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In part I, I considered the problem of discovering when, given an irrational
o which has a simple continued fraction representation with convergents p,/q,,
there exists o’ for which the denominator sequence for convergents is a subse-
quence of (g,). It was shown that such an «’ exists if the continued fraction
representation was ‘‘nearly periodic’” with odd period. The following is a general-
ization of the results of part I to semi-regular continued fractions, where the
problem seems to fit more naturally.

Let ag,&,a,,8€5, ",¢,, a, be integers satisfying (i) g, = + 1 for 1 £i < n,
and (ii) a;=1 for 1 £ i < n. If the repeated fraction

ao +81/(a1 + 82/("'/(0,,_1 + 8,,/(1")"'))

can be evaluated as a real number without dividing by zero we say that the
symbol <{aq,&;,4a,, :*,a,y 1s defined and is equal to that real number. It can be
shown that division by zero never arises if a;+¢,., =1 for 0 i = n—1.

By the infinite semi-regular continued fraction <{ag,,,ay,::-) is meant
lim, ., {ag,€;, ay, -+, a,», where in writing {ay, &, a;,---) it is assumed that
{ay,&,,a4, ", a,y is defined for all n and a; + ¢, = 1 for all i. It is well-
known that the limit exists, and is irrational iff a; + ¢, >1 infinitely often.

It is also well-known that for all n = 1, <ag,&,, ", a,» = pu/g, Where
D, and g, are defined inductively by the properties

Po=0ay, 4o =1, py = ajap+¢;, 41 = ay,
Py = anpn—1+ €Du-2 (n 2 2)’
Gn = Aqn—1 T €,9,-2 (f’l 2 2)

This notation will be preserved for the rest of this paper. In addition, for con-
venience, we shall take a, = 2 in order to avoid difficulties with symbols {--+, a,),
though plainly the denominators ¢; (i = 0) are independent of a,. We define
{ag,ey,a;,+-> to be nearly periodic with period (p,r) if p,r are non-negative
integers with p > 1 such that for each n = 1 at least one of the following two
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equations holds, where the expressions are considered as (2p--3)-tuples
D (anp+r’ Enp+rs Cnptr—15"""sE(n~1)p+r+3» a(n—l)p+r+2)
= (anp+r+2’8np+r+3s Aupire3s""s At 1yptr)
(i) (Qn-1ypsr+2s Em=1)p+r+3s™ s Tnptr—15Enpir Qnp+r)
= (Gnprr-2>Enptrt3sBnpirt3s s Ans 1)pr) -
Thus ‘‘nearly periodic’’ is independent of the initial terms as there is no restric-
tion on the size of r. The condition allows the numbers &, ,+ 1, @upsrs 15 Enpsrs2
to be arbitrary within the restrictions on a semi-regular continued fraction,

while the blocks between these groups of three elements must recur in the same
or reverse order.

Because we shall be reversing the order of elements of continued fractions
we need the following lemma.

LeMMA 1. Let {ay,&1,a4,:+> be a semi-regular continued fraction and let,
for non-negative integers r,n with n Z r,

(bOapb b1> Pases br) = (an’sman—1>8n—1""58n—r+1’ an—r)

as (2r + 1)-tuples. Then {by,p,, by, -+, b, is defined and is positive. Further-
more it is not greater than 1 if and only if r = 0and by =1 orr>0, by =1
and p; = —1.

ProoF. Theresultis trivialforr = 0.1f r =1 then <{by, p;, b,> = a,+ &,/a,_
is defined. If ¢, = 1 then plainly (by,p,b;> >a,21. If g, = —1 and a,= 2
then since a,_, =2 1 —¢, = 2 we have {(by,p;,b,> = 3/2>1.Ifg, = —1 and
a, =1 then a,_; = 2 again and

0<isg1-g'<l.

This proves the lemma for r = 1. The proof is now completed by induction
Assume truth for r = k. Then

Kbos p15byswsby 1) = bo + p1/<by,p2s-+,bysr)

and is defined since (b4, -+, by, ;> > 0 by assumption. In addition, (b, -+, by 41D
<lonlyif b, =1,ie.a,_,=1.Theneg, =21—a,_, =0and so g =1, ic.
p1 = 1. In this case <{bg,p;, by, ,bps > = 2. Otherwise <{(by, -+, beyy) > 1
and so (i) if p; = 1 we have {(by, -, b > >1,

(ii) if pl = —1 we have bo - 1 < <bo,"', bk+1> é bo

and so <bg,*-*,bysy» =1 if and only if b, = 1 and p, = —1. This completes
the induction step.

