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Abstract

In this manuscript, we address open questions raised by Dieker and Yakir (2014), who
proposed a novel method of estimating (discrete) Pickands constants Hg using a family
of estimators ég(T), T > 0, where « € (0, 2] is the Hurst parameter, and § > 0 is the step
size of the regular discretization grid. We derive an upper bound for the discretization
error 7—[2 - ’Hg, whose rate of convergence agrees with Conjecture 1 of Dieker and Yakir
(2014) in the case « € (0, 1] and agrees up to logarithmic terms for « € (1, 2). Moreover,
we show that all moments of Eg(T) are uniformly bounded and the bias of the estimator
decays no slower than exp{—CT%}, as T becomes large.
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1. Introduction

For any « € (0, 2] let {By(f), t € R} be a fractional Brownian motion (fBm) with Hurst
parameter H = «/2; that is, B, (f) is a centered Gaussian process with covariance function
given by

[11% + |s|¥ — |t — 5]¥

cov(By (1), By(s)) = 3 , t,seR, ae(0,2]

In this manuscript we consider the classical Pickands constant defined by

I
Hai= Jim <E fsupo eV L (0,00, ae(©,2], (1)
S—o0 §

The constant H,, was first defined by Pickands [31, 32] to describe the asymptotic behavior
of the maximum of stationary Gaussian processes. Since then, Pickands constants have played
an important role in the theory of Gaussian processes, appearing in various asymptotic results
related to the supremum; see the monographs [33, 34]. In [22], it was recognized that the
discrete Pickands constant can be interpreted as an extremal index of a Brown—Resnick process.
This new realization motivated the generalization of Pickands constants beyond the realm of
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2 K. BISEWSKI AND G. JASNOVIDOV

Gaussian processes. For further references the reader may consult [13, 14], which give an
excellent account of the history of Pickands constants, their connection to the theory of max-
stable processes, and the most recent advances in the theory.

Although it is omnipresent in the asymptotic theory of stochastic processes, to date, the
value of H, is known only in two very special cases: « = 1 and o = 2. In these cases, the distri-
bution of the supremum of process By, is well known: Bj is a standard Brownian motion, while
B is a straight line with random, normally distributed slope. When « ¢ {1, 2}, one may attempt
to estimate the numerical value of H, from the definition (1) using Monte Carlo methods.
However, there are several problems associated with this approach:

(i) Firstly, the Pickands constant H, in (1) is defined as a limit as § — oo, so one must
approximate it by choosing some (large) S. This results in a bias in the estimation,
which we call the truncation error. The truncation error has been shown to decay faster
than S™7 for any p < 1; see [12, Corollary 3.1].

(ii) Secondly, for every « € (0, 2), the variance of the truncated estimator blows up as
S — oo; that is,

1
lim var {—supte[o s] exp{\/EBa(t) — t“}} = 00.
S—00 S ’

This can easily be seen by considering the second moment of é exp{~/2B4(S) — 5¢}.
This directly affects the sampling error (standard deviation) of the crude Monte Carlo
estimator. As § — oo, one needs more and more samples to prevent its variance from
blowing up.

(iii) Finally, there are no methods available for the exact simulation of
SUP/ef0.5] exp{ﬁBa(t) —1*} for a &{1,2}. One must therefore resort to some
method of approximation. Typically, one would simulate fBm on a regular §-grid, i.e.
on the set §Z for § > 0; cf. Equation (2) below. This approximation leads to a bias,
which we call the discretization error.

In the following, for any fixed § > O we define the discrete Pickands constant

#y o= Jim B supn 5,070 ) @e0.2) @
where, fora, b e Rand § > 0, [a, bls = [a, b] N §Z. Additionally, we set 0Z = R, so that 7—[2 =
H,. In light of the discussion in item (iii) above, the discretization error equals Hy — HS.
We should note that the quantity ”Hg is well defined and 7—[3 € (0, o0) for § > 0. Moreover,
7—[2 — Hq as § — 0, which means that the discretization error diminishes as the size of the gap
of the grid goes to 0. We refer to [13] for the proofs of these properties.

In recent years, [23] proposed a new representation of ”Hfi, which does not involve the limit
operation. They show [23, Proposition 3] that for all § > 0 and « € (0, 2],

V2B (1) —|1|*
SUPsesz€
H =F g%}, where £°:= . 3
* {Ea} S ) Ztesz eV 2Bo()—|t]? )

For § =0 the denominator in the fraction above is replaced by fR eV2Ba0=111" g In fact, the

denominator can be replaced by 1 3,7 eV2B«0=11" for any 5, which is an integer multiple
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Speed of convergence of Pickands constants 3

of §; see [13, Theorem 2]. While one would ideally estimate #,, using é‘g , this is unfortunately
infeasible since there are no exact simulation methods for gg (see also item (iii) above). For
that reason, the authors define the ‘truncated’ version of the random variable &2, namely

Supep .71, ¢” 2B 011"

ENT):= -,
S Zte[—T,T]g eV2Bo (-1

where for § =0 the denominator of the fraction is replaced by f_TT eV2B(0=11" 4t For any

8, T € (0, 00), the estimator Sg(T) is a functional of a fractional Brownian motion on a finite
grid, and as such it can be simulated exactly; see e.g. [24] for a survey of methods of simulation
of fBm. A side effect of this approach is that the new estimator induces both the truncation and
the discretization errors described in items (i) and (iii) above.

In this manuscript we rigorously show that the estimator ég(T) is well suited for simulation.
In Theorem 1, we address the conjecture stated by the inventors of the estimator E(f about the
asymptotic behavior of the discretization error between the continuous and discrete Pickands

constant for a fixed « € (0, 2]:
. . . H(x - Hg
[23, Conjecture 1] For all o € (0, 2] it holds that lim ———— € (0, 00).
5—>0  89/2

We establish that the conjecture is frue when o =1 and is not true when o =2; see
Corollary 1 below, where the exact asymptotics of the discretization error are derived in these
two special cases.

Furthermore, in Theorem 1(i) we show that

lim sup § ~*/2(Hy — "Hg) €
§—0

o ]
T(1 =272y Ao

for a € (0, 1), and in Theorem 1(ii) we show that H, — ’Hg is upper-bounded by §*/2 up to
logarithmic terms for « € (1, 2) and all § > 0 small enough. These results support the claim of
the conjecture for all @ € (0, 2).

