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Abstract. Suppose we are given complex manifolds X and Y together with
substacks S and S’ of modules over algebras of formal deformation A on X and A’
on Y, respectively. Also, suppose we are given a functor ® from the category of open
subsets of X to the category of open subsets of Y together with a functor F of prestacks
from S to & o ®. Then we give conditions for the existence of a canonical functor,
extension of F to the category of coherent .4-modules such that the cohomology
associated to the action of the formal parameter £ takes values in S. We give an
explicit construction and prove that when the initial functor F is exact on each open
subset, so is its extension. Our construction permits to extend the functors of inverse
image, Fourier transform, specialisation and micro-localisation, nearby and vanishing
cycles in the framework of D[[A]]-modules. We also obtain the Cauchy—Kowalewskaia—
Kashiwara theorem in the non-characteristic case as well as comparison theorems for
regular holonomic D[[A]]-modules and a coherency criterion for proper direct images
of good DJ[[A]]-modules.

2010 Mathematics Subject Classification. Primary: 32C38, 46L65; Secondary:
18E30, 46A13.

1. Introduction. On a complex manifold X we consider the sheaf Dy of
differential operators and the sheaf Dy[[A]] (noted D)’} for short) of formal differential
operators on a parameter s. For the main results on modules over Dy we refer to [5]
and for those on modules over DZ we refer to [8] and [2]. The notion of algebras of
formal deformation and the main results that we need here were obtained in [8].

Our first motivation was to understand the behaviour of a coherent D}-module
near a submanifold Y. The natural tool is to define conveniently a functor of
inverse image generalizing the D-module case. Alternatively, one can also look for
a generalization of the functor of specialization. Recall that inverse image on the
category of D-modules is not exact, unless we assume in addition that the objects are
non-characteristic. On the other hand, specialization is an exact functor on the Serre
subcategory of specializable D-modules.
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To treat inverse image turned out to be not too hard because one finds a natural
candidate to play the role of transfer module as we shall see later. On the other hand,
D;} is not provided with a natural equivalent to the Kashiwara—Malgrange V' -filtration,
and specialization is far from being a mere copy of the D-module case so that the study
of its properties takes an important place in this work.

For a given sheaf A of coherent rings one denotes by Mod,,;(A) the abelian
category of coherent left .A-modules. Let K be a unital commutative Noetherian ring
with finite global dimension.

The general problem then became the following:

Given two complex manifolds X and Y, together with two K-algebras of formal
deformation A on X, and A" on Y, given a right exact (respectively exact) functor F
from a given full Serre subcategory S of Mod,,;(.A) to a given full subcategory S’ of
Mod(A"), find the natural subcategory containing S to which F extends canonically as
a right exact (respectively exact) functor, let us say, F".

For each n e Ny and for each left A-module, consider the quotient M, =
M /R M and, for n < k, denote by py., the projection M,, — M;. If one assumes
that, for each n, M,, € S, then the natural candidate F"(M) will be the projective limit

lim F(M,) M

n

of the associated projective system (F(M,,), F(pk.n))»- This construction will be the
heart of our study.

To be rigorous, we will resort to the framework of stacks, and the reason is that we
will be interested in Serre subcategories whose objects are defined by local properties.
Recall that stacks provide the framework where the notion of sheaves of categories
takes a sense. However, throughout this work, we only deal with the easiest example
of stacks consisting precisely of sheaves of categories, since they are substacks of
modules over a sheaf of [K-algebras and the restriction morphisms are nothing more
than the usual restriction of sheaves to open subsets. In particular, all these stacks are
K[[A]]-linear, where / denotes the central formal parameter in each of the algebras.

Recall that one denotes by Op(X) the category of open subsets of X where
the morphisms are defined by the inclusions. Let .#Z0d(A) denote the stack U +—
Mod(A|y), U € Op(X). Given an abelian substack C of .#Z0d(A), a full substack C’
of C is said to be a full Serre substack if, for each U € Op(X), C'(U) is a full Serre
subcategory of C(U).

Accordingly, in the sequel, S will denote a full Serre substack of the stack
Modeon(A) : U Modon(Aly). For the sake of simplicity, and whenever there is
no ambiguity, we shall often say that a coherent .A|y-module defined on U € Op(X)
belongs to S if it belongs to S(U).

Let us now outline the main result of this work.

Assume that we are given a full Serre substack S of .# 0d,,;(.A) and a full Serre
substack S’ of .# 0d(A’). Consider the category Modgs(.A) of Mod,,;(.A) characterized
by the property that, for each n, the kernel and the cokernel of the action of A"+!
belong to S(X). Assume that we are given a functor ® from Op(X) to Op(Y) such that
®(X) = Y, and that ® transforms any open covering of any 2 € Op(X) on an open
covering of ®(R2). Denote by ®*S’ the prestack U > ®*S’ = S'(®(U)) and assume
that we are given a K[[A]]-linear functor of prestacks F :S — ®*S’. This means,
in particular, that for each pair V, U € Op(X) with V' C U we have the following
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commutative diagram of functors of categories whose vertical arrows are the restriction
functors:

sy 24 sy

J {
sy 22 s@ory).

Here we prove the following (Theorem 4.24): If, for each U € Op(X), F(U):
S(U) — S'(®(U)) is right exact (respectively exact), then under a condition on the
vanishing of the cohomology for &’(V), with V' running on the objects of Op(Y)
(Condition 2.20), automatically fulfilled by coherent modules, by (1) we obtain a
canonical functor F” : Mods(A) — Mod(A’). Moreover, F" is right exact (respectively
exact).

Namely, when S’ is a substack of coherent A’-modules, then F" takes values in
Modg (A’). Moreover, if each F(U) is exact, this extension is, in a certain sense, unique
up to isomorphism.

The term ‘canonical’ means that our construction is indeed functorial in S, ', ®
and F (cf. Remark 4.25).

After the preliminary results in Sections 1 and 2, we prove Theorem 4.24 in Section
3 using the following key facts:

* A right exact functor combined with the action of #"+! transforms, for each n, exact
sequences of .4-modules into right exact sequences of .Aj,-modules.

e The exactness of I'(K, -) for K belonging to adequate basis of the topologies on the
manifolds for the categories that we consider.

¢ The exactness of projective limit on the category of projective systems satisfying the
Mittag-Leffler condition.

In Section 4 we use Theorem 4.24 to treat the case of A = D% (respectively A’ =
D). The situation is then simpler because the modules D% /A" 1D are free over
Ay >~ Dy, so technically we are bound to extend a right exact functor F defined on a
Serre substack S of coherent Dy-modules.

In this way we obtain a natural setting for the extensions of the functors of inverse
image, direct image by a closed embedding, specialization, nearby and vanishing cycles,
Fourier transform and micro-localization for D%-modules, which are performed in
Section 5. Namely, in the case of the extended inverse image functor for a morphism
f, when we restrict to the Serre substack of non-characteristic modules, we prove a
formal version of the Cauchy—Kowalewskaia—Kashiwara theorem (Theorem 5.8). We
also generalize the functor extraordinary inverse image using the concept of duality
introduced in [2] and prove in Proposition 5.7 and Corollary 5.9 that the property of
holonomicity (as well as that of regular holonomicity) is stable under inverse image
(respectively extraordinary inverse image).

Moreover, for the extension of the specialization, micro-localization, vanishing
and nearby cycles functors, when we restrict to the category of regular holonomic D% -
modules in the sense of [2], we obtain comparison theorems which are the formal
version of the results proved by Kashiwara in [4] (Theorems 5.36 and 5.43, and
Corollaries 5.37 and 5.44).

Remaining natural questions are the (left) derivability of F” as well as the extension
of left exact functors.
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For the first, a difficulty in constructing an F"-projective subcategory comes
certainly from the behaviour of the (left exact) functor lim for which we don’t have
in general enough injectives. This functor also lacks good properties with respect to
the usual operations in sheaf theory. Therefore, even if there exists an F-projective
subcategory P, to our knowledge there is no canonical way of constructing an F”"-
projective subcategory.

In what concerns direct images, which are defined as the composition of derived
functors, one being left exact, the other being right exact, our method no longer applies
except in particular cases such as closed embeddings. But there is another way, since
we show that in the case of inverse image the extended functor can be given using
a convenient transfer module as in D-module theory. Once having available a good
notion of transfer module, we can also obtain a natural extension of the functor of
direct image. In this setting, we prove a formal version of the theorem of coherency of
proper direct image for good D"-modules (Theorem 5.18).

So as a by-product of our general construction together with the results of [2], the
so-called Grothendieck’s six operations are generalized to the formal case.

Convention 1. The results in the first three sections, with few exceptions, hold in the
more general context of Hausdorff locally compact topological spaces. For simplicity,
in view of our motivations, we stay in the complex analytical setting.

2. Review on modules over formal deformations. In this section we recall the basic
material that we need from [8].

Let X be a complex manifold of finite dimension dy.

Let K be a unital commutative Noetherian ring with finite global dimension. Recall
that, for brevity, one denotes C[[%2]] by C".

Given a sheaf R of IK-algebras on X, we denote by Mod(RR) the category of left
R-modules by D(R) the derived category of Mod(R), and by D*(R) (x = +, —, b) the
full triangulated subcategory of D(R) consisting of objects bounded from below (resp.
bounded from above, resp. bounded) cohomology.

Recall that a full subcategory S of an abelian category C is thick if for any exact
sequence

Y-Y > X—>Z->Z

inCwithY,Y,Z,7Z inS, X belongsto S.

Equivalently, S is a full abelian subcategory such that, given a short exact sequence
0> X' - X - X” — 01in C, when two of the objects X, X or X” are in S then the
third also belongs to S. Moreover, if S contains all subobjects and quotient objects of
its objects, then S is called a Serre subcategory.

Let S be a full thick subcategory of C and let D?(C) be the bounded derived category
of C. One denotes by Dg(C) the full triangulated subcategory of D’(C) consisting of
objects with cohomology in S. In the cases listed below, we recall classical abbreviations.

EXAMPLE 2.1.

¢ The subcategory Mod,.,;,(R) of coherent modules over a coherent ring R is
thick, and the associated category is denoted by Dfoh(R).
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e The subcategory Modgr_.(KKx) of R-constructible sheaves of K-modules is a
thick subcategory of Mod(lKy) and the associated category is denoted by
Db (Kx).
For a complex manifold X, the following are Serre subcategories of Mod,,;(Dy):

* The subcategory Modg,.q(Dyx) of good Dy-modules and the associated category
is denoted by D, /(Dy).

e The subcategory Mod;,,(Dy) of holonomic Dy-modules and the subcategory
Mod,;,(Dy) of regular holonomic Dy-modules and the associated categories
are respectively denoted by D’h’a /(Dx) and D’r’h(D X)-

e The subcategory NC(f) of non-characteristic Dy-modules with respect to a
given holomorphic function f : ¥ — X, where Y is another complex manifold
and the associated category is denoted by Df’vc(/)(D X)-

* The subcategory Mods,(Dx) of Dy-modules specializable along a given

submanifold Y and the associated category is denoted Dé’p(DX).

