 0o, where t,, = 00
in the case the branching process goes extinct and #, = p log n for some p > 0 otherwise. A
major outbreak is defined as one that infects at least log n individuals. Theorem 3.2(a) shows
that the probability of a major outbreak converges to the survival probability of B as n — co.
Theorem 3.2(b) shows that if Ry > 1, so a major outbreak occurs with non-zero probability in
the limit n — oo, then there exists § > 0 such that the probability that a major outbreak infects
at least a fraction § of the population tends to one as n — co. Moreover, we show that there
exists 8’ > 0 such that the fraction of the population infectious at the peak of the epidemic
exceeds 8’ with probability tending to one as n — oco. The proofs of Theorems 3.1 and 3.2 are
given in Sections 4 and 5, respectively. Brief concluding comments are given in Section 6.

2. Model

We consider the spread of an SIR epidemic in a closed population of n individuals, with
infection spread via mixing events which occur at the points of a homogeneous Poisson pro-
cess having rate ni. The sizes of mixing events are i.i.d. according to a random variable C"
having support {2, 3, ..., n}. If a mixing event has size c then it is formed by choosing ¢ indi-
viduals uniformly at random from the population without replacement. Suppose that a mixing
event of size ¢ involves i susceptible and j infective individuals, and hence ¢ — i — j recovered
individuals. Then the probability that w new infectives are created at the event is w.(w; i, j). The
only restrictions we impose on 7 (w; i, j) are the natural ones that, for w > 0, m.(w; i, 0) =0;
infections can only occur at a mixing event if there is at least one infective present; and for
w > i, m.(w; i, j) = 0: the maximum number of new infectives created at a mixing event is the
number of susceptibles involved in the event. Mixing events are assumed to be instantaneous.
The infectious periods of infectives follow independent Exp(y) random variables, i.e. expo-
nential random variables having rate y and hence mean y ~!. There is no latency period, so

https://doi.org/10.1017/apr.2023.29 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.29

Strong convergence of an epidemic model with mixing groups 433

newly infected individuals are immediately able to infect other individuals. (The possibility
of their being able to infect other susceptibles during the mixing event at which they were
infected can be incorporated into the m.(w; i, j).) All processes and random variables in the
above model are mutually independent. The epidemic starts at time ¢ = O with m,, infective and
n — my, susceptible individuals, and terminates when there is no infective left in the population.
Denote this epidemic model by £®.

2.1. Special cases

2.1.1. General stochastic epidemic. If all mixing groups have size 2, i.e. P(C" =2) =1, and
7.(0;1, ) =m.(1;1,1)= %, then the model reduces to the general stochastic epidemic, with

individual-to-individual infection rate g = n)LTl and recovery rate y.

2.1.2. Binomial sampling. The models studied in Cortez [8] and Ball and Neal [5] make the
Reed-Frost-type assumption that at a mixing event of size c, each infective present has prob-
ability . of making an infectious contact with any given susceptible present, with all such
contacts being independent. This corresponds to

Te(wii, j) = (vlv) (1= =m)))" (1= 7)1 (w=0,1,..., 0.

3. Approximating branching process and main results

3.1. Approximating branching process

We approximate the process of infectives in the early stages of the epidemic £ by a
branching process B, which assumes that every mixing event which includes at least one infec-
tive consists of a single infective in an otherwise susceptible group. In the epidemic £™, the
probability that a given mixing event of size c involves a specified individual, i, say, is 7, so
mixing events that include i, occur at rate

n
m, \€ (n)
A E —-=A , 3.1
n C_ch (C)n 1526 (3.

where p(cn)(c) =P(C"=c)(c=2,3,...,n)and ;L(C") = E[C™]. Furthermore, the probability
that a given mixing event is of size c given that it includes i, is

Pl o)
Yoaprl@s  we

(c=2,3,...,n).

Suppose that C LN C as n— oo (where LN denotes convergence in distribution),
pcc)=P(C=c) (c=2,3,...), and M(C”) — e =Y ooy cpe(c), which we assume to be
finite. Thus in the limit as n — oo, mixing events involving i, occur at rate Auc, and the
size of such a mixing event is distributed according to C, the size-biased version of C, having
probability mass function

cpc(c)

pelo)=P(C=c)= (c=2,3,...). (3.2)

We assume that the initial number of infectives m,, =m for all sufficiently large n, so the
branching process 3 has m ancestors.
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In B, a typical individual, i, say, has lifetime L ~ Exp(y), during which they have birth
events at rate Auc. Let 71,7, ... denote the number of offspring i, has at successive birth
events. A birth event corresponds to a mixing event involving a single infective in an otherwise
susceptible group in the epidemic. Thus, Z;, Zs, ... are i.i.d. copies of a random variable Z,
withP(Z=w)=¢,, (w=0, 1, ... ), where

S 0o
1
gw=Y . pelOmwic—1,)=— 3 pe@mcwic—1,1), (33)
c=w+l s c=w+1

using (3.2). Note that an individual may produce no offspring at a birth event. The number of
birth events a typical individual has during their lifetime, G say, has the geometric distribution

k

14 Apc

P(G=k)= ( ) (k=0,1,...). (3.4)
Y +Aiuc \y +ipnc

Let R be the total number of offspring a typical individual has during their lifetime. Then

G
= Zz, (3.5)
i=1

where G, Z 1 Zg, ... are independent and the sum is zero if G =0.
The basic reproduction number Ry = E[R]. Hence, using (3.5) and (3.4),

Ro = EIGIEZ] = “C Z Z epc@mewic = 1,1)

c=w+1

X _
== Z cpc(e) Z wrewie—1,1)
Y c=2 w=1

= %E[CU(C)], (3.6)

where |
v(c) = Z wre(w;c—1, 1) (3.7)

w=1

is the mean number of new infectives generated in a mixing event of size ¢ with one infec-
tive and ¢ — 1 susceptibles. Again using (3.5) and (3.4), the offspring probability generating
function for the branching process B is

Y
Y +iue (1—f3(5)

where f5(s) = Y oo ws”. By standard branching process theory, the extinction probability z
of B, given that initially there is one individual, is given by the smallest solution in [0, 1] of
Jfr(s) =s. Furthermore, z < 1 if and only if Ry > 1.

Let r denote the Malthusian parameter of B; see Jagers [11, p. 10] for details. The mean rate
at which an individual produces offspring ¢ time units after their birth is P(L > 1) MCE[Zl] =
ye YRy (t > 0), so r is the unique solution in (0, co) of

o0
/ e "ye V'Rydt=1,
0

fr(s) =E[s"] =
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whence
r=yRo—1). (3-8)

Note that r depends on the parameters of the epidemic model only through (R, ). Thus,
if Ry and y are held fixed, then the Malthusian parameter is the same for all corresponding
choices of the distribution of C and {m.(w; i, j)}. In particular, under these conditions, the early
exponential growth of an epidemic that takes off is the same as that of the general stochastic
epidemic.

3.2. Strong convergence of epidemic processes

In this section we consider a sequence of epidemics (£™), in which m, = m for all suffi-
ciently large n, and state results concerned with convergence of the process of infectives in the
epidemic process £™ to the branching process B as n — oo that are proved in Section 4. The
usual approach to proving such results is based upon that of Ball [2] and Ball and Donnelly
[3], in which the sample paths of the epidemic process for each n are constructed from those
of the limiting branching process, B. As noted in the introduction, that approach is not easily
implemented in the present setting, because the mixing groups induce dependencies between
different infectives. We therefore generalise the method in Ball and O’Neill [6] and construct
sample paths of the epidemic processes and the limiting branching process, 53, from a sequence
of i.i.d. random vectors defined on an underlying probability space (€2, F, PP). The construction
is described in Section 4.

For t > 0, let S(”)(t) and I(">(t) be the numbers of susceptibles and infectives, respectively,
at time ¢ in E™. Let T =n — S™(00) be the total size of the epidemic £™, i.e. the total
number of individuals infected during its course, including the initial infectives. For # > 0, let
1(¢) be the number of individuals alive at time ¢ in 3, and let T be the total size of the branching
process B, including the m ancestors. Note that whereas 70" (w) < oo for all w € Q, T(w) = o0
if the branching process B(w) does not go extinct.

Throughout the remainder of the paper we assume that m, =m and M(C") < puc for all
sufficiently large n. The assumption M(C") < ¢ simplifies the presentation of certain results,
in particular, Lemma 4.2, and holds in the most common cases: (i) C has finite sup-

port {2,3, ..., no}, and for n > ny, C™ = C; (i) C™ = min{C, n}; and (iii) C™ 2 C|C <n.
We also assume throughout that C” LD, cand E[(C™)2] = E[C?] < 00 as n— oco. For

Theorem 3.1(b) and Theorem 3.2, we require additional conditions on C and C, namely
that

lim E[C™(C™ — 1)v(C™)] = E[C(C — D(C)] < oo, 3.9)

n—oo

and that there exists 6y > O such that

o0
lim 1% e ‘p(g)(c) — pc(c)‘ —0. (3.10)

n— 00
c=2

Note that ]E[(C(”))3] — E[C?] < 00 as n — oo is a sufficient condition for (3.9) to hold. Also,

in the three common cases listed above for constructing C™ from C, (3.10) holds for any
0 < 6y < a, for which E[C'T¥] < 0o. (For Case (i), this is immediate. For Cases (ii) and (iii),
the proof is similar to that of (A1) in the Supplementary Information of Ball and Neal [5].)

