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Abstract

In Russell (1973) a Riemann-type necessary and sufficient condition was given for the existence
of j' b f(d* g/dx*-1) (defined also in Russell (1975)) when f was bounded and g was k-convex in
[, ). In this paper we present necessary and sufficient conditions for the existence of a
particular Stieltjes-type integral without imposing a convexity condition upon g. These condi-
tions are used to obtain an additivity result for the integral over adjoining intervals without any
additional restrictions being imposed upon the functions involved.

Subject classification (Amer. Math, Soc. (MOS) 1970): 26 A 42.

Introduction

We shall follow the notation of Hildebrandt (1963), and speak of norm-integrals
and o-integrals, the first being defined as a limit when the maximum length of sub-
intervals of a subdivision tends to zero, while the latter is defined as a limit under
successive refinements of a subdivision. We shall accordingly prefix the integrals
with the symbols ‘N’ or ‘o’.

It is well known in the theory of Riemann-Stieltjes integration that the additive
property

0 @ [ rde = f fdg+ ) f * rde,

where a<c<b, does not hold unconditionally. For example, if both integrais on

the right-hand side of (1) exist, the integral on the left does not exist if fand g have

a common discontinuity at ¢. Such restrictions can be removed by considering
501

https://doi.org/10.1017/51446788700012015 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012015

502 A. M. Russell 2]

o-integrals in which case the additivity result (1) is free of constraints and can be
stated: ‘If any two of the integrals (o) [ fdg, (o) J¢ fdg, (o) [% fdg exist, so does
the third, and

© [ rte= o [ 190+ [ sae-

In Russell (1973) an analogue of (1) was established, but again restrictions upon
the behaviour of the functions fand g in a neighbourhood of ¢ had to be imposed
in order to achieve ‘additivity’. The integrals involved were norm-integrals. Even
if second-order o-integrals are introduced, additivity is not achieved. This is
illustrated by the following example: If

fx)=1 and g(x)=|x| forallx,

then
Of rZE-o -0 -

If we introduce a slightly modified second-order o-integral, an additivity result
can be obtained without imposing extra restrictions upon f and g. To achieve this
somewhat more desirable result we first obtain necessary and sufficient conditions
for the existence of the integral, denoted by (o) {5 f(d2g/dx), and show that they
exclude the possibility of f being discontinuous and g non-differentiable at the
same point.

1. Notation and preliminaries

As mentioned previously we will be concerned with a second-order Riemann-
Stieltjes o-integral. In order to define such an integral we need a particular type of
subdivision of the closed interval [a, b].

DerINITION 1. T' subdivisions. We will denote by I'(x_;, X, ..., Xp, Xp41), OF Often
more briefly by I, a subdivision of the interval [a, b] of the form

@<X_1<a=X<X<...<X, =b<x,, <V,

where a’ and b’ are fixed, and ¢’ <a<b<b'. For convenience, such a set of points
will be called a I'" subdivision of [a, b], even though it is not strictly a subdivision of
[a,b].
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[3] Conditions for a generalized Stieltjes integral 503

We will have need to speak of synchronized I" subdivisons which are defined as
follows:

DEFINITION 2. Synchronized I subdivisions. Let a<c<b, so that [a, ¢] and {c, b]
are adjoining closed intervals. Let

Dy Xgs oes Xme Xma) @0 To(Vog, Yos oo Vs Vs

be, respectively, I subdivisions of [a,c] and [c,8]. If x,,_; =y, and X, ., = »y,
we will say that I'; and I, are synchronized.

DEFINITION 3. Refinements. We will say that IT'; is a refinement of Iy, and write
I', 2T, if every point of I'yn [a,b] beongs to Ty n[a, b], and if x1, x{1), €T, and
x3), x{2), €T, satisfy the conditions @’ <x'3) <x) <a, b<x, <x{&, <b'.