Given a sheaf M of Zy[h]-modules, set M,, = M /W' M and for n > k let p;, :
M, — M denote the canonical epimorphisms. One says that M is h-torsion free if
h: M — M. isinjective and one says that M is ii-complete if the canonical morphism
M — l(igi/\/l,, is an isomorphism.

n>0

A family B of compact subsets of X is said to be the basis of compact subsets of
X if for any x € X and any open neighbourhood U of x, there exists K € B such that
xeIn(K)cU.

In the following we shall consider a K-algebra A on X and a section / of A
contained in the centre of A. Set 4y = A/hA.

Consider the following conditions:

1. Ais h-torsion free and h-complete.

2. Ay is a left Noetherian ring.

3. There exists a basis B of open subsets of X such that for any U € 3 and any

coherent (Ay|y)-module F we have H"(U; F) = 0 for any n > 0.

4. There exists a basis B of compact subsets of X and a prestack U +—

Mod,pea(Aolv) (U open in X) such that

(a) for any K € B and an open subset U such that K C U, there exists K’ € B
such that K C Int((K') c K' C U;

(b) U+ Modg,pi(Aoly) is a full subprestack of U — Mod,x(Aolv);

(c) for an open subset U and M € Mod.;(Aoly) if M|y belongs to
Mod,peqa(Aoly) for any relatively compact open subset V' of U, then M
belongs to Modgua(Aolv):

(d) for any U open in X, Mod,e.qa(Aolv) is stable by subobjects (and hence by
quotients) in Mod,;(Aolv),

(e) for any K € B, any open set U containing K, any M € Mod,.q(Ao| ) and
any j > 0, one has H/(K; M) = 0;

(f) for any M € Mod.,;(Ao|v), there exists an open covering U = | J; U; such
that M| U € MOdgood(AO| U,')’

(g) Ap € MOdgood(AO)'

We shall say that A is an algebra of formal deformation if A and Ay satisfy either
Assumption 2.2 or Assumption 2.3 given below.

Assumption 2.2. A and Ay satisfy conditions (1), (2) and (3) above.
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Assumption 2.3. A and A satisfy conditions (1), (2) and (4) above.

In particular, with Assumption 2.2 or Assumption 2.3, A and A, are left
Noetherian rings, for every n > 0 (see Lemma 1.2.3 and Theorems 1.2.5 and 1.3.6
of [8]).

One defines a right exact functor assigning the object M /R M € Mod(A,) to
M € Mod(A). Its left derived functor is given by

gry : D"(A) — D'(A,),
Mis M &4 A,

Recall that the functor gr% was defined and studied in [8] and noted by gry.
For M € Mod(A) one sets:

M = ket (M 5 M),

Recall that a coherent .A-module is a locally finitely generated .A-module M such
that, for any open subset U C X and for each locally finitely generated submodule M’
of M|y, locally M’ admits a finite free presentation.

If M is a coherent A-module then ,,M and M,, are coherent A,,-modules.

Recall that, for each n > 0, the category Mod(A4,) and the full subcategory of
Mod(A) whose objects are those M such that 2"+! M =~ 0 are equivalent. Moreover:

LEMMA 2.4. ([8], Lemma 1.2.3) Let n > 0. An A,-module M is coherent as an
A,-module if and only if it is so as an A-module.

Suppose that the property (4) in Assumption 2.3 holds. Denote by Diiood(.Ao)
the full triangulated subcategory of D’(Ay) consisting of objects with cohomology in
Mod,oa(Ap). One says that M € D’ (A) is good if grp(M) € D5, ,(Ao). One denotes

by ngd(A) the full subcategory of D? , (A) consisting of good objects.

0

THEOREM 2.5. ([8], Theorem 1.3.6) For any good A-module M and any K € B, we
have H/(K; M) = 0 for any j > 0.

THEOREM 2.6. ([8], Theorem 1.3.6) An A-module M is coherent if and only if it is
h-complete and W' M /' M is a coherent Ay-module for any n > 0.

For a sheaf R of Z[h]-algebras, set R := R ®z,(n Zx[h, h~']. Following [8],
M e D’(R) is said to be a cohomologically A-complete object if RHomg (R, M) ~
RHomg,1(Zx[h, h~'], M) = 0. We shall use for short the symbol chic to distinguish
cohomologically A-complete objects.

REMARK 2.7. The category of chc objects is a full triangulated subcategory of
DP(R). Namely, if in a distinguished triangle two of the terms are chc, then the third is
also che.

Recall that any M € Dfah(A) is che.

For convenience, we denote by C the subcategory of chc-modules of Mod(Z x[h]).

LEMMA 2.8. C is a full abelian thick subcategory of Mod(Z x[h]).

Proof. By the remark above it remains to prove that C is closed under kernels
and cokernels. Given a morphism f : 4 — B in C, the mapping cone M(f) is chc in
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D’(Zx[h]), so from the distinguished triangle

kerf[1] — M(f) — cokerf 5
we derive a distinguished triangle:

RHomZx[ﬁ](ZX[hs h_l]’ kerf[l]) - RHomZX[h](ZX[hv h_1]9 M(f)) g

— RHomg,n)(Zx|h, h_l], cokerf) LY .
Besides, Z[h, h~']is a Z[h]-module with projective dimension < 1, so

R'Homgz 1(Zx[h, h™"], cokerf) = 0, for j # 0, 1

R'Homg m(Zx[h, h™'], kerf) = 0, forj # 0, 1.
The result follows from the long exact sequence attached to the preceding triangle. [J

THEOREM 2.9 ([8], Theorem 1.6.4). Let M € D"(A) and assume that M is chc
and gry(M) is an object of Dlgoh(.Ao). Then M is an object of Di’oh(A) and we have the
isomorphisms

H'(M) = lim H'(gr},(M). @

n>0

THEOREM 2.10 ( /8], Theorem 1.6.6). Assume that A?/hA? is a Noetherian ring.
Let M be a che A-module with no h-torsion such that M /hM is a flat Ay-module. Then
M is a flat A-module.

ProposITION 2.11 ([8], Corollary 1.5.9). The functor gry, is conservative in the
category of chc objects. In particular, it is conservative in D&_C(C’}() — D?R_C(C x) and in
Db (A) — Db (Ay).

coh
PROPOSITION 2.12 ([ 8], Corollary 1.5.7). Assume that M € Mod(A) is h-complete
and h-torsion free. Assume that there exists a basis B of open (respectively of compact)
subsets Q such that H(Q2; M) = 0 for i > 0. Then M is che.

PROPOSITION 2.13 (/8], Proposition 1.5.10). If M e D’(A) is che, then
RHom (N, M) is che, for any N € D(A).

PROPOSITION 2.14 ([8], Proposition 1.5.12). Let f : X — Y be a morphism of
complex manifolds, and suppose that M € D"(A) is che. Then Rf, M is also chc.

Letnow f : ¥ — X be a morphism of complex manifolds, and let us consider the
canonical morphisms:

fr i X xyT*Y > T*Yand f; : X xy T*Y - T*X.
Recall that f is said to be non-characteristic for an object F € D*(Ky) if
fUSS(F) Nkerfy C Y xx THX,

where SS(F) denotes the micro-support of F. We refer to [6] for a detailed study of the
notion of micro-support.
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We shall also need, in addition, the result mentioned below.

PROPOSITION 2.15. Let f : Y — X be a morphism of complex manifolds.

(i) Assume that a chc object M € D*(Zx[h)) is non-characteristic for f. Then
"M is che.

(ii) For every M € D*(Zx[h)), one has gri(f ' M) ~ f~gry(M).

Proof.
(i) By [6, Proposition 5.4.13(ii)], the result follows from the isomorphism

RHomz,im(Z y[h, b~ "], f* M) = £ RHomz ,m(Z x[h, h~'], M).

(i1) It is clear. O

For M € Mod(A) one denotes by M, the submodule of M consisting of
sections locally annihilated by some power of & and by My_ the quotient M/ Mp_ ;.
Thus, the following sequence:

0— thtor - M — th_lf -0 (3)

1s exact.

M € Mod(A) is said to be an Ai-torsion module if Mp,_,,, >~ M and M is h-torsion
freeif and only if M >~ Mpy_. In particular, for eachn > 0, M,, is an fi-torsion module
since 1M, = 0.

Note that Mpy_,,, is also the increasing union of the ,M’s. If M is coherent, the
family {, M}, is locally stationary, so locally there exists N > 1 such that AN Mj_,,, = 0
and both Mj,_,, and My,_, are coherent .A-modules.

In particular, an h-torsion .A-module is coherent as an .4-module if and only if,
locally, it is coherent as an .4,-module for # big enough.

If M is a coherent A-module, then each M,, is coherent as an A-module, thus as
an A,-module.

LEMMA 2.16. Let 0 > M’ — M — M” — 0 be an exact sequence in Mod(A),
and suppose that M is h-torsion free. Then for each n > 0, the associated sequence of
A,-modules:

0—> M, > M, > M, -0 @)
is exact.

Proof. For eachn > 0, applying grf to0 - M’ - M — M"” — 0, we deduce the
long exact sequence

O-> M > M-, M > M, - M, > M, —0.
By assumption ,M” = 0 and the result follows. O

COROLLARY 2.17. Let M be an A-module. Then for each n > 0, the following
sequence is exact:

0 — Mp—sory = My = Mp_y, — 0. (5
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Let M € Mod(A), let #” > n — k and denote by B My — M, the morphism

defined by the multiplication by #*. Observe that the action of #* in M,, coincides with
the composition of the chain of morphisms

ﬁ Pn,ntk
Mn — Mn+k L) Mn.

LEMMA 2.18. For eachn > k > 1 and each ' > n — k one has an exact sequence:

ﬁ Pk—1.n
My — M, —> M;_;1 — 0. (6)
Proof. Clearly ker(px_1.,) = FFEM /BRI M = BE(M,y). O

LEMMA 2.19. Let M be an h-complete A-module. Then M is h-torsion free if and
only if for every n > 0 the sequence below is exact:

0— Mo 5 M, 5 M, 7

Proof. If M h-torsion free, (7) is clearly exact since, for m, m’ € M, the equality
B'm = W' 'md’ entails m = k.

