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Bohr—Rogosinski radius for a certain class
of close-to-convex harmonic mappings

Molla Basir Ahamed® and Vasudevarao Allu

Abstract. Let B be the class of analytic functions f in the unit disk D = {z € C : |z| < 1} such that
|f(2)| <1forallz e D.If f € B of the form f(z) = Y52, anz", then 352 |anz"| < lfor |z| = r <1/3
and 1/3 cannot be improved. This inequality is called Bohr inequality and the quantity 1/3 is called
Bohr radius. If f € B of the form f(z) = X2 anz", then | XN a,z"| <1 for |z] <1/2 and the
radius 1/2 is the best possible for the class B. This inequality is called Bohr-Rogosinski inequality and
the corresponding radius is called Bohr-Rogosinski radius. Let J be the class of all complex-valued
harmonic functions f = h + ¢ defined on the unit disk DD, where h and g are analytic in D with the
normalization h(0) = h’(0) —1=0and g(0) =0.Let Ho ={f=h+geH:¢g'(0) =0}.Fora >0
and0 < B <1,let

Wi (@, B) = {f=h+ZeFHo:Re(h (z) + azh” (2) - B) > |g'(z) + azg" ()|, zeD}

be a class of close-to-convex harmonic mappings in D. In this paper, we prove the sharp Bohr-
Rogosinski radius for the class W9, (a, B).

1 Introduction

Harmonic mappings play the natural role in parameterizing minimal surfaces in
the context of differential geometry. Planner harmonic mappings have application
not only in the differential geometry but also in the various field of engineering,
physics, operations research, and other intriguing aspects of applied mathematics. The
theory of harmonic functions has been used to study and solve fluid flow problems
(see [10]). The theory of univalent harmonic functions having prominent geometric
properties like starlikeness, convexity, and close-to-convexity appear naturally while
dealing with planner fluid dynamical problems. For instance, the fluid flow problem
on a convex domain satisfying an interesting geometric property has been extensively
studied by Aleman and Constantin [10]. With the help of geometric properties of
harmonic mappings, Constantin and Martin [19] have obtained a complete solution
of classifying all two-dimensional fluid flows.

In this paper, our purpose is to investigate several Bohr-type inequalities which
will be harmonic analog of the inequalities for bounded analytic functions. Below,

Received by the editors August 27, 2022; revised January 9, 2023; accepted January 10, 2023.

Published online on Cambridge Core January 31, 2023.

V.A. is supported by SERB-CRG.

AMS subject classification: 30C45, 30C50, 30C80.

Keywords: Analytic, univalent, harmonic functions, starlike, convex, close-to-convex functions,
coeflicient estimates, growth theorem, Bohr radius, Bohr-Rogosisnki radius.

/- 3

Check f
https://doi.org/10.4153/50008439523000115 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.4153/S0008439523000115
https://orcid.org/0000-0002-6949-020X
https://orcid.org/0000-0002-5016-6389
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439523000115&domain=pdf
https://doi.org/10.4153/S0008439523000115

Bohr-Rogosinski inequalities for certain class 1015

we first recall the classical result of Harald Bohr discovered in 1914, which generates
intensive research activity, what is called Bohr phenomenon.

Let B denote the class of analytic functions in the unit disk D := {z € C : |z] < 1} of
the form f(z) = Y or anz” such that |f(z)| <1in D. In the study of Dirichlet series,
in 1914, Bohr [17] discovered the following interesting phenomenon that if f € B, then
its associated majorant series:

Mp(r) =Y |as|r" <1 for |z =r <
n=0

W=

The constant 1/3, known as the Bohr radius for the class B, is the best possible. Fur-
thermore, for y,(z) = (a — z)/(1- az), a € [0,1), it follows easily that M, (r) > Lif,
and only if, 7 > 1/(1 + 2a), and hence the radius 1/3 is optimal as a — 1. For the recent
advancements of the Bohr-type inequalities, we refer to the articles [26, 35, 38, 44, 45]
and references therein.

The Bohr inequality can be written in the following distance formulation:

a  d (i|| |ao|) - Sl <1-1£(0)| = d(£(0), D),

for |z| = r <1/3 and the constant 1/3 is independent on the coefficients of the Taylor
series of f, where d is the Euclidean distance and o f (D) is the boundary of (D). In
view of the distance form (1.1), the notion of the Bohr phenomenon can be generalized
toaclass G consisting of analytic functions f in D which take values in a given domain
Q ¢ C such that f(D) c O and the class G is said to satisfy the Bohr phenomenon if
there exists largest radius ro € (0,1) such that the inequality (1.1) holds for |z| = r < rq
and for all functions f € §. The largest radius rq is called the Bohr radius for the
class G.

