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Abstract

Let a, b, ¢ be fixed coprime positive integers with min{a, b,c} > 1. We discuss the conjecture that the
equation a* + b¥ = ¢* has at most one positive integer solution (x, y, z) with min{x,y,z} > 1, which is far
from solved. For any odd positive integer  with > 1, let () = (=1)"~Y/2 and 287 || r — (=1)"D/2, We
prove that if one of the following conditions is satisfied, then the conjecture is true: (i) ¢ = 2; (ii) @, b and
¢ are distinct primes; (iii) a = 2 and either f(b) # f(c), or f(b) = f(c) and g(b) # g(c).
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1. Introduction

Let N be the set of all positive integers. Let a, b, ¢ be fixed coprime positive integers
with min{a, b, c} > 1. We assume without loss of generality that a, b and ¢ are not
perfect powers. The purely exponential Diophantine equation

a+b =c, xy,zeN (1.1

has been studied deeply (see [17] for a survey of the results). In 1933, Mahler [18]
used his p-adic analogue of the Diophantine approximation method of Thue-Siegel to
prove that (1.1) has only finitely many solutions (x, y, z), but his method is ineffective.
Let N(a, b, ¢) denote the number of solutions (x, y, z) of (1.1). An effective upper bound
for N(a, b, ¢) was first given by Gel’fond [7], using his new method in transcendental
number theory. Subsequently, as a straightforward consequence of an upper bound for
the number of solutions of binary S-unit equations due to Beukers and Schlickewei [2],
the bound was improved to N(a, b, ¢) < 236. More accurate upper bounds for N(a, b, c)
have been obtained under certain conditions:

(i) if2 ¢ c,then N(a,b,c) <2 (Scott and Styer [21]);
(i) if max{a, b,c} > 5 x 10*, then N(a, b, ) < 3 (Hu and Le [10]);
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(iii) if 2 | ¢ and max{a, b, c} > 102, then N(a, b,c) < 2 (Hu and Le [11]);
(iv) if2|cand a < b < 10%, then N(a, b, c) < 2, except for N(3,5,2) = 3 (Miyazaki
and Pink [19]).

Nevertheless, deeper problems about the number of solutions of (1.1) remain
unresolved. Let N’(a,b,c) denote the number of solutions (x,y,z) of (1.1) with
min{x, y, z} > 1. In this paper, we will discuss the following conjecture.

CONJECTURE 1.1 (Terai—Je§manowicz conjecture). For any triple (a, b, ¢) of positive
integers with min{a, b, ¢} > 1, we have N’(a, b,c) < 1.

This conjecture contains the famous JeSmanowicz conjecture concerning
Pythagorean triples (see [12]) and its original form was put forward by Terai [22]. It
is related to the generalised Fermat conjecture (see Problems B19 and D2 of [8]) and
seems very difficult. In 2015, Hu and Le [9] gave a general criterion to judge whether
Conjecture 1.1 is true, but this criterion is difficult to apply because it involves some
unsolved problems such as the existence of Wieferich primes (see Problem A3 of [8]).

We now discuss Conjecture 1.1 for 2 € {a, b, ¢} using a different approach from the
one in [9]. First, by means of the results of [14, 20], we can directly prove the following
result.

THEOREM 1.2. If ¢ =2 or a, b and c are distinct primes, then Conjecture 1.1 is true.

For any odd positive integer r with > 1, we define f(r) = (=1)"Y/2 and
2800 || — (1) D72, Obviously, f(r) € {—1,1} and g(r) is a positive integer with
g(r) = 2. Using a combination of various methods including Baker’s method and
known results on exponential Diophantine equations, we prove the following result.

THEOREM 1.3. If a = 2 and either f(b) # f(c), or f(b) = f(c) and g(b) # g(c), then

Conjecture 1.1 is true.