Secondly, we consider the truncation and sampling errors induced by £5(T). In Theorem 2
we derive a uniform upper bound for the tail of the probability distribution of 53 which implies
that all moments of S&S exist and are uniformly bounded in § € [0, 1]. In Theorem 3 we estab-
lish that for any « € (0, 2) and p > 1, the difference [E(£3(T))Y — E(€2)"| decays no slower
than exp{—CT*}, as T — o0, uniformly for all § € [0, 1]. This implies that the truncation error
of the Dieker—Yakir estimator decays no slower than exp{—C7*}, and combining this with
Theorem 2, we have that Eg(T) has a uniformly bounded sampling error, i.e.

5
SUD(s.7)e10.1]x[1.00) VAT { Eq (T) } < 00. “)

Although arguably the most celebrated, Pickands constants are not the only constants
appearing in the asymptotic theory of Gaussian processes and related fields. Depending on the
setting, other constants may appear, including Parisian Pickands constants [15, 16, 27], sojourn
Pickands constants [18, 20], Piterbarg-type constants [3, 28, 33, 34], and generalized Pickands
constants [11, 21]. As with the classical Pickands constants, the numerical values of these con-
stants are typically known only in the case « € {1, 2}. To approximate them, one can try the
discretization approach. We believe that, using techniques from the proof of Theorem 1(ii),
one could derive upper bounds for the discretization error which are exact up to logarithmic
terms; see, e.g., [6].
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The manuscript is organized as follows. In Section 2 we present our main results and dis-
cuss their extensions and relationship to other problems. The rigorous proofs are presented in
Section 3, while some technical calculations are given in the appendix.

2. Main results

In the following, we give an upper bound for Hy — H2, for all « € (0, 1)U (1, 2) for small
6 >0.

Theorem 1. The following hold:

(1) Forany o €(0, 1) and ¢ > 0, for all 5 > 0 sufficiently small,

o MadTAHD)
R S e W s '

(ii) For every a € (1, 2) there exists C > 0 such that for all § > 0 sufficiently small,

He — HS < C5%%| 10g 8|12,

While for the proof of the case o € (1, 2) we were able to use general results from the theory
of Gaussian processes, in the case « € (0, 1) we needed to come up with more precise tools in
order to skip the | log §|!/2 part in the upper bound. Therefore, the proofs in these two cases
are very different from each other. Unfortunately, the proof in case (i) cannot be extended to
case (ii) because of the switch from positive to negative correlations between the increments
of fBm; see also Remark 1.

In the following two results we establish an upper bound for the survival function of
Sg and for the truncation error discussed in item (i) in Section 1. These two results com-
bined imply that the sampling error of Sg(T) is uniformly bounded in (8, T) € [0, 1] x [1, 00);
cf. Equation (4).

Theorem 2. For any «€(0,2), §€[0,1], and e>0 for sufficiently large x, T,
we have

]og2 X

max (B {£3(7) > 2} P {g; > x}) <™ 7

Moreover, there exist positive constants Cy, Co such that for all x, T > 0 and § > 0,
max (P {£(T) > x} , P {£} > x}) < Cre~C2 1o’

Evidently, Theorem 2 implies that all moments of 53 are finite and uniformly bounded in
8 € [0, 1] for any fixed « € (0, 2).

Theorem 3. For any a € (0, 2) and p > 0 there exist postive constants C1, Cy such that
[E{EMY) —E{E)r} <cie @™

forall 8, T)e[0,1] x [1, 00).
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2.1. Casea € {1, 2}.

In this scenario, the explicit formulas for H‘f (see, e.g., [19, 29]) and Hg (see, e.g., [14,
Equation (2.9)]) are known. They are summarized in the proposition below, with ® being the
cumulative distribution function of a standard Gaussian random variable.

Proposition 1. It holds that

O(—/5k/2)

-1
. }) forall 5§ >0, and

o
(i) Hi=1and HS = (3 exp {22
k=1

. _ 1 s_2
(ii) H2_ﬁ’ and H =3

Relying on the above, we can provide the exact asymptotics of the discretization error, as
8 — 0. In the following, ¢ denotes the Euler—Riemann zeta function.

(cp(a/ﬁ) - %) forall § > 0.

Corollary 1. It holds that

(i) lim 21 S
§—0 \/3 o ﬁ ’

Lo Ha—H) 1

(i) i = Tgr

nd

2.2. Discussion

We believe that finding the exact asymptotics of the speed of the discretization error Hy —
H? is closely related to the behavior of fBm around the time of its supremum. We motivate
this by the following heuristic:

e\/iBa(t)_ltla

_ V2B (H)—[t]*
H(x _ Hg — ]E ! suplER supteBZe }

8 3 ey /P01

sup, sz Ba0- "
8§ esy V2Bl |

ME:A((S)-

~E{AG)} - H,.

where A(S) is the difference between the suprema on the continuous and discrete grids, i.e.
A(8) := supteR{ﬁBa ) — 1%} — supteaZ{ﬁBa(t) — |¢t]*}. The first approximation above is
due to the mean value theorem, and the second approximation is based on the assumption that
A(5) and Sg are asymptotically independent as § — 0. We believe that A(8) ~ C8%/? by self-
similarity, where C > 0 is some constant, which would imply that Hy, — H’ ~ CH,8%/2. This
heuristic reasoning can be made rigorous in the case o =1, when 2By (1) — |t]% is a Lévy
process (Brownian motion with drift). In this case, the asymptotic behavior of functionals such
as E {A(8)}, as § — 0, can be explained by the weak convergence of trajectories around the
time of supremum to the so-called Lévy process conditioned to be positive; see [26] for more
information on this topic. In fact, Corollary 1(i) can be proven using the tools developed in [5].
To the best of the authors’ knowledge, there are no such results available for a general fBm.
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However, it is worth mentioning that recently [2] considered the related problem of penalizing
fractional Brownian motion for being negative.

A problem related to the asymptotic behavior of Hy, — Hg was considered in [7, 8], who
showed that Esup,¢[o 11Ba(f) — Esup,c(g, 13, B« (?) decays like 8%/2 up to logarithmic terms. We
should emphasize that in Theorem 1, in the case « € (0, 1), we were able to establish that the
upper bound for the discretization error decays exactly like 8%/2. In light of the discussion
above, we believe that the result and the method of proof of Theorem 1(i) could be useful in
further research related to the discretization error for fBm.