A complex-valued function f(z) = u(x, y) + iv(x, y) is called harmonic in I if
both u and v satisfy the Laplace’s equation v?u = 0 and v2v = 0, where

L
oxr oy

It is well known that under the assumption g(0) =0, the harmonic function
f has the unique canonical representation f = h +g, where h and g are analytic
functions in D, respectively called, analytic and co-analytic parts of f. If, in addition,
f is univalent, then we say that f is univalent harmonic on a domain Q. A locally
univalent harmonic mapping f = h + ¢ is sense-preserving whenever its Jacobian
J§(2) = f(2)]? - |fe(2)| = |W (2)* - |g' (2) > O for z € D.

Let J( be the class of all complex-valued harmonic functions f = h + ¢ defined on
the unit disk D, where & and g are analytic D with the normalization h(0) = h'(0) -
1=0and g(0) = 0. Let F(p be defined by Hp = {f =h + g € H : g'(0) = 0}. Then each
f =h+ g € Hy has the following form:

(1.2) h(z)=z+) a,z" and g(z)=> b,z".
n=2 n=1
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In 2013, Ponnusamy et al. [46] considered the following class of harmonic mappings:
Ph={f=h+geIH:Reh'(z) > |g(z)| with ¢'(0) =0 for zeD}

and motivated by the class PY, Li and Ponnusamy [36] have studied the class P5, («)
defined by

Po(a)={f=h+geH :Re(h(2)-a)>|g'(z), 0<a<1, ¢'(0)=0forzeD}.

It is easy to see that the class J reduces to the class A of normalized analytic
functions if the co-analytic part of f is zero. A function h € A is called close-to-convex
in D if the complement of h(ID) can be written as the union of nonintersecting half
lines. A function h € A is said to be close-to-convex function of order (0 < < 1) if
Re (h'(z)) > Bforz e D (see [47]). Fora > 0and 0 < f < 1, let

W(a,B)={heA:Re(h'(z) + azh’(z)) > p inD}.

The class W(a, 8) has been studied by Gao and Zhou [23] for f <1and « > L
In 1977, Chichra [18] introduced the following class W(«) for a > 0:

W(a)={heA:Re(h'(z) +azh"(z) >0) inD}.
Moreover, Chichra [18] has proved that functions in the class W(«) constitute a
subclass of close-to-convex functions in ID. In 2014, Nagpal and Ravichandran [42]
studied a new subclass WY of univalent harmonic mappings and obtained the
coefficient bounds for functions in the class WY, where
Wy ={f=h+geIH :Re(h'(z) +zh"(2)) >|¢'(z) + z¢" (2)| for z e D}.
In 2019, Ghosh and Allu [24] studied the class W3, («), where
Whe(a) = {f =h+geTH:Re(h'(z) + azh”"(2)) > |¢'(z) + azg" (2)| for z € D}.

Chichra [18] has shown that if 0 < 8 < &, then W(a) c W(8). Hence, it is easy to
see that W5, (a) € W5 (B) if 0 < B < a. Therefore, for & > 1, W9 (a) € W9 (1). Since
functions in W9 (1) are starlike, it follows that functions in W3, («) are starlike for
a>LFora>0and0< <1, let

Whe(a,B) = {f=h+geH’:Re(H (2) + azh”(2) - B) > |g'(z) + azg" (2)| z € D}.

It is known that functions in WY (a, B) are close-to-convex harmonic mappings
(see [47]).

Remark 1.1 The class WY (a, ) generalizes some of the well-known classes
of harmonic mappings. For example, W3 (a,0) = W3 (a), W5.(0, ) = P5.(B),
W3(1,0) = W3, and W3(0,0) = P,

From the following results, it is easy to see that functions in the class W3 (a, 3) are
univalent for & > 0 and 0 < 8 < 1, and they are closely related to functions in W(«, ).

Lemma 1.1[47]  The harmonic mapping f = h + g belongs to W3 (a, B) if, and only
if, the analytic function F, = h + g belongs to W(a, ) for each |¢| = 1.
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The sharp coeflicient bounds and the sharp growth estimates for functions in the
class W (a, ) have been studied in [47].

Lemmal2[47] Letf e Wi (a,B) fora >0,0 < f < land be of the form (1.2). Then,
forany n > 2,

20-8)
n(l+a(n-1))
. 2(1-B)

n| — bn —————

@ Manl =10l < Gy

2(1-B)
n(l+a(n-1))
All these inequalities are sharp for the function f = f, g given by
< 2(1-p)zZ"
(1.3) fap(z) =2+, (1-p)

Zn(l+a(n-1))

(i) fan|+[ba| <

(iii) x| <

Lemma 1.3 [47] Let f e W5.(a,B) and be of the form (1.2) with 0 < a <1 and
0 < B <1 Then

|Z| + i Z(I—ﬁ)(—l)n_ |Z‘n < |f(Z)| < |Z| + i 2(1_/3)|Z|n

= n(l+a(n-1)) Zn(l+a(n-1))

Both the inequalities are sharp for the function f = f, g given by (1.3).

