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AN OPERAD ACTION ON INFINITE LOOP SPACE 
MULTIPLICATION 

THOMAS LADA 

I t is well-known tha t an infinite loop space is an H-spa.ce whose multiplica­
tion enjoys nice properties concerning associativity and commuta t iv i ty . A 
practical way of identifying infinite loop spaces is the utilization of May ' s 
recognition principle [3; 4]. T o apply this principle, one requires an £ œ -operad 
action on a space X; this action gives rise to various multiplications on X. In 
this note, it is shown tha t such multiplications enjoy an operad action up to 
homotopy tha t encodes the associativity and commuta t iv i ty information, and 
tha t May ' s delooping theorem may be applied to them. We refer to [3] for the 
terminology of operads and monads. 

The author would like to express his grat i tude to J . Stasheff who offered 
numerous comments concerning the proof of Lemma 4 and to J . P. May whose 
comments in [3] provide one of the basic ideas of the proof of the same lemma. 

T o be more precise, let { të (j) \ be the infinite little cube operad of Boardman 
and Vogt fl] as described in [3, Chapter 5], and let (C, /x, v) be the induced 
monad. Let (X, 6) be an infinite loop space where 6 : CX —> X is a C-space 
s t ructure m a p ; this map may be viewed as a collection of equivar iant maps 
6n : *$ (n) X Xn —» X t h a t commute with the internal operad s t ructure 
[3, Lemma 1.4]. T h e s p a c e d 2 is also a C-space with (6X6)n: & (n) X (X2)n-*X2 

defined by (6 X 0)n(d; xi, yu . . . , xn, yn) = (6n(d; xu • • • ,xn),6n(d;yu ... ,yn))-
If c G ^ ( 2 ) is any point, then the operad action on X restr icts to yield a map 
62(c) : X2 —» X, i.e. a multiplication on X. 

Our main result is 

T H E O R E M 1. 62(c) : X2 —> X is a strong homotopy C-map for any choice of 

c e V(2). 
Let us recall the definition of s.h.C-maps as well as some of their properties. 

Definition 2. Let (X, £) and (Y, <£) be C-spaces. Then / : X —> Y is an 
s.h.C-map if there exists a collection of homotopies {fn} with 

fn : In X CnX -> Y 

satisfying 

((f) O Cfn-i(t2, . . • , tni Z) if h = 0 
r (f . x _ (fn-l (h, . . . , tj, . . . , tn, C3~ Hn-j(z)) if tj = 0 

M t l " ' " tn'Z) " / o U « t , , ^ if x̂ = 1 
\fj-l(h, • • • , tj-lj C i;n-j(tj+i, . . . , tn, Z)) if tj = 1. 
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OPERAD ACTION 1209 

Here, JUI* is the natural transformation JAC1 : C2Cl —» CO". In [2, Chap . V, 
Cor. 5.2, Prop. 2.5] it is shown tha t if / : X —> Y is an s.h.C-map, then there 
exist C-spaces UX and £/F containing X and Y respectively as deformation 
retracts , and a C-map Uf : UX —> UY such tha t the diagram 

Uf 
UX J—>UY 

commutes as a diagram of s.h.C-maps. As defined in [2, Construction 2.1], 

ux = II r x c*+1x/~ 

where 

V^l» • • • » £ç> ^ y 
(/l, . . . , /y, . . . , tn, C fj,g-j(x)) if tj = 0 

(t\, . . . , ^ ; _ 1 , C ^ ?_ ;( / ;4-l , . . . , tg, X)) II tj = 1, 

and 77 : X - • CX is defined by ^(x) = (1, x) Ç ^ ( 1 ) X X where 1 G ^ ( 1 ) is 
the point tha t acts as identi ty in the operad structure [3, Def. 1.1]. Of course, 
May ' s delooping theorem may now be applied to the C-map Uf. 

I t should be noted tha t the natural examples of C-spaces are infinite loop 
spaces, and tha t their multiplications are clearly infinite loop maps by the 
addi t ivi ty of the stable category. I originally hoped to prove Theorem 1 for 
arbi t rary Eœ operads and not jus t %f, but I was unable to find a proof tha t did 
not depend on the geometry of the little cubes. Nevertheless, the methods here 
may be of interest as presenting a model of what actually is involved in the 
verification tha t a particular map is an s.h.C-map, thus providing an illustra­
tive example for the general theory of [2, Chap. V]. 