Theorem 3.1. Under the stated conditions on C™, there exists a probability space (Q, F, P)
on which are defined a sequence of epidemic models, E™, indexed by n, and the approximating
branching process, BB, with the following properties.
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Denote by Aey; the set on which the branching process B becomes extinct:

Ao ={w e Q: T(w) < 00} .

(a) Then, as n — oo,

sup 1) —1(1)| > 0

0<t<oo
for P-almost all o € Aexs.

(b) Suppose that (3.9) holds and (3.10) holds for some 6y > 0. Then, if there exists o > 1
such that E[C*T1] < oo, we have for

1 0
0<p<-minf—20 % [ G.11)
r 20+ o) 2+4a
asn— oo,
sup |10 = 1] > 0 3.12)

0<t<plogn
Sor P-almost all v € A ,.

The proof of Theorem 3.1 is presented in Section 4.

Note that p given in (3.11) satisfies p < (4r)~!, and thus Theorem 3.1(b) is weaker than
[3, Theorem 2.1, (2.2)], where (3.12) is shown to hold for p < (2}’)’1 in the standard pairwise
mixing epidemic model. The following corollary of Theorem 3.1 concerns the final size of the
epidemic.

Corollary 3.1. For (2, F, P) defined in Theorem 3.1, we have, for P-almost all w € 2,

lim 7T"(w) = T(w).
n—oo

Corollary 3.1 shows that for large n, the final size of the epidemic £ can be approximated
by the total size of B. This leads to a threshold theorem for the epidemic process £™ by
associating survival (i.e. non-extinction) of the branching process B with a major outbreak in
the epidemic process £™ (cf. Ball [2, Theorem 6], and Ball and Donnelly [3, Corollary 3.4]). It
then follows that a major outbreak occurs with non-zero probability if and only if Ry > 1, and
the probability of a major outbreak is 1 — z”*. However, for practical applications it is useful to
have a definition of a major outbreak that depends on n. We say that a major outbreak occurs
if and only if 7" > log n.

Theorem 3.2. Suppose that (3.9) holds and (3.10) holds for some 8y > 0.

(a) Then
[P(T(”) >logn) —> 1—27" asn— oc. (3.13)

(b) If also Ry > 1 and there exists o > 1 such that E[C!T®] < 0o, then there exists § >0
such that
P(T™ > 6n|T™ >logn) > 1 asn— oco. (3.14)

The proof of Theorem 3.2 is presented in Section 5.
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Theorem 3.2(b) implies that a major outbreak infects at least a fraction 8 of the popula-
tion with probability tending to one as n — co. However, § depends on the parameters of the
epidemic £ and can be arbitrarily close to 0. An immediate consequence of the proof of
Theorem 3.2(b) is Corollary 3.2, which states that, in the limit as n — o0, there exists §' > 0
such that in the event of a major epidemic outbreak the proportion of the population infectious
at the peak of the epidemic exceeds §'.

Corollary 3.2. Under the conditions of Theorem 3.2(b), there exists 8’ > 0 such that

P | sup
>0

A central limit theorem for the total size 7" in the event of a major outbreak is given in
Ball and Neal [5], for the special case of binomial sampling (Section 2.1.2), by using the the-
ory of (asymptotically) density-dependent population processes (Ethier and Kurtz [10, Chapter
11] and Pollett [16]) to obtain a functional central limit theorem for a random time-scale
transformation of {(S”(¢), I"(f)):¢ > 0} and hence a central limit theorem for the number of
susceptibles when the number of infectives reaches zero, via a boundary-crossing problem. As
noted in the introduction, Theorem 3.2(b) is a key step in the proof of the above central limit
theorem, though the result was only stated in [5]. A similar central limit theorem for TM is
likely to hold for our more general model, although details will be messy unless 7 (w; i, j)
takes a convenient form.

)] 0)
n

>4

7™ > log n) -1 asn— oc. (3.15)

4. Proof of Theorem 3.2

4.1. Overview

We present an overview of the steps to prove Theorem 3.1. We construct on a common
probability space the Markovian branching process BB and the sequence of epidemic processes
& (”)), in which we equate infection and removal events in the epidemic process, £ ™) with birth
and death events, respectively, in the branching process, 3. Given that at time ¢ > O there are
the same number of infectious individuals in the epidemic process £™ as there are individuals
alive in the branching process B, the removal rate in £ is equal to the death rate in . For
k=0, 1, ..., the rate at which an infection event occurs which generates k new infections in
£™ will depend upon the state of the population (number of susceptibles and infectives), and
during the early stages of the epidemic this rate will be close to, but typically not equal to,
the rate at which a birth event resulting in k new individuals occurs in B. Therefore, we look
to bound the difference between the infection rate in £ and the birth rate in B in order to
establish a coupling between the two processes.

A useful observation is that in the epidemic processes £ (the branching process B) the
number of infectives and susceptibles (the number of individuals alive) is piecewise con-
stant between events, where an event is either a mixing event or a recovery. Therefore, in
Section 4.2, we define embedded discrete-time jump processes for £ and B, for the number
of infectives (and susceptibles) and the number of individuals alive after each event. In the
case of B the embedded discrete-time jump process is a random walk. Then, in Section 4.3, we
provide a bound on the rate of convergence to 0 of the difference between the infection rate in
£™ and the birth rate in B in Lemma 4.1, which is applicable during the early stages of the epi-
demic when only a few individuals have been infected. Lemma 4.1 enables us to construct the
embedded discrete-time jump processes defined in Section 4.2 on a common probability space
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(Section 4.4) and provide an almost sure coupling between the discrete-time processes dur-
ing the initial stages of the epidemic (Section 4.5). That is, we couple the outcomes of the
kth (k=1,2,...) events in £™ and B so that the types of event—birth (infection) and death
(removal)—match, and in the case of birth/infection, the same numbers of births and infec-
tions occur. Once we have established an almost sure agreement between the types of events
that have occurred in the epidemic and branching processes, it is straightforward to provide
an almost sure coupling of the timing of the events. The key couplings are drawn together in
Lemma 4.2, from which Theorem 3.1 follows almost immediately. Finally, we consider the
total sizes of the epidemic processes £/ and the branching process B and provide a proof of
Corollary 3.1.

4.2. Embedded random walk

Let the random walk R be defined as follows. Let Y denote the position of the random
walk after k steps, with Yo =m > 0.Fork=1, 2, ..., let Yy = Yy_| + Z, where Z;, Z,, . . . are
i.i.d. with probability mass function

Pow 01
y+8
PZr=w)= 14 we—1 4.1
y+8
0 otherwise,

where 8 = Auc and ¢, is defined as in (3.3). Thus, upward (downward) steps in ‘R correspond
to birth (death) events in 3. Note that Z; = 0 is possible, corresponding to a step with no change
in the random walk (a birth event with no births in B). For k=1, 2, . . ., let n; denote the time
of the kth event in B with g =0; then we can construct R from B by setting Yy = I(nk),
where I(f) (t > 0) is the size of the population of B at time ¢. Note that if I(ng) =0, then
the branching process has gone extinct and Y; =0, i.e. the random walk has hit 0. We can
continue the construction of the random walk after the branching process has gone extinct using
Yy = Yi_1 + Z, but our primary interest is in the case where the two processes are positive.
Conversely, we can construct 5 from R by using, in addition to {Y;} ={Yx:k=0,1,...}, a
sequence of i.i.d. random variables Vi, Va, ..., where Vi ~ Exp(1). (Throughout the paper,
discrete-time processes are assumed to have index set Z, unless indicated otherwise.) For
k=1,2,...,

Vi

Ne=Nk—1+ ——F—>
(y + B)Yk—1

and for any n; <t < ng41, we set 1(¢) = Y. Note that n; = oo if Y;_1 =0, corresponding to
the branching process going extinct with /(f) = O for all > n;_;. Finally, note that E[Z;] < O,
=0, or > 0if and only if Ry < 1, =1, or > 1, respectively.

We turn to the sequence of epidemic processes, (£™), and for each £, an associated
discrete-time epidemic jump process S™. Let Qg")(i, Jjlx, y) denote the probability that a mix-
ing event of size ¢ in a population of size n with x susceptibles and y infectives (and hence
n — x —y recovered individuals) involves i susceptibles and j infectives (and hence ¢ —i —j
recovered individuals). Note that

() x () x (=5

0, jlx, y) =~ ; :
()

4.2)
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Forw=0,1,...,1let q(”)(x, y, w) be such that

n c—wc—w—j
@y wy=m Y PO Y D {0 e —j— L jk wretne—j- L},
c=w+1 j=1 1=0
4.3)

where the indices j and [ refer to the numbers of infectives and recovered individuals, respec-
tively, involved in the mixing event. Thus, forw=1,2, ..., x, q(”)(x, v, w)y denotes the rate of
occurrence of mixing events that create w new infectives within a population of size n having x
susceptibles and y infectives. Hence, ¢ (x, y, w) can be viewed as the rate at which an infec-
tious individual in a population of size n containing x susceptibles and y infectives generates w
new infectives. Note that ¢ (x, y, 0)y is the rate of occurrence of mixing events which involve
at least one infective and create no new infectives, in a population with x susceptibles and y > 0
infectives.