DEFINITION 4. The integral. Consider a I'(x_y, X, ..., Xp, Xn41) subdivision of
[a,b], and suppose that f and g are functions defined on [a’,b’]. The integral
(o) 5 f(d?g/dx) is the real number L, if it exists uniquely, such that for each £¢>0
there is a T, subdivision with the property: whenever I'>T', and x; ;< £;<x;py
fori=1,2,...,n—1, then

|L— (@VE: 503020+ 5 SEVAE: H1cw 505000

+ 3B Vi85 Xnos x,.,x,.ﬂ)} <e

whenever I'>T,.
For convenience, we shall often write the triple {x;_y, x;, X;,1} as T;, and write the
approximating sums for the integral as

I SfValg; T) or isz(g; ),
r t=0

where

Vig: T) =5, [g(xm)—g(xi) g(xi)-g(xi_l)]’

Xip1— X4 Xi—Xi1

and where §; =+1 wheni=1,...,n—1, and 8; = 4 when i = 0 and ».

ReMARK. If the integral exists, it is clear from Definitions 3 and 4 that it is
independent of @’ and b'.
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DEFINITION 5. We define the oscillation function wfV,(g; [a,b]) to be equal to

sup| X fVy(g; T)— X fVelg; T)|,
Ty T Ts

Iy I

where the supremum is taken over all I, and I'; subdivisions of [a,b] and the
associated £,’s as in Definition 4.

Finally, for convenience, we include the well-known definition of oscillation of a
function over an interval.

DEFINITION 6. The oscillation of f on a closed interval I = [a, b] is defined to be

osc(f; I)= zsggllf(x)—f(y)l-

2. Necessary and sufficient conditions for integrability

We begin with a Cauchy-type necessary and sufficient condition.

THEOREM 1. A necessary and sufficient condition that (o) [% f(d?g/dx) exists is that
JSor each £> 0 there is a T', subdivision of [a, b] such that whenever I'y > T’ and T3> T,,

@ IIZsz(g;T)—g]sz(g;T)ke.

ProoF. The necessity of the condition follows in the usual way.

For the sufficiency, we assume that for each &> 0 there exists a I', subdivision
such that

I?sz(g; T)—?fVa(g; T)|<e

whenever I > T', and I',>T,. We construct a sequence {I',} of subdivisions such
that I', > T, _,, and whenever I'>T", and I'"> T,

|5 Ve D= fViles T <=
™ ™ n

Hence,

| £ /e - 5 S Di<;

T ntm

for all m and n. Consequently {3 fVy(g; T)} is a Cauchy sequence of real
numbers, and so has a limit L, say. Hence, for each ¢>0, there exists N(¢) such
that

| > fValg; T)—L|<e whenever n> N(e).

T,
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Furthermore,

|3 1¥e; )= fVale; Dl <e

whenever n—1>¢! and I'>T',_,. If we now choose n>max[N(e), 1 +&71], and
define I', = T',,_;, then it follows that | X fVy(g; T)~L|<2¢ whenever I'>T,.
This concludes the proof.

ReEMARK. Each summation in (2) is of course multi-valued because of the choice
of ¢; in Definition 4. The proof, however, remains valid for all such choices of &,.

LEMMA 1. Let I, and T'; be two T subdivisons of [a, b] such that T'y>T';. Then

I g‘., SfValg; T)— § fVag; T)|< i2=1wf Va(g; [xig, x:D)s
where the x,eT;.

PRrOOF. To keep the details simple we consider a particular I', subdivision. The
particular case will exhibit all properties of the general case. Accordingly, let T’
be the subdivision x_,,xg, Xy, Xy, X3, Where x_;<a=x,<X;<Xxy=>b<x; Let
I, >T; be obtained by inserting / and m extra points of subdivision in (x,, x,) and
(%, xp) respectively. Hence I, consists of points y_j, ¥o, .- Virms3 Where

Ya<Vo=a<N<...<V1 = % <... <Vipmi2 = X2 <Vitm+s = X3

Then, suppressing the arguments of f for convenience, we have
Vg T) -2 fV(e; T)
181 Ts
= %sz(g’ X_1>Xop» xl) +fV2(g; Xos X15 xz) + %sz(g§ X1s Xg5 xa)
+m+1
=1 /Y8 Y1, Y0 YD — z SVa(8; Vias Vis Vir)
=
=3 /Ve(8; Virmers Viemaos Viemss)

= [1} SVe(g5 X_3, X0 %)+ fVa(85 Xos %1, X)) — % fVe(85 Y15 Yo D
- izi]lf Ve 83 Yie1s Yo VirD) — 3 V&5 Y Vi1 yz+z)]

+ [‘}f Va(g; Xo» X1, X2) + 3 [Vo(g5 X1, Xo5 X3) — 3 SVa(85 Vs Vig1s Vivd)