Conversely, assume that for every n > 0 we have the exact sequence (7). Thus,
given (v,), € M such that fiv, = 0, Vn, it follows that v, = A"ug, for some (unique)
up, € My and we may choose u, € M, such that v, = #"u,, Vn. On the other hand,
Un = P (Uw), Y1’ > 1, hence v, = pur (W tt) = B pun (1) = 0 since we may take n’ >
n+ 1. O

Given a full substack € : U +— €(U) of .# 0d(A) of abelian subcategories, we
shall consider the following condition defining a full Serre substack .7 of %

Condition 2.20. For each U, M belongs to . (U) if and only if, for each x € U,
there exists a neighbourhood ¥ C U of x such that for any submodule N of M
belonging to (V) (and hence for any quotient N of M belonging to € (V)) if K € B
is contained in V, then

H(K;N) =0, foranyj > 0. (8)

In particular, if € = .# od,,;,(A), then .7 = €.

LEMMA 2.21. Let M € Mod(A) and suppose that My belongs to ./ (X). Let (V);
be an open covering of X where Condition 2.20 is satisfied by M. Then if K € B is
contained in V;, one has:

1. H(K; M,)=0,Vj>0,n>0;

2. Hi(K; l(ir_n/\/l,,) =0,Vj > 0. In particular, if M is h-complete, one also has

HI(K; M) =0,Vj > 0.
Proof. (1): Let us consider, for each n € N, the exact sequence:

P0.n

WM/ WM —> M, 25 M, — 0.
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Since /"M /"' M is the image of the morphism W My — M,, then it is also a
quotient of M. Thus, starting with M, the result follows by induction on n.

(2): By (1), when B is a basis of open sets, the statement is clear. When B is a basis
of compact sets, we may consider a fundamental system of compact neighbourhoods
K € Bof K in V;. For any j, we have H/(K, limM,,) ~ lim A/(K, limM,,).

'y z S

Since the map H/(K, limM,) — H/(K, limM,)) factors by

n n

H/(K, imM,) — H'(K, lim(M,|z) - H/(K, imM,),

n n n

it remains to observe that H/(K, 1(i£1./\/l,,| i) =0, forj > 0, as a consequence of (1) and

n

of [6, Exercise 11.12.b]. g

3. The category Mods(A). In this section we prepare the notions needed for
our main result (cf. Theorem 4.24). Since we shall deal with subcategories of sheaves
whose objects are described by local properties, the convenient language is that of
stacks. Moreover, since on each open subset U C X we deal with categories of sheaves
which are abelian subcategories of modules over some sheaf of rings defined on X,
and the restriction morphisms are the usual restriction of sheaves to open subsets, our
stacks are in fact sheaves of categories. A fortiori we deal with K-linear stacks. For the
background on stacks we refer to [7].

Let A be an algebra of formal deformation on a complex manifold X, and let
there be given and fixed in the sequel a K[[A]]-linear full Serre substack S : U +— S(U)
of A od.,;,(A). By convenience, for each n € Ny, we shall denote by S, the substack of
%Odcoh(-An):

U S,(U):=S(U)NMod(A,|v).

Hence, for each open subset U C X and each n € Ny, S,(U) is a full Serre
subcategory of Mod.;(A,|v).

Convention 3.1. In view of our applications, if there is no ambiguity, given an
open subset U C X and M € Mod,,,(A|y), we shall often use the notation M € S
(resp. M € S,)) to mean that M € S(U) (resp. M € S,(U)). Furthermore, we denote
by Dg(.A) the full triangulated subcategory of D’(A) consisting of objects with
cohomology in S.

According to the above convention:

DEeFINITION 3.2. We denote by Mods(A) the full subcategory of Mod,,;(A)
consisting of A-modules M such that:

For each n > 0, the complex gr}, (M) belongs to Df;(A), that 1s, both , M and M,
are objects of S,,.

Since each M € Modg(A) is coherent, the sequence (,,M), is locally stationary, in
other words M,_,,, is locally annihilated by a fixed power h%.

PROPOSITION 3.3.
1. S(X) is a subcategory of Mods(A).
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2. Let M be an h-torsion A-module such that M € Mods(A). Then M € S(X).

Proof.
(1): Let M € S(X). For n € Ny we have the exact sequences:

0—> W' M->M—> M,—0
and
0—>n/\/l—>/\/l—>h”+1/\/l—>0,

thus ,,M and M,, belong to S(X).
(2): We have M >~ M},_,,,, hence we can cover X by open subsets U and choose
positive integers Ny such that ANV M|y = 0. Thus, M|y =~ My, |v € Sy, (U) C

S(U) so M € §(X) since S is a stack. a
PROPOSITION 3.4. Let M be a coherent A-module. Then the following properties are
equivalent:
(1) M is an object of the category Mods(A),
(2) Mo € So;

(3) M, €8, for eachn > 0.

Proof.

(1 = 2): By definition.

(2 = 3): By Lemma 2.18 we have an exact sequence

Moot & M, 25 Moy — 0.

Since M, € Sy, we can proceed by induction to conclude that M,, € S, foreveryn > 0.

(3 = 1): The statement being of local nature, we may assume the existence of
N > 0 such that Mﬁ—fOI’N ~ Mﬁ_mr.

Assume that M, belongs to S for any n > 0 and let us prove that ,,M belongs
to S.

Note that , M >~, M}_,,, and that, by Corollary 2.17, foreachn > 0, My_,, € S.
Taking N big enough as above implies that Mj,_,,, belongs to S, so by Proposition 3.3,
Mip_or € Mods(A). Therefore ,M € S. O

PROPOSITION 3.5. Mods(A) is a Serre subcategory of Mod,,;(A).

Proof. Consider an exact sequence in Mod,,;(A)

O—)M17M2—>M3—>0.
g

One has a distinguished triangle

1
ghM) = g (Mo) — gr(Ms) .,
s0 gt (M) € D(A)ifitis so for grh(M,) and gr (M), with i # j, k, for every n € N.
Therefore, it remains to prove that if M, is an object of Mods(A) then M, and
M3 belong to Mods(.A). To prove this we consider the long exact sequence

0 —>n Ml —>n MZ —>n M3 — Ml,n - M2,n - M3,n — 0.
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The assumption on S entails that ,M;, M3, € S,. By Proposition 3.4, we also have
2Ms € S, and the proof follows. O

Hence, in view of (3), an A-module M is an object of Mods(.A) if and only if
M_ior and Mp_r are objects of Mods(A).

4. Extension of functors. Let now X, A and S be as in Section 3. In the sequel
we shall assume that S satisfies the following.

Assumption 4.1. For each open subset U C X, S(U) = |, Su(U).

Let Y denote another complex analytic manifold and A" an algebra of formal
deformation on Y. For simplicity we still denote by # the fixed section in the centre of
A’, thus both A and A’ are K[[A]]-algebras. Let us denote by B’ the corresponding basis
of neighbourhoods in Y. For a substack S’ of .# 0d(A’), for each n € Ny, according to
the notations of Section 3, we shall denote by S, the substack:

S, Vs Su(V)=S(V)Nn Mod(A,|p).

From now on we consider fixed a full abelian substack " of .# od(A’) as well as a full
Serre substack S’ of €.

Firstly assume that we are given a [[[A]]-linear functor F : Mod(A) — Mod(A").
Then, naturally, one defines a new functor F", formal extension of F, by setting the
following.

DEFINITION 4.2. F" is the functor from Mod(.A) to Mod(A) :
(1) for M € Mod(A),

F'(M) = imF(M,),

n>0
(2) given a morphism f : M — N in Mod(A),
F(f) : F'(OM) — FYW)
is the morphism associated to the morphisms

FM,) 22 PN,

where M, LY N, is induced by f.

Our goal now is to discuss the properties of F" when F is a functor from S to S’
(in a sense to be clarified) and regarding its restriction to Modgs(.A). For that we need
to state additional assumptions.

Assumption 4.3. Henceforward we assume that S’ plays the role of . in Condition
2.20 with respect to ¢’ and 5.

Assumption 4.4. We fix a functor ¢ from the category Op(X) of open subsets of X
to the category Op(Y) satisfying the following conditions:
e O(X)=Y;
e For any open subset 2 C X and any open covering (U;); of , (®(U;)); is an
open covering of ®(£2).
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Let us denote by ®*S’ the prestack defined by assigning to each open subset U C
X the subcategory ®*S'(U) := S'(®(U)) of Mod(A'|¢(v)), the restriction morphism
associated to U D V being the sheaf restriction from ®(U) to ®(V).

Let now F be a K[[A]]-linear functor of prestacks: F : S — ®*S’. In particular,
to each U e Op(X), F assigns a K[[A]]-linear functor F(U):S(U) — S'(®(U))
compatible with the restriction morphisms in Op(X).

Whenever there is no ambiguity, we shall write F instead of F(X). We shall keep
this simplified notation up to the end of this section whenever there is no risk of
confusion.

According to the preceding conventions, given M € S if #"t!M =0, then
R F(M) = 0, hence F|s, takes values in S..

Let now U € Op(X) and let us consider M € Mods)(Alv).

For n > k > 0 denote by F(U)(px.,) the image of the epimorphism oy, : M, —
M. by F(U).

We obtain a projective system of A’|¢y)-modules (F(U)(M,,), F(U)(px,»)) and,
by Definition 4.2, an extended functor F(U)" : Mods)(Alr) — Mod(A'|er)) given
by F(U)"(M) = I(LnF (U)(M,). Recall also that the functor I(Ln on the category of

n>0
projective systems of Mod(.A") commutes with restriction to open subsets, hence if we
start with M € Mod(A"), for each open subset U C X,

F' (M)l = (Flu)"(M|p).

PROPOSITION 4.5. Let M be an h-torsion A-module in Mods(A). Then we have
F(M) =~ F(M) in Mod(A’).

Proof. In accordance with Proposition 3.3, M € S, hence we have a natural
morphism F(M) — F"(M). We shall see that this morphism is locally an isomorphism.
We can cover X by open subsets U C X and consider a family of positive integers Ny
such that AYv+! M|y = 0. By the assumption, {®(U)} is an open covering of Y. Since,
foreachn > Ny, M,|lv =~ Mny,|lv =~ M|y, we obtain:

F'M)|o) = lim F(M)lew) = F(U)My,lv) = F(U)M|y) = F(M)low),

n>0

which ends the proof. |
As a consequence, by the assumption on S we conclude:

Flg~F.

REMARK 4.6. The existence of ® is the main tool to prove Proposition 4.5, which
is a key property in the sequel. ® would also be used if, with our machinery in
hand, we went on constructing the stack .# ods(A) defined by U > Mods(A)(U), the
category Mods(A)(U) being defined in U in a similar way to Definition 3.2. Indeed,
we might define F" not only as a morphism of categories but as a functor of prestacks
Mods(A) — O* A od(A"). However, in view of the applications, it is enough to work
with F” defined as a morphism of categories (cf. Definition 4.2).
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4.1. The case of right exact functors. In the sequel we will assume that F(X) is
right exact.

LEMMA 4.7. Let M € Mods(A). For each y € Y, if K € B’ is contained in a
neighbourhood V of y satisfying Condition 2.20 with respect to F(M), then one has
H/(K;F(M,)) =0 foranyj > 0 andn € N.