Recall that, for > 0, S™(¢) and I™(¢) denote respectively the numbers of susceptibles and
infectives at time ¢ in £™. Since the population is closed, for all >0, n — S () — I(r)
denotes the number of recovered individuals, and we can describe the epidemic £ ™ in
terms of {(S(”)(t), IM@) > 0}, which is a continuous-time Markov chain on the state space
E™ = {(x, y) € 7% x+ y<n0<x<n—my,,y> 0} with transition probabilities

PSP+ A, 176+ A0) = (¢ = w, y +w)| (8P, 170) = 3. )

=q"(x, y, w)yAt + o( A1) w=0,1,...,x), (4.4)
P ((S(”)(t + AN I+ AD) = (x, y — 1)( (™), 1)) = (x, y))
= yyAt+ o(AD), (4.5)

and with all other transitions having probability o(Af). The events (4.4) and (4.5) correspond
to infection of w individuals and recovery of an individual, respectively. The function ¢
is real-valued with domain a subset of Z, x Z; x N. We note that the epidemic process is
invariant to the choice of q(")(x, v, 0) >0, so we can define q(")(x, v, 0) to satisfy (4.3) with
w = 0. Similarly, the epidemic process is invariant to the choice of q(”)(x, 0, w), as no infec-
tions can occur if y = 0, but for coupling purposes it is useful to define ¢ (x, y, w) = B, for
y=0, —1, =2, .. .. Finally, as noted in Section 4.1, we observe that the recovery rate (4.5)
coincides with the death rate of the branching process B, so to couple the number of infec-
tives in the epidemic process £™ to the number of individuals in the branching process B, we
require that ¢ (x, y, w) & g, and ¢™(x, y) = Y Ih_f ¢ (x, y, w) = Y oe g 4P (x. y, w) ~ B
as n becomes large. (Note that forw>n—1, q(”)(x, Y, w)= O.) We proceed by making this

precise after first describing the discrete-time epidemic jump process S™.
Forn=1,2,... and k=0, 1, ..., let (X,({”)’ Yé’”) denote the state of the jump process

S™ after the kth event with (X(()"), Yé’”) =m—my, my). Fork=1,2,..., (x,y) € E™_ and
w=0,1,...,x,let

(n)

q(x,y, w)

P((X(") , Y(") ) =x—w,y+w ‘ (X(n), Y(n)) =(x, )———,
k1 ity ) = yEw X Yy ;) Y +4M(x, )

14
P (X0 v ) =y =) (X 7" ) =)=t
k+1 k+1 k k y +q(n)(x’ y)
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with all other transitions having probability 0 of occurring. Letting n,&") denote the time of
the kth event in £®, with 77(()”) =0, we can construct S™ from £™ by setting (X,(("), Y,E”)) =
(S(”) (n,((")), 7™ (n,(("))) As with the construction of R, we can continue the construction of S™

after the kth event with Y,E") =0, using q(”)(x, y, w)= B¢y fory=0, —1, =2, .. .. Conversely,
we can construct £/ from S™ by in addition using the sequence of i.i.d. random variables
Vg"), Vé"), ..., where V,.(") ~Exp(l). Fork=1,2, ..., set

(n)
) _ (n) 25
Yy +4q k—1° Lr—1 k—1

then for any n,((") <t< n,(:j: 1o set (S™@), 1™ (1)) = (X,((”), Y}E")). Note thatif Y} | =0, 17,((") =00

(4.6)

and for all ¢ = 1", the epidemic has died out with (S™)(1), 1)() = (X{",, 0).

We briefly discuss the choice of V,E”) . A simple coupling with the branching pro-

cess B would be to set V,E")zvk, which results in n,(cn)%nk if n,(cn_)lwnk,l and

Y,E’i)l [y + g™ (X,(("_)I, Y,ﬁ?l)] ~ Yr_1[y + B]. This is the approach taken in [6] and leads to
a slight mismatch between the event times in £ and B, with the mismatch converging
to 0 as n— oo. Therefore we take an alternative approach which results in there being
high probability of 7" =, if 7", = ne_1 and Y\, = Y;_y, with the details provided in
Section 4.4.

4.3. Matching infection rate to birth rate

In this section, we provide bounds on the differences between the rate, q(") (x("), y("), w), at
which events creating w (w=0, 1, ...) new infectives occur in £® with x" susceptibles and
y™ infectives present in the population, and the rate, 8¢,,, at which birth events creating w new
individuals occur in 5. The bounds on the difference in rates are appropriate during the early
stages of the epidemic process where n — r,, <x <n — m,, (i.e. whilst fewer than 7, individuals
have ever been in the infectious state), for a sequence (ry,) satisfying r,, — 0o and r,//n— 0
as n— oo.

In the early stages of the epidemic, when x > n — ry, it is unlikely that a mixing event will
involve more than one non-susceptible individual. Thus we split the double sum over j and / in
(4.3) into the case j =1 and [ =0, a single infective in an otherwise susceptible group of size
¢, and the case j 4+ [ > 2, where there is more than one non-susceptible individual in a mixing
event. This gives, for y > 0,

Ty
¢y =23 PO (e =1, 1], yyme(ws e — 1, 1)
c=w+1

Ty ) ' . '
+— )l ) {QE")(C —Jj =L jlx, y)me(wyc —j — l,J)}
Y c=w+1 JHI=2
= qg")(x’ v, W)+ q(zn)(x, y, w), say. (4.7)

We consider the two terms on the right-hand side of (4.7). Note that for y <0, we
set ¢ (x, y, w) = Bg, and ¢3”(x, y, w)=0, which is consistent with ¢™(x,y, w) = Be,
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(y=0,—1,...). Also, forw=n,n+1, ..., ¢")(x, y, w) = 0, which implies qh")(x y, W) =
(h=1,2).Forh=1,2,let qﬁl”)(x, =y loqh )(x, y, w) = Yoiod, W, y, w), the sums over
w of the two components of g"(x, y, w) in (4.7). Hence ¢"™(x, y) = 1")()6, y)+ q2 (x, ).
Lemma 4.1 provides bounds on the rate of convergence to 0, as n — oo, of the difference
between the infection rate in the epidemic process and the birth rate in the branching process,
in terms of the number of non-susceptibles in the population (r,,) and the rate of convergence

of C™ to C. Remember that throughout we assume that C L. cand E[(C™)2] > E[C?]
as n — 0o, with E[C?] < oo; see the conditions stated before Theorem 3.1 in Section 3.2.

Lemma 4.1. Let (r,) be a sequence of positive real numbers such that r, — 00 and ry//n— 0
as n— oo.

Let (sp) be a sequence of positive real numbers such that snr,% /n— 0and
‘p(n)(c) —pcle)l >0 asn— oo. 4.8)
c=2

Suppose that (x™) and () are two sequences such that n—r, <x™ <n—m, and
0 <y < r, for all sufficiently large n. Then

oo
Sn Z q(ln)(x("), Y w)— Bow| >0 asn— oo (4.9)
w=0
and
o0
Z Sn ‘q (") ) =5 Z ‘q(")(x(”) , w)‘ —0 asn— oo. (4.10)
w=0 w=0

Consequently, if s,,r,zZ /n— 0as n— oo, then

o0
2:{ém%xmlymﬁvﬂ-—ﬁww}

S ‘q(n)(x(n)’ y(n)) _ ﬂ‘ =5, —0 asn— oo.

w=0
“4.11)
Proof. First note that, for Q(")( -1, 1|x(”), y(”)) defined in (4.2) and any c =2, 3, ..,
m <=2 () _;
0 (c—1, 1x™, y™) = AL
n tin—1—j
j=0
(1)
= CyT + el (x™M), (4.12)
where
c—2 ) .
) (,my _ € =
€ = - — | =1
¢ (x ) n ]_l_[O n—1-—j
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For xX™ >n—r, and ¢ < n/2, we have that
c—2 () c—2 )
x"—j n—1—x
1> = l1l-—
52 -T1 (-5

S PR RN} L I
- n—1 n=2 """ n—c+l1

1 1 1
Zl—[r,,—l]{ + +..+—}

n—1 n—=2 "~ n—c+1
1 2ry(c —1)
>1—[r,—1 —>1——.
[74 ] cr1- 0
Therefore, for X > n — r, and c <n/2,
_¢ X M < 65")()6(")) <0. (4.13)
n n

Note that p(g)(c) =0 for ¢ > n. Also, using (3.3) and recalling that 8 = Auc, we have

oo
b pc@mewic =1L D) =hucgw=PFow  w=0,1,...).
c=w+1

Hence, forw=0,1, ...,

" (™, 3y, (n) Z PEQM (¢ — 1, 1™, y™)rre(ws e — 1, 1)
c=w+1
ni - ( ) y(
_ n (1) ) () _
= 2;1 (c){ +y"We” (¥ )}nc(wc 1,1
c=w

=i Y pPOmwic—1,1)

c=w+1

n
+ A Z Pgl)(c)negn)(x("))ﬂc(w; c—1,1)
c=w+1

=i ) pc@mvic—1.1)

c=w+1

+1 Z PE(©) = pe(@)]metwic — 1, 1)

c=w+1

n
+10 Y pPme (Pyme(wic—1,1)
c=w+1

= Bow + 1 Z PEe) = pe©)]me(wic — 1, 1)

c=w+1

n
+1 ) pPOne(Myme(wie — 1, 1).
c=w+1
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It follows that

00
2

q(ln) (x(n)’ y(n)1 W) - ,3§0w‘

w=0
o o
<siy [k Y o[ = pe@]melwie = 1, 1)
w=0| c=w+l
o0 n

tsa Y 0 Y pPened @) (wie — 1, 1)

w=0| c=w+l1

<isn Y Y cp(e) = pele)|melwie — 1, 1)

w=0 c=w+1
o0 n
+hmn Y 2 P e mewse = 1,1)
w=0 c=w+1
00 c—1
=2sn Y c|p(©) = pe(©)] Y welwie =1, 1)
c=2 w=0
c—1
+ Asy Z P(e) [nel (x™) Z Twic—1,1)

nei”) (™.