Monotonicity of Pickands constants. Based on the definition (2), it is clear that for any
a € (0, 2), the sequence {"H,g, Hﬁ‘s, Hi‘s, ...} is decreasing for any fixed § > 0. It is therefore
natural to speculate that § — ’Hg is a decreasing function. The explicit formulas for ’H‘f and
”Hg given in Proposition 1 allow us to give a positive answer to this question in these cases.

Corollary 2. Forall § > 0, ’H‘f and ’Hg are strictly decreasing functions with respect to 8.

3. Proofs
For o € (0, 2) define
Zo(t) =2By(t) — |1|*, teR.
Assume that all of the random processes and variables we consider are defined on a complete
general probability space €2 equipped with a probability measure P. Let C, Cy, Ca, . . . be some

positive constants that may differ from line to line.

3.1. Proof of Theorem 1, case @ € (0, 1)

The proof of Theorem 1 in the case o € (0, 1) is based on the following three results, whose
proofs are given later in this section. In what follows, 1 is independent of {Z,(?), t € R} and
follows a standard exponential distribution.

Lemma 1. For all o« € (0, 2),
Hg/z — Hg = (S_IP {SuplE(SZ\{O}Za(t) < 0, supteaZ\{O}Za (f - % . Sgn(t)) + n< 0} .

As a side note, we remark that the representation in Lemma 1 yields a straightforward lower
bound

Hf/z - Hg > Silp {Supte(a/z)z\{o}za(t) + n< 0}

for all @ € (0, 2), § > 0.
Lemma 2. Forall o € (0, 1) and § > 0,

Hol? = Ho <87 'P {supesz 0)Za(t) + 1 <0}
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Proposition 2. For any o € (0, 2) and ¢ > 0, it holds that

Ho/7

(1+eg)-81Te/2
N/

P {sup,eaz\{o}Za(I) + n< O} <

for all 5 > 0 small enough.

Proof of Theorem 1, a € (0, 1). Using the fact that Hg — Hqy as 6 | 0, we may represent the
discretization error Hy — ’Hg as a telescoping series; that is,

o0
s 2-ktDg 27ks
Ha—Hazg H,, —H, °.
k=0

Combining Lemma 2 and Proposition 2, we find that, with C denoting the constant from
Proposition 2,

o0
H _fH(S <C22—k(l+a/2)_5a/2_ Haﬁ(l—‘ré‘) .80{/2
o < =
o prd (1 _271701/2) /4 — Do
for all § small enough. This completes the proof. (|

Remark 1. If the upper bound in Lemma 2 holds also for « € (1, 2), then the upper bound in
Theorem 1(i) holds for all @ € (0, 2).

The remainder of this section is devoted to proving Lemma 1, Lemma 2, and Proposition 2.
In what follows, for any « € (0, 2), let {X,(?), € R} be a centered, stationary Gaussian
process with var{X, ()} = 1, whose covariance function satisfies

cov(Xy (1), X (0) =1 — |1|* + o(t|*), t— 0. 5)

Before we give the proof of Lemma 1, we introduce the following result.

Lemma 3. The finite-dimensional distributions of {u(Xy(u=/*t) — u) | X4(0) > u, t € R} con-
verge weakly to the finite-dimensional distributions of {Z,(t) + n, t € R}, where n is a random
variable independent of {Z,(t), t € R} following a standard exponential distribution.

The result in Lemma 3 is well known; see, e.g., [1, Lemma 2], where the conver-
gence of finite-dimensional distributions is established on # € R,. The extension to r € R is
straightforward.

Proof of Lemma 1. The following proof is very similar in flavor to the proof of [4,
Lemma 3.1]. From [34, Lemma 9.2.2] and the classical definition of the Pickands constant
it follows that for any « € (0, 2) and 6 > 0,

’

P isu Xo(u™2/%t) > u
W tim tim S Preto X > u}
T— 00 U—>00 TV (u)

where W(u) is the complementary CDF (tail) of the standard normal distribution and
{Xy, t € R} is the process introduced above Equation (5). Therefore,

P {maxte[()’T]B/2 Xa(u’z/"‘t) > u, MaX:e(o,T); Xa(u’z/"‘t) < u}

82 48 _ 1 .
o™ =~ Ho = lim i TV (1)
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Now, notice that we can decompose the event in the numerator above into a sum of disjoint
events:

1
P! max Xy %) >u, max Xy 2%t <u
W(u) 1€[0,T1s2 1€[0,T]s

= E P { max  Xo(u 2% < X,(u?%7), max Xo(u 2% <u| Xy *%7) > u} .
t€[0,T]s/2 1€[0,T]s
7€[0,T]s/2

Using the stationarity of the process Xy, the above is equal to

§ ]P’{ max  Xo(u 2%t — 7)) < X,(0), max Xa(uz/a(t—t))§u|Xa(O)>u}.
1€[0,T]s/2 1€[0,T1s
7€[0,T1s/2

Applying Lemma 3 to each element of the sum above, we find that the sum converges to
ZTE[O,T]5/2 U('L', T) as u — o0, where

Ui, T):=P { max Zy,(t—1)<0, max Z,(t—1t)+n=< O} .
t€[0,T]s/2 te87ZN[0,T]

‘We have now established that ”Hfi/ 2_ ”H,g =lim7r_ % Zt €[0.715)2 U(z, T). Clearly,

U(r,00)=U(0, 00) =P ma Zy(1) <0, max Z t— 3% . son(t 0t .
(t, 00) = U(0, 0) {te@m%\m} w0 <0, max Zo(t=3-sen(0) +n < }
8/2

We will now show that Hy =~ — ’Hg is lower-bounded and upper-bounded by §~1U(0, 0o),
which will complete the proof. For the lower bound note that

1
HS/Z—HQZ lim T Z U(t, 00),

T—o00
7€[0,T]s/2

where the limit is equal to 81 U(0, co), because the sum above has [7(5/2)~!] elements, of
which half are equal to 0 and the other half are equal to U(0, co). In order to show the upper
bound, consider & > 0. For any t € (¢T, (1 — &)T);5/2 we have

Ur, T)<UT,e):=P { max Z,(1)<0, max Zy()+n< 0} )
te(—eT,eT)s2 te(—eT,eT)s

Furthermore, we have the following decomposition:

1
HY2 —H® = lim - Y u@.n+ Y UxD+ Y UxTD|.
Te(8/2)ZNI_ 7e(8/2)ZNIy 1e(8/2)ZNI,

where I_ := [0, eT], Iy := (eT, (1 — &)T), I+ := [(1 — &), T]. The first and last sums can be
bounded by their number of elements, [¢T(5/ 2)’] ], because U(t, T) < 1. The middle sum can
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be bounded by % -[(1 =2&)T(8/2)~"1U(T, ¢), because half of its elements are equal to 0 and
the other half can be upper-bounded by U(T, ¢). Letting T — 0o, we obtain

HY2 —HE <457 + (1 —26)57' U0, 00),

because U(T, &) — U(0, 0o) as T — oo. Finally, letting ¢ — 0 yields the desired result. O

Proof of Lemma 2. In light of Lemma 1, it suffices to show that
P {sup;esz0)Za(f = 5 - sen(0) + 1 < 0} <P {sup,sz 0 Za(t) +1 < 0}
The left-hand side of the above equals
P {Supteaz\{o}ﬁBa (t — % . sgn(t)) —|t— % -sgn()|* +n < 0}

V2B, (t - 2 -sgn(t))

|t —§ - sgn(n)|*/2

— =S st p ——— <o}

=P {su
{ Presz\(0) |t — 3 - sgn(p)|e/?

V2B, (1 — § - sgn() 12 4

<P {S“Pzesz\{m It =5 - sgn()]*/?

Observe that for all 7, s € 6Z \ {0} it holds that

_ 3. _ 8.
COV(JiBa(t 5. sen(r)) v2Bu(s — 3 sgn(s))) cov (ﬁBam ﬁBa(s)); ©

Sosgn)l®? " |s— 5 - sgn(s)|*/? IRERECE

the proof of this technical inequality is given in the appendix. Since in the case ¢ = s the covari-
ances in Equation (6) are equal, we may apply the Slepian lemma [34, Lemma 2.1.1] and

obtain
P { sup;es7: joy V2B (; 2 sen() — 1?4+ 5 <0
|t — § - sgn(r)|e/2 |t I“/
V2B ) 2 n
<P {SUPzESZ\{O}W — |t]*/* + a2 <0,
from which the claim follows. O

We will now lay out the preliminaries necessary to prove Proposition 2. First, let us intro-
duce some notation that will be used until the end of this section. For any 6 >0, A > 0 let

p(d):= P{A®)}, with A(S8):= {Zuo(=8) <0, Zy(8) <0}, and

@)
g8, ) :=P{AG, M}, with A, A):= {Za(—=8)+ A" <0, Z,(8)+ 1" 'n < 0}.
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For any § >0 and X >0 we define the densities of the two-dimensional vectors
(Za(—8), Zo(8)) and (Zo(—8) + A1, Zo(8) + 17 1n) respectively, with x:= (2) eR?, as
follows:

P{Zy(=0) € dx1, Zy(§) € dx2}

f(x;8):= Trde ,

®)
P {Zoy(=8) + 17" e dxi, Zu(8) + 27"y € du}

10, 0) =
g(x ) drdn

We also define the densities of these random vectors conditioned to take negative values on
both coordinates:

P{Zy(=6) € dx1, Zu(3) € dxp | A(8)}
dx1dxp ’

fr(x8):=

)
B P{Z,(=8)+ 2" "n e dxi, Zo(8) + 170 e dxy | AGS, M)}
g (x36,A):= .
dxydxy

Notice that both f~ and g~ are nonzero in the same domain x < 0. Now, let X be the covariance
matrix of (Zy(—1), Z4(1)), that is,

(cov(Za(—l),Za(—l))cov(Za(—l),Za(l))> < 2 2—2“>
= = : (10)

cov(Zy(1), Zy(—1)) cov(Zy(1), Zy(1)) 2-2% 2

By the self-similarity property of fBm, the covariance matrix X(8) of (Z,(—46), Zy(5)) equals
1
2(8)=456%. With 1, = (1) we define

ax):=x'27x, bx):=x'¥7',, c:= 1;2_112 =

T (11)

so that, with |X| denoting the determinant of matrix ¥, we have

F(x;8) = C(x+ 1,5 T (x+ 123°f)}

2|3 [1/28¢ eXp{ 25¢

B a(x) + 2b(x)8% + 82
T 2n(z) /2 XP 25% '

The proofs of the following three lemmas are given in the appendix.
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Lemma 4. For any A > 0 there exist Cy, C1 > 0 such that
Cos*/* < (8, 1) < C18“72

for all 5 > 0 sufficiently small.

In the following lemma, we establish the formulas for f~ and g~ and show that g~ is
upper-bounded by f~ uniformly in §, up to a positive constant.

Lemma 5. For any A > 0,

(i) £~ (3 8)=p(8)~ ' fx; )1{x <0);
B 2 + 2z2((r — ¢)8% — b(x))
25«

(ii) g_(x;&/\)=q(5,/\)_lf(x;é)/ookeXp{ }dzﬂl{XSO};
0

(iii) there exists C > 0, depending only on A, such that for all § small enough,
g (X8, M) <Cf (x;6) forallx <O.

Recall the definition of X in Equation (10). In what follows, for k € Z we define

W\ oy [eovZath) Zu-1)
Fw) T T\ cov(Za®), Za(1))

(12)
1 2 292 K + 1 — (k + sgn(k))®
Toe@d—20) \oe—2 2 ) \ke g1 - k—seno) )
Lemma 6. For k€ Z \ {0},
(i) 2=2"H"V <)+ ct (k) <1 when o € (0, 1);
(i) 1<c (k) +cth) <2 —2"H"V whena € (1, 2).
We are now ready to prove Proposition 2. In what follows, for any § > 0 and 7 € R let
Yo(t) = Zo(t) — E{Zo(t) | (Za(—5), Za(8))) (13)

=Zy(t) — (¢~ (K)Zo(=8) + ¢t (k) Z4(8)).

It is a well-known fact that {Yg(r), t € R} is independent of (Zy(—6), Zy(5)).