T o begin, let us fix a point c £ fë(2) and define a map a<» : X 2 —> CX via 
a0(x, y) = (c, x, y) G ^ ( 2 ) X X 2 . Note tha t the composition 6 o a0 : X 2 —> X 
is equal to the map d2(c, x, y). 

Now define a map a : UX2 - » CUX where a : In X Cn + 1X2 -> In X Cn+2X is 
given by 

a : In X céM X (X 2 ) ^ -> 7* X ^ ( 2 ) X ( ^ M ) 2 X XA ' X FA' 

such tha t a ( / i , . . . , tn,z,xltyi,.. ,xN,yN) = (h, ..., /w, £,z,z,Xi, . . . ,xN, yu . . . ,yN) 
where X ^ and YN are the first and second coordinates of (X2)A ' respectively, 
and M and TV are integers large enough to make sense. We will require 

LEMMA 3. a is well-defined. 

and 

LEMMA 4. The composition ju o a : CX2 —> UX is an s.h.C-map. 
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In Lemma 4, /x : CUX —» £/X is the natura l C-space s t ructure m a p defined in 
[2, Chap. V, Cor. 2.4] induced by the natural t ransformation /x : C2 —> C. 

Proof of Theorem 1. Consider the diagram 

£ / X 2 — 2 — • C l f X — • t /X 
A I 

X 2 - — > C X >X 

where r is the retraction UX —> X defined by r(t\, . . . , £n, z) = Bn(h, . . . , tn, z) 
where 6n : In X Cn + 1X —» X . This diagram commutes since r o (i oa o r](x, y) = 
f o jit o a ( l , x, ;y) = r o /x(c, 1, 1, x, y) = r(c, x, y) = 62(c, x, y) . Moreover, rj 
is an s.h.C-map, r is a C-map and thus the composition r o / x o a o ^ i s a n 
s.h.C-map. 

Proof of Lemma 3. Since a is defined on the operad level, it mus t be verified 
tha t a respects the relation defining the functor C defined in [3, p. 13]. We use 
induction and first show tha t a : CX2 —> C2X is well-defined: 

1) Equivar iance: we have a : &(k) X (X2)* X ^ ( 2 ) X ^ (k)2 X X2*; let 
(d, xi, yi, . . . , xk, yk) e ^(k) X (X2Y and a £ 2 , . Then 

(da, Xi, yu . . . , x*, 3^) ~ (d, x ,- i ( i ) , 3V-i(i), . . . , av-iu-)» 3V-iu-)) 

but 

a(da, Xi, 3̂ 1, . . . , xk, yk) = (c, d<r, do-, Xi, x2, . . . , xk, yh y2, . . . , ^ ) 

~ (C, d, d, X^-ld), . . . , Xa-l(k), ya-Hl), . • • , >-!(*:)) 

= a(d, X^-ICD, ^a-i(i), • • • , Xr-iofc), 3V-iu-))-

2) Base point identifications: suppose (xu yt) = (*, *) where * is the base 
point of X . Then if we write d = (di, . . . , dk) £ & (k), we have 

(du . . . , dk, *i , yi, • • • » **, ?*) 

~ (di, . . . , du . . . , dk, xi, 3/1, . . . , Xi, yt, . . . , xk, yk). 
But 

a (d i , . . . , dk, Xi, yu . . . , x*, 3^) 

= (c, di, . . . , 4 , di, . . . , dk, Xi, . . . , x/c, 3/1, . . . , yk) 

~ (c,du... ,du... ,dk,di,..., d i , . . . , 4 , x i , . . . , x* , . . . ,x*, ;yi , . . . ,5> f , . . . ,3;*) 

= a(dly . . . , du . . . , 4 , x i , ^ i , . . . , Xi, yi} . . . ,xk,yk). 

In 1) and 2) the relations denoted by ^ are those used in the construction of a 
monad from an operad referred to above. Now assume the map a : Cn~lX2 —+ CnX 
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is well-defined. A straightforward calculation identical to the one above allows 
us to conclude tha t a : CnX2 —> Cn+lX is well-defined. 

We now demonstrate tha t a respects the relation defining UX2. We have 

an : In X Cn+lX2 -+ P X Cn+2X. 

If tj = 0, (ti, . . . , tn, z) ^ (tlf . . . , tj, . . . , tn, Cj~1iin^j(z)). For a to be well-
defined, it is necessary tha t 

a o O-^n-j = C3nn-j o a. 

T o see this, on the operad level the maps are defined from 

VN x ^(k) x ^0'i) x ... x f̂ 0'*) x ^M x (X2)^ 
to 

^ ( 2 ) X C ^ ) 2 X ^ ( j ) 2 X (^M)2 X X2 1 ' 

where j = j i + . . . + j f c . By writing down the appropriate commutat ive 
diagram, it is easy to see tha t the above equality is true. 