= Asy Z P (©) = pe(e)] + sy Zp“”(c) (4.14)

c=2

The first term on the right-hand side of (4.14) converges to 0 by (4.8). Using (4.13) and
Markov’s inequality, the second term on the right-hand side of (4.14) satisfies

Ln/2) 2¢(c — Dyr, "
=A Z Snp(n) (—n> + Z Snp(ci‘l)(c)c
e=|n/2]+1

<2 [2s" "k [C<">(c<"> )] + s,nP (c<”> > ln/2] + 1)}

n

4

<A {2”"1[-3 (€™ =]+ s x > [(c™)? ”

n

—0 asn— oo.

Hence (4.9) is proved.

The probability that a pair of individuals, chosen uniformly at random, are both non-
susceptible is (n—x"Myn —x™ — 1)/[n(n—1)]. In a group of c¢ individuals there are
c(c — 1)/2 pairs, so

_ — XM — ) _
S (e —j— b j, ym) < 2D XD T 2D ey g

frr) 2 nn—1)
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For x"™ > 5 — ry, the right-hand side of (4.15) is bounded above by [c(c — 1)/2] X [ry /n]z.

Therefore, since qg') (x™, y™ w)=0forw=n,n+1, ..., we have that
o0
an‘qu (=™, y ‘_ 5 ) (n>,y<n>’w)‘
w=0

2 ) 00 (c = j = L jlx, D
y(")kz Z pc(©) Z {QC —j = L™, Y mewi e — l,J)}

w=0 c=w+1 JH>2
_spn 2
’(’n)x Zp“”(c) > 100 (c—j—1Ljlx™ ") > melwie —j— 1 1))
JjH=2 w=0
2
Snly o c(c 1)
<A —
<A Z (©)
c=2
Spr2
=221 [c<">(c<"> - 1)] 50 asn— oo,
n
and (4.10) is proved.
Finally, (4.11) follows from (4.9) and (4.10) by the triangle inequality. U

Note that if C has finite support {2, 3, . .., ng}, then for all n > ny, C™ = C, and (4.8) holds
for any sequence {s,}.

4.4. Construction of the event processes

Lemma 4.1 implies that the difference between the transition probabilities of R and S
tends to 0 as n — oo, provided the number of non-susceptible individuals remains sufficiently
small. We proceed by constructing R and S® on a common probability space (2, F, P),
with Yo =m and, for all sufficiently large n, (Xg’), Y(()")) =(n—my,, my) = (n —m, m). For
k=1,2,..., let Uy = (U1, Uk2, Ui 3) be i.i.d. random vectors defined on (2, F, IP), with
Ur.i ~U(0, 1) (i=1, 2, 3) being independent, where U(0, 1) denotes a random variable that is
uniformly distributed on [0, 1].

We construct R as follows. Suppose that for some k=1, 2, ..., Y4—1 =y. The kth step in
R is a downward step (of size 1) with Yy =y — 1 if Ux1 <y /(y + B). Otherwise the random
walk has an ‘upward’ step of size a; with Yy =y + ai, where a; satisfies

ap—1

Ei: @1 <Uk2 < ZE: @1

Note that all sums are equal to 0, if vacuous; a; = 0 is possible and the probability that ay =i
is @;.
Similarly, we construct S™ as follows. Suppose that for some k =1, 2, . (X,E")l , Ylin_)l) =

(x}("), y,@) The kth event in S™ is a recovery with (X(") Y(")) ( ;c"), yi") ) if U <
v/ [)/ +¢™ (x(") y,((”))]. Otherwise the kth event in S™ is an infection event of size a,(:’) with
(X,(C"), Y,E")) = (x,(;’) a" ), y,((") + a(k”)) where a,((n) satisfies
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(n) ( () () )
q xk ’yk 5 _(p(”)(x(n) (n)> Say
0 (7 P\ e ) ‘
q » Vi
(n

To enable an effective coupling between R and S™, we obtain a
i=0,1,...,1et w(") (x](("), yi’”) = min {(p,, (pl(n)< ](Cn), y?{")>} and let

w
D(z")< o, g;)) = U (Z o1+ @ (x,(c"), y,(:l)> > ¢1:| ; (4.16)
=0

where (a, b] is the empty set if a = b. If Uy, ¢ D(Z") (xi"), yg’)) then there exists i € Z, such
that

P(al” =i) =

) as follows. For

i— i—1
S o<tz o+ o ("), (4.17)
and we set a(n) =i. Therefore, if Uy > ¢ D(”) (x;{"), y,((")) we have that a( " = =ay. Let

& (4 57) =P (Ui € DY (7)) = 1 wa( 0, \),

the total variation distance between (g, ¢1, ...) and (go(") (x}c"), y,((")> cp%") (xi"), yi")), .. )
If Upo € D(2")( ,(Cn), ygl)) we set a](( " = i with probability

o (47) (4751

(n) () (n) '
di <k ' Vi )

which ensures that overall the probablhty that a(”) iis <pl(") (x,({"), ]((")) We do not need to be

more explicit about the choice ak ) when a(”) # ay.

Given V1, V3, ..., ii.d. according to Exp(l) we can construct 3 from R as outlined in
Section 4.2. We conclude this section with a description of the construction of £® from S™,
in order to couple the time of events in £ to the event times in . Given that there are y
infectives in the population, the probability that an individual chosen uniformly at random is
infectious is y™ /n, so the probability that a mixing event of size c involves at least one infective
is bounded above by cy™ /n. Therefore

¢ (x), y) Z ¢, y nk Z o™ Pc)( o
w=0

- ,\,L(") (4.18)

Hence, under the assumption ,u(cn) < jc, we have that g (x("), y(")) < B(= Auc). Therefore,
letting

_ 40 () ()
a0 (xy0) = p—q" ") >0, (4.19)
y+8
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we have, if (X](("_)l, Y]E"_)I) = (x(”), y(")), that

y+8
v+ (X" 1)

Vi ~Exp (1 —d™(x™, y(”))) =" (x™, y™), say.

For z >0, let
Fo(zx™, y®) = {1 = 2™ (™ ™)} exp (—z{l — A (x| ym) }) (4.20)

denote the probability density function of \7,5") (x(”), y(”)). Similarly, let fy(z) =exp(—z)
(z > 0) denote the probability density function of V. It follows from (4.20), for all z > 0, that

Fo(ex®, y™) = {1 —d™ (x®, y™)} exp (—2)
={1-d" (", y")} A ().

Therefore, we can construct a realisation of \7,5") (x("), y(”)) by setting \7,8’) (x(”), y(")) =V if

Uz <1— dm™ (x(”), y(")), and if Ug3z>1— dm™ (x(”), y(”)), we draw V,E") (x("), y(")) from a
random variable with, for z > 0, probability density function

1 —dm (x("), y("))

* (e (D) (MY
f (Z, Xy ) - a(n) (.X(n), y(n))

[exp (—z{l —d"(x™, y™) }) —exp (—z)] .
421)

Finally, we set

y +q™ (x(”), y(n))
y+B

VO 0 () , (4.22)

dm (X,(:i)l, Y,E'i)]), then V,ﬁ") (X,(('i)l, Ylf'i)l> =V,, and substituting V,E") into (4.6) and using
(4.22) gives

which ensures that V]((n)’VEXp(l). Also, if 77/({121=ka1’ YIE”)1=Yk,1, and Up3<1-—

™ _ vy
n _ _(n
M =M T 700 (v y
Y2y |y 4\ X2y Y2y
)y (n))
_ 1 yt+a (kal’yk*‘ ) () )
=nk-1+ D o X Vi (X Yoy
Yk—l [)’ +6](")(Xk,1, Yk*l)] 4 +ﬂ
Vi
=1+ ———— =1k (4.23)
Yic1(y +8)
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4.5. Coupling of the epidemic and branching processes

A mismatch occurs at event k whenever the kth events in the epidemic process, £™ (discrete
epidemic jump process S), and branching process, B (random walk R), are either a removal
(™) and a birth (B), or an infection () and a birth (3) where the number of new infections
(™) and the number of births () differ. The first type of mismatch occurs in Ball and O’Neill
[6], where also mismatches of the type with an infection (€ ()Y and a death (B) are permissible.
Owing to (4.18) and the assumption that /,L(Cn) < ¢ for all sufficiently large n, an infection
in (£™) and a death (B) is not possible for such n in the current setup, but the arguments
can easily be modified to allow for this situation. The second type of mismatch comes from
allowing multiple infections/births.

Since g™ (x(”), y(”)) < B, atype-1 mismatch occurs at event k, where after event k — 1 there

are x susceptibles and y infectives, if and only if

m () () — 4 14
Uk,1 € D" (x™, y") = (ﬂ Ty G, )+ y:| , (4.24)

with

_ g (
]P;<Uk’leD(]ﬂ)(x(n)’y(n))): v[B =g " y")] (4.25)

[¥ + g™ (™, y) [y + 1

Let Z1,Z, ... be i.i.g. agcording to Z with probability mass f~unction PZ=i=g; (i=
0, 1,...). We construct Zy, Z, ... from Uj 2, Uz 2, . .. by setting Z to satisfy

Zk—l Zk
Y ei<Uia=) o (4.26)
i=0 i=0

Thus Z is the number of births (size of the ‘upward step’) occurring in B (R) if the kth event
is a birth event.

A third type of mismatch occurs in coupling the event times in £ and B. Conditionally
upon there being no mismatches of the first two types in the first k events and 77,(("_) | = Nk—1, W€

have by (4.23) that a mismatch occurs and n,(c”) # i only if Ugz > 1 —d™ (X,(cn_)l, Y,((’i)l).