Another lemma that is easily proved by induction is

LeMMA 2. Let {aq,&,,ay,:-+> be an infinite semiregular continued fraction
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and let r,s be non-negative integers with s > r. Then

<an8r+l9ar+1’ ""as> = 1

with equality if and only if a,, a,,1,**,a5—1 are all 2, €., &, are all — 1
and ag=1.

The following lemmas are the natural generalization of the results of part I
and are proved in the same manner.

LemMa 3. Let k, I, m be positive integers with m > |. Define P,,,Q,.,R,., S, by
PplQm = {Opns1:8m+25Ams25""" Ameak)
Rp/Syw = 0,1, py &y Q15> Q420
where the second is interpreted as 0/1 if | = 1 and is defined by lemma 1. Then
Im+t = Pulmt &ni 1Qmm-1>
EmEm—1"""Cm—1429m-1 = (=17 (Smm-1 = Rulm)
and similarly with the g; replaced by p;.

COROLLARY, If {ag,&;,a;, > is nearly periodic with period (p,r) then for
allnz1,

(1) q(n+1)p+r = Cpy lqnp+r + ’7n+1q(n—1)p+r
(i) Pt 1yptr = Cnt 1Puptr FMut 1P(n—11p+r
where

Cpy1 = Pnp+r + 8np+r+ anp+r

Mat1 = (_l)p_lsnp+r+lsnp+r'“81n—1‘p+r+2'
It should be noted that the first part of the conclusion of Lemma 1 is basically
Perron [1] p. 15 eq. (24) while the result, for {aq,&,4a;,---) nearly periodic

with period (d,p,r), that Q,,,, = S,,.,, is basically Perron p. 12 equation (18).
The following lemma can be proved easily by induction.

LemMA 4. Let d,,--+,d, be positive integers, let p,,---, p satisfy p; = +1
2=<i=<ys), let Xy, X1, Yy, Y, be non-negative integers and let X,,--, X
Y,, -, Y, be defined inductively by

Xm = dem—-l +mem—2 (2 é m _S: S).

Yo = dpYpno1 +PmYm-2
Then

XY, = (X B+ p2X0) /(Y85 + p,Yo)
where ﬂs = <d29 P3s ds,"',Ps,dQ-
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The following theorem and its corollary are the main results.

THEOREM. Let o = {ay,€&;,a,,+*> be such that for positive integers

€, C3y Cygy *°
G g, = Cwe1di, F Mnr1di,_, (nz 1), and
(1) pi,., = Cas1Pi,F Nus1bi,_, nz1

Sfor a subsequence (q; ) of (q;), where n; = +1 and ¢; 4+ 1,4, = 1 for i = 2 and
n2=11if q; < g,

If q;, and q;, are relatively prime then there exists a’ of the form ax + b
with a and b rational such that o’ has a semi-regular continued fraction ex-
pansion for which the convergents are A,/B, with B,,, = q; for n = 0, where
u = 0 is integral and u = 0 if q;, = 1.

Proor. If g, =1 then plainly the denominators of convergents to

a’' =<0,1,q;,,12,¢2.13,¢3 > are q;,, q;,*++ . However if ¢;, > 1 define g;_,q; 5,
and ¢, cq,¢_q, - inductively by

Qi;y = Cia2di;e, T Mj+20i, U -1,0=2¢, 2 ¢q5,,,— 1)

where if g;, > 2q;, then 7;,, is always chosen as + 1 and if q;, <2q;, then 7;,,
is always chosen as —1. The process is considered to stop when g; = 0 is first
reached. It is easy to verify that the convergents to

!
o =<0,1,¢42,M12:Cr3:>
have denominators ¢; ., g;,, .