2. Preliminaries

For any positive integer s, let ord,(s) denote the order of 2 in s, namely, 2% || 5.
LEMMA 2.1. For any positive integers r and s such that r > 1, 2 { r and 2 | s, we have
ordy(rF — 1) = g(r) + ordy(s). 2.1)
PROOF. Since 2 | s and r = 287 + f(r), where r; is an odd positive integer,

r=1=Q8r + f(r) -1

= (f0)* = 1)+ 22Drs(f) " + ) (j)(zgmrl)"(f(r))f"‘

i=2

=250 s f(r) + Z (j)(zgmr1 f(r). (2.2)
=2
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Further, since g(r) > 2 and 2 1 r; f(r), we see that 2800 || 28", 5 £(r) and

r)(i—1
('sj)(zg(r)rlf(r))i = 2g(r)s(»3: - :)28( )(i—1)
1 1 —

(rlf(r))i =0 (mOd 2g(r)+()rd2(s)+l), i > 2.

i
Therefore, by (2.2), we obtain (2.1). O

For any real number «, let log @ denote the natural logarithm of .

LEMMA 2.2. Let ay, ay, B1, B2 be positive integers with min{ay, ay} > 1. Further, let
A =p1loga; —Brlogay. If A # 0, then

2
log|A] > —25.2(log ;1 )(log az)( max{lo, 038 + 1og(10§—;2 . kg—zl)}) .
PROOF. This is the special case of [13, Corollary 2] for m = 10. O

LEMMA 2.3. Let a, a; be odd integers with min{|a,|, |a;|} = 3 and let By, B> be
positive integers. Further, let N’ = ozf' - afz. If N #0and a) = a; = 1 (mod 4), then

ordy(JA]) < 19.55(log |1 )(log |ev2])

2
X (ma"{m‘)glo-“ +log(2log2) +1°g(lo§f N loglz |)}) ’
(0%} a)

PROOF. This is the special case of [4, Theorem 2] for p =2,y =y, =1, a1 =, =
1 (mod4),g=1and E = 2. O

LEMMA 2.4 [6, 16]. The equation
X?+2"=Y", X, Y.mneN, gedX,Y)=1,n>2
has only the solutions (X,Y,m,n) = (5,3,1,3),(7,3,5,4) and (11, 5, 2, 3).
LEMMA 2.5 [1, Theorem 8.4]. The equation
X?-2"=Y", X, Y,mneN, gdX,Y)=1, m>1,n>2
has only the solution (X,Y,m,n) = (71,17,7,3).

LEMMA 2.6 [5]. If a =2 and b and c are distinct odd primes with max{b, c} < 100,
then N'(a,b,c) < 1.

LEMMA 2.7 [21]. If2 % ¢, then N(a, b, c) < 2.
LEMMA 2.8 [20, Theorem 6]. N'(a,b,2) < 1.

According to Theorems 1, 2 and 3 of [14] and the proof of them, we can obtain the
following lemma.
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LEMMA 2.9. Let p and q be fixed odd primes with p # q.

(1)  The equation
2°+p'=¢, xy.zeN (2.3)

has at most one solution (x,y, z) with 2 | y and this solution has 7 = 1, except for
(p,q.x,y,2) =(3,5,4,2,2), (5,3,1,2,3), (7,3,5,2,4) and (11,5, 2,2, 3).

(i) Equation (2.3) has at most one solution (x,y,z) with 2 | x and 2 £ y.

(i) Equation (2.3) has at most one solution (x,y, z) with 2 £ xy.

REMARK 2.10. The reference [14] is written in Chinese and the proof of the theorems
mentioned is rather complicated. In the present case, this lemma can be easily obtained
using the tools in [3, 15, 24].

3. Further lemmas on (1.1) fora = 2

Let a = 2 and let b and c be fixed coprime odd positive integers with min{b, ¢} > 3.
In this section, we give some results on the solutions (x, y, z) of the equation

2+ b =c* x,y,z€N, min{x,y,z} > L. (3.1)

LEMMA 3.1.

1) If f(b) # f(c), then (3.1) has no solutions (x,y, z) with 2 { yz.

(1) If f(b) = f(c) and g(b) # g(c), then all the solutions (x,y,z) of (3.1) with 2 { yz
satisfy x = min{g(b), g(c)}.

PROOF. Let (x,y, z) be a solution of (3.1) with 2 { yz.

(i) Note that f(b) # f(c) is equivalent to b # ¢ (mod 4). Since 2 1 yz, by (3.1), we
have 2* = ¢* — b” = 2 (mod 4). This means x = 1, which contradicts x > 1. Therefore,
we obtain the conclusion (i).