Proof of Proposition 2. Recall the definition of the events A(§, A) and A(8) in (7).
We have

]P) {Supteaz\{o}za(t) + n S 0}
=P {supkez\{fl’o’l}Yg@k) + (c_(k)Za(—S) + c+(k)Za(8)) £ <0;AG, 1)} ,

with Y, (¢) as defined in (13). Let A* := 1 when o € (0, 1], and A* := (2 —2*"1)"! when o €
[1,2). By Lemma 6 we have A* > 1 and ¢~ (k) + ¢ (k) < A*; thus A(8, 1) CA(S, A*), and the
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12 K. BISEWSKI AND G. JASNOVIDOV

display above is upper-bounded by
]P’:supkez\{_w’”Yg((Sk) + (f(k)(z(,(—a) + %) +c+(k)(za(6) + %)) <0 A, x*)]
= q(8, 1%)- P[supkez\(_l,o,nY;iwk) + (c*(k)(za(—& + ) + R (Za®) + %)) <0 ‘ AG, A*)]

=q(8, ") / P{supkeZ\{—l.o,l}Yg(tSk) + <c’(k)X1 + c+(k)xz) < O}g(x; 8, A")dx,
x<0

where g~ is as defined in (9). By using Lemma 5(iii), in particular Equation (25), we know
that for every ¢ > 0 and all 6 > 0 small enough, with

C(S, &) := La*/m(@ = 29)(1 4 £)8*%q(s, 1)~ p(3),

the expression above is upper-bounded by

q(8, \*) - / P{supkez\{l’o’l}Yg(Sk) + (c_(k)xl + c+(k)x2) < 0}(3(8, e)f (x; 6)dx
x<0
=C(3, €)q(3, k*)P{supkez\{_l’o,l}Yg((Sk) + (c_(k)Za(—S) + c+(k)Za(8)) <0 ’A(S)}

=C(8, £)q(8, A*)p(é)_I]P’{A(S), supgezn(—1.0.1) Yo (k) + (c_(k)Za(—(S) + c+(k)Za(8)> < 0}
=C(8, £)q(8, 1*)p(8) ™' P {sup,cs7: 0 Za (1) < 0}
= IV V(@ = 29)(1 + £)8**P {sup,csz: 0y Za () <0} .

Finally, from [23, Proposition 4] we know that P {suptE SZ\ 101 =< 0} ~ 8Hy; therefore, after
substituting for A*, we find that the above is upper-bounded by

Ho/7

Y (1 +¢)-8'12
Nz

for all 6 > O sufficiently small.

3.2. Proof of Theorem 1, case @ € (1, 2)

The following lemma provides a crucial bound for Hg — HJ.

Lemma 7. For sufficiently small § > 0 it holds that

8 Zo Zo
Ho —Hy <2E {Supte[o,l]e o SUP/e[0,1]5€ (t)} .
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Speed of convergence of Pickands constants 13

Proof of Lemma 7. As follows from the proof of [17, Theorem 1], in particular the first
equation on p. 12 with ¢s := [1/6]8, where [-] is the integer part of a real number, it holds

that
Ha—Ho <c;'E {Supte[o,c(;]é’za(t) - 5“Pze[0,05]562“(t)}
<2E {Supze[o,cs]ez‘”(’) — Sup;cpo ana(’)]
=2k {S“Pte[o,uez"(') - Supte[O,l]éeZDt(t)] ~
This completes the proof. O

Now we are ready to prove Theorem 1(ii).

Proof of Theorem 1, « € (1, 2). Note that for any y <x it holds that ¢* — ¢’ < (x — y)e*.
Implementing this inequality, we find that for s, ¢ € [0, 1],

2 _ Za(s) < emax(Z“(t)’Z"‘(s))|Za(t) — Za(s)]

f max By (W)
se [V2(Ba(0) = Bus)) — % = 5.
Next, by Lemma 7 we have
Ha - Hg < 2E sup ‘ Zo(1) _ eZa(S)
t,s€[0,1],]t—s|<§

V2 max By (w)
< 2\/§E e welod] SUP; 5e[0,1],|1—s] <8 |Bo (1) — By (s)|

ﬁ max By, (w)
+2E wel0.1] sup [* —s%| ¢ .
1,5€[0,1],|r—s|<8
Clearly, the second term is upper-bounded by C;§ for all § small enough. Using the Holder
inequality, the first term can be bounded by

172
272 max Bo(w) 1/2
} E

2
2V2 ]E{ wel0 1] sup (Ba(1) —Ba(S))>

t,5€[0,1],]t—s|<§

The first expectation is finite. The random variable inside the second expectation is called the
uniform modulus of continuity. From [10, Theorem 4.2, p. 164] it follows that there exists
C > 0 such that
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14 K. BISEWSKI AND G. JASNOVIDOV

2 1/2
E ( sup (Ba(t)—Bm))) < C8*?|log(8)|">.

t,s€[0,1],|t—s| <68

This concludes the proof. U

Remark 2. Note that the proofs of Lemma 7 and Theorem 1 also work in the case « € (0, 1].

3.3. Proofs of Theorems 2 and 3

Let § > 0. Define a measure s such that for real numbers a < b,

8- #a, bls}, >0,
ws([a, b)) =

b—a, §=0.
Proof of Theorem 2. For any T > 0, x > 1, and § > 0, we have

esupreRZa(t) }
—_— > X
fR eZad s

{ &SUPrerr,112a (1)

T

P{&)>x} <P {
> x and Z,(¢) achieves its maximum at t € [— T, T]}

&SUPreR\(7, 112 (1)
+P

o X and Z, (¢) achieves its maximum at t € R\[-T, T]
fR e a(t)dl'b(;

IA

3UPrel-T.7] Zy (1)
P

T Zadpy >x} +P{3reR\[-T, T]:Z,(t) > 0}
R

esup,e[,ryr]za (0
<P oA ~* +2P {3t >T:Z,(t) > 0}
Jer.ry €2 Odus

=:p1(T, x) + 2p2(T). (14)

Estimation of p>(T). By the self-similarity of fBm we have

pAD <Y P [3z € [KT, (k+ DT]: v2Bo (1) — 1 > o}

Il
Me T

P {3: e[l 1+ %] : V2B ()(KT)Y/* > (kT)"‘t"‘}

~
Il

=<

M2

P [Elte [1,2]: V2B, (1) > (kT)"‘/z} .