+m+1
- 1'5‘4_2 SY(8; Yic1s Yis )’i+1)—%f Vo(g; Yitm+1 Vitm+2o yl+m+3)]

=[ZfVa(e; T)= X fVale:s DT, fVales T)— T fVales D
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where I'; and I'; are I" subdivisions of [x,, x,] and I'j and I'; are I' subdivisions of
[x1, x5]. Hence,

|5 /Wle D=5 /les Dl gi:lwsz(g; )

The extension of this result to I'; subdivisions containing more than five points is
straightforward and, as indicated earlier, the details will be omitted.

THEOREM 2. A4 necessary and sufficient condition that (o) [5 f(d? g/dx) exists is that

o) inf S of Va(e; D=inf 3, afVilg; [xe_s X)) =0.
' rr T i=1

ProoF. We first show that the condition is sufficient. Accordingly, suppose that
(3) holds. Then, for each £>0 there exists a I', subdivision such that

@ %I wfVy(g; I<e.
Now suppose that I', > T",. Then, using Lemma 1, we obtain
Ingz(g; )= Z Vil T)Isgwsz(g; D<e.
(] 1 (]

The existence of the integral now follows from Theorem 1.

To prove the condition necessary we assume that for each £>0 there exists I',
such that whenever I} 21", and [, > T,

4 Ig‘.sz(g; - fVis; T)|<e.

Let I'> T, and let I consist of the points x_y, xy, ..., X, X,4;. For each subinterval
[x;—1,x;], i = 1,2, ...,n, Definition 5 shows that we can find subdivisions I'; and I'}
of [x;_4, x;] such that

&
|2 fVales T)= 3 SValgs D> ef Vaes [xeyy 2D =
§ [
By interchanging I'; and I'; if necessary we can also have
IZ),sz(g; 7‘)—I§f1’2(g; =0,
4 i

and the modulus signs in the previous inequality can be omitted. If we put
M=z, l;and I =Yz, I}, then I"2T,, T2 T, and

0< 3 wfVile; inxd< 5 [ /Vaes T)— SVe: Dl+e

©) <et+e=2
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provided that I', ..., T, are synchronized, and I'j,..., I, are also synchronized.
When the subdivisions are not synchronized we can make use of (5) and this will
have the effect of introducing an extra ¢ in (6). The required result now follows.

COROLLARY. If (0) {2 f(d?g/dx) exists, then

inf'S: osc(f: [¥ip, X0 ]| Valgs T)| = 0.

T i=1

PROOF. Let I, and I', be identical I' subdivisions of an interval [¢, 4]. Denote their
points by x_j, X, X, X, X3, Where x_;<x,= c<X;<X;=d<x; Since §; in
Definition 4 is arbitrary within the subinterval [x;_;, x;.,], we choose §; = « and
£, = B, respectively for the I'; and I'y subdivisions. It then follows from Definition 5
that

wfVy(g; [e,dD) | f(@—f(B)| | Valgs Xo» X1, %2)|
whenever « and B are in [c,d]. Hence, replacing [c,d] by [x;_,, x;.,] and making
other obvious changes, we have

wf Vy(g; [Xi—1s Xi40) = 08¢ (f; [x;4, xi+1])l V(g Xi-15 X5 xi+1)|'

The required result now follows readily from Theorem 2.
The following discussion motivates the next theorem. Consider the function g
defined by

g(x)=Bx, x>0,
g(x) = ax, x<0,

where « and B are constants. Consider a I' subdivision of [—1,1], and let
0 = x,€T'. Then, if f(x)=1,

Z fVile; T) = (B—) f(£p),

where x,_, < £, <X,,,. Consequently, if (o) f1, f(d%g/dx) exists, it must have the
value (8~ «) f(0). Hence, if fis discontinuous at 0, we must have B = «, in which
case g is differentiable at 0. On the other hand, if @ = g’ (0)# 8 = g.(0), then f must
be continuous at 0.

THEOREM 3. If (o) [b f(d?g/dx) exists, and a<c<b, then the conditions f dis-
continuous at ¢, and g non-differentiable at ¢ cannot occur simultaneously.
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508 A. M. Russell (8]

PrOOF. If (o) [5 f(d®g/dx) exists, then it follows from Theorem 2, Corollary,
that for each £> 0 there exists I, such that whenever I'>T',,

n-1
X sup [f(E)—S()] | Va(8; Xims X0 Xi4)| <,
i=1 el

where I; = [x;_y, x;,].