On the other hand, if tj = 1, 

(h, . . . , tn, Z) ~ (*lf . . . , /,_!, C>(0 X 0)„-,(/ffl, . . . , / „ , 2)). 

We have to show tha t 

a O C>(0 X 0)„-, = Cw+1(0),-y Oa. 

Recall tha t (0 X 0)n-./ = (0 X 0) o /z o /zi o . . . o JU^-J-I and tha t 0W_;- = 
0 o /x o ni o . . . o /xw__7_i. Also, 

C + ^ - j O « = C i+10 O C'+V O . . . O C^+Vn-i-l O a 

= C'+10 o C'"+V o . . . o a o CVn-y-i 

= C ;+10 o a o Ĉ jn o . . . o CVn-j-i-

Since a o C ;(0 X 0)n-.? = a o C7'(0 X 0) o CJ'/x o . . . o C;'/zw_ _,-_!, we have to 
show tha t C ;+10 o a = a o CJ'(0 X 0). Let us choose a point 

[d, eu . . . , e/:, (xi, 3 /1 , . . . , x ^ , ^ , ! ) , . . . , (xK, yK,... ,xK+jk,yK+jh)] G C i + 1 I 2 

where i£ = ][]ilij*. Apply a to get 

[c, d2, e!2, . . . , ek
2, xi, . . . , x*+^, j>i, . . . , 3^+iJ 

and then apply Cj+16 to get 

[c, d 2 , e j l ( e u x 1 , . . . , x ; l ) , . . . ,ejk(xK, • • • ,*K+rt:),0;i(ei,:yi> • • • , y n ) , • • •]• 
Now apply Cj(6 X 0) to the point chosen above to get 

[dtdj^euxi, . . . .xj^ydj^euyu . . . ,yjk), . . . ,dJk(ek,xK, . . . , xK+jk), . . .] 
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and then apply a to get 

[c,d2,6jl(eljx1, . . . ,xjx),. . . ,0jk(xK, . . . ,xK+jk),6h{euyu • . • ,3^1)» . • •]• 

Proof of Lemma 4. T o show tha t ju o a : UX2 —» [/X is an s.h.C-map, we will 
construct a family of homotopies hn : In X Cn UX —» C/X which satisfy the 
requisite conditions of Definition 2. We will describe these homotopies on the 
operad level and take care t ha t they will be compatible with the relations 
defining C and U. In order to proceed with the construction of hn, we require 
the utilization of a specific element c Ç ^ ( 2 ) . Recall t ha t c = (ci, c?) where 
each Ci : {I°)n —> (I°)n is a linear embedding with parallel axes; also, im(ci) H 
im(c2) = 0. Let us choose C\ to be the linear embedding defined by y = \x in 
the first coordinate and the identi ty m a p in the remaining coordinates; simi­
larly, we choose c2 to be defined by y = \x + h in the first coordinate and the 
identi ty map in the remaining coordinates. 

We first construct h\ : I X CUX2 —> UX such tha t hi\0 = M O C\X O Ca and 
h\\\ = /x o a o / i j o n the operad level, h\ is a map 

hulXPX V(k) X V(ji) X . . . X ^ ( j * ) X ^M X (X2)N 

-> P1 x ^ ( Z 2 i 0 x ^ 2 M x x2N. 

Let us choose a point in 7n X & (k) X & (Ji) X . . . X ^ ( j * ) X ^M X (X2)N, 
say 

(/i, • • • , tn, d, eh . . . , e*, z, Xi, yu . . . , x^, y^) . 

We require tha t 

&i|o = M o C/x o Ca(^i, . . . , tn, d, eu . . . , ek, z, Xi, yu • • • , a*r, 3^) 

= n o CA*(/I, . . . ,tn,d,c, ex2, . . . , c, ^ 2 , z 2 , x i , . . . , x ^ , ^ , . . . , 3 ^ , . • •) 

= M(*I, . . . , in, d, y(c\ ex2), . . . , y(c; ek
2), z2, ) 

= (>i, . . . , ' » , 7(y(d; ck; e,2, . . . , ek
2)), z2, ). 