~
Il

Thus, using the Borell-TIS inequality, we find that for all 7 > 1,

_r¢
0 .

o o
paT) < Y ce™ T <ce (15)

k=1
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Estimation of p{(T, x). Observe that for T, x > 1 and 6 € [0, 1],

T—l SUPrelk, k17 Za (D) ]{_i]‘ Clk(a))
xp =Pl =——F——>x.

k_
pi(T, x)<P {
i f[k k1 € Odps =L br()

Since the event {Z,fz_lT ar(w)/ Z/{;lr bi(w) > x} implies {ax(w)/bi(w) > x, for some k €
[-T, T — 1];}, we have

T-1 Za (1)
o a(w su e
P {—Zk —1 %) x} < Z P{ak(a)) >x} < 2Tsupk€[7TyT]IP> {—pte[k’kH] >x} .

k=—1 br(w) T k() Jikxary € Pdus

Therefore, we obtain that for x, 7 > 1

Zo (1)
SUDP;ek,k+11€
T,x) <2Tsupiep g Py +—"5 77— >X%
Pi(T, %) < 2TSupyep 1 1) { ZaDd i

f[k,k-i—l)

Next, by the stationarity of the increments of fBm, for x, 7 > 1 we have

Zo (1) Zo (1)
su e su e
P { Prefk,k+1] - x} <P { Prefk,k+1] }

f[k,k+1) eZa(t)dlLS wslk, k+ 1] infpg k41 ez"‘(t)

<P {Elt, se[k, k+1]:Zy(0) — Zy(s) > log(%)}

log(%) — su e — |s|*
IP’{EIt s €[k, k+1]: Bu(t) — By (s) > i) Prsetkk1) (1] st )}

V2

_ o—1
<P {Elte [0.1]: By(r) > 08X~ Cmax(d, T )} ,

V2

where in the second line we used that us[k, k+ 11> 1/2 for § € [0, 1]. Thus, for T, x > 1,

logx—C 1, 7!
p1(T, x) < 2TP {Ete [0, 1]: Bo() > 2~ H\lg( )}. (16)
Combining the statement above with (14) and (15), for x, T > 1 we have
Zo (1) ~ o l _C 1 Ta—l
p 3P | T Lorp lare o, 1): By > X ZCmA T ] g
Jp €% Ddps V2

Assume that o < 1. Then, choosing T =x in the line above, by the Borell-TIS inequality
we have for any fixed ¢ > 0 and sufficiently large x that

{ SuPte]ReZa ®
T a0y

logzx

>x}§e4+8.

Assume that & > 1. Taking T = C'(log x)ﬁ with sufficiently small C' > 0, we obtain by the
Borell-TIS inequality that for any fixed ¢ > 0 and sufficiently large x,

{ sup,cg e’

i %D dpus

lcog2 X

s st |
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16 K. BISEWSKI AND G. JASNOVIDOV

The first claim now follows since P {EO‘E(T) > x} =p1(T, x) and (ﬁ > 2. The second claims

follows in the same way by (17).

O

Proof of Theorem 3. Observe that |x” —y’| < plx — y|(¥~! +y?~1) for all x, y>0 and

p > 1; this can be shown straightforwardly by differentiation. Hence we have

[E{& @y} -E{ErY <E{|Emy —&y|)
<pE{len - & (€amy + ey )]

<p (B -£)])" (IE {((éﬁ(T))P‘ + (fé)f")z})l/2
< (2{@m-g))) " (Efemr@r]) "

=:v2p (]E {ﬁZDI/Z (E {xp})l/z.

We have
— supteéZeZa(t) . Supte[fT,T]aeza(t) — B —
ﬁ L f eZO‘(t)d f eZ‘:‘([)d - ﬁl ﬁ2ﬂ37
R ns [T, T] s
where
sup eZ«) — sup % ®
tedZ tel-T,Tls
B1= >0,
-[R eZa (t)d//LB
Zo
_ Jrprn e dpy 0
pr= [ eZaOdpy
R 8
sup  eZald
T, T
ﬂ3 = fel s > O

S € 0dps

Applying the Holder inequality, we obtain

E{p) <28 {6t} +2/E (B} E{81).

We have by (16) that for x, T > 1,

og x — C max(1, T“_l)}

P {83 >x}§2T]P>{EIte[O, 1]:Bw(t)>1 7
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Speed of convergence of Pickands constants 17

which implies that for 7' > 1,

E{ﬂg‘}zfo P{ﬁ2>x1/4}dx
00 logx — Cmax(1, T 1)
<2T | Pl3te[0,1]:B,(t) > 2 ’ dx
< /0 : c10, 11: By(1) > >

exp (5C max(1,7%~1)) 00
<2T / 1dx+/ P{3re [0, 1]: By(t) > C3 log x} dx
0 exp (5C max(1,7*~1))

19)

< CleCmax(l,T"‘_').
Finally for @ € (0, 2) and 7 > 1 we have
E{pd} = crefmaar . (20)

Next, we focus on the properties of 8. For k > 0 and sufficiently large 7 we have
P {/ EAC. e—%T”k“} -p {(T+ DSUP i s 177 ® > e—%Tak"‘}
(kT (k+1)T) ’

1
=P log(T + 1) + Supte[kT,(k+1)T]Zot(t) > _ETaka}

B,(1) 1 — 1Tk® —log(T + 1
—plareur. k+ ) B2 2 &l )}

/2 = J219/2

By (1)
tOt/Z

<P{3Jte[kT, (k+ DHT]:

> (Tk)“/2/3} ,

which, by the Borell-TIS inequality, is upper-bounded by e KT, By the lines above we
obtain that with probability at least 1 — ZkeZ\{O} e~ IK“T/19 >1— e—T“/ZO’ for large T,

1 a0 o
/ Fe Dy < Z AT _ =T/3.
R\ET.T] keZ\ {0}

Putting everything together, we find that for sufficiently large 7,

P {f e Ddps > e_Ta/3} <e T2, 1)
R\[T,T]

Next we notice that for T > 1,

o

i i T
P {/ e Ddps < e_4} <P {/ “Ddrps < e_4} <P {sup,e[o 112a(t) < ——} ,
[-T.7] [0,1] ’ 4
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2a
so, by the Borell-TIS inequality, the above is bounded by e~ '5 for all sufficiently large 7.
This result in combination with (21) gives us PP {Bg > e T/ 12} <e T2 for all sufficiently
large T Thus, since §; € [0, 1], from the line above we immediately obtain that

E { ,sg} < e CT (22)
for T > 1. By (15) we observe that
P (g1 >0) <P (3¢ [-T.T): Z(0) > 0) <2pp(T) < e 7"
Next, by Theorem 2, for x > 1 we have

Zo(t
SUP;c57,€ «(!)