Proof. In accordance with the right exactness of F(X), foreachn € N, the sequence:

(pn 1n)

F(HW'M/ W' M) - F(M,)) —5 F(M,_;) = 0
is exact and F(hW" M/ "' M) is a quotient of F(M).
The proof then proceeds by induction as in Lemma 2.21(1). O
Let M € Mods(A) and let us now denote by o, : F"(M) — F(M,,) the canonical
projection.

LEMMA 4.8. For each n > 1, the sequence

FrM) 5 Fr vy & F(M,,) — 0, ©)
Is exact.

Proof. Using Lemma 2.18 and considering sufficiently small 2 in a basis B’ in the
conditions of Assumption 2.2 or Assumption 2.3, it follows that, for any N > n, the
sequence

(Pn N)

N FMy) 2228 res Fory) 222 1(; FM,) — 0 (10)

is exact. In this way we obtain an exact sequence of projective systems satisfying the
Mittag-Leffler condition, so applying the functor l(n_n we obtain an exact sequence:
N

LiNglF(Q;F(MN)) - LiNglF(Q;F(MN)) — T F(M,)) — 0. )

If B’ is the basis of open sets, this immediately entails the exactness of (9). If 5’ is the
basis of compact sets, we prove the exactness in the stalks.

Let y € Y, and let us consider a fundamental system of open neighbourhoods
{Q}1en of y and a fundamental system of compact neighbourhoods {K;},cn of y, with
K; € B and

K1 € ©; C Int(K)). (12)
Applying h_r)n to the sequence obtained by replacing 2 by K; in (11), we obtain an
exact sequence:l
FRM), 25 FRM), S FM,), — 0,

as desired. O
As a consequence, we have the following.

COROLLARY 4.9. Let M € Mods(A). Then F*(M) is an h-complete A'-module.
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As a consequence of Corollary 4.9 together with Lemma 2.21 we conclude:

PROPOSITION 4.10. Let M € Mods(A). Then F"(M) satisfies the vanishing
condition (8) on Condition 2.20 for sufficiently small K € .

THEOREM 4.11. The functor F" is right exact.

Proof. Let M’ - M — M” — 0 be an exact sequence in Modg(A). It gives an
exact sequence of projective families with elements in S’

F(M.,) = F(M,) = F(M!) = 0, for n>0. (13)

Thus, for every sufficiently small set 2 in a basis B’ in the conditions of Assumption
2.2 or Assumption 2.3, we get a projective system of exact sequences,

[(Q; F(M,)) = T'(Q; F(M,)) — T'(Q F(M)) — 0, (14)

where each term satisfies the Mittag-Leffler condition. The proof then proceeds by the
same argument as in Lemma 4.8. O

COROLLARY 4.12. For M € Mods(A) the sequence below is exact:

FMMip_or) = F"(M) — F*(Mj_y) — 0. (15)

PROPOSITION 4.13. Let us assume that S’ is a subcategory of Mod,.;,(A"). Then, for
every M € Mods(A), F'(M) belongs to Mods (A’).

Proof. In view of Proposition 3.4 and Lemma 4.8 it is enough to prove that F*(M)
is A’-coherent, which in turn is reduced to prove that

W' FM M)/ FR (M)

is a coherent 4j-module by Theorem 2.6 together with Corollary 4.9.
Since W' FM"(M)/ W FMM) = W' FM(M), ~ 'F(M,) the result follows. O

PROPOSITION 4.14. Consider the case where each S, coincides with the stack
Mod,.;(A,). Assume, in addition, that F"(A) is h-torsion free. Then:

(1) F'"(A)is che.

(2) For any M € Mod,y;(A), F*(M) is chc.

Proof. Let us start by noting that, by the assumption, Mods(A) coincides with
MOdcoh(-A)~

(1) The statement follows by Proposition 2.12, together with Propositions 4.10
and 4.9.

(2) Let us consider a local presentation

AV > A - M =0
for some N, L € N. We get an exact sequence
F'AN - FMAE - F(M) — 0,

and the result follows by Lemma 2.8. O
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4.2. The case of exact functors. Throughout this section we shall assume that F(U)
is exact for any open subset U C X.
In this case, applying Lemmas 2.19 and 4.8, we get a family of exact sequences

0 — F' (M) 5 FP(M), 5 F'(M),. va.
Thus, again by Lemma 2.19, we conclude the following.
COROLLARY 4.15. Given M € Mods(A), if M is h-torsion free, then so is F*(M).
THEOREM 4.16. F" is also an exact functor.
To prove this we shall need the following results.

LEMMA 4.17. The sequence of A'-modules
0= F'Mp_sor) = F'(M) = F'(Mp_y) = 0 (16)

Is exact.

Proof. For each n > 0, applying the exactness of F to (5), we obtain an exact
sequence of projective systems with elements in S’:

0 — F(Mh—tor)n) = F(Mp) = F(Mp—y)n) — 0. (17)

Thus, for every sufficiently small set 2 in a basis B’ in the conditions of Assumption
2.2 or Assumption 2.3, we get a projective system of exact sequences

0 — T(2 F(Mp—sor)n)) = T(Q; F(My)) — T(Q F(Mp—y)n)) = 0, (18)
and the result follows by a similar argument to that used in the proof of Lemma 4.8. (]
COROLLARY 4.18. For every M € Mods(A) and n > 0 one has

WF(M) = F(,M).

Proof. Fix n > 0. By Proposition 4.5, F"(Mp_;0) 22 F(Mpu_sr) in Mod(A).
Then Lemma 4.17 and Corollary 4.15 together with the exactness of F imply the
chain of isomorphisms:

th(M) = Fh(Mh—tor) =n F(M}'L—tor) = F(anL—tor) = F(nM)

LEMMA 4.19. For any M € Mods(A), F'(M) is chc.

Proof. By virtue of Corollaries 4.9 and 4.15 and Propositions 4.10 and 2.12 the
assertion holds for M h-torsion free. To treat the general case, we observe that the
statement is of local nature on Y. We can cover Y by open subsets of the form ®(U)
and consider integers Ny such that ANV F*' (M, o) oy = BYY F(Mp—ror|v) = 0. Since
Aloe ~ pNv A'Toc it follows that in ®(U)

RHom 4 (A", F*(Mp 1)) =0,
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hence F*"(M},_,) is chic and so is F*(M) by Lemma 4.17. O
As a consequence of Corollary 4.18 together with Lemma 4.8 we get the following.

COROLLARY 4.20. For every M € Mods(A) and n >0, we have a family of
isomorphisms in Mod(A)) :

H/ (gry (F"(M))) ~ F(H/gri,(M)), Vj € Z. (19)

End of the proof of Theorem 4.16
Given an exact sequence in Modgs(.A)

O M->M->M' =0 (20)
we deduce that
0 — F'"(M') - F'(M) - F'(M") - 0

is exact, thanks to Lemma 4.19 and Corollary 4.20 by applying grs to (20). This
achieves the proof of Theorem 4.16.

4.3. Unicity of extensions. Let us now discuss the unicity of the extensions of the
functors treated above.

Consider Serre substacks S and S” and a functor ® : Op(X) — Op(Y) as above.
Let G: S — ®*S’ be a K[[A]]-linear functor. Let G be a functor from Modgs(A) to
Mod(A’) such that G|s takes values in §'.

DEFINITION 4.21. We shall say that G extends G(X) if G|s and G are isomorphic
functors.

In particular, if G extends G(X), the natural morphisms
G(M) = G(M,) = G(M,)
define a morphism of functors:

g() — G"().

PROPOSITION 4.22. Consider the case where each S, coincides with the stack
MOdwh(-An)-

Assume that G(X) is right exact. Then, up to isomorphism, G" is the unique
right exact functor G : Mod.,;,(A) — Mod(A') that extends G(X) and verifies G(A) =
imG(A,).

'

Proof. Recall that Mods(A) coincides with Mod,.;(A). First of all, it is clear that
G" satisfies the statement.

Suppose that G is another right exact functor that extends G(X). Taking a local
presentation of M € Mod,,;(A), say

AV > A 5> M =0,
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and applying G and G”, one gets the below diagram with exact rows:

gAY - GAF - GM) - 0— 0

J J J I
(GMA)YN - (GMA): - G'(M) - 0 = 0.

The statement then follows by the Five Lemma in view of the hypothesis G(A) = G"(A).
O

PrOPOSITION 4.23. Consider the case where G(U):S(U) — S'(U) is an exact
functor for any U € Op(X). Then up to isomorphism, G" is the unique (exact)
functor G that extends G(X), takes values in the category of chc objects and verifies
2G(M) ~ G(,M) and G(M),, >~ G(M,,) (the last isomorphisms being associated to the

canonical morphisms).

Proof. Clearly, G" satisfies the statement.

On the other hand, consider a right exact functor G which extends G, goes to the
category of chc A’-modules and commutes with ,(-) and (-),. Then applying gr to the
morphism G — G”, one concludes the isomorphism G ~ G". O

We can now sum up the above discussion and state the main result of this section.

THEOREM 4.24. Let X and Y be complex manifolds, let A (resp. A’) be an algebra
of formal deformation on X (resp. on Y ), let S (resp. ') be a full Serre substack
of M od.o;(A) (resp. a full Serre substack of a full substack €' of abelian categories of
M od(A)) and let be given a functor ® : Op(X) — Op(Y) in the conditions of Assumption
4.4. Assume that S satisfies Assumption 4.1 and that S’ satisfies Assumption 4.3 with
respectto€¢’. Let F : S — ®*S’ be a K[[h]]-linear functor and assume that for each open
subset U, F(U) is right exact. Then:

(1) F": Mods(A) — Mod(A') is a canonical right exact [[h]]-linear extension
of F.

(2) When €' = M od,,;,(A), then F" takes values in Mods (A").

(3) If for each open subset U C X, F(U) is exact, then so is F", and up to
isomorphism, it is the unique extension of F that takes values in the category
of chc objects and commutes with ,(-) and (-),.

REMARK 4.25. F" is canonical in the following sense: Keeping the preceding
notations, if we are given a functor H : S — &, a functor i/ : S’ — §/, and a morphism
6 of functors ®, ¥ : Op(X) — Op(Y), we derive a functor of prestacks H* : ®*S’ —

S, together with an extension H i Mods(A) — Modg(A’). If moreover F S —
®*S', F : § — W*& are given, one may define a morphism F — F as being a morphism
of functors H* o F — F o H (cf. diagram below):

S S’
H| | &
S L ws
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In this situation, we get a morphism of functors F" — F" o H" (cf. diagram below):

S < Mods(4) £ Mod(A)
H | | H" Il

§ < Mods(A) 2> Mod(A).