To find the relation between o and o’ we observe that by lemma 4

a =lim p; [q; = (p;,B +120:)/(q:, B + 129:,)

n—no0

where f = {c;3,13,¢3, ). But we have, by Perron p. 7 eq. (11),

& = (yB + n:2)/(4:,8 + qi,n2)
where y/q;, = <0,1,¢,4;,843,°,¢;» and x/q;; = <0,1,¢,45,++,¢o), these ex-
pressions being interpreted as 1/q;, and 0/1 if gq;, = 1. Comparing the above
formulae gives
@' = (p,q1, — Piodi,)” (¥ qi,— Xq;,) +XPi, — YPi,)
which is clearly of the desired form. It remains to set u = —(¢ + 1).
It will be noticed that if (g;,,q;,) = d # 1 then carrying out the above

procedure on d~1q;, and d~'q;, gives a’ as above, the denominators of the con-
vergents being d~'q;,,,,d"q;,,,,~--, and we have

a = (YB+nx)(d*q;, B+ dq;n2)
= au+b

for rational a and b, as before.
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COROLLARY. If « is irrational with continued fraction expansion
o = {ay,&,ay, > nearly periodic with period (p,r), then

@ Ifr=0o0rr=a; =1then q, =1 and the theorem with i, = np+r
yields the existence of o’ the denominators of convergents to which form a sub-
sequence (B,) = (q;,+1p), for a suitable integer k, of the denominator sequence
of convergents to o.

(b) If (4,,49,+,) = 1 then the theorem with i, = np + r + kp for a suitable
integer k yields o' the denominators of convergents to an expansion of which,
apart from an initial few, form a subsequence (B,.,) = (4;)) of the denomi-
nator sequence of convergents to o.

() If (4,,9,+,) = d > 1 then by the remarks above a similar conclusion

holds except that the denominators of convergents to o' need to be multiplied
by d.

ProoF. It is only necessary to show the conditions of the theorem are satis-
fied. The corollary to Lemma 3 is used. Plainly ; = +1. We must show that
¢+ Mg = 1foriz2. Since ,., =2 ~1and ¢,1y 2 Py, — Ry, forn = 1
this condition is satisfied if P,,.,/Qup+,>1 and R,,../S,,., <1 for then
Qup+r = Supsrimpliesthat P, . = R,,,, + 2. Nowsuppose that P, ,/Q, ., < 1
By lemma 2 this implies that

<anp+r+1’8np+r+2’anp+r+35“'aa(n+1)p+r> = <{2,-1,2,---,2,—-1,1}.
But then
Mpy2 = ("'l)p_lgnp+r+28np+r+3"‘3(n+1)p+r3(n+1)p+r+1
= (=P (=1 e nyparst
= Em+1)p+r+1
2 1—auinp+r = 0.

Thus 1,4, = 1 and 50 ¢,41 + 1,42 = 1. Similarly if we suppose R, ,,/S,p+, = 1
then using lemma 1 we have

<a"p+ra8np+r’"'9a(n—1)p+r+2> = <1: _17"'> or <1>'

But a,,,, = 1 implies &,,,,41 =2 1—-1=0, $0 &,4,.; =1 and hence ¢,
=Pypir + tnptr+1Rupsr 2 1 + 1 = 2, since neither P, [Qyp+, DOT Rypy [Syps,
can be zero. It remains to satisfy the condition #, = 1 if q;, < gq;,. We do this
by choosing i, = (n +k)p + r such that g;, > q;,. This is possible since « is
assumed irrational and lim,_, |<x —pkp+,/q,‘p+,| =0,

It will be noted that if a nearly periodic simple continued fraction expansion
of o is chosen then the continued fraction expansion of «’ that is obtained is simple
if the period is odd and the ‘‘integer above’” expansion if the period is even.
For this expansion we have, eventually, ¢,.; = P,,4, + R, as all ¢ are 1.
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By lemmas 1 and 2 we have P,,,,/Q,,+,>1and R,,.,/S,,+, # 0. Thus P, = 2
and R,,,, 2 1 and so ¢,,; = 3. The convergents h/k to a’ corresponding to
these ¢ therefore satisfy (o’ — h/k| < 1/2k* and so by a well-known result are
convergents of the simple continued fraction for «’. Thus o« and «’ have simple
continued fraction expansions with a common subsequence of denominators.
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