P <P{——
{B1>x} < {fReZa(‘)dua

2
> x} < Cle_c2 log”x

and thus E { ,Bf} <C for a positive constant C that does not depend on 7. With
At := {B1(w) > 0}, by the Holder inequality, for large T we have

e ['812} =E {ﬂlz ' E(QT)} = \/M E {1(Qr)} < Cre 1",
By the line above and (20), (22), and (18), for 7 > 1 we obtain
B{p) scear. 23)

Our next aim is to estimate E { Kp}. We have for 7 > 1 that
'S} . 00 .
e R U I e e
0 0

1
log x%»~2 — C max(1, 7% 1)

7 dx.

5/ P13re[0, 1]: Bu(t) >
0

By the same arguments as in Equation (19), the last integral above does not exceed
CemxC2(T*"1D) and since Theorem 2 implies that £ has all finite moments uniformly
bounded for all § > 0, we obtain for 7 > 1 that

Kp < ClemaxCZ(T"‘*l,l).

Combining the bound above with (23), we have v/2pE {B*}E {«y} < e~ G T for sufficiently
large 7', and the claim follows. U

3.4. Proofs of Corollaries 1 and 2

In the following, ¢ stands for the probability density function of a standard Gaussian random
variable and

2 Z —\y( Zk/2)> , n >0,
k=1

v(n) = neXp<
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with (recall) W the survival function of a standard Gaussian random variable. Before giving
the proofs we introduce the following auxiliary lemma, whose proof is given in the appendix.

Lemma 8. It holds that for any n > 0,

00 qj(@) oo _nk
V(n) =exp 22 z <1— V1 ¢ 4).

k=1

Proof of Corollary 1, o = 1. By Proposition 1(i), we find that

Aie Jim 0=y, 121V
n—0 ﬁ n—0 ﬁ

Since H, = v(n)~! = 1asn — 0 (see, e.g., [23]), we conclude that lim;,_,o v(n) = 1 and hence

A=lim,_, V(”\/L . Implementing L’Hopital’s rule, we obtain by Lemma 8 that

o ¥ ‘/nk oo _mk
. V() ( 2) VI et
A= '}%1/(2\/7 2)}1m\/ﬁexp ZE (1——E .

Note that by the definition of v(1), the observation that lim,_,¢ v(n) = 1 implies

Jnexp <2i@)~% n—0,

k=1

and hence, with x:= ,/n/2,
1 X 2
At (1 S ) < im (1 i),
xl—% X \/_ Z xI—rI(I) x JT 1%(6 )
where Li 1 is the polylogarithm function; see, e.g., [9]. As follows from [35, Equation (9.3)],

li 1(1 al (—xz))
m — — —111(€
x—0 X ﬁ %

2 k
— lim 1(1——(r(1/2)(x2) 1/2+§(1/2)+Z;(1/2 k)( ) ))

x—0Xx \/_ =1
t1/2 1 2"(— )
= - lm (Zg(l/z "0 )

Thus, to prove the claim it is enough to show that

2k( l)k
lim Z;(l/z Hh——2 =0. (24)
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By the Riemann functional equation (see [25, Equation (2.3)]) and the observation that ¢ (s)
is strictly decreasing for real s > 1, we have for any natural number k that

c(3/2)k!

1c(1/2 — k)| <22 kg =127k 12 + k) (124 k) <27*T(k+ )¢ (3/2) = T

Thus, for |x| < 1 we have

)Zz(l/z o= 2ZW< c<3/2);2‘ =1G/2)7,

and (24) follows, which completes the proof of the first statement.
For the statement (ii), by Proposition 1(ii) we have, as § — 0,

L2 8 1N _ 1 _Q/M ey
H-th= a(‘l’(ﬁ) 2>_ﬁ(1 s, ¢ w

| V3 [V $2 . 1
zﬁ(l—T/O <1—?)dx+0(5)>:12ﬁ,

and the claim follows. t

Proof of Corollary 2. Case a = 1. First we show that v(n) is an increasing function for n > 0,
which is equivalent to the fact that v/(n) > 0 for n > 0. In light of Lemma 8 it is sufficient to

show that
[ee] ,;
L n > 0.
We have
ST e s ”/oo E 1) / —mE Mz i M2
-~ = d S 4 d -
\/_; 2 ), e 4z 7= ( (4)
_ ! r(1/2)=1
== =1,

and hence 7—['17 = 1/v(n) is decreasing for n > 0. Since, by the classical definition, ’H(l) > 'H;] for
any 1 > 0, we obtain the claim.
Case o = 2. By Proposition 1(ii) we have

8/V2
Hg:§<¢)(8/\/§)_%>=8¢_/ e 2%/'762/2%
0

where 1 = 8/+/2. The derivative of the last integral above with respect to 1 equals

1 1 2
— (= 245 4 e /2> (/ —17/2 _ ,~x)2 dx) 0.
v ( n? /0 n fn (e Jv) <

and the claim follows. O
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Appendix
Proof of Equation (6). Let t, s € R be fixed, and let

Bo(t+8 - sgn(®) Ba(s +3 - sgn(s))
(46 - sgn(®)|e2 s+ 3 -sgn(s)*/2 )

c(8;t, ) := cov (

We will show that § — ¢(8; ¢, 5) is a nondecreasing function, which will conclude the proof.
We have

4+ 8- sgn(®)|” + |s + 8 - sgn(s)|? — |t — s + 5 - (sgn(r) — sgn(s))|*

S;t,8) =
c(:1,5) 2|s + 8 - sgn(s)|/2 - [t + & - sgn(1)|%/2

We consider two cases: (i) ¢, s > 0, and (ii) s < 0 < ¢. Consider case (i) first. Without loss of
generality we assume that ¢ > s; then
(t+8)" +(s+8)* —(—s)

2((s + 8)(t + 8))%/2

c(§;t,5)=

It suffices to show that the first derivative of § > c¢(§; ¢, s) is nonnegative. We have

9 a(l —x)(t+ 8)*/%/4 vl N
56(8,“): G 1 o)Tan A= Ad+x)—x"=-1)]),
where x:= ij_r—g € (0, 1]. The derivative above is nonnegative if and only if Gi(x, o) :=