5. Application to Dy[[/]]-modules. Let X be a complex manifold. Let Ox be
the sheaf of holomorphic functions on X and let Dy be the sheaf over X of linear
holomorphic differential operators of finite order.

As the title suggests, in this section we apply the results of Sections 2 and 3
for A = Dx[[h]]. We shall extend functors defined on full Serre subcategories of
Mod,,»(Dy) whose objects are characterized by local properties. As we shall see, these
full subcategories being the data of full Serre substacks, the functors we are interested
in define linear functors to which we apply the results given in Section 3. So we skip the
constant reference to substacks, as stated in Convention 3.1, referring to the categories
most of the time.

Recall that one denotes Dy[[h]] by D% as well as Ox[[h]] by O%. Also recall
that D} satisfies (i), (ii) and (iv) of Assumption 2.3 taking for B the family of Stein
compact subsets of X, for Ay the C-algebra Dy and considering the prestack of good
Dy-modules in the sense of [5].

The formal extension functor is defined by

()" : Mod(Dy) — Mod(D%),
M Mh = Lir_n(Dﬁ‘;/h"“D} ®p, M).

n>0

In particular M" is A-complete for any M € Mod(Dy).
An exhaustive study of D;}-modules has been done in [2], whose notations we
maintain here.

REMARK 5.1. D;} induces, for each n > 0, a (left and right) structure of free Dy-
module of finite rank (7 + 1) on the algebra D}, := D} /h"*' DY which becomes a
(D%, Dy)-bimodule (resp. a (Dy, D% )-bimodule).

Following [8], an object M € Df,gh(D?() is said to be holonomic (resp. regular
holonomic) if gr (M) is an object of D’h’a /(Dx) (resp. of DZOI(D x)). The full subcategory
of D’ (D%) of holonomic (resp. regular holonomic) objects is denoted by D? (D%)
(resp. D%, (D%)).

Denote by Qy the sheaf of holomorphic forms of maximal degree on X and set

Q?fl = Homp, (x, Ox) as usual. We shall need the following functors:

D, : D'(Ch) — DP(Ch), F — RHomcy(F, CY),
Dl : D"(D%) — DP(DY), M = RHomgpn (M, Dh,
Soly, : D’ ,(D%) — D(Ch), M+ RHompn (M, oh,

DRy : D}, (Dy) — D'(C}), M > RHomp (O, M),
Dy : D*(D%) — D/(DY), M — RHomp(M, D ®0, QF "ldx].
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Note that both D;)h and Dy, preserve coherence.

When the base ring is fixed and there is no risk of confusion, we shall denote each
of the functors Dy, and D/, simply by D},.

As shown in Theorem 3.15 of [2], the following diagram is commutative:

DR
D), (D) — D_(C}) 1)
lS()lﬁ/
D,
D (Ch).

REMARK 5.2. After [2], and according to our previous notations, the category
Mod,..i(D%) equals the category Mods(D%), where the full Serre substack S is

U > S(U) = Uyl odeon (D) (U).
Similarly, the category Mod,;,(D%) is defined by the Serre substack

U S(U) = Uyt ody (D) (U).

5.1. Inverse image. Let f: Y — X be a morphism of complex manifolds. One
defines a right exact functor /* : |, Mod(D% ,) — U, Mod(D} ) setting

]:*(./\/l) = Oy ®f—1@xf._l./\/t.

We refer, among others, to [10] for a quite general study of this functor for n = 0.

Let ¢” be the abelian full subcategory of pseudocoherent D% -modules and let
S’ C ¢ be the full subcategory of pseudocoherent D} -modules satisfying Assumption
2.20 with respect to the basis B’ of Stein compact subsets of Y.

LEMMA 5.3. Let S be equal to | J,, Modmh(D}n). Then for any morphismf : Y — X
andany M € S, [*(M) € S,

Proof. Observe that, for givenn > 0,and M € S, considering the f~!(Dy)-module
structure on f~'(M) referred to in Remark 5.1, we get

M) =Dy y ®f-‘DXf71M-

Recall that any coherent Dy-module is locally good, and any pseudocoherent Dy-
submodule of a good Dy-module is itself good.

By [10], it is known that the inverse image of a coherent Dy-module M is a
pseudocoherent Dy-module which satisfies the following property:

1. In a suitable neighbourhood of each y € Y, it is an inductive limit of good

Dy-submodules.

Since inductive limits commute with cohomology on compact sets, it follows that

S (M) satisfies (8). Also note that condition (1) is closed for quotients and hence for

submodules in the abelian category of pseudocoherent modules. Indeed, given /};l a
pseudocoherent module satisfying (1) and given a pseudocoherent submodule N of
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M, the quotient
MIN
is pseudocoherent. If in an open set  we have M|q ~ li_r)n/\/la, for given good
submodules M, of M, since their images in M/N are logally finitely generated,

hence coherent, hence good, it follows that each N N M, is good. By the exactness of
inductive limits we get that A/|q >~ h_n)v\/ N M,. This ends the proof. O

In what follows, we shall denoteaby S the full Serre substack

U S(U) = | #0deon(Dy »)(U)

of A 0d..;(DV).

Let us denote by @ : Op(X) — Op(Y) the functor given by ®(U) = f~1(U)
together with the inclusions U D V > ®(U) D ®(V). Clearly, ® satisfies Assumption
44.

In view of Remark 5.2 and Convention 3.1, by Theorem 4.24 we are in the
conditions to define a right exact functor extending / *:

" Modoi(D}) — Mod (D}),

given by

%, AL . —1
M) =1lim | O X M,,),
£ M) %( 8

and we have:
[ (0F) = 0. (22)

Indeed, one has

(oy ® fl(OS?/h”“OZ)>
f

*, h :
O = lim
L7700 hn ~1(0x)
21(1I_n<(9yf S@ 1Oy ® (Ck /h”“C'?()))
n>0 Ox)
=1im (0 & (©}/rich) = 0f.
0

n

Let us consider the (DY, f~!(D%))-bimodule

K: f*h(DX)—11m<Oyf ® f (DX/h"“DX))

n>0

Since for each n, f~Y(DL/W*1DL) is isomorphic to f~1(Dx) ®c, Ch/WHCh we
conclude the following.
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LEMMA 5.4. As a (D%, f ’I(D}))—bimodule IC is isomorphic to the formal extension
(Dy_x)" of the transfer module Dy_, x. In particular it is h-complete.

PROPOSITION 5.5. Let f 1 Y — X be a morphism. Then:

1. K is che.

2. For each M € Mod,.;,(D%), f*’h(/\/l) is che.

3. For M € Modwh(D ), one has an isomorphism in Mod(D"):

K ® f'MzxfMm. (23)
[7UDY)

4. For each M € th(Dh) K ® "M is che.
RN

Proof. (1) Follows by Proposition 4.14(1) since K >~ D} _ , is h-torsion free.
(2) Follows by Proposition 4.14(2).
To prove (3), note that M > K ® f~!(M)is aright exact functor that extends

2]
f * in the sense of Definition 4.21. Hence, the result follows by Proposition 4.22.
(4) Let us now consider M € th(D@). Given a local free resolution

oIS

Dh- M,

it yields a quasi-isomorphism

%k & M

Fav2l0)
in D’(D%). To conclude the statement, it is enough to apply Lemma 2.8. O
REMARK 5.6. As a consequence of (3) of Proposition 5.5, we give a meaning to

Lf™ " as follows:

For M e D? (D%) we set:

coh
Lf*MM) =K ® M.
Fav2)

More precisely, the left-hand side of (23) defines a left derivable right exact
functor Iy on Mod(D%), which is equivalent to f*‘h on Modu(D%). Since any

M € Mod,,;(D%) admits locally a free, hence Ir-projective, resolution, we may denote

without ambiguity the derived functor K ® () by Lf™ R,
/1Y)

PROPOSITION 5.7. Let M € D} (D%). Then Lf™ "(M)e D b (Dh). The same
statement holds if we replace the assumption of holonomicity by that of regular
holonomicity.

L
Proof. Since grp(Lf*"(M))~Dy_x & f'grn(M) (indeed, as shown in
- [N (Dyx)

Proposition 1.4.3 of [8], gr, commutes with tensor product and also with 1), the result
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follows from the analogous property for holonomic D-modules due to Kashiwara ([3])
together with Proposition 2.11. |

5.2. The non-characteristic inverse image. Recall that, in the sense of [6], f is said
to be non-characteristic for M € Mod.;(Dy) if

f Y (Char(M)) Nkerfy C Y xx THX,

where Char(M) denotes the characteristic variety of M.

Let us now denote by NC(f) the Serre substack of .Zod.,;,(Dy), which, to each
open subset U C X, assigns N C(f)(U), the full Serre subcategory whose objects M e
Mod,i(Dx|v) are such that f1s-1 (g is non-characteristic for M.

We can restrict /* to NC(f) as a C"-linear functor of stacks. Then for each
open subset U C X, f*(U) is exact ([6], Proposition 11.2.12), and takes values in
Modeon(Dylr-1(vy)-

Therefore, by Theorem 4.24, the restriction of the extension functor f “I to
Modyc()(D%) is an exact functor

" Mody ey (DY) = Modeo (DY) -

We shall denote by Dﬁ’vc(f)(D?() the subcategory of Dfah(D}) whose objects M are such
that grj (M) is non-characteristic for f.

In particular, for any f, O% € Modyc()(DY).

Recall that for any coherent Dy-module, one has a well-defined morphism in
D'(Dy):

S~ (RHomp, (M, Ox)) = RHomp, (Lf*(M), Oy), 24)

which is an isomorphism when M is non-characteristic for /' (Cauchy—Kowalewskaia—
Kashiwara’s Theorem).
This result may be generalized to the formal setting as follows.

THEOREM 5.8 Cauchy—Kowalewskaia—Kashiwara. Assume that M belongs to
D} ¢(D¥)- Then one has a natural isomorphism in D?(Ch):

/7' RHompy, (M, O) =~ RHompy (L]_‘*’h(/\/l), 0};) . (25)

Proof. By Propositions 2.13 and 2.15, we have a natural morphism between cfic
objects

' RHom h Lo L inn
pr (M, 0}) = RHompn (K @ fT/(M), K ® f7O%)
e DY)

(see Exercise 11.24 in [6] for the construction of the morphism).
Besides, by (22) and (23), K ® f~1(O%)~ O%. The result then follows by
P2l

Propositions 5.5 and 2.11. O
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We may also introduce the so-called extraordinary inverse image associated to f, which
we denote by L/™":

L}_r!,h . Db

coh

(DY) — D'(D}), M > Dp(Lf* (Dr(M))).
We refer to [12] for that notion in the D-module case.

By Proposition 5.7 and duality we get the following.
COROLLARY 5.9. Let M € D}, (D%). Then, Lf*"(M) € D}, (D%).