The following lemma gives conditions under which the processes B (R) and £™ (S™) can
be constructed on a common probability space (2, F, P), so that for P-almost all w € €2 they
coincide over the first u, events for all sufficiently large n, where u,, — co as n — oco.

Lemma 4.2. Suppose that (3.9) holds and (3.10) holds for some 6y > 0. Suppose that there
exists o > 1 such that E[C*T'] < oo, which in turn implies that E[Z*] < oo.
Let (uy,) be any non-decreasing sequence of integers such that there exists

0<i<mnl_%0 @ | 4.27)
21+ a) 2+4a

so that for all sufficiently large n, u, < |Kn® | for some K € R,

Then there exists a probability space (2, F, P), on which are defined the branching pro-
cess, B, the random walk, R, and the sequence of epidemic processes and discrete epidemic
processes, (E,, Sy), such that for P-almost all w € 2,
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(Yi”)(w), Y (), ... Yf,j?(w)) = (V1(0), Ya(o), . ..., Yy (@) (4.28)
and
(1@, 1 @), .. @) = (@), m2(@), . 1, @) (4.29)

for all sufficiently large n.

Proof. Without loss of generality, we prove the lemma by taking u, = |Kn®| for some
K € (0, 00) and ¢ satisfying (4.27). It follows from (4.27) that 6 and § can be chosen so that
0,8 >0, w; <0 <6y, and 6 4+ 2¢ + 25 < 1. (Note that (4.27) implies 2¢(1 + o)/« < 6p.
Furthermore,
24+ 4a

inf 0+2¢}=
0>2(%1:1&-a);‘/a{ + ;‘}

<1,

by (4.27).) Set s, =n?, r, = Knf*?, a, = [n®/@*D |, and, for convenience, €, = 1/s,. Note
that snrrzl /n— 0 as n — oo, satisfying the conditions of Lemma 4.1.

Forh,n=1,2,...,1let X;") = (xg"), x(ln), o ,xgln) ) and define y;l") similarly. Let

Ao=lx® y™): min 2™ =x®>n_r max s <
"0 {( 0 Vi) {lshlfun}xh iy =1 {lihfxun}yh ="

and Ay o = {a) cQ: (X;';)(w), Yg})(w)) c A,,,O}. Note that if w € Ay, o for all sufficiently large

n, then { <X,(<")(a)), Y, ,E”)(a))> } satisfies the conditions of Lemma 4.1.

Let H,, denote the event at which the first mismatch occurs between S, and R. Then, for
w € 2, (4.28) holds if and only if H,(w) > u,. Note that the first mismatch occurs at event k

: () (n) () () :
with (Xk—l’ Yk_1> = (xk_l, yk_l), if
Un,1 € D(ln) (xg?l s y]((n,)1> or Uppe Dgl) (x]((n,)] , y;(:l,)l),

where D(I") (x, y™) and D(Z") (x™, ¥} are defined in (4.24) and (4.16), respectively.
Similarly, let fln denote the event at which the first mismatch occurs between the times
of corresponding events in &, and B. Then (4.29) holds if and only if H,(w) > u,. Note that if

H,(w) > u, then the first mismatch in the time of events occurs at event k with (X,(:i)l , Y,E'i)l) =
(x,(:fl, y;:g]), if
Upz € DY (xl(!?l’yl(:i)l) — (1 — ™ (x®, ™) 1] ,

where d™ (x(”), Yy ) is defined in (4.19).
By Lemma 4.1, we have for any £ > 0, for all sufficiently large n and (x(u';), y%?) €Ano,

thaty - |q(”) (x(”), Yy, w) — ﬂfpw| < e, and |q(”) (x(”), y(”)) — ,8| < Ley,. The first inequality
implies that for all w € Z,

‘q(") (", ¥ w) — ﬂww‘ < lep.
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Therefore, since g (x("), y(”)) > B/2 for all sufficiently large n, we have by the triangle
inequality that

q(n) (x("), y<"), W) Bow

( ) (n) ()
‘wn n ,y") q(”)(x(”),y(")) B

_(pw‘ =

1
(n) (ﬂ) (n) _
=< q(n)(x(n)’y(n) ‘q » Y ,W) ﬂtpw‘
+ 8 !
(p e —
" gm (xm, ymw) B
2
<3 g (P, 3, ﬁww( + = ‘ D, 50) - |
4
< E €n.
Setting £ = g, we have that for all sufficiently large n, ‘wy(vn) (x("),y<")) —gow‘ <e¢,
w=0,1,...).

Thus we can define sets [)g") (i=1, 2, 3) such that for all sufficiently large n, if (x(”), y(”) ) €
A,, then DE") (x(”), y(")) - [)g") (i=1,2,3), where

b(n)_( % y }
]_ 9 E)
B+y B—entvy

D(ﬂ) U (Z ¢ — min{g,,, €,}, Z (p1:| U (i 1, 1:| ,
=0

w=0

and
DY =1 —en 11.

Since €, is decreasing in n, we have that for all n, Dg"H) C EE") (i=1,2,3).
Fori=1,2, 3, let

Un
A= {Uh,,- ¢D§"’} .

h=1
We observe that if u,, 1 =u,, then A, ; CA,q1,; (i=0, 1, 2, 3). Therefore, following Ball and
O’Neill [6, Lemma 2.11], we define Q = {n € N:|Kn® | # |K(n — 1) |} and note that, for i =
0,1, 2, 3, to show that

IP(Ay, ; occurs for infinitely many n) =0,
it is sufficient to show that
]P’(A;, ; occurs for infinitely many n € Q) =0. (4.30)

Given that (4.30) holds for i =0, 1, 2, 3, we have that there exists €2 € €2 such that }P’(Q) =1

and for every w € €, there exists n(w) € N such that for all n > n(w), Hy(®) > u, and H,(w) >
uy. Thus (4.28) and (4.29) hold, and the lemma follows.
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We complete the proof of the lemma by proving (4.30) for i =0, 1, 2, 3. Suppose that, for

i=0, 1,2, 3, there exist L; < co and x; > 1 such that, for all sufficiently large n,
IED( c ) < L n (Xz
Following the proof of Ball and O’Neill [6, Lemma 2.10], we have that

Z IP(A;‘I-) < Z Lin~%% < oo,

neQ neQ
so by the first Borel-Cantelli lemma, (4.30) holds.

431

Let us prove (4.31). Recall that uc =E[C], E[Z] =E[Cv(O)]/uc, and E[C(C — 1)v(C)]
< 00, where v(c), defined at (3.7), is the mean number of new infectives created in a mixing

event of size ¢ with 1 infective and ¢ — 1 susceptibles. Since u, < |Kn® ] and r,
Chebyshev’s inequality, we have that, for all sufficiently large n,

Uy

Aflo ZZ>rn—m

4 ~ 4un =9
< — Var sz > —E[Z}]

n j:l n
4y, & "
n 2
= E wo— E cpc(e)me(w;c—1, 1)
= ne f ‘
c=w+1

S Zcpdc) S e 1,1

V

n w=0
4u 1 & —
< x— Y clc—Dpclo) anc(w;c— 1.1)
T re c=2 w=0

- 4u,, o E[C(C - 1Dv(O)] - 4E[C(C — 1)V(C)]n—§(1+25/§)_

T e - Kuc
Hence (4.31) holds for i =0.
Since 6 — 2(1 + )¢ /o > 0, we have that for all sufficiently large n,

P(AC ) =P (O [Un eD"”})

IA

(ﬁ+y)2>

(
<(ﬂ+y)2> o
(75

) Kn—¢(+2/a)

IA

IA

B+ 7y)?
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Hence (4.31) holds for i = 1.
Similarly, since P(A], 3) = Unép, we have that (4.31) holds for i =

Finally, let &, = z +a)9 2 > 0. For all sufficiently large n, we have that a5, s,/a, >

Lp0a/(+a) Thus, recalling that €, = 1/s,,, we have that for all sufficiently large n,
2 g y larg

P(AS,) =P (U [Una e Dé’”})

h=1
=up {anen + P(Z > an)}

a E[Z%
[
Sn as

< 2(1 + E[Z*])Kn® n~0%/(1F+@)
=2(1 + E[Z¥)n— ¢+, (4.34)

IA

Hence (4.31) holds for i = 2. Thus (4.30) holds for i =0, 1, 2, 3 and the lemma is proved. [

Lemma 4.2 ensures that the the processes £™ (S™) and B (R) coincide for an increasing
number of events as n increases. For Theorem 3.1(a) we do not require as strong a result
as Lemma 4.2, and the following corollary, which can be proved in a similar fashion to
Lemma 4.2, suffices.

Corollary 4.1. For any K € N, we have, for (2, F, P) defined in Lemma 4.2, that for P-almost
all w € Q,

(Yf")(w), Y (), ... Y};”(a))) — (V1(@), Ya(), . .., Yi())

and
(1@, 1 @), . @) = (@), m(©@), .. ni(@)),

for all sufficiently large n.

The coupling in Lemma 4.2 includes birth events where no births occur, that is, Z; =0.
Given that A < 00 (8 =Auc < 00) and y > 0, it follows that P(Z; # 0) > 0. Since Z1, Z, . ..
are i.1i.d., the strong law of large numbers yields

)4
= iz —S P2 £0)  asp— oo, (4.35)
p =1

where =3 denotes convergence almost surely. Fork=1, 2, .. ., let

= min { Z I{Zﬁgo} } (4~36)

Thus My is the kth event in B for which Z; # 0. (If B goes extinct then My, has this interpretation
for only finitely many k.) Theorem 3.1 now follows straightforwardly from Lemma 4.2.