Here y is the little cube operad ' 'mul t ipl icat ion" tha t induces /x. On the other 
hand, 

hi\i = fx oa o/x(/i, . . . , tn, d, e1} . . . , ek,z,xuyu . . . , xN, yN) 

= n oa(h, • • • , tn, y(d',eu . . . , ek), z, xi, yu • • • ,xN,yN) 

= n(tu . . . , tn, c;y(d;ei, . . . , ek)
2,z2,Xi, . . . , xN, yu . . . , 3^ ) 

= (tu . . . , tn, y(c;y(d; eu . . . , ̂ ) 2 ) , s2, Xi, . . . , xNj yu . . . , yN) 

= (h, • • • ,tn, y(y(c;d2),ei, . . . , ek, eu . . . , ̂ . ) ,22 ,Xi, . . . ,xN,yh . . . , yN) 

~ (h, • • • ,tn, y(y(c;d2), eu . . . , ek, eu . . . , ̂ )o-, 2V, Xi, . . . , ^ y i , 

yi, . . . , ^ ; i , . . .) 

= ( ^ i , . . . , ^ 7 ( 7 ( c ; r f 2 ) o - , e i 2 , . . . , ^ 2 ) , z 2 ( r , a : i , . . . f ^ ,y i , . . . , 3 ^ , . . . ) . 
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The use of the ^ two lines above is justified by the fact tha t since we want hi 
to be defined on the monad level, we may work with equivalent points on the 
operad level. The evident shuffle permutat ion above is denoted by a. 

I t follows from the above calculation tha t we require a path in tf (2k) 
between y(d;ck) and y(c\ d2)a. A path between these points certainly exists 
since ^ ( 2 & ) is contractible by definition; however, we need to make certain 
tha t the pa th respects basepoint identifications. For this, we require the 
geometry of the little cubes. Let d = (di, . . . , dk) where the little cube dt has 
first coordinate given by y = (z2

l — Z\l)x + z\ where 0 ^ z\ < z2 ^ 1. We 
have tha t 

and 

y(c; d2) = (a o du d o d2, . . . , d o dk, c2 o du . . . , c2 o dk) 

y(d; ck)a = (di o d, d\ o c2, d2 o Ci, d2 o c2, . . . , dk o Ci, dk o c2)a 

= (di o ci, d2 o Ci, . . . , dk o ci, di o c2, d2 o c2, . . . , dk o c2). 

We thus need only to describe a path between dt o Cj and Cy o dt. Let us examine 
the first coordinates of these cubes. We have 

d od{ = \(z2
l — z\)x + \zil and dt o c\ = ^(z2

l — Zil)x + z\. 

Geometrically, these are parallel lines and a path between them may be 
described by 

-/i'a). 

Similarly, 

c2 odt = \(z2
l — zil)x + \(z2

l — zil) + \ 

and 

di oc2 = \(z2
l — zi*)x + \(z2

l — Zxl) + zil 

and a pa th between these parallel lines may be taken to be 

gil(t) = \(z2
l - zS)x + ^ + (1 - /)zi*. 

We thus may define 

hi(t) = (fi1(t),gi1(t),---,fii(t),gi'(t) / i * ( 0 , « i * ( 0 ) . 
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As we have to glue together these homotopies with the relation defining a 
monad from an operad, we must now exercise a bit of caution. I t is clear tha t 
this homotopy is equivariant as it is defined coordinate-wise. I t is also clear 
t h a t this homotopy respects basepoint relations as such identifications amoun t 
to deleting the appropria te coordinate. However, if we let K = geometrical 
dimension of the little cubes in question, our pa th may not remain in ^ x ( 2 & ) ; 
i.e. any reasonable pa th such as the one given above depends on the number k 
of little cubes involved. T o remedy this, we modify hi (/) slightly in the following 
fashion: let us first embed the point {d\ o ci, d\ o c2, . . . , dk o ci, dk o c2) in 
^K+i(2fe) via (di o c\ X 1, dx o c2 X 1, . . . , dk o a X 1, dk o c2 X 1) where 1 
is the identi ty map I°—*I°. Now describe our homotopy by shrinking each 
dt o ci X I to dt o c\ X (0, \) and each dt o c2 X 1 to dt o c2 X (è, ! ) • We 
may now translate each dt o Ci X (0, ^) to Ci X dt o (0, \) hy f^it) and each 
di o c2 X (h 1) to c2 odiO ( | , 1) by gi*(/) as described above wi thout possibility 
of collision. We then expand Ci o dt X (0, ^) to Ci o dt X (0, 1) and c2 o dt X 
(\, I) to c2 o dtX (0, 1). This procedure makes certain t ha t our pa th remains 
in ^œ(2k). T o facilitate notat ion and parametr izat ion, we will not formally 
write down this expanding and shrinking; we will, however, assume t h a t it has 
been done whenever necessary. 