If cis a point of discontinuity of £, then by including ¢ in I it follows that if ¢ = x,,

sup | f()—f)] | Qu(g; Xp11, ) — Oule, x| <8,

zyely

where

g(»)—gx) .

Ou(g; x,») = %

Since c is a point of discontinuity of f, there exists a positive number k such that

sup | f(x)—fO)|>k

zyel,

no matter how small x,,,; —x,_;. Consequently, no matter how small x,,.; —x,_;,

| O1(g; Xp+1,©)— Q1(8; &, xpy) | < g/k.

Since x,_; and x,,; are independent, it follows from Cauchy’s principle of con-
vergence that g’ (c) and g’,(c) both exist, and are equal. Thus, we have shown that
if fis discontinuous at ¢, then g must be differentiable at that point. It now follows
that if g is not differentiable at ¢, then f must be continuous there. This completes
the proof of the theorem.

COROLLARY. If (o) f2 f(d®g/dx) exists, then the conditions f discontinuous and g

non-differentiable on the right at a cannot occur simultaneously. Similarly f dis-
continuous and g non-differentiable on the left at b cannot occur simultaneously.

3. An application

THEOREM 4. If a< c < b, and any two of the integrals
¢ 2 g b g2 g b g2 g
[ 155 @[ 15 ma @ 1
exist, then so does the other, and

0 0 1ZE= 0[5 [ 2L
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[9] Conditions for a generalized Stieltjes integral 509

Proor. We shall only prove one case, the proofs of other cases being similar
to the one given.

Accordingly, assume that (o) [5 f(d?g/dx) exists. Then it follows from Theorem 2
that the other two integrals in (7) also exist. Consequently, given £>0 there exist
subdivisions I', and I", of [a,c] and [c,b] such that

@ l;f Vo(g; T)~L'|<}e whenever I">T"
and

©) |§sz(g; T)-L"|<}¢ whenever IV >T%,
where

, e 42 ” b g2
L=(o)faf7x‘z’ and L =(0')J; Ecé’.

Let I'; consist of the points x_,, Xo = @, X1, ..., Xp, = €, X1y, and let I'; consist of
the points y_;,¥9 = ¢, Y1, ... Y = b, ¥pyq. If the subdivisions I', and I', are not
synchronized, several cases can arise. One of these will be considered; others can
be dealt with in a similar way. Consequently, suppose that

Let T'* be the refinement of I'; obtained by choosing y*, = x,,_, and introducing

an additional point y¥ = x,,,;. Then I'* consists of the points y*, = x,_,
Yo = X y]”,: = X1 V13 s YV = b’yn+1' Then

| X fVi(g; T)~L"|<}e whenever I' >T¥,
I‘Il

and from (8)
|X fVo(g; T)—L'|<}e whenever IV > T
r

We observe that I, and I'* are now synchronized. Consequently there is no loss of
generality in assuming that (8) and (9) are valid for synchronized subdivisions
I, and T,

Let I', = I, uI", and let I" be any subdivision of [a, b] such that I'>TI',. Then
we can write I' = IV uI’”, where by the above discussion, IV and I'” are syn-
chronized subdivisions of [a, ¢] and [c, b] respectively. If I'' and I'” consist, respec-
tively, of the points

x_l, xo =y eeey xm = C, xm+1
and

Xm—1s Xm=C Xmpirs s Xmin = b, Xm+n+ls
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then
S Ve ) = {%f(a) Vile; To)+':>=311f(fi) Vile: T)+110 Vale: T,,.)}

+{%f(0) Vile; T,,L)+’:mz":f(f¢> Vilg: T+ Vile: T,m)}
10) HAED ~FOVilg: To).

It now follows from the proof of Theorem 3 that the last term in (10) tends to
zero under refinement irrespective of whether fis continuous or discontinuous at c.
Hence, from (10), the limit of 3. f¥,(g; T) under refinement exists by assumption
and equals L'+ L", as required.

I would like to express my appreciation to Professor E. R. Love for several
helpful comments and suggestions relating to the preparation of this paper.
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