Proof of Theorem 3.1. (a) Recall that T is the total size of the branching process B and
Aot = {w € Q: T(w) < 00}

Fix w € A.y+ and suppose that T(w) =k < oo. Then there exists h = h(w) <2k — m such

that Yy, (w) = 0. That is, there are at most k — m birth events (with a strictly positive number
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of births) and k death events in the branching process. By Corollary 4.1 there exists ny(w) € N
such that for all n > ny(w) and [=1,2, ..., My(@), Y (@) = Yi(w) and 1" (@) = ni(w), and
hence, for all t > 0, I,,(t, w) = I(¢t, w).

(b) Let p satisfy (3.11) and t,, = p log n. Remembering from (3.8) that r = y(Ry — 1) is the
Malthusian parameter (growth rate) of the branching process, we take ¢ such that

. a by o
pr<f{<mmn|—, —— ¢,
20+ a) 2+4+4a

so that ¢ satisfies (4.27) in the statement of Lemma 4.2.
For ¢ >0, let N(#) denote the total number of (birth and death) events in the branching

process B up to and 1nclud1ng time 7. Then, if N(t,, ®) <u, = [n®] and (Y, (), n(")(a))) =
Yn(w), np(w)) (h=1,2, ..., u,), we have from Lemma 4.2 that

sup [1"(t) — I(| = 0.

0<t<t,
Give the initial ancestors the labels —(m — 1), —(m — 2), ..., 0, and label the individuals
born in the branching process sequentially 1,2, ....Fori=1, 2, ..., let t; denote the time of

the birth of the ith individual, with the conventions that T; =00 if fewer than 7 births occur, and
ti=0fori=—(m—1), —(m—2),...,0. Fori=—(m—1), —(m—2), ..., let Gi(s) denote
the number of birth and death events involving individual i in the first s time units after their
birth, if s > 0, and let Gi(s) =01if s < 0. Note that Gi(s) is non-decreasing in s and Gi(oo) 2
G + 1, where G is the number of birth events involving an individual and is a geometric random
variable given by (3.4). Therefore, for all £ > 0,

o0

N(t) = Z Git — ). (4.37)

i=—(n—1)

Note that N(7) satisfies the form of Nerman [14, (1.11)]. It is straightforward to show that the
conditions of Theorem 5.4 in Nerman [14] hold, since E[G(0c0)] = (y + Auc)/y. Therefore,
by that theorem, there exists a positive, almost surely finite random variable W such that

tlir& exp (—rH)N(t, w) = W(w) > 0

for P-almost all w € A,,. It is then straightforward to show, following the proof of Ball

and O’Neill [6, Lemma 2.9], that there exists some P-measurable set By € AS,, such that
P(B1) =P(AS,,) and for all w € By,

lim n~ "N, w) = W(w).
11— 00

Hence, for all sufficiently large n, N(f,, w) <2W(w)n”" < u,. Finally, by Lemma 4.2, for
P-almost all w € By, (4.28) and (4.29) hold, so (3.12) follows. O

Finally, we consider the total size of the epidemic processes and branching processes, with
Corollary 3.1 following straightforwardly from Corollary 4.1.

Proof of Corollary 3.1. Let Q2 C Q be the set on which the convergence underlying
(4.35) holds, so IP(Q) =1,and fix we 2N Q. Suppose that T(w) = k < co. Then there exists
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h = h(w) < 2k — m such that Yy, (w) = 0. By Corollary 4.1, there exists i(w) € N such that for
all n > ii(w), Y () = Yi(w) (=1,2, ..., My(w)). Thus, T"(w) = T() for all n > i(w).
Suppose instead that T(w) = oc. Choose any k; € N and let ng(k;, ) be the number of
events in B when the total size of B first reaches at least k1. Then arguing as above, with k
replaced by ki and & replaced by ng(ky, w), shows that 7 (w) > k; for all sufficiently large 7.
This holds for all k; € N, so 7 (w) — 00 as n — 0. O

5. Proof of Theorem 3.2

5.1. Overview

We present an overview of the steps to prove Theorem 3.2. In Section 5.2, we prove
Theorem 3.2(a), which states that as n — 0o, the probability of a major epidemic outbreak
in £ (the epidemic infects at least log n individuals) tends to the probability that the branch-
ing process, I3, does not go extinct. In Section 5.3, we introduce a sequence of lower-bound
random walks, (£™), which is a key component in showing that a major epidemic in the dis-
crete epidemic jump process, S, and hence in the epidemic process £ infects at least §*n
individuals with probability tending to 1 as n — co. We provide an outline of the coupling
of S™ and £™, via an intermediary process G, and in (5.5) we identify the relationship
between the three processes with £ as a lower bound in terms of the number of infectives
in the epidemic, to establish Theorem 3.2(b). The details of L™ are provided in Section 5.4,
along with Lemmas 5.1 and 5.2, which provide the main steps in establishing (5.5). Finally,
Section 5.4 concludes with the proof of Theorem 3.2(b), from which Corollary 3.2 follows
immediately.

5.2. Probability of a major epidemic

Under the conditions of Theorem 3.2, the conditions of Lemma 4.2 are satisfied with
o = 1 since E[C?] < co. The proof of Theorem 3.2(a) then follows almost immediately from
the proof of Theorem 3.1 by considering the embedded random walk and discrete-time epi-
demic jump process. From Lemma 4.2, (4.28), we have that Y,, = (Y, Y>2,...,Y,,) and

Yf;,? = (Y 1("), Yén) A Y,(],f)) can be constructed so that

P(Y? =Y,,) > 1 asn— oo, (5.1

Un

for u, = |n® | and ¢ > 0 satisfying (4.27) with o« = 1. Hence we can couple the process S to
‘R over the first u, steps, and Theorem 3.2(a) follows, as we now show.

Proof of Theorem 3.2(a). Since T is the total size of a branching process with m initial
ancestors, it follows that

(T >logn)—1—27" asn— oo. (5.2)

Following the proof of Corollary 3.1, T <logn if there exists h, <2logn —m such that
Yy, =0. Let Q and €2 be as in the proofs of Lemma 4.2 and Corollary 3.1, respectively,

and note that P(Q N ) = 1. Fix w € QN . Then

3
M <—1 <
[2logn] (w) < P(Z; £0) ogn = uy
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for all sufficiently large n, where My is given in (4.36) and Q and Q are defined
in Lemma 4.2 and Corollary 3.1, respectively, with P©QNQ)=1. It follows using
Lemma 4.2 that 1{1(w)<logn} = 1700 (@) <1og n} for all sufficiently large n. Thus, 1{7<10gn} —
Li70» <10g ny cOnverges almost surely (and hence in probability) to 0 as n — oo. Therefore,

|IP’(T(") > logn) — (T > log n)| = |]P’(T(”) <logn) — (T <log n)| —0 asn— oo,
and (3.13) follows immediately using (5.2). U

5.3. Coupling of the lower-bound random walk to the epidemic

We turn to the proof of Theorem 3.2(b) and note that we now need to consider the epidemic
process and any approximation over [§1n] events for some §; > 0. The couplings utilised thus
far do not extend to [§;n] events in the limit as n — oo. However, we can still utilise the
couplings over the first u, = |n¢ | events. Hence, given that the embedded discrete epidemic
jump process S reaches u, events without hitting 0 (the epidemic process £™ does not go
extinct), we can show, following the proof of Theorem 3.2(a), that, with probability tending to
lasn— oo, T™ >y, where v, = P(Z1 # 0)u,, /3. It immediately follows using the coupling
in Lemma 4.2 (see (5.1)) that ]P’(T > v, |T? > v,,) — 1 as n — oco. We have that if T > v,,, then
ming<y, {Yx} > 0, and by the weak law of large numbers,

P
—> 0 asn— oo.

vi ZnZk —E[Z]

™ k=1

Hence, under the assumption Ry > 1, which is required for Theorem 3.2(b), we have that
E[Z] > 0 and, since Y,, =m + Y ;" | Z, that

k<vy

E[Z
P (Yv,, > I 2[ ], min{Y;} >O‘ Tzvn) —1 asn— oo. (5.3)

Now (5.3) implies that if the branching process B has at least v, individuals ever alive,
then the number of individuals alive in B (the position of the random walk R) after v,, events
exceeds v, [E[Z]/2 with probability tending to 1 as n — co. Combined with (5.1) the same holds
true for ¥ in £ and S®.

The next step is to show that, given that the epidemic £™ (S™) has not gone extinct in v,
events, there exists §* > 0 such that, with probability tending to 1 as n — oo, at least [§*n]
events occur in S®. In order to do this, we introduce a lower-bound random walk £ indexed
by the population size n. Lower-bound branching processes (random walks) for epidemic pro-
cesses go back to [17], and the main idea is along similar lines to [17], in that we set up the
lower-bound random walk so that the number of infectives in the discrete epidemic jump pro-
cess S™ is at least the number of individuals alive in the branching process with embedded
random walk £ for the initial stages of the epidemic process.

The key features in setting up £ are as follows. Let L,((") denote the position of the random
walk £ after k steps. The random walk £ is set identical to the random walk R for the first
vy, steps; that is, the distribution of steps is according to Z given in (4.1). Hence Lg’) =m, and
fork=1,2,...,v,, L,(C") =Yy.Fork=v,+1,v,4+2,...,the steps in LM are iid. according
to Z™ defined below in (5.9), with E[Z] > 0 so that the lower-bound random walk has
positive drift. Therefore we can show that, as n — oo, if L™ has not hit 0 in the first Vv steps
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when it is coupled to R, and hence reached Liz) =Y,, > v,E[Z]/2 (cf. (5.3)), with probability
tending to 1 it will not hit O in the first | §17] steps for §; > 0.