5.3. Direct image. In this section we discuss the possible application or
adaptation of our results to the functor of direct image. We shall work with right
D"-modules but all the results are easily adapted to the case of left D"-modules.

We identify the abelian category of right D"-modules with the category
Mod(D%").

Letf : Y — X be a morphism of complex manifolds. Let /C denote the associated
transfer module.

5.3.1. The case of a closed embedding. Let us treat thecasewheref =i: Y — X,
the embedding of a closed submanifold. In this case Dy_, x is flat over Dy and we obtain
an exact functor

Z* : MOdcoh(DYop) g MOdcoh(DXop), M= l*(M) = l*(M ®Dy DY%X)

Here the full Serre substacks S and &' are respectively .#od..,(Dy”) and
M od.on(Dx®). We can choose as a candidate for the functor @ : Op(Y) — Op(X)
the data U — ®(U) := X \ (Y \ U) which clearly satisfies Assumption 4.4 and we are
in conditions to apply Theorem 4.24 to extend i, as an exact functor

i Mod,o (D’}"P) — Mod,, (DQ}"”) :

(M) = lim i,(M,, ®p, Dy-.x).

n>0

5.3.2. Discussion of the general case. By Lemma 5.4 we have K ~ (Dy_ x)",
hence

Ky~ DY, ®p, Dy_x.
So for M € Mod(D%?), we get natural isomorphisms in Mod(f~!(Dx)/"):
Mn ®D§/L K~ M” ®D§' IC” = (M” ®D§’ Di}i’,n) ®Dpy Dy_x x~ Mﬂ ®py Dy x. (26)
Since projective limits commute with direct images, (26) entails a morphism

f*(M ®D§5 IC) — nglf*(Mn ®Dy DY—)X)s (27)

n>0
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which defines a C"-linear transformation of functors of stacks. When f is a closed
embedding, as proved in Corollary 5.16, it is an isomorphism of functors. Indeed, we
do not know if it is an isomorphism in general, as explained in Remark 5.15. However,
we have the following partial results.

LEMMA 5.10. If M € Modwh(D?,Op) is such that M ®pn K is h-complete, then (27)
is an isomorphism.

Proof. If M ®pr. K is h-complete, then

M ®py K = im(M ®py K), = im(CYy, ®cy, (M ®py K)) =

n>0 n>0

~ lim(M,, ®py, K) ~ lim(M,, ®p, Dy-x),

n>0 n>0
and since f, commutes with projective limits the result follows. a
LEMMA 5.11. For any M € Modwh(D’;EoP), M Qpn K is che.

Proof. By Proposition 5.5, K is che. On the other hand, we can choose a local
presentation of M by locally free D%-modules to which we apply the right exact
functor - ®pn K. Hence, M ®pn K is locally the cokernel of a C”% -linear morphism of
che-modules and the result follows by Lemma 2.8. O

COROLLARY 5.12. Let M € Modcoh(DF}/)p ). Then (27) is an isomorphism in each one
of the following cases:
(i) M is an h-torsion module.
(ii) M ®pn K is h-torsion free.

Proof: By Lemma 5.10 it is enough to prove that in both cases M Qpn K is h-
complete.

(1) If M is an A-torsion module and since the result is local, we may assume that
there exists some N > 0 such that 2¥ M = 0. This implies that /" (M ®p K) ~ 0 and,
in particular, M ®pn K is hi-complete.

(i) If M ®pn K is an h-torsion free module, by Lemma 5.11 together with [8],
Lemma 1.5.4, it is h-complete. |
The following result is possibly well known but we find it useful to prove here.

LEMMA 5.13. Let F € Modg_(C%). Then F is h-complete.

Proof. We shall prove that the natural morphism F — l(ir_nF,, is an isomorphism.
n>0

By the triangulation theorem (Proposition 8.2.5 of [6]) we may assume that F
is a constructible sheaf on the realization of a finite simplicial complex (S, A) (we
refer to [6] for the notation) and, for each n, F, being the cokernel of the morphism
! . F — F,itisalso constructible on (S, A). It follows that there exists a locally finite
open covering {U(o)}sea of S such that, foreacho € A and x € |o|, '(U(0); F) >~ Fx
and I'(U(o); F,) ~ (F,), for every n € N.

As a finitely generated C"-module, Fy is i-complete and hence

P(U0): F) = Fy = lim(F), = im(F,), ~ im [(U(0); F,) = D(Uo ) im F,).

n>0 n>0 n>0 n>0
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and the result follows. 0

COROLLARY 5.14. If M € Mad(,ah(D;}‘)p) is holonomic, then M Qpn Ob is h-
complete. In particular, when f . Y — {pt}, (27) is an isomorphism for every holonomic
Dl -module M.

Proof. Since in this case K ~ O}, then
M ®py K =~ H(RHompy (Dy M, OF))

is R-constructible by [2, Theorem 3.13] and the result follows by Lemma 5.13. 0

We then infer that (27) is an isomorphism if Y is a complex line, M € Modwh(D’;’,"p )
has a discrete support and f is the constant map f : ¥ — {pt}. Indeed, as proved in
[2], the support of M coincides with the support of M, so if supp (M) is discrete, M
is holonomic and the statement follows by Corollary 5.14.

REMARK 5.15. As a matter of fact we did not find a counter-example for the
conjecture that if M is D% -coherent, then M Qpr K is always h-complete. Of course,
such a counter-example, to exist, should firstly occur in the smooth case. This difficulty
prevented us from applying successfully our results to extend the functor of proper
direct image except for a closed embedding as above.

COROLLARY 5.16. When f is a local immersion, the morphism (27) is an isomorphism
for every M € Mod,,,(DL?).

Proof. By Theorem 2.10, K is flat over D.. Moreover, as can be checked by the
reader, (f ~!Dy)" is an algebra of formal deformation.

Since K is coherent over (f ~!Dy)", M ®p K is coherent over (f~'Dy)", hence it
is i-complete. Since Ai-completeness is a local property, the result follows.

0

5.3.3. An alternative extension. The idea now is to use the transfer module K
to mimic the D-module construction of direct images. The (D%, f~!(D}))-bimodule
structure on K allows us to define functors

Rf" Rf": D’ (D’;o’”) —~ Db (Dg‘;"")

of direct image and proper direct image respectively by

RIM) = RA(M @y, KO),

RMM) = REM py K).

We remark that Corollary 5.16 implies that these definitions coincide with i, for
a closed embedding i.

LEMMA 5.17. Let M € D5, (D}). Then Rf"(M) is che.
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Proof. Recall that K is chc by Proposition 5.5. Consider the canonical
isomorphisms in D?(C):

L L
M ®py K =~ RHompy (DM, DY) ®pp K =~ RHomgpy (DM, K).

L
Hence, M ®pn K is also chc. Finally, we conclude that Rf Z(M) is che by Proposition
2.14. a O

We are now able to extend to D"-modules the classical coherence criterion of direct
images of D-modules.

THEOREM 5.18. Suppose that M € Db, (D) (resp. M € D} (D}™)) and that f
is proper on supp(M). Then,

Rf"(M) € DL, (D)

(resp. R]_"f(/\/l) e Db (DL™).)

Proof. Since by assumption grp(Rf Z(M)) is an object of D,Zood(DXOp ) (resp.
D! (Dx?)), the conclusion follows by applying Theorem 2.9 to the object Rf f(./\/l) €
DY (DL™). O

5.4. Review on specialization, vanishing cycles and nearby-cycles.

5.4.1. Review on Sato’s specialization, vanishing and nearby-cycles. We refer to
Chapters IV and VIII of [6] for a detailed study of the constructions below.

Let X be a complex analytic manifold, and Y be a submanifold of codimension
d. Recall that K denotes a unital commutative Noetherian ring with finite global
dimension. Denote by Xy the normal deformation of Y in X. This is a real analytic
manifold endowed with two canonical maps p: Xy — X and 7: Xy — R such that
Ty X is identified to the real analytic hypersurface of Xy given by the equation 7 = 0.

Denoteby s : Ty X — X’y the canonical embedding. Set Q = r~1(R") N )~(y and
denote by p the restriction of p to Q.

Recall that the Sato’s specialization functor on D’(IKy) is given by F >
V(F) := s7'Rj,p~'F. Recall that v induces a functor: D2 (Ky) — D2 (Kr,x).

Let us now assume that Y is a complex closed smooth hypersurface of X given as
the zero locus of a holomorphic function f/ : X' — C. -

Let C* be the universal covering of C* = C\{0}, and let p: C* — C* be the
projection. Denote by X* the fibred product X x¢c C* and let p be the projection
associated to id x¢ p:
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Recall that the nearby-cycle functor % : D’(IKy) — D’(IKy) is defined by
YY) =i REF(F),

and that the vanishing-cycle functor ¢% : D’(IKy) — D’(IKy) assigns to an object F €
DP(IKy) the mapping cone of i~'F — '$(F). The natural morphism ¢ ¥(F) — ¢'$(F)
is called the canonical morphism and denoted by can. Both ¥$(F) and ¢%(F) induce
functors D._ (Kx) — D% _ (Ky).

LEMMA 5.19.

(@) If g: X — Z is a morphism of complex manifolds and F € D*(C%), then in
DY(Cy), RgS" F ~ RgCF and Rg"™" F ~ RgCF.

(b) For every F € Db(Cg}), we have vgﬁ(F) ~ vg(F), and if 'Y is a smooth
hypersurface of X, we also have w%ﬁ (F) ~ wg(F).

Proof. Let I°* be a flabby resolution of F in D?(C%). Then each V' is also flabby
in Mod(Cy). Hence, both Rgth and IRgSF are quasi-isomorphic to g,(/*). Similarly,
using a c-soft resolution of F' instead, we get Rg;ChF o~ [Rgf:F , which proves (a). (b)
follows as a consequence of (a). O

Henceforth we keep the notations vy, ¥y, ¢y for the specialization or the nearby-
cycle/vanishing-cycle functors on sheaves of C"-modules.

REMARK 5.20. Given F € D’(C%), since grp, commutes with inverse and direct
(proper direct) image, we conclude that grp(vy(F)) >~ vy(grn(F)), gra(¢y(F)) ~
¢y (grn(F)) and gra(¥y(F)) = ¥y (grn(F)).

5.4.2. Review on specialization, vanishing and nearby-cycle functors for D-modules.
We start by recalling the (exact) functor of specialization of Dy-modules (along a
submanifold) as developed in [4]. For the basic material besides [4], we refer to [9], [11]
and [13].

Let Y C X be a submanifold of X and denote by I the defining ideal of Y and
by : TyX — Y the projection of the normal bundle to Y. One denotes by Vy*(Dy)
(or by V* for short once Y is fixed) the Kashiwara—Malgrange V' -filtration of Dy with
respect to Y:

VE(Dx)={PeDy: PW)C I Vj,keZjj+k=>0}.

