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AN OPERAD ACTION ON INFINITE LOOP SPACE
MULTIPLICATION

THOMAS LADA

It is well-known that an infinite loop space is an H-space whose multiplica-
tion enjoys nice properties concerning associativity and commutativity. A
practical way of identifying infinite loop spaces is the utilization of May's
recognition principle [3; 4]. To apply this principle, one requires an E_-operad
action on a space X ; this action gives rise to various multiplications on X. In
this note, it is shown that such multiplications enjoy an operad action up to
homotopy that encodes the associativity and commutativity information, and
that May’s delooping theorem may be applied to them. We refer to [3] for the
terminology of operads and monads.

The author would like to express his gratitude to J. Stasheff who offered
numerous comments concerning the proof of Lemma 4 and to J. P>. May whose
comments in [3] provide one of the basic ideas of the proof of the same lemma.

To be more precise, let { % (j)} be the infinite little cube operad of Boardman
and Vogt [1] as described in [3, Chapter 5], and let (C, g, 7) be the induced
monad. Let (X, 6) be an infinite loop space where 6 : CX — X is a C-space
structure map; this map may be viewed as a collection of equivariant maps
0,: ¢ (n) X X" — X that commute with the internal operad structure
[3, Lemma 1.4]. The space X2isalsoa C-space with (8 X 8),: & (n) X (X?)"— X?
defined by (6 X 60),(d; x1, Y1, - -« + %0y Yu) = 0.(d; x1,.. ., %), 0,(d;y1, .., Va))-
If ¢ € € (2) is any point, then the operad action on X restricts to yield a map
6s(c) : X? > X, i.e. amultiplication on X.

Our main result is

THEOREM 1. 0:2(c) : X2 — X 1s a strong homotopy C-map for any choice of
c € F(2).
Let us recall the definition of s.h.C-maps as well as some of their properties.
Definition 2. Let (X, &) and (Y, ¢) be C-spaces. Then f: X — ¥V is an
s.h.C-map if there exists a collection of homotopies {f,} with
fu: "X C"X >V
satisfying
S¢ 0 Clacaltsy ... tey2) ift; =0
Focr bty - ooy by e ooty CF s (2)) if ;=0
fO En—l(t% e ,tn, Z) if iy = 1
Fio1tay o ooy timn, C gy oo by 2)) i 8y = 1.
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Here, p; is the natural transformation uC': C?C*— CC'. In [2, Chap. V,
Cor. 5.2, Prop. 2.5] it is shown that if f : X — ¥ is an s.h.C-map, then there
exist C-spaces UX and UY containing X and Y respectively as deformation
retracts, and a C-map Uf: UX — UY such that the diagram

UX—U—f->UY

I}

X——>Y

commutes as a diagram of s.h.C-maps. As defined in [2, Construction 2.1],

Ux = L1 x c*ix/~
q

where
(t1 by ) ~ { (RN Ziv cee ftnv Cj—lﬂq—j(x)) ifé; =0
e (bry ooyt Cll ity - - o by x)) ift; =1,

and 7 : X — CX is defined by n(x) = (1,x) € (1) X X where 1 € € (1) is
the point that acts as identity in the operad structure [3, Def. 1.1]. Of course,
May'’s delooping theorem may now be applied to the C-map Uf.

It should be noted that the natural examples of C-spaces are infinite loop
spaces, and that their multiplications are clearly infinite loop maps by the
additivity of the stable category. I originally hoped to prove Theorem 1 for
arbitrary E,_, operads and not just &, but I was unable to find a proof that did
not depend on the geometry of the little cubes. Nevertheless, the methods here
may be of interest as presenting a model of what actually is involved in the
verification that a particular map is an s.h.C-map, thus providing an illustra-
tive example for the general theory of {2, Chap. V].

To begin, let us fix a point ¢ € % (2) and define a map ay : X* — CX via
ao(x, ¥) = (¢, x,9) € €(2) X X2 Note that the composition § oy : X2 — X
is equal to the map 6:(c, x, v).