(i1) Since 2 1 bc, we may write

b=2%Dp, + f(b), =25+ f(c), bi,c1 €N, 24 bicy. (3.2)

Assume that f(b) = f(c). Since 2 1 yzand f(b) = f(c) € {—1, 1}, we see from (3.1) and
(3.2) that

2" = (259 + f(o)) — (25Pb; + f(b)Y

max{y,z}

_ 21«3QW%J0@w4-C%%““ﬂﬂ@Vﬂ

i
max{y,z}

= (259 7 — 25P)pyy) + «3QWMY—ey%@mﬂU@W“. (3.3)

i=2
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When g(b) # g(c), since 2 { bjc1yz, we have
omin{g(b).g(c)} I zg(C)Cl z— 28(b) by

and

max{y,z}

2 ((f)@g(%])" - (§)<zg<b>bl>")(f<c»"“ = 0 (mod 2mMEPO,

i=2
Since min{g(b), g(c)} > 2, we see from (3.3) that x = min{g(b), g(c)} and the conclu-
sion (ii) is obtained. O

LEMMA 3.2. All solutions (x,y, z) of (3.1) with max{b, ¢} > 100 satisfy
x < 16460(log b)(log ¢), y < 14261 logc, z < 14261logh if 2° < %,  (3.4)
and
x < 1784(log b)(logc), y < 1236logc, z < 1236logh if 2* > %, (3.5)
PROOF. We first consider the case 2* < ¢*%. By (3.1) with max{b, c} > 100, we have
b’ > 2* and
Zloge = log(h’ +2%) = ylogh + log(l ; %)

X x+1 0.8z

2
<ylogh+ > =ylogh + T <ylogh+

Let (a1, @2,81,82) = (¢,b,z,y) and A = zlogc — ylogh. By (3.6),0 < A < 2/c¢*3 and

2
=ylogh+ — (3.6)

c? P

log2 — log |A] > g logc. (3.7)

Since min{b, c} > 3, using Lemma 2.2, we have

2
log|A] > —25.2(log ¢)(log b)(max{lo, 038 + 1og(@ ; 1oyg )}) . (38
C

When 10 > 0.38 + log(z/log b + y/log ¢), by (3.7) and (3.8), we have
log 2 + 2520(log c)(log b) > g loge,
which gives
7 < 12601 log b. (3.9)
When 10 < 0.38 + log(z/log b + y/log ¢), by (3.6), (3.7) and (3.8), we have

2 2
log 2 + 25.2(log ¢)(log b)(0.38 + log (ﬁ))
og

2
> log 2 + 25.2(log ¢)(log b)(0.38 +log (@ + 10; )) > g logc,
Cc
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which gives

Slog?2 z \W Z
o8l 126(0.38 +log2 +1 (—)) . 3.10
(logb)(logc) ©8 08 logh g logh (3.10)
Since (log b)(log ¢) > (log 3)(log 100), we can calculate from (3.10) that z satisfies
7 < 14261 log b. (3.11)

Therefore, since ylogb < zlogc and xlog2 < (4zlogc)/5, by (3.9) and (3.11), we
obtain (3.4).

Next, we consider the case 2* > . Let (a1, a2, 81,82) = (cf(c), bf(b),z,y) and
AN = (cf(c))* = (bf(b)). Since x >2, by (3.1) and (3.2), we have |[A’| = 2%, that
is, ordy(|A’]) = x. Since minf|cf(c)|, |b(f(b)|} = min{b,c} >3 and cf(c) =bf(b) =
1 (mod 4), by Lemma 2.3,

2
x < 19.55(log c)(log b)( max {12 log2,0.4 + log(2log2) + log (—10; 7 + _103; )}) )
c

(3.12)

However, since 2* > ¢,

0.8zlogc
x> —,
log2
The combination of (3.12) and (3.13) yields

(3.13)

2
2 < 16.94(log b)(max {1210g 2,0.4 +log(2log 2) + log (@ ; é)}) NERT)
C

When 12log2 > 0.4 + log(2log?2) + log(z/logb + y/logc), by (3.14), we get z <
1172logb. When 121og2 < 0.4 +log(2log2) + log(z/logb + y/logc), by (3.6) and
(3.14), we have

2
Z z y

L 16.94(0.4 +1og(2log?2) + 1 (_ . _))

logh og(2log2) + log logh loge

2 2
< 16.94(0.4 +1og(2log2) + log (@)) ,

whence
7 < 12361ogb. (3.15)