The graduate ring gry(Dy) is isomorphic to 7, Dz, x}, where Djr, y] denotes the sheaf
of homogeneous differential operators over Ty X.

A coherent Dy-module M always admits locally a good V-filtration.

Denote by 6 the Euler field on Ty X.

Recall that a coherent Dy-module M is specializable along Y if for every local
good V-filtration V*(M) on M there is locally a non-zero polynomial b € C[s] such
that

b6 — k)VE(M) c V*HY(M), Vk e Z,

where b is called the Bernstein—Sato polynomial or a b-function associated to the
filtration V°.
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In the sequel, when there is no risk of confusion, we often write specializable
instead of specializable along Y, once the submanifold Y is fixed.

Denote by G a section of the canonical morphism C — C/Z and fix on C the
lexicographical order. Let M be a specializable Dy-module and denote by V(M) a
good V-filtration of M admitting locally b-function whose zeros are contained in G.
Such condition defines a global filtration (Kashiwara’s canonical V-filtration) on M,
which is uniquely defined.

The specializable of M along Y is the coherent Dr, y-module:

vy(M) =Dr,x ®Dpr, 0 mgry (M),

and this definition does not depend on the choice of G.

REMARK 5.21. Let us fix G as above. Given an exact sequence of specializable
Dy-modules:

O M > M- M,—0

if b;(s) is the local Bernstein—Sato polynomial for the canonical V-filtration on M, i =
1, 2, then by(s) - bo(s) is the Bernstein—Sato polynomial for the canonical V-filtration
on M (see for example [11, Proposition 4.2]).

Denote by Mody,(Dy) the full Serre subcategory of Mod,.;(Dx) of specializable
Dy-modules along Y. The assignment U — Mod,,(Dy|y) defines a full Serre substack
of A od,.;(Dx).

The correspondence M +— vy(M) determines an exact functor from Mod,(Dy)
to MOdCOh(DTyX)'

Now let us suppose that Y is a complex closed smooth hypersurface of X given by
the zero locus of a holomorphic function f : X — C. Recall that in this case, we can
also associate to a specializable Dy-module M the nearby-cycle module

ViM)
M)~ gt (M) =52
M) = g (M) = 3550
and the vanishing-cycle module
Vel(M)
M)~ grpt (M) = —& ==,
PriM) = ery (M) VeM)

Thus, ¥y, ¢y : Mody,(Dy) — Mod.4(Dy) are exact functors.

5.5. Specialization, vanishing cycles and nearby-cycles for D;}-modules. Let Y be
a submanifold of a complex manifold X. According to the preceding section, we fix
a section G of the canonical morphism C — C/Z to which all canonical V-filtrations
mentioned below will refer.

Given M € Modw;,(D;}_n), we say that M is specializable along Y and denote
it by M € Mody,(DY ) if it is so when endowed with the structure of Dy-module as
explained in Remark 5.1. We obtain a full Serre substack S of .# od..,;,(D%) by assigning
to each open subset U C X the full Serre subcategory S(U) = U,,ZoMods,,(D;?’nlu).
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DEFINITION 5.22. We say that a coherent D-module M is specializable along Y
if M € Mods(Dh).

Equivalently, gri(M) is specializable in the Dy-modules sense, that is, both (M
and M, are specializable Dy-modules along Y.

EXAMPLE 5.23. Every coherent D}-module M such that supp(M) C Y is
specializable along Y. Indeed, we have

supp(grn(M)) = supp(oM) U supp(Mo) C supp(M) C Y.
Hence, ¢,M and M| are specializable along Y.

In the sequel, for short, we shall often say that M is specializable omitting reference
to the submanifold Y.

We denote by Mod,,(D%) the category Mods(D%).

As a functor @ : Op(X) — Op(TyX) satisfying Assumption 4.4, we consider
the data U+ ®(U)=n""(UNY), where 7 : TyX — Y denotes the projection.
According to Theorem 4.24, we are in the condition to extend (uniquely up to an
isomorphism) the exact functor

Vy . MOdgp(DX) —> MOdCOh(DTyX)

as an exact functor

vl : Mody(Dh) > Modeon(D2 y)
M = V(M) = 1<ir_nvy(./\/ln).

n>0

DEFINITION 5.24. Given M € Mod,(D%), we shall say that vi(M) is the
specializable of M (along Y).

Propositions 3.3 and 4.5 entail the following result.

COROLLARY 5.25. Let M be an h-torsion DY-module. Then M is specializable as a
DY -module if and only if M is specializable in the Dy-modules sense. Moreover, if M is
specializable, then vi(M) ~ vy(M) in Mod..;,(Dr, x).

By Proposition 3.4 we have the following characterization.

COROLLARY 5.26. Let M be a coherent DY-module. Then the following properties
are equivalent:

(1) M is a specializable D%-module.
(2) My is a specializable Dy-module.
(3) M, is specializable as a Dy-module for each n > 0.

REMARK 5.27. Let M be a specializable DZ-module. Regarding gr;(M) as an
object of D’(Dy), we have a specializable complex in the sense of [9]. Since

grviM) ~ limgrpvy(M,)

n>0
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and, for each n, by construction, grpvy(M,) is isomorphic to vygry(M,), we get a
morphism

V(M) — vygra(M).

Theorem 4.24 asserts that this morphism is an isomorphism in D*(Dr, y).

REMARK 5.28. Since the ring D} is neither filtered by the order nor by V-filtrations,
the notion of Bernstein polynomial for a specializable D% -module does not make sense
in general. However, we have the following result.

PROPOSITION 5.29. Let M be a specializable h-torsion free’D??-module. Assume that
b(s) is a Bernstein polynomial for the canonical V-filtration on My as a specializable
Dy-module. Then, b,(s) := (b(s))"*! is a Bernstein polynomial of M, for the canonical
V-filtration.

Proof. The sequence

£0,1

0 Mo My 2% My — 0,

together with Remark 5.21 entails that if b(s) is a Bernstein polynomial for the canonical
I filtration on M, then (b(s))? is a Bernstein polynomial for the canonical V-filtration
on M, and we proceed by induction applying the same argument to the sequence

Po.n

0—>Mn,1E>Mn—>MO—>O.

|
In the examples below, we assume X = C™, for some m € N, with coordinates
([, X1y eens xm_l), and Y = {([, X1y eens xm_l) ceC":t= 0}.

EXAMPLE 5.30. Let M be a D;}-module with one generator, let us say M >~ DZ /T
for a coherent ideal 7. Then we have a chain of isomorphisms of Dy-modules,
~ ,Dilf ~ Di=o,..., nDXhi
T wtDh 4+ Tn

n

~ J
j“'mﬂ@@mj'
Suppose M = D% /DLb(13,), where b(s) is a polynomial in C"[s], b(s) = Y7 ai(h)s'
for some m € N and, fori > 0, a;(h) := Y. aill € Ch. Set by(s) = Y1 ais'.
Since Mg ~ Dy /Dyby(13;), M is specializable if and only if by(s) is a non-zero
polynomial in C[s]. We shall calculate particular cases in the following examples.

EXAMPLE 5.31. Let M = D} /D% (htd, + 1). Clearly, Mo = 0, hence M,, = 0 for
every n, which entails vi(M) = 0.

EXAMPLE 5.32. Assume that J = D%(td, — h). Then

In 2= (Potd; + ) _(Pitd — Piy)l': Pr € Dy).
i=1
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Therefore, M,, can be identified with the cokernel of the Dy-linear morphism from
D}“ to itself given by the right multiplication of the matrix,

9, -1 0 .. 0 0
0 4, -1 .. 0 0
Ay=| o
0 0 0 . 3 -1
0 0 0 .. 0 ¢t

Denoting by uj ,, ..., Upt+1.n, respectively, the classes of the elements of the canonical
basis of D’;(“ in M,,, we obtain a system of generators for M, satisfying

(10 )ur,n = 0, (10 = Up—1,n,
for k =2, ..., n+ 1. Classically, one derives an isomorphism
Dy /Dx(18)"™"" — M,
defined by
1 mod Dy(13,)"" — tpy1 .

Therefore, denoting by (x, 7) the associated coordinates in 7'y X, we obtain vy(M,,) =~
Dr,x/Dryx(t0: )"

Since t9, acts by multiplication by /A in M,, the action of A in vy(M,) coincides
with the multiplication by 9., hence as a D, ,-module

h

Vy(M,) = Py
D?YX(ra, —h)+ h"“D’}YX

and it follows that

. D}
VM) = limvy(M,) =~ m
Ty x(T0r

n>0

Now assume that Y is a complex closed smooth hypersurface of X given by the
zero locus of a holomorphic function f : X — C. We can extend the exact functors
Yy, ¢y : Modgp(Dy) — Modeon(Dy), respectively, as functors

Y Mody, (DY) — Mod.on(D})
M > YRM) = limyry (M),
n>0
#% - Modg,(Dh) — Mod.on(D%)
M > ¢h(M) = limgy(M,).
n>0

One can rewrite Propositions 4.5 and 4.10 and Corollaries 4.18 and 4.20 replacing
the functor F respectively by ¥y and ¢y.
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ExamPLE 5.33. Keeping the notations of above examples, we infer from the results

of [13] that, for each n > 0, ¥ry(M,,) is quasi-isomorphic to the complex vy(M,,) Ll
vy(M,), that is,

DTYX ~ n+1
Dryx(t — 1)+ Dryx(zd ytt —

Yy(M,) ~

Thus,

h
DTyX

D y(t =)+ D} y(xd. — h)’

YHM) =
in other words ¥%(M) is quasi-isomorphic to the complex v (M) LIk VE(M).

5.5.1. The (regular) holonomic case. Consider the Serre subcategory S of
holonomic (respectively regular holonomic) Dy-modules.

Similar to [2] for the case n = 0, we see by Proposition 3.4 that if M is a holonomic
(respectively, regular holonomic) D}-module, then each M, is a holonomic (regular
holonomic) for the Dy-module structure of D}, given in Remark 5.1.

Recall that every holonomic Dy-module is specializable along any submanifold
Y, and the specialized module is also a holonomic module. Similarly, we have the
following.

COROLLARY 5.34. Any holonomic D%-module M is specializable along any
submanifold Y. Moreover vi(M) is a holonomic D?Y y-module. If M is regular

holonomic, so is V(M.
When Y is a smooth hypersurface if M is holonomic (resp. regular holonomic),
YR(M) and ¢p}(M) are holonomic (resp. regular holonomic) as DY-modules.