We now proceed to construct hn inductively. Assuming t ha t we have defined 
hn-\, we exhibit hn as an appropriate pa th from Chn-\ to /x o a o MW-I- Note t ha t 
/x o a o /xn_i applied to a point is an n + 1 fold composition of little cubes in 
each of the N coordinates; this composition is of the form ct o Xi o X2 o . . . o Xn 

with i = 1,2. Let the first coordinate of each Xz- be given by the line y = 
{z2 — Zi)x + z\. Again, our homotopy will involve a translat ion of the first 
coordinate of the cube in question. T h e first coordinate of Xi o . . . o \n is given 
by 

y=fl («2* - 21V + È 2l' ft fe;' - Zi'). 
1 = 1 i=l j=l 

Again, we define a pa th for each coordinate and each ct. Specificially, for C\, we 
define 

1 n 

fn(h, . . . , tn, Xi, . . . , Xn) = - n W — zi)x 

* 1 = 1 

+ ± 1 + p ( ^ - - " - ^ n w-2i0 
i=\ * .7=1 

where 

P(h,...,tt) = f l (1 - / , ) 
J=I 

and 

f l feJ' - ziO = 1 if i = 1. 
J=I 
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On the other hand for c2, we define 

gn(h, • • • , tn, Xi, . . . , \n) = fn(ti, . . . , tn) 

+ \h + (1 - h)(z? - Zin)(g„-i(*2, • • • , tn) -fn-i(t2, . . . , tn)). 

We then of course define 

h = (f 1 g 1 f N g N) 

T o verify compatibil i ty with hj, j < n, we begin with tx = 0. Then 

Uih tn)=\f\ (22< - zS)X + t i + Z & L ^ i i ) 
^ 2 = 1 2 = 2 ^ 

2 - 1 

X 2i* I l fa* - Zlj) + Zl 
3=1 

= Xl O Cfn-l(t2i • • • , 4> X2, • • • , Xw). 

If /1 = 1, we have 

1 .n. n 1 -~3 
fn = ô I I fe* - 3l*)* + Z) Ô Z± FI <V - 2l0 =Ci0Xi0 . . .0X„ . 

^ 2 = 1 2 = 1 ^ ; = 1 

If 4 = 0, & > 1, we have 

mi,..., tn) = l n &* - 2i> + è ^^%^-^w ff (*' - d) 
4 2=1 2=1 z J = l 

(4) = \ n (***-o* + g i ± ^ ^ ^ v f i (*'-*'> 
^ 2 = 1 2 = 1 ^ y = i 

j _ 1 + (1 -- *0 • • • (1 ~~ ^ - l ) *-l TT / ; „ ;\ _|_ ^̂  Zl | | ^ 2 _ Zi j 
Z j=i 

1 + (I — tl) . . . (1 — 4 - l ) ' 1 * TT / ; ix 
+ ^ Si 1 1 (Z2 ~ Zi ) 

(5) + è zi fi w - «i0 
2=A;+1 ; = 1 

— /I _1_ 1 + (1 - - /l) • • » (1 — ^ - l ) r */ k~l n k-U , n Jfc-li 
= 4̂ H [zi (z2 — zi ) + Zi J 

^ 2 

x n (v - zij)+B 
3=1 

= / n _i ( / i , . . . , tjc, . . . , tn, Xi, . . . , Xk-i o 

x*, • • • , xn). 
Note tha t 

X*_i O X, = (*2*-l - *!*-*) (*2* - *!*)* + W~l + (z^ - Si*"1)*!*]. 

Finally, if -̂ = 1, k > 1, we have 
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= 9 1 1 (*2 - Si )X + 2L, 9 ' Si 1 1 
* i= l i=l * j=i 

= fk-l(th . . . , ^ _ i , Xi, . . . , \k-l) O (Xfc O . . . O Xn). 

The verification of the fact that the gn also obey these relations follows from 
a similar computation. 

One more point remains to be clarified. In this proof we used a specific point 
c = (eu Ci) G ^ ( 2 ) . The theorem will in fact be true for any other choice of c. 
To see this, recall that ^ ( 2 ) is contractible; thus for c and c' in ^ ( 2 ) the map 
62(c) is homotopic to the map 62(0') via any path between c and c' in ^ ( 2 ) . 
In [2, Chap. V., Thm. 6.2 (ii)], it is shown that any map homotopic to an 
s.h.C-map is itself an s.h.C-map. 
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