Hence, if 2* > ¢*3¢, then all the solutions (x,y,z) of (3.1) satisfy (3.15). Therefore,
since ylogb < zlogc and xlog 2 < zlogc, by (3.15), we obtain (3.5). ]

LEMMA 3.3. Assume that x = min{g(b), g(c)} < 23. Then, all solutions (x,y,z) of (3.1)
satisfy

y<2530loge, z<2530logb.

https://doi.org/10.1017/50004972722000508 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722000508

[7] Ternary purely exponential Diophantine equations 59

PROOF. The proof proceeds along the same lines as that of the first half of Lemma 3.2.
Since 2* < 2¢® < b + 1 < b, we see from (3.1) that

0<A:=zI1 logb =log|1 2 2 2 3.16
< A:=zlogc—-ylog —og( +ﬁ)<ﬁ< el (3.16)
which, together with the assumption x < 23, implies that

241log?2 —log|A| > zlogc. (3.17)

We know by Lemma 2.2 that (3.8) holds.
When 10 > 0.38 + log(z/log b + y/log c), by (3.8) and (3.17),

24 1log 2 + 2520(log c)(log b) > zlogc,
whence
7 < 25301logb. (3.18)
When 10 < 0.38 + log(z/log b + y/log c), by (3.8) and (3.17),

2 2
2410g2 +25.2(log ¢)(log b)(0.38 +1log (@)) > zloge,

which together with (log b)(log ¢) > (log 3)(log 5) yields
7 < 18791ogb. (3.19)
The inequalities in the lemma now follow from (3.18), (3.19) and ylogb < zlogc. O
LEMMA 3.4. If (x,y,z) is a solution of (3.1) with 2 ¥ yz, then gcd(y, z) = 1.
PROOF. Let d = gcd(y, z). Then we have
y=dY, z=dZ, Y,ZeN. (3.20)
By (3.1) and (3.20),
2 == = (A = B = (=)D 4 pTED), (3.21)

Since 2 { yz, we have 2 1 d. Since 2 { be, if d > 1, then ¢Z“~D + ... + bY@ j5 an odd
positive integer greater than 1 contradicting (3.21). So we must have d = 1. ]

By Lemmas 2.4 and 2.5, we can directly obtain the next two lemmas.

LEMMA 3.5. Equation (3.1) has only the solution (b,c,x,y,z)=(11,5,2,2,3)
satisfying 2 | yand 2 1 z.

LEMMA 3.6. Equation (3.1) has only the solution (b,c,x,y,z)=(17,71,7,3,2)
satisfying 2 ¥ yand 2 | z.

LEMMA 3.7. Equation (3.1) has only the solutions

(b,c,x,y,2) =(7,3,5,2,4) (3.22)
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and
b,c,x,y,2) =2 -1,2"+1,t+2,2,2), teN,t>2 (3.23)
satisfying 2 | yand 2 | z.

PROOF. Let (x,y,z) be a solution of (3.1) with 2 |y and 2 | z. Then, 2* = ¢* - b’ =
(c? + b*'?)(c*? — b’/?). Further, since ged(c¥/? + b2, ¢/? — b¥/%) = 2,

2 2 = 2)(—1’ A2 2 = 2,
which gives
=24, plop2o, (3.24)

Since b > 1, we see from the second equality of (3.24) that y/2 is odd. If y/2 > 1,
then 22 =02 +1=(b+ DHP'* ' =22 +...~b+1), where /> —p/272 ¢
-+ —b + 11is an odd positive integer greater than 1, a contradiction. So we have

% =1, b=2"2_1, x>4 (3.25)
Similarly, if z/2 is odd, then from the first equality of (3.24),
% =1, ¢=2"2+1. (3.26)

Hence, by (3.25) and (3.26), we obtain (3.23).
If z/2 is even, then 2*2 = ¢¥/2 — 1 = (¢¥/* + 1)(c¢¥/* — 1), whence

A y1=273, Ho1=2. (3.27)
Therefore, by (3.25) and (3.27), we obtain (3.22). The lemma is proved. O

Here and below, we assume that (x;, y;, z1) and (x, 2, 22) are two distinct solutions
of (3.1). We can further assume without loss of generality that x; < x;.