(1 —x)*" 11 4+x)+x* —1>0forall x € (0, 1]. It is easy to see that, for any fixed x € (0, 1],
o — Gi(x, @) is a nondecreasing function; this observation combined with the fact that
G(x, 2) = 0 completes the proof of case (i). In case (ii) we need to show that

E+)*+(s+8)* —(t+s+28)%

Ot =)= 2+ O+ )

is a nondecreasing function of x for any s, ¢ > 0. Without loss of generality let 0 < s < t. Again,
we take the first derivative of the above and see that

d a(l —x)(t+8)*/?/4 el
%C(aa 1, S): (S+(S)1+a/2 : (1 _-x)(l +x) +x" - 1) s
where x:= ij:—g € (0, 1]. The derivative above is nonnegative if and only if Ga(x, o) :=

(1 —x)(1 +x)*' +x% — 1> 0. Notice that G»(x, 1) = 0. We will now show that %Gz(x, o) <
0 for all @ € [0, 1] and x € (0, 1], which will conclude the proof. We have

B%GZ(X’ a) =1 —x)(1 +x0% "ogx+ 1) +x* log x
<1 —xx* og(x+ 1)+ x* log x
=x*"1((1 —=x) log(x + 1) + xlog x)
<x* N1 = x)x+x(x—1) =0,

where in the last line we used the fact that log(1 + x) <x for all x > —1. U
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Proof of Lemma 4. For the lower bound, observe that
g8, 1) =P [ﬁBa(—S) 8% 4 A <0, V2By(8) — 8% + 2"\ < 0)}
> P {ﬁBa(—a) F2 1) <0, V2Boy(®) + 2" <0, 471y < 5“/2}
> P {ﬁBa(—é) < =892, J2By(8) < =842, A"y < 5“/2}
—p {«/EBa(—l) > 1, V2By(1) > 1} P {rln <3“/2}
=r|

P ﬁBa<—1)>1,ﬁBa(1)>1}.(1_exp{_m/z}),
which behaves like A8%/2P iﬁBa(—l) > 1, v2By(1) > 1} as 8 | 0. For the upper bound,
observe that

g8, M) <P {Za(S) +a < 0} =P {5“/2J§Ba(1) _sY iy < o}

/2y (82 = a2y (sa2 , EWN(Q, D]
<28 x<ﬁ+/0 \Il(z)dz)—(S x(a =),

where (recall) ®(-), W(-) are the CDF and complementary CDF, respectively, of the standard
normal distribution. This concludes the proof. (]

Proof of Lemma 5. Part (i) follows directly from the definition. For part (ii),
for x <0 we have

o0
g (8, 1) = g8, ) f Fx— 122;8) - e dz
0

[ g0, M7t X+ 1% —2) ' 7 (x + 1,(8% — 2)) et

=)o 2z P 250 e &

[ g8, 07! a(x) + 2b(x)(8% — ) 4 (8% — 28%z + 7%) + 218 q
)y 2n[z)e - 284 <

2 +2z2((A — ¢)8% — b(x)) }
— dz.
25

o0
— (6, )" f(x: 5) / A exp{
0
1 o w1 2
For part (iii), we have ¥~ = (2 “4-2 )) . (2a_2

It then follows that b(x) <0 for all x <0. Since g~ is nonzero only on x <0, this yields the
following upper bound:

L) .
5 ); thus 2_112 > () element-wise.

cz? 4 2z(1 — ¢)8* }
-~ ldz

g (x368, 1) <q(, A)_lf(x; 8) /OO Aexp{
0 28%
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Now, after applying the substitution z:= §*/?z, we find that for any & >0 and all § small

enough,
o) 2 27(h — )8 (o] 2 2801/2 A —
/ mp{_u}@:f A3"‘/2exp{_cz + z( C)}dz
0 28 0 2
Wit
< ((1+¢)-8%2.
V2e

Hence, using part (i) and substituting ¢ =2/(4 — 2%) as in Equation (11), we obtain

g (x:8, 1) < Aa/m(@ —29)(1 + &) - §*7%q(8, M) p(d)f ~(x: 8) (25)

for all 6 >0 sufficiently small. The proof is concluded by noting that p(§) —
P {By(—1) <0, B4(1) <0} > 0 and §*/2¢(8, )~ = O(1), by Lemma 4. O

Proof of Lemma 6. After some algebraic transformations, from (12) we find that

24 20k|* — (Jk| = D)¥ — (k| + 1)*
4- 20 ’

Letf(x) =2x% — (x — 1)* — (x + 1)*. For x > 1 we have

c (k) +ct(k) =

keZ\{0}.

() = ax?! (2 — (=1 =1+ 1/x)“*‘)

e9]

o\ 00 Ja—1) - (@—n) _, (@=1)---(@—n) _,
= ax 1[2—2(—1) " =y p x }
n=0 n=0

- { oo(a_3),..(a—2(l’l+l))—n
=ax 3(0[—1)(2_01)|:5+Z ‘xz:|.

Q2+ D)!
n=1

We see that each of the terms in the sum above is positive, so sgn(f’(x)) = sgn(a — 1). Thus,

f’(x) is negative for @ € (0, 1) and positive for @ € (1, 2). Finally, since

L2422 —(x =D =+ D™ 2

m =

li
X—>00 4 — D« 4 —2

_ —1\—1
—=@2-27

and ¢~ (1) 4+ ¢t(1) = 1, the claim follows. O
Proof of Lemma 8. It is sufficient to show that for any n > 0,
as v (V%) S0 v(v%)

on P k p an k

Take a,b>0 such that nela,bl, f()=> oy (W(V/nk/2)/k) and f,(n)=
Y i1 (W(V/nk/2)/k), neN. According to [30, paragraph 3.1, p. 385], to claim the line
above it is enough to show that (1) there exists 1g € [a, b] such that the sequence {f,(170)}neN
converges to a finite limit, and (2) f',(n), n € [a, b], converge uniformly to some function.

https://doi.org/10.1017/jpr.2024.37 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.37

24 K. BISEWSKI AND G. JASNOVIDOV

The first condition holds since W (x) < ¢~/ for x > 0. For the second condition we need
to prove that, uniformly for all n € [a, b], it holds that ) ;2 , +1/ k() — 0 as n — oo. We have

o o o0
Na3e: k4

Y =Y SR s £ et 0, n oo,
2V2kn A ATk

so the claim holds. O

k=n+1 k=n+1
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