Now defineamapa : UX?— CUX wherea : I" X C"1X?2— [* X ("X is
given by

a: "X EM X (XY -1 X € (2) X (M) X XV X VN
SuCh thata(tl,..-,tn,zyxlyyly--nyny) = (tly -'-vfnv €,2,3,X1, "'vayylv"'!yN)

where X» and V¥ are the first and second coordinates of (X?)" respectively,
and M and N are integers large enough to make sense. We will require

LEMMA 3. a s well-defined.
and

LeEMMA 4. The composition poa : UX? — UX s an s.h.C-map.
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InLemmad4, u: CUX — UX is the natural C-space structure map defined in
[2, Chap. V, Cor. 2.4] induced by the natural transformation u: C? — C.

Proof of Theorem 1. Consider the diagram
UxX:—2 > cux ——Ux

n 4

xe—2 5y ___0—> X
where 7 is the retraction UX — X defined by r(¢ty, . .., ty, 2) = 0,(t1, . . ., by, 2)
where 6, : I" X C"t'X — X, This diagram commutes sincer ou oa 0q(x, y) =
rouoal(l,x,y) =roull,1,x9) =r(xv) = 0:(c, x,y). Moreover, 7
is an s.h.C-map, r is a C-map and thus the composition » o u 0@ 07 is an
s.h.C-map.

Proof of Lemma 3. Since « is defined on the operad level, it must be verified
that a respects the relation defining the functor C defined in [3, p. 13]. We use
induction and first show that a : CX? — C2X is well-defined:

1) Equivariance: we have a: @ (k) X (X2)F X € (2) X € (k)2 X X2, let
d, %1, 91, .. ., %, i) € € (k) X (X2)* and ¢ € Z,. Then

(do, X1, Y1, ooy Xpy Vi) ~ (dy Xo=101y, Vom101), + + + y Xa—100)y Yo—1(5) )
but
alda, X1, Y1, ..., X5, Vi) = (¢,da,da, X1, X2, ..., Xk, V1, V2, « -y Vi)
~ (C, d, d, Xo=1(1)y + « =y Xa—1(k)y Vo—1(1)y « « + yg—l(k))
= a(d, Xo=1(1), Yo=1(1), « - + y Xa=1(6), Yo—1(8))-
2) Base point identifications: suppose (x;, y;) = (*, *) where * is the base

point of X. Then if we write d = (dy, ..., d:) € € (k), we have
(dl, Ce ey dk, X1y Y1y o o oy Xy 3’&)

N(dly'-'ydiY"'vd/\'ixlvylv"-v:’eiyj}iv'~'vxkyyk)'
But

aldy, ..o diy X1, Y1, - ooy Xy Vi)

= (¢,dy,...,di,,dy, ... i, X1y oo, Xy V1 e ey Vi)
~ (e, dyy .. day o diydyy gy A X R X Ve e V)
=aldy, ..., dey. .. diy X, Y1y ooy & For e e Xy Vi)

In 1) and 2) the relations denoted by ~ are those used in the construction of a
monad from an operad referred to above. Now assume the mapa : C"71X? — C"X
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is well-defined. A straightforward calculation identical to the one above allows
us to conclude that @ : C"X? — C"*'X is well-defined.
We now demonstrate that @ respects the relation defining UX? We have

a, : I" X CHXE— " X C"2X.

e, =0, (b, oo b, 2)~ (b1, 05 ooy by CP7u;(2)). For a to be well-
defined, it is necessary that

aoCly, ;= Clhu,;oa.
To see this, on the operad level the maps are defined from
EN X EC )X C () X... X CU) X EM X (X2~
to
G (2) X (EN) X C () X (TM)* X X2+

where j = ji 4+ ...+ j;. By writing down the appropriate commutative
diagram, it is easy to see that the above equality is true.
On the other hand, if ¢; = 1,

(tl, ey t’nr Z) ~ (fl, e eey lj_l, Cj<0 X 0)n~j(ti+ly e ey tn, Z))
We have to show that
a O C](e >< O)nﬁ] = Cn+1(0)n_j O «.