LEMMA 3.8. We have 2 { y1y22125.
PROOF. By Lemmas 3.5, 3.6 and 3.7, if 2 | y;y,2122, then
(b,c) € {(11,5),(17,71),(7,3), (2" = 1,2 + 1)}, teN, t>2. (3.28)

However, by Lemma 2.6, we can eliminate the cases (b, ¢) = (11, 5), (17,71) and (7, 3).
Alternatively, by Lemma 2.7, if (a,b,c) = (2,2" — 1,2" + 1), then (1.1) has only two
solutions (x,y,z) = (1,1,1) and (¢ + 2,2,2). Therefore, we can eliminate the cases
(b,c) = (2" 1,2" + 1)(r = 2,3,...)in (3.28). Thus, the lemma is proved. m]

LEMMA 3.9. We have y 25 # y221.

PROOF. By Lemmas 3.4 and 3.8, gcd(y, z1) = ged(y2, 22) = 1. Hence, if y 25 = y221,
then y; | y2 and y, | y1. This implies that y; = y2, 21 = 22 and (x1, y1,21) = (x2,¥2,22), &
contradiction. The lemma is proved. |
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LEMMA 3.10. If max{b, c} > 8 x 10°, then 2 < 034,

PROOF. By (3.1), ' =¥ (mod 2%) and b =2 (mod 27). Since x; < x, we
get b2 = 82 = ¢ (mod 2*') and 92 = 2 = Y (mod 2). Consequently,
phrz=y2al = chiz=nal = 1 (mod 2%). Let m = max{b, c}. We have

mz2al = (mod 2'1). (3.29)

By Lemmas 3.8 and 3.9, |y122 — y2z1] is an even positive integer. Since 2 t m, by
Lemma 2.1,

pgmy+ordalyiza—y»zi| I mieal _ g (3.30)
Hence, by (3.29) and (3.30),
pstmrorbinmyal > gu (3.31)
Further, since 28/ < m + 1 and 2072012221 < |y, 2, — y,7], by (3.31),
(m+ Dly1z2 — yozi| = 2. (3.32)
Furthermore, by Lemma 3.2, if 2*' > %81 then
122 — y2z1] < max{yiz2, y2z1} < 14261 x 1236 (log b)(log ¢) < (4199 logm)>. (3.33)
Hence, by (3.32) and (3.33),
(4199 log m)*(m + 1) > 2™, (3.34)

Recall that ¢@ > b”', 2 { y;z; and min{y;, z;} > 3. We have ¢ > m?. Therefore, if 2" >
"84 then from (3.34), we get

(4199 log m)*(m + 1) > m**,

whence m < 8 x 10°. Thus, if m > 8 x 10°, then 2% < (9841, O

4. Proof of Theorem 1.2

Obviously, by Lemma 2.8, the theorem holds for ¢ = 2. Moreover, in case a, b and
¢ are distinct primes, we only have to consider (a, b, c) = (2, p, q), where p and q are
odd primes with p # ¢. Then, (1.1) can be rewritten as (2.3). Further, by Lemma 2.6,
the theorem holds for (p, ¢) = (3,5), (5,3), (7,3) and (11, 5).

We now assume that N’(2,p,q) > 1. It follows that (2.3) has two solutions
(x1,y1,z1) and (x2, y2, 22) with min{x;, y;, z;} > 1 forj = 1,2. Since we have excluded the
cases (p,q) = (3,5), (5,3), (7,3) and (11,5), by Lemma 2.9, we can assume without
loss of generality that 2 | x;, 2 ¥ x, and 2 { y;y,. Then

2% +le — qZ1, %2 +p)’2 — q22' (41)
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If p # 3, since 2 1 y;y; and p*' = p»
g =1+p(@mod3), ¢?=2+p(mod3). 4.2)

p (mod 3), then from (4.1),

However, since p #3, 1 + p £2 + p (mod 3) and 3 | (1 + p)(2 + p), (4.2) is false.
If p=3, by (4.1), then we have ¢* =1 (mod 3) and ¢® =2 (mod 3), whence
g =2 (mod3),2|z and 2 1 2. Hence, by the first equality of (4.1),

qz|/2 +0%/2 = 3, qm/Z —n/2 1. (4.3)
Eliminating ¢%/? from (4.3), we have
0/l — v, (4.4)

However, since x;/2 + 1 > 2 and 2 1 y;, we get from (4.4) that 0 = 2%/>*1 =3 — 1 =
3 — 1 =2 (mod 4), a contradiction. Thus, the theorem is proved.