5.5.2. Comparison theorems. Let us recall that Kashiwara constructed in [4,
Theorem 1] for a regular holonomic Dy-module M (or, more generally, for an object

of D (Dy)), canonical isomorphisms in D*(Cr, x)

)

Solp,, ,(vy(M)) = vy(Solp,(M))
DRDTYX(VY(M)) & l)y(DRDX(M))

and, when Y is a smooth hypersurface of X, canonical isomorphisms in D?(Cy)

Solp, (Y y(M)) => ¥y(Solp,(M))
Solp, (¢py(M)) = ¢y(Solp, (M))

and

DRp, (Yy(M)) < Yy(DRp, (M))
DRp,(¢py(M)) < ¢y(DRp, (M))
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More precisely, setting:

@1 = Vy O DR : MOd,.h(DX) —> DIJ(CTY)(),
@2 = DR o vy : Mod,;(Dy) — D"(Cr,x),

. . . . w .

Kashiwara’s construction gives a natural transformation ¢; — ¢;. In particular,

if the modules are provided with a C" action, for any f € C" we get a commutative
diagram in D*(Cr, x):

s
vy(DR(M)) —— vy(DR(M))
\L\I’K(M) \LWK(M)
S
DR(vy(M)) —— DR(vy(M)).
As a consequence, W is C"-linear.
We shall now generalize these isomorphisms to the A-setting.

Denote by Q’X the sheaf of holomorphic forms of degree j on X. Consider the De
Rham complex of X:

043 al 5. sartdon o

Here d denotes the usual exterior derivatives.
For a D%-module M we have DR(M) ~ Q% ®0, M" in D*(C%). Indeed, each
@, ®0, M has a natural structure of C%-module and the derivatives turn out to be

Ch-linear.
By definition l(iI_n(Q}K ®o, M) is given by the complex:
k>0
0 — im(@ B0, My) = -+ — lm(R} ®o, M) > 0. (28)
k>0 k>0

LEMMA 5.35. Let M be a coherent D;}-module. Then 1(131(52}( ®o, M) is isomorphic
k>0
10 Q% ®o, M in C*(Ch).

Proof. Recall that M is h-complete. For each j, the natural morphism

@y ®0, M — lim(Qy ®o, My)
k=0

is an isomorphism because Q’X is locally finitely free over Oy and the projective limit
is additive. Clearly, these isomorphisms are compatible with the derivatives, hence (28)
is isomorphic to Q% ®o, M. O

THEOREM 5.36. For M, a regular holonomic D%-module, there are canonical
isomorphisms in Dfé_ c(@’}y )

(i) DRr(v(M)) < vy(DRp(M)),

(i) Soly(VE(M)) =5 vy (Solp(M)).
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Proof. For each k > 0, we have a natural morphism in D*(C%. ,):
vy(DRp(M)) = vy(DRp(My)).

Since My is an A-torsion regular holonomic D%-module, we have vy(DRy(My)) =~
vy(DR(My)) =~ DR(vy(My)) = DRy (vVi(My)) in Db(C’}YX). In this way we get a
canonical morphism in D*(C%. ,):

vy(DRy(M)) — DRy (v (My), (29)
which entails morphism:
vr(DRy(M)) = QF, ¢ ®0r,, Vi (M),
So we obtain a morphism in C*(C/. ,):

vy (DRy(M)) = Im(Q5, y ®oy, , Vy (M)
k>0

Finally, (i) follows from Lemma 5.35 as the composition of the sequence of
morphisms given below:

vy(DRy(M)) = QF, y @0y, VHM) pris DRy (v (M),

Let us now prove that (i) is an isomorphism. Note that vy(DRjp(M)) and
DRy (v}(M)) are both objects of DZ_ (Cf ), hence they are chc. Therefore, it is
enough to prove that we obtain an isomorphism when we apply gry, to (i). We have on
one hand: gr(vy(DRp(M))) == vy(DR(grn(M))). Since grp(M) € D%, (Dy), we have
vy(DR(grpM)) =~ DRvy(grpM).

On the other hand: gryDRu(vE(M)) =~ DRgrp(vi(M)) =~ DRvy(gryM) by
Remark 5.27.

To end the proof, we remark that (ii) follows by the following chain of
isomorphisms:

Sol,(Vi(M)) =~ D} (DRy(vE(M)))
= Dyvy(DR(M))

vy(D}y(DRR(M)))

vy(Soly(M)),

1

12

where the first and the fourth isomorphisms follow from (21), the second follows by

applying the contravariant functor D’ to (i) and the third follows by Proposition 8.4.13

of [6]. O
Similarly one proves the following.

COROLLARY 5.37. Let Y be a smooth hypersurface of X and M a regular holonomic
Dy-module M. There are canonical isomorphisms in D%ﬂ,(@’}):
Soln, (WHM)) => Yry(Soly, (M))

DY Sotp, (@HM) > dr(Soln(M)

)
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DRp, (Y H(M)) <= ry(DRr(M))

(i) h ~
DRy(¢y(M)) <= ¢y(DRy(M))

5.6. Review on Fourier transforms and micro-localization.

5.6.1. Review of Fourier-Sato transform and micro-localization of sheaves.
Denote by R* the multiplicative group of positive numbers, and suppose a real
or complex manifold E endowed with an action of R* is given. One denotes by
Modg+(KKg) the full subcategory of Mod(Kg) consisting of sheaves F such that
for any orbit » of R™ in E, F|, is a locally constant sheaf. One also denotes by
D, (Kg) the full subcategory of D (IKg) consisting of objects F such that for all j € Z,
H/(F) € Modg-+(IKg). An object of D, (Ig) is called a conic object.

Let now E 5> Y denote a holomorphic vector bundle on a complex analytical

manifold Y, and let E 5 Y denote its dual bundle. We will be particularly concerned
with the cases where Y is a submanifold of a manifold X, E = Ty X is the tangent
bundle to Y on X and E’ = T} X is the cotangent bundle to ¥ on X.

Let F be a sheaf of C-vector spaces over E. One says that F is monodromic if it is
locally constant along the orbits C*n for each n € E\ Y. The category of monodromic
sheaves is a full abelian subcategory of Mod(Cg). An object F € D?(Cg)is monodromic
if the sheaves H'(F) are monodromic for every i € Z. We denote by D% (Cg) the full
subcategory of D?(C) formed by monodromic objects.

Denote by p; and p, the canonical projections from E xy E’ to E and FE/,
respectively, and set P = {(x, VeEXyE (x> 0}. The Fourier—Sato transform

is the functor F¥ : Dft, (Kg) — Dy, (Kg) defined by F¥(F) := Rpax o RTp o py ' (F).
LEMMA 5.38. Let F € D}y, (C}). Then F&"(F) = FE(F) in D (Cp).

Proof. Leti: P — E xy E' be the embedding of P. Then RT"» ~ Rii'. Since /' and
pl_1 are exact functors, the result follows by Lemma 5.19. O

In particular, if F € D% (Cg), then FE(F) € D, (Cp).

In the case E=TyX, E' =TyX and F“: D} (Kz,x) > D (Krpx), the
composition p'f := F¥ o vk : D(IKKy) — Dy, (Kr;x) is called the geometrical micro-
localization (see [6]).

By Lemmas 5.19 and 5.38, one has the following.

LEMMA 5.39. For F € D*(C%) the objects ,u“):,h(F) and u$(F) are isomorphic in
D' (Cryx).

5.6.2. Review on Fourier transform and micro-localization for D-modules. Denote
by Dy C D the sheaf of differential operators polynomial in the fibres. Let 6 denote
the Euler field on E. A 7,.(Dg) or a Dig-left coherent module N is monodromic if A/
is generated by local sections satisfying 5(6)u = 0 for some non-vanishing b(0) € C[6].
We denote this category by Mod,,.(Dyg)), a Serre subcategory of Mod..on(Dig).

Consider the sheaf Qf, y of relative differential formstonw : E — Y.
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One defines an exact functor F (Fourier transform, cf. [1]) from Mod,,0,(Dig)) to
Mod,0n(Dyg) setting for N' € Mod,on(Digy):

f(N) = QE/Y ®7f_10y N

Recall that for each ' € Mod,,,(Djg}) one constructs canonical isomorphisms in
D (Cp):

FE(Sol(N)) ~ Sol(F(N))[-codim Y]; (30)
FE(DRWN)) ~ DR(F(N))[-codim Y]. (31)

Consider £ = Ty X, E' = T}y X and denote by t the projection £' — Y. Let M €
Modp(Dy). Recall that the composition of F with vy gives an exact functor wy from
Modsp(Dx) to Mod,en(Dyr;x7), the micro-localization along Y (cf [13] for details).

5.7. Fourier transform and micro-localization for monodromic D"-modules.
Let S be the full Serre substack of .# odwh(D{}:-]):

U+ S(U) = Uy=oModyon(Dfy ,1v)

where we consider the structure of Djgj-locally free module on D[h - We shall denote
by Mod,.on(D[};) the category Mods (D).
Similarly we denote by S’ the full Serre substack

Vi S/( V)= UnzOMOdmon(D[hE/],M v)-

Consider the functor ® : Op(E) — Op(E’) given by U + 7~ 'm(U). Since F(U) :
S(U) —» S(®(U)) is clearly an exact functor, we are in conditions to apply Theorem
4.24 and extend it as an exact functor

F" - Modyon(Dfyy) — Modyon(Dly)
setting

FMN) = ImFWN,) = imQg) y ®z-10, Na-

n>0 n>0
DEFINITION 5.40. We define F"* as the Fourier transform for D&]-monodromic
modules.

In view of Definition 4.21 and Theorem 4.24, we have functorial isomorphisms:
FMN) = Qpy @10, N

for N e Modm,m(D[’}E]).
One can restate Propositions 4.5 and 4.10, Theorem 4.16 and Corollaries 4.18
and 4.20 replacing the functor F" by F".

LEMMA 5.41.
(a) Let N be a monodromic D[F;;]-module. Then FMN) is a monodromic D(LE,]-
module.
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(b) Let M be a specializable Di,—module. Then vi(M) is a monodromic D’;y X"
module.

Proof. The first property results from the formulas F"(N)y ~ F(N;) and
0FMN) 2= F(oN).

The second one is a consequence of the same property for Dy-modules and the
formulas,

V(M) 2= vy (Mo), V(M) = vy(eM).
O

DEFINITION 5.42. The functor of micro-localization for D%-modules along a
submanifold Y is given by:

1 Modgp(DY) = Modpon(Dfis x))
M > py (M) := FR M),

Since all the functors involved are exact and take values in subcategories of
coherent modules, we conclude functorial isomorphisms:

1y (M) = limpy (M),

n>0

for M € Modg,(Dh).
Similarly we conclude:

THEOREM 5.43. We have natural isomorphisms in D? (C% )

F(Soly(N)) = Solp(FMN))[—codimY]
F(DRr(N)) =~ DRy(FMN))[—codimY]

for N S MOdmon(D};L"yX)'

COROLLARY 5.44. We have natural isomorphisms in D”(Ch; )

Soln(uhy (M) > y(Solp(M))[codimY]
DRu(uy(M)) = puy(DRp(M))[codimY]

for M € Mod,,(D5}).
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