It is difficult to directly couple S™ and L™, owing to differences in the distribution of steps
caused by the changing rate of events in £/ and hence the probability of events occurring
in S”. Therefore we introduce an intermediary process G". The intermediary process G
is a bivariate (epidemic) process, indexed by the population size n, whose steps are state-
dependent, with the dependence corresponding to the number of susceptibles and infectives in
the population. For k=1, 2, .. ., let (A,({"), G,(C")) denote the state of G® after k steps (events),
with A,({") and G,(C") denoting the numbers of susceptibles and infectives, respectively. For the
first v, steps, G™ is set identical to S™, so that fork =1, 2, ..., v, (A,(("), G,(C") )= (X,(("), Y,E")).
After v, steps have occurred in both G™ and 8™, we allow the two processes to differ as
follows. The process G™ is associated with an epidemic-type process, £ ("), which has a higher
rate of events than the epidemic process £7”, but in such a way that the additional events in
E(G" >, which do not occur in £™, are infection events where no infections occur. In this way

we can construct Eg' ) from EM g0 that all events in £™ occur in Eg' ), but there are additional

ghost events which occur in Sg ) where there is no change in state (no infection or removal
occurs); the only change is to increment the counter of the number of events. Similarly, we can
reverse this process and generate £ from & (G" ) by eliminating, with an appropriate probability,
some of the events where no change in state occurs. Therefore, for k=1, 2, . . ., there exists

Kk (k) < k such that
(n) (n) (n)  ~(n)
(ka)’ Ymk)) = (Ak - Gy ) : G4
Note that fork=1, 2, ..., vy, kn(k) =k.
We couple G™ and L™ so that, with probability tending to 1 as n — 0o, we have G,({n) > L,(:’)
fork=1,2,..., [§1n], where §; > 0 is given in (5.7). That is, for the first |§1n] events, the

number of infectives in the process G™ is at least the number of individuals alive in the random
walk £ It then follows that, fork=1,2, ..., |81, we have

Yo =Gtz L (5.5)

with probability tending to 1 as n— oco. The proof of Theorem 3.2(b) follows almost
immediately after we have established (5.5).

5.4. Lower bound for the size of a major epidemic outbreak

In this section we formally define the lower-bound random walk L™ Then, in Lemma 5.1,
we show that £ has positive drift, so that after [§1n] steps we have, for some § > 0 (defined
in (5.10)), that L{} > 8n with probability tending to 1 as n — oo. This is followed by the
construction of G . We show that whilst fewer than |§;7] events have occurred, the number
of susceptibles (with high probability) remains above (1 — €1)n, where €1 > 0 is given in (5.7),
which enables us to show, in Lemma 5.2, that the inequality in (5.5) holds with probability
tending to 1 as n — 0o. We then establish the equality in (5.5) through the coupling of S® and
G™, with the proof of Theorem 3.2(b) following.

By (4.18), we have, for all (x("), y(”)), that q(”) (x("), y(")) < )»;L(C") = ,B("), say. Since Ry > 1,
and by (3.9), E[C(C — 1)v(C)] < oo, we can define

. (Ro — 1y
€= >0
2AE[C(C — Du(O)]

(5.6)
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We can then fix §; and € < € such that

0<d6; <€ (5.7

_Hc_
E[C?]
Throughout the remainder of the section we assume that §; and €; satisfy (5.7). For

n=1,2,...andw=1,2,...,n—1,let

n

A
wv(vn) = max B Z cpc)(C)Tl'c(W c—1, D[l —2¢1(c— 1], 0 (5.8)
c=w+1
and 111(") =1- Z (n) . Note that there exists ng € N such that for all n > ng, 2¢1 |n/2] > 1,

and hence w(") =0 for all w> |n/2]. We define

(1), (M)
Ms w= 17 25 , B — 19
y + B
. B 1.,
P2 =w)= V1 pm (1 -2 Y ) , w=0, (5.9
14
YR w=— 1 )
y +B"
0 otherwise.
Let Zi")H, Zg")+2, ..., be i.i.d. according to Z™ given in (5.9). Then, given Li’? =Y, for

vp+1<k<|§n] we set
(n) _ y(n) 5(n)
L~ =L_ +Z".

Lemma 5.1. Let b, be any sequence of positive integers such that b, — 0o as n — 00. Let 61
satisfy (5.7), and let § satisfy

0<5<s (Ro — Dy —261AE[C(C — 1)V(C)] (5.10)
Y +Aiuc

where €] < € ensures that the right-hand side of (5.10) is positive. Then

PQ$M>mMrm4U’>QVWzm>»1 as n — 00, (5.11)

k> Vn

where v, =P(Z1 # O)u, /3.

Proof. Using (5.9) and (5.8),

-1
y S ﬁww

E[Z"W] = —
y+pm = R T

n

y—i—Zw A Z cpc)(c)m(w c—1,1)[1—2€1(c—1)]

w=1 c=w+1

V+ﬂW
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1
e Smonect

w=l1
—2€1h Zc(c — 1)p(cn) Z wr.(w;c—1, 1)]
c=2 w=1
;:%ﬁﬁ!—y—+AEHW%(CMU]—quEﬂﬂm@W”—1%(CWU”.

Recall the expression (3.6) for Ry and the fact that by (3.9), E[C(C — 1)v(C)] < oco. Since
AE[C™v(C™)] — Roy and B — B =Auc as n — oo, we have that

o Ro— 1)y — 26 AE[C(C — 1)v(C
i inf (20 > Ro= Dy = 263EICC = DU _ o
>0 Y + Aic

where the ﬁnal inequality follows from (5.10). It also follows from (5.8) that ,B(")lﬂ(") <
A ZC=W+] cpc (c)nc(w,c — 1,1, forallw=1,2,...,n—1,s0

n

-1
A y 1 X 2
E[(Z™)*] < + § WA § pP(Ome(wic— 1, 1)
(n) (n) c ¢
Y + 'B " Y + '3 " w=1 c=w+1

1 c—1
m { +)“ZCP(Cn)(C) ZW27Tc(w;c— 1, 1)}

w=1

c—1
Y+ Z cle = DpP©) > wre(wic — 1, 1)}

w=1

)/ y + AE[C™] {

— ) (cm _ ()
= e [y +2E[c™ (¢ = 1)v(c™)]}
y + AE[C(C — )v(O)]
—_
Y +Aiuc

asn— 00, (5.12)

where E[C(C — 1)v(C)] < oo ensures that the right-hand side of (5.12) is finite.

Let z, be the probability that the random walk £ ever hits 0 given ng) =1. Since
lim inf,,_ oo IE[Z(")] > 0 and sup,, E[(Z(”))z] < 00, it follows from Ball and Neal [4, Lemma
A.3] that lim sup,,_, o, z» < 1. Therefore, for any b, — 0o as n — oo, we have that zﬁ" — 0 as
n — oo. Moreover, for sup, ]E[(Z(”))z] < 00, it follows by the weak law of large numbers for
triangular arrays (e.g. Durrett [9, Theorem 2.2.4]) that

1 [817]
_ Z” E[Z" 0 — 00.
o] e Z [Z"] LN asn
I=v,+1
Hence, for any b, — oo and § satisfying (5.10), we have that (5.11) holds. O

Turning to the intermediary (ghost) process G, we define independent random vari-
ables W,E") (x™, y™) (k=v, + 1, v, +2,...) to define the transitions given the current state
(A™, GM) = (x™, y) after event v,. For k=v, + 1, v, +2, .. ., let W,E") (x™, y™) satisfy
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() (y(n) (1)
g,y w)
BRI Mo R h
_ =1 ) (n)
ﬁ(n> ZZ:] q(n (.X' A V)
P(W (x™, y™) = w) = y + B® > w=0, (5.13)
_r w=-—1
y+Bm’ -
0 otherwise.

Then for (A,(('f I G;("_) 1) = (x(, y), we set

m Y _ [ (n) (, () () (m) () () | ()
((Ak ’Gk )— (xn _Wk (_xn ’yn)I{W,E”)(x("),y("’)ZO}’yn +Wk (x” ’yn)).

The continuous-time epidemic-type process 581 ) is constructed from G™ as follows. If G;{") =
y™, then the time from the kth to the (k + 1)th event is drawn from Exp ((y + ﬂ(”))y(”)), regard-
less of A, the number of susceptibles. Therefore, if there are y"™ infectives in the population,
mixing events occur at rate Sy with the number of individuals infected in such a mixing
event depending on the number of susceptibles, A™.

We consider the coupling of G™ and £™ in Lemma 5.2 before finalising the coupling
between G and S™.

Lemma 5.2. There exists a coupling of G™ and L™ such that, for any 81 satisfying (5.7),

[31n)
Pl {e’=1)] 1 asn—oc. (5.14)
k=1

Proof. By the construction of G™ and £™ and Lemma 4.2, (4.28), we have that with
probability tending to 1, GV = ¥, =L\ (k=1,2, ..., vy).

The first step is to show that P(A(L'E)ln = (11— el)n) — 1 as n — 0o, which, since A,((") is

non-increasing in k, implies that, forall k=1, 2, ..., [§1n], Ag{n) > (1 — €1)n with probability
tending to 1 as n — oo.
It is straightforward to show, for all (x(, y™), that W (x| y(™) is stochastically smaller

Y ~ ~
than () a random variable W®, where P(W®™ = —1) = v/(y +B™) and for k=1,2, ...,
P(W™ = k) = WP(C™ =k + 1)/(y + ™), with

(n)
(926! (c)
) N ) c=2,3,...,
P(C" =c)= M(Cn)
0 otherwise.