5. Proof of Theorem 1.3

To show Theorem 1.3, we need the following lemma.

LEMMA 5.1. If a=2, f(b) = f(c), gb)+# g(c) and max{b,c} > 8.4 x 10°, then
Conjecture 1.1 is true.

PROOF. Assume that a =2, f(b) = f(c), g(b) # g(c), max{b,c} > 8.4 x 10° and
N'(a,b,c) > 1. Then, by the conclusions of Lemma 3.8 and of Lemma 3.1(ii), (3.1)
has two distinct solutions (x1, y1,z;) and (xp, y,, 7o) with

X1 = X2. (51)

Since (x1,y1,21) # (X2, 2, 22), by (5.1), we may assume without loss of generality that

yi <y, 21<2. 5.2)
Let

Aj=zlogc—yjlogh, j=12. (5.3)

We see from (3.6) and (5.3) that

2% .

0<A, =1og(1 ; E)’ =12 (5.4)

Further, by (5.1), (5.2) and (5.4),

2v

0<Ay <A = log(l ; ﬁ). (5.5)

Furthermore, by Lemma 3.10, we have 2% < %81 Hence, by (3.6) and (5.5),

O0<Ar <A< (56)

CZ]/S'
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However, by Lemmas 3.8 and 3.9, |y 22 — ¥221] is an even positive integer. So,
yizo — yoz1l = 2. 5.7
By (5.3),

1
yiz2 = y221] = I—IY1(22 log ¢) — y2(z1 log o)
ogce

1
= 1—|Y1(y2 logb + A2) — y2(y1 log b + Ay))
ogc
1
= 1—|y1A2 — Al (5.8)
ogc

Since y;A; > 0 and y,A; > 0 by (5.4), we see from (5.8) that

Viha yal\q }
- Ry 5.9
iz = ya2l < max{logc logc (5.9)
Further, by (5.2) and Lemma 3.2,
N2 el (5.10)
logec logc
Hence, by (5.6), (5.7), (5.9) and (5.10),
2 x 14261
2 < [y122 — yozi| < max{14261 As, 14261A,) = 14261A, < XZT
C i1
whence we obtain
AP < 14261, (5.11)

However, since max{b, ¢} > 8.4 x 10° and ¢* > (max{b, c})?, (5.11) is false. Thus, we
have N’(a,b,c) < 1l ifa = 2, f(b) = f(c), g(b) # g(c) and max{b, c} > 8.4 x 10°. O

We are now ready to prove Theorem 1.3.

PROOF OF THEOREM 1.3. Obviously, by the conclusion of Lemma 3.1(i),
Conjecture 1.1 is true if a = 2 and f(b) # f(c). We now assume thata = 2, f(b) = f(c),
g(b) # g(c) and N'(a, b, c) > 1. Moreover, by Lemma 5.1, we may assume that

max{b, ¢} < 8.4 x 10°. (5.12)

Then, by the conclusion of Lemma 3.1(ii), (3.1) has two distinct solutions (xy, y1, z1)
and (x2, y2, z2) with

x1 = xp = min{g(b), g(c)}, (5.13)

and we may assume that y; < y; and z; < z;. Further, by (5.12), we have 280 < p 4 1<
8.4 x 105, which together with (5.13) implies that

x1 = x, = minf{g(b), g(c)} < 23. (5.14)
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It follows from Lemma 3.3 that
Y1 Y2 21 2

- <2530, — < —/— <2530. 5.15
logc<logc< logb<logb< (515
Furthermore, by (3.16) and (5.14),
2x1+1 224
0<Aj:=z1logc—ylogh < < —. (5.16)
CZI CZ[
Thus, by the same argument as the proof of Lemma 5.1, we see from (5.15) and (5.16)
that
2% % 2530
2< |y122 —y2Z1| < 2530A, < T,

whence we obtain
P < ¢t <27 x2530 < 2123 x 10
Consequently, it only remains to show that (3.1) has no solutions if
3<b<2767,3<¢c<2767,2<x<23,3<y;<2],3<z <21

with 2 { bey;z; (by Lemma 3.8). We checked that the above claim is true by a simple
program in PARI/GP [23] with precision 100. Indeed, the result showed that for any c,
X1, Y1, 21 in the above ranges, the fractional part of (¢*' — 2)!/ is greater than 1075,
The computation time was within 1 minute. Thus, the theorem is proved. |
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