Recall that (8 X 6),—; = (6 X 8) op ops 0. .. O uyj—1 and that b,_; =
fomwou; 0...0 ;1. Also,
CH*Y, ;0a=C*t9oC*po...oCH yu, ; 10«
= CH9oC*po...o0oa 0 Cluyj
=CHt9oaoCiuo...oCu ;..

Since o 0 C7(0 X 0),_; = a0 C( X 0) oCluo...oCu,_; 1, wehave to
show that C/*'0 oa = a 0 C7(§ X 6). Let us choose a point

[d, e1, ..., er, (X1, V1, %0 Vit )y oy (K&, Yy ooy Xkciiy Vi) ] € CHHLX?
where K = 3%=17.. Apply a to get

le, d2, el . .., e X1y o ooy Xkajry Y1y« -« Vit |
and then apply C?*16 to get

le,d? 0, (e, %1+« oy %50)y o v oy O (s ooy Xk i), 050 (€1, Y1y oo oy Vi )y e e
Now apply C?(6 X 8) to the point chosen above to get

(d,0;,(e1, %1, .., %5), 05 (€1, Y1y ooy Vi) e ooy O ey Xky + v oy Xrgj)y - - )
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and then apply « to get

[C, d2, 0j1(€1, X1y oo ,x]-]),. . ,0]~k(3CK, e ,xK+jk),(9jl(€1,y1, . vyjl)v . .:I.

Proof of Lemma 4. To show that p o : UX? — UX is an s.h.C-map, we will
construct a family of homotopies h, : I" X C"UX — UX which satisty the
requisite conditions of Definition 2. We will describe these homotopies on the
operad level and take care that they will be compatible with the relations
defining C and U. In order to proceed with the construction of %, we require
the utilization of a specific element ¢ € % (2). Recall that ¢ = {c1, ¢») where
each ¢;: (I°)"— (I°)" is a linear embedding with parallel axes; also, im(ci) M
im(c2) = @. Let us choose ¢; to be the linear embedding defined by y = 3x in
the first coordinate and the identity map in the remaining coordinates; simi-
larly, we choose ¢s to be defined by y = 3x + 3 in the first coordinate and the
identity map in the remaining coordinates.

We first construct k;, : I X CUX?— UX such that &)y = p 0 Cu 0 Ca and
ki1 = w 0@ 0 u; on the operad level, &; is a map

B IXT"X B R)X EGr) X ... X E3Gr) X TM X (XY
—I" X € (327,) X €M x X2V,

Let us choose a pointin I* X G (k) X € (G1) X ... X € Gr) X T X (XN,
say

(tly LR ytnv dv €1y« €y 3, X1y Y1y v oy X,y yN)

We require that

hilo = woCuo Calty, ... by, d,er, ..., e,2 %X1,Y1, .., Xy, V)

2 2 2
#OC”([Iy"'ytnydvcvely"'rcyekvzyxly"-nyjlvyly"'vyley"')

Il

p'(tlv'"ylnydr7(6;612)y~-‘VV(C;ekZ)rZZ )
= (t,..., by v(y(d; e, ..., e2)), 22 ).

Here v is the little cube operad ‘““multiplication’ that induces u. On the other
hand,

Mt =poaoulty ..., thd,er, ... e, 2 %1,91, ..., Xy, Yn)
=poalt,...,tyy(d;en, ... e), 2%, Y1, ., %x, Yn)
=pulty .oyt civ(dien .. e) 22 X1, -y Xy Yy e ey YN)
= (t1, ... by v(c;v(dser, ..., e)%), 25 %1, .o, XN, V1, -+ -, YN)
= (t1, .o by, y(y(e;d®),en, . ooyl €1y o ey €1), 20, X0y o Xy Y1y e ey YN
~(tl,...,t",'y('y(c;dz),el,...,ek,el,...,ek)a,z%,xl,...,xle,
Viy ooy YNjyr e e )

= (tl,...,tn,'y('y(c;dZ)a,el2,,..,ekZ),ZQU,xl,...,xle,yl, [N ,yle, - )
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The use of the ~ two lines above is justified by the fact that since we want 7,
to be defined on the monad level, we may work with equivalent points on the
operad level. The evident shuffle permutation above is denoted by g.