Note that C™ is the size-biased distribution of mixing group sizes, and for ¢ > 2, IP’(VV(”) =
¢ — 1) is the probability that an event is a mixing event multiplied by the probability that a
mixing event involving a given infective is of size c. It is then assumed that a mixing group
of size c involving an infective produces ¢ — 1 new infections, the maximum number of new
infections that can be produced from a mixing group of size c.
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The proof that W™ (x™, y®) < ZW® is as follows. Remember that ow (1, i]x™, y™),
defined in (4.2), is the probability that a mixing group of size ¢ in a population of size n
containing x susceptibles and y™ infectives contains / susceptibles and i infectives. Note
that for v > 0, the probability that such a mixing group results in v new infectives, w.(v; [, i), is
not equal to 0 only if i > 0 and v < I. Given that there are y infectives in the population, the
probability that a mixing group of size ¢ includes at least one infective is at most ¢y™ /n, and
therefore, forw =0, 1, .. .,

P (W<”> (xm)’ y(n>) > W)

(n) (n) ( )
y + /3(") Z q ’ v)
+ ﬂ(n) Z (n) Z (n)(c) Z Q(n) C —1i —] l|X(n) (n))JT (v c—1i —], 1)
y V= W c=v+1 i,j
+/3(n) Z P(n)( ) RE) ZQ(") c—i—j,ilx™,y (") {Zi‘rc(v c—i—}J, z)}
)/ c=w+1 —
1 Ly, nA cy<n>
S (c)— x —
- (n) Z Pc )
y+8 et y n
A n
- (n)
- W 2L wE©
14 + ﬂ c=w+1
(n) n
)\‘ ~ ~
= e Y BE =0 =P (W =),
Y + ﬂ c=w+1

as required.
Hence we can couple {W,E") (A,(C")l, Gi’?l)] and {W,E")} so that, for all k=v, + 1, v, +
2, ...,

) ( 4(m) (n) (n)
Wi ( k-1 Gi— 1><W

Recall that E[(C™)?] — E[C?] as n— oo, where E[C?] < co. By the weak law of large
numbers for triangular arrays, we have that

181n) 2

1 N E[C
— > WS A i B (5.15)
Lin) —vn 2= y+B v+B uc

where the right-hand side of (5.15) is less than E[C%] /1c. As noted at the start of the proof,
G,(C") =Y = L,(c") (k=1,2,...,v,) with probability tending to 1 as n — oo, where Yy =m +
Z]I;] Z] Therefore, for any e, satisfying § 1E[C?) /uc < €3 < €1, we have that
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Vn Vn
P (A(Lg)an ~(1- 61)n>21P’ m+ > 1z <(er —epnyn[) [Gg” — v, =L,ﬁ’”}
Jj=1 k=1
B
xP Z |W,£")|§ezn —1 asn— oo.
k=v,+1

In Section 4.3, we showed that, during the early stages of the epidemic, the contribution
to the spread of the disease from mixing events containing more than one non-susceptible
individual is negligible, and whilst the number of susceptibles remains above (1 — €1)n we can
similarly bound the contribution from mixing events with multiple non-susceptible individuals.
Following the proof of Lemma 4.1, we have forw=1, 2, ..., [n/2] that q(") (x("), y(”), w) >

" (x™, y™, w), and using (4.12) and (4.13), for x™ > (1 — €;)n, we have that

Ln/2] (n) .
qﬁn)(x(")»y(")yw) = % Z P(c")(C)Cyn [1 e nl)eln} Te(w;c—1,1)
c=w+1
n/2)
=1 Y. pP) 11 —2c— Derlme(wic— 1, 1)
c=w+1

> My

for all sufficiently large n, as, for such n, I/fv(vn) =0 for all w> |n/2]. Hence, for k=v, +
L,v,+2,..., [8in], provided that A,(C"_)1 > (1 — €1)n, we can couple W,({") (A§<11—)1’ G;{n_)1> and

2,(("), defined in (5.13) and (5.9) respectively, so that
(1) (n) (4 () (n)
Zy =W, (Akfl’ Gk71>

for all sufficiently large n. Specifically, we couple deaths (downward steps) in £ with
removals in G®, so W (A%, G{”|) = —1 if and only if Z" = —1. For w=1,2,..., if
W,E") (A,(cn_)l, G,({"_) 1) =w then we set Z,((") =w with probability wf‘,") /q"™ (x("), y, w) and set

Zl(f) = 0 otherwise. Provided that A(L:;)l n) = (1 —€nn, it then immediately follows by induction
thatfork=v,+1,v, +2, ..., [8in],

(n) (n) (n) (4 (M) (n) (n) 5(n) (n)
G =G +wW" A", G ) =" + 2 =L,

and (5.14) holds. O

The final step is to couple S™ to G™. By definition, the processes S™ and G coincide for
the first v, events, so (X‘(,:) Ygf)) = (A‘(,:), G(V':)). Remember, fork=v, +1,v,+2, ..., [§1n],
that «,(k), defined in (5.4), denotes the number of events that have occurred in S™ up to and
including the kth event in G, with «,,(v,,) = v, by definition. It is helpful to consider the epi-
demic processes £ (S™) and 581 ) (G™) and to note that the rates at which events occur

are {y + 30 g™,y v)} ¥y and {y + g™ }y™, respectively. Therefore, the rate of
occurrence of an event which results in w=1,2,...,n— 1 infections, when the popula-
tion is in state (x("), y(”)), is q(") (x(”), y("), w)y(”) in both €™ and Egl ), Similarly, the rate at
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which a removal occurs in state (x(”), y(")) is yy"™. Thus, the only difference in event rates
is for infection events which produce no infections where the rates are ¢ (x("), Yy, O) and

B ZC’;} g™ (x™, y™, v) in £ and Sg ), respectively. Hence, if W,Em (A,(:fl, G,(("_)1> #0,
we set k,(k) =k,(k—1)+ 1, and

W _ ) (g0 )
Xieatlr= X, -1y — Wi (Ak—l’ Gk—l)l{w,g"mg‘j,,c,g”jl)}’

W _ yo W (40 oo
V= Yeuon + W (A2 G2 ).

(5.16)

That is, each event which leads to a change in the state of the population in 5((;" ) (G™)
has a corresponding event in £ (S™). Similarly, if W,i") (A,(Q 10 Gf{'?l> =0, we set k,(k) =
kn(k — 1)+ 1 with probability g™ (x("), Yy, 0) / {/3(") - Z:;]l g™, ym, v)} and (5.16)
holds with (X,(C:)(k), Y,(n(k)) = (X/((:zkfl)’ Ygzk—l)); otherwise we set «y(k) = k,(k — 1), cor-
responding to no event in £ (S™) and a ghost event in 581) (G™). Thus there exists
kn(1811n]) < |81n] such that

n n
Yoo = Gl
Proof of Theorem 3.2(b). Let v, = |logn] and u, = |3v,/P(Z; #0)], so (u,) satisfies the
conditions stated in Lemma 4.2. Let € satisfy (5.6), and fix §; and €| < € such that 0 < §; <
erc/EIC?] (e. satisfying (5.7)). It follows from (5.3) that, for Ry > 1, E[Z] > 0 and for
TM >y, with probability tending to 1 as n — o0, Y, > v, E[Z]/2.
Given § > 0 satisfying (5.10), it follows from (5.17) and Lemma 5.2 that, with probability

(5.17)

tendingto 1 asn — oo, forallk=v, + 1,v, +2, ..., [§1n],
(n)  _ ~) (n)
chn(k) =G, =L,

By setting b, = v,[E[Z]/2 in Lemma 5.1, we have that, as n — oo,

P(Y,E:’zwm)zwnj, min {Y,ﬁ”)}>0‘T(")2vn>—>l- (5.18)

vn<k<iu([81n])
Given that T™ > Y, (15,n)), (3.14) follows immediately. O

Finally, note that Corollary 3.2 follows immediately from (5.18) as sup, 1) >
Yieu(181n))-

6. Concluding comments

As noted in the introduction, the aims of this paper are to provide a rigorous justification
for the approximating branching process introduced in Ball and Neal [5] and a proof of a key
result (Theorem 3.2 of this paper) required for a central limit theorem in [5] for the size of a
major outbreak for epidemics with few initial infectives. The latter clearly requires a limit the-
orem. A limit theorem is also a common approach to rigorously justifying a branching process,
but for practical purposes it is often useful to have information concerning the accuracy of the
approximation for finite population size n, as given for example by a bound on the total vari-
ation distance between the epidemic £7” in a population of size 7 and the limiting branching

https://doi.org/10.1017/apr.2023.29 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.29

462 F. BALL AND P. NEAL

process B. A detailed analysis of such accuracy of approximation is beyond the scope of the
paper, so here we make a few very brief comments.

Recall from Section 4.5 that H,, denotes the first event at which a mismatch occurs between
the embedded discrete jump processes of £™ and B. It follows immediately from results in the
proof of Lemma 4.2, using the notation in that lemma and its proof, that

P(H, < up) <P(A ) +P(A5 1) + P(A ,). 6.1

thus yielding a bound on the total variation distance between £™ and B over the first u, events
for quantities that do not depend on the times of those events. The latter can be included
by adding }P’(A;j) to the right-hand side of (6.1). Bounds for IP(A;J.) (i=0,1,2,3) can be
obtained using results given in the proof of Lemma 4.2. For approximation purposes a source
of inaccuracy can be removed by using a branching process defined analogously to B but with
C replaced by C™.
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