It follows from the above calculation that we require a path in % (2k)
between v (d; ¢*) and y(c; d?)s. A path between these points certainly exists
since € (2k) is contractible by definition; however, we need to make certain
that the path respects basepoint identifications. For this, we require the

geometry of the little cubes. Let d = (dy, . . ., d;) where the little cube d; has
first coordinate given by y = (22" — z19)x + 21" where 0 < z; <z, = 1. We
have that
y(c;d*) = (¢c1 0di,¢c1 0ds, ..., ¢c10dy, ¢ 0d1,...,C 0dy)
and
y(d; Yo = {d1 0c1,d1 0¢s,d2 0¢1,d2 00, ...,d; OC1,d; OCa)o
=(dioc1,d20¢1,...,dr 0C1,d1 OCs,ds OCay...,d; OC2).

We thus need only to describe a path between d; oc;and ¢; 0 d;. Let us examine
the first coordinates of these cubes. We have

c10d; = 3(z2' — z:9)x + Lz, and d;oc¢ = 3(2f — z19)x + 21t

Geometrically, these are parallel lines and a path between them may be
described by

2—1

fE) =3 (2 — z)x + 5 21t
- — £ ).

Similarly,

ca0d; = 1(z2" — z1)x + (228 — z%) + %

and
d;oce = 3(z" — z)x + $(z' — =) + 2

and a path between these parallel lines may be taken to be
gi(t) = 3(z" — z1)x 4+ 3t 4+ (1 — t)z."

We thus may define
hi(t) = (fi' (@), &' (0), ..., f1' (), &' (), .. ., [u*(2), &1 (1) ).
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As we have to glue together these homotopies with the relation defining a
monad from an operad, we must now exercise a bit of caution. It is clear that
this homotopy is equivariant as it is defined coordinate-wise. It is also clear
that this homotopy respects basepoint relations as such identifications amount
to deleting the appropriate coordinate. However, if we let K = geometrical
dimension of the little cubes in question, our path may not remain in % (2k);
i.e. any reasonable path such as the one given above depends on the number %
of little cubes involved. To remedy this, we modify %, (¢) slightly in the following
fashion: let us first embed the point {d; 0¢1,di 0¢cs, ..., d; 0¢1,d; OC2) in
Cxi1(2k) via (dyocy X 1,dyoca X 1,...,droci X 1,d; 0ca X 1) where 1
is the identity map I°—7I°. Now describe our homotopy by shrinking each
dioci X1 tod;oc; X (0,%) and each d; 0¢c2 X1 to d; 0¢2 X (3,1). We
may now translate each d; o ¢; X (0, %) toc: X d; o (0, 3) by f1*(¢) and each
d;0ca X (3,1)tocs 0d;0(3,1) by g1°(t) as described above without possibility
of collision. We then expand ¢; od; X (0, %) toc; od; X (0,1) and ¢; 0d; X
(3,1) tocy 0d; X (0, 1). This procedure makes certain that our path remains
in %, (2k). To facilitate notation and parametrization, we will not formally
write down this expanding and shrinking; we will, however, assume that it has
been done whenever necessary.

We now proceed to construct %, inductively. Assuming that we have defined
hn—1, we exhibit %, as an appropriate path from Ch,_; top 0 @ o u,_;. Note that
p Oa O u, 1 applied to a point is an # 4+ 1 fold composition of little cubes in
each of the NV coordinates; this composition is of the form¢; oAy 0Ny 0. .. O,
with ¢ = 1, 2. Let the first coordinate of each \; be given by the line y =
(22" — 21")x 4+ 2% Again, our homotopy will involve a translation of the first
coordinate of the cube in question. The first coordinate of \; o ... o\, is given
by

n n i—1
y= II (221 — z)x + Z 2 H (22" — 2z17).
1= i=1 j=1

Again, we define a path for each coordinate and each ¢,. Specificially, for ¢y, we

define
fn(tl,...,tn,kl,...,)\n) =5H (ZQ —zl)x
4 =1
"1+ Py, ...t = ;
+ 3 AR D T 6 - )
i=1 j=1
where

Pty ..., t) = Ij 1 —t)

and
i—1

] G =2y =1 ifi=1.

j=1
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On the other hand for ¢,, we define
g"(tl, e ,tn, )\1, covy )\n) =f"<t1, . ooy tn)
+ 3+ (1 —t)(@" — 2") (ga (e, o b)) — faci(te, oo, ).

We then of course define
hn = (fﬂly gnly e anA\r’ gnN)~
To verify compatibility with %;, j < n, we begin with £, = 0. Then

" i i i 1 .P ,'--”i
fn(t1,~--ytn)=%]_:[1(z2l_zl)x+; + 2 L)

2
. i—l . N
Xz [l @ —2)) +a
j=1

= 7\1 o Cfn—l(hy N ,t", )\2, [ )\n)

If t; = 1, we have

1 i i —~ 1 ii—l j /
fn=§H1 (22" — z1')x + Zl 541 Hl (22’ —21') =ciolo...0oN.
i— —1 & j=

Ift, =0,k > 1, we have

n , , S+ Py, .., ) F
fn(lfl,u-,tn):%ljl (221—211)90"1’2 + Pl )21 H (2’ — z)

i=1 2 j=1
L% o = Pty .. t) 77
(4) ==J] (&' —ad)x+ -t(l——ﬁzl [T G —2)
2 =1 i=1 2 =1

k—2
+ N 51)2-- (A= tiy) 2 I“Il (22 — 217
e

. k—l . 2
4 14+ (1 —¢t) 9 A -ty 121k I—Il (3 — 217)
2 J=
n i—1
(B) + 2 oz [l @ —a)
i=k+1 G=1
— A+ 1+ (1 - 51)2- (=) 35 (251 — 2571 4 27
k—2 . .
I:Il (ZZJ - Z1]) + B

=fn_1(t1,. . .,Zk, e ,tn, )\1,. ..,)\k_lOAk,. ..,)\,,).
Note that

>\k-l fo) >\k — (ng—l _ Zlk—l)(z2k — zl")x + [zlk—l + (221(—1 _ zl"‘l)zl"].

Finally, if ¢, = 1, B > 1, we have
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1% L4 Pty t) S :
f=5 11 @ —alx+ 2 Lk Ply..nb) (22" — 21")
2 94 i=1 2 j=1
1 A i i = 1 P t ’ 1tn i = j j
=—H (22 —Z1)3€+Z + (1 ) 1 (22]—21])
2 i=1 i=1 2 j=1
1 n i—1
+ 5 Z 21’ (22j — 217)
Z =k j=1
= fk—l(tl; . e ytk—ly )\1, “eey Ak—l) O (>\k O...0 )\n)

The verification of the fact that the g, also obey these relations follows from
a similar computation.

One more point remains to be clarified. In this proof we used a specific point
¢ = {c1, ¢2) € € (2). The theorem will in fact be true for any other choice of ¢.
To see this, recall that % (2) is contractible; thus for ¢ and ¢’ in % (2) the map
05(c) is homotopic to the map 6:(c’) via any path between ¢ and ¢’ in % (2).
In {2, Chap. V., Thm. 6.2 (ii)], it is shown that any map homotopic to an
s.h.C-map is itself an s.h.C-map.
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