(1.4)

Bohr-Rogosinski radius is an analogous to the Bohr radius which has been defined
(see [48]) as follows: If f € B is given by f(z) = ¥~ an2", then for an integer N > 1,
wehave |Sy(z)| < linthedisk {z € C : |z| < 1/2} and the radius 1/2 is the best possible,
where Sy(z) = X2_, a,z" denotes the Nth partial sum of f. The radius r = 1/2 is
called the Rogosinski radius. For f € B is given by f(z) = ¥ 1o, a,2", the Bohr-

Rogosinski sum R{\,(z) of f defined by

(o]

(1.5) R{\,(z) =1f(2)|+ Z laq|r", |z =7.

n=N

It is worth to notice that for N = 1, the quantity (1.5) is related to the classical Bohr
sum in which [f(0)] is replaced by |f(z)|. The inequality R@(z) <1is called Bohr-
Rogosinski inequality. If B and R denote the Bohr radius and Bohr-Rogosinski radius,
respectively, then B < R because |Sy(2)| < X0_, |anllz]" < X5 |aa|l2|".

In 2005, Aizenberg et al. [8] generalized the Bohr-Rogosinski inequality for the
holomorphic mappings of the open unit ball into an arbitrary convex domain as
well as studied the multidimensional analog of Rogosinski’s theorem with some
applications. In 2009, Aizenberg [9] proved that the abscissas of Bohr and Rogosinski
for ordinary Dirichlet series, mapping the right half-plane into the bounded convex
domain G c C are independent of the domain. In 2012, Aizenberg [7] studied Bohr
and Rogosinski radii for Hardy classes H? of holomorphic functions in the unit disk
D as well as the Bohr and Rogosinski radii for the mappings of Reinhradt domains
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in C” into Reinhardt domains in C". In 2020, Alkhaleefah et al. [12] obtained Bohr-
Rogosinski radius for analytic functions f(z) = Y.~ a,z" in unit disk D replacing
the coefficient a, of the power series by the derivatives f(")(z)/n!. Recently, Huang
et al. [25] have generalized and improved some refined versions of Bohr-Rogosinski
inequalities which have been studied by Liu et al. [39]. In 2021, Kayumov et al. [29]
investigated Bohr-Rogosinski phenomenon for analytic functions defined on D in
a general setting and derived Bohr-Rogosinski radii for Cesaro operators on the
space of bounded analytic functions. For the extensive study of Bohr phenomenon
including recent developments, we refer the reader to the articles [1-5, 11, 14-16, 20-
22,27,28,30-32, 34, 37, 40, 41, 43].

In 2017, Kayumov and Ponnusamy [33] obtained the following result on the Bohr-
Rogosinski radius for the analytic functions in the unit disk D.

Theorem 1.1 [33]  Suppose that f(z) = Yoo anz" is analytic in the unit disk D and
|f(2)| <1inD. Then

lf(2)|+ > |anlr" <1 for r <Ry,
n=N
where Ry is the positive root of the equation 2(1+ r)rN — (1-r*) = 0. The radius Ry
is the best possible. Moreover,

f(2)P+ D |as|r" <1 for r <Ry,
n=N
where R} is the positive root of the equation (1+r)r™ — (1-r?) = 0. The radius Rl is
the best possible.

Recently, Kayumov and Ponnusamy [33] have obtained another interesting result
concerning Bohr-Rogosinski radius considering some power of z in f(z) as the
following.

Theorem 1.2 [33]  Suppose that f(z) = ¥ e a,2" is analytic in D such that | f (z)] < 1
in D. Then, for each m, N €N,

o)

[f(Z™)+ 3 lanlr™ <1 for r < Ron,N»
n=N
where R, y is the positive root of of the equation 2rN (1+1™) = (1-r) (1-r™) =0,
and the number R,, N cannot be improved. Moreover, imy_ oo RNy =1 and
lim,, 0o Ry, n = An, where Ay is the positive root of the equation 2rN =1~ r. Also,
Ay =1/3and Ay =1/2.

Study of sharp refine Bohr-Rogosinski inequalities for functions in the class B
is an important topic in the geometric function theory. The refine Bohr-Rogosinski
inequality for the class B is extensively studied by Liu et al. [39] and Ponnusamy et al.
[44]. For N =1, it is easy to see that R, = V/5 -2 and R} = 1/3. However, recently, Liu
et al. [39] proved the following interesting result showing that the two constants R;
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and R{ can be improved for any individual function in B (in the context of Theorem 1.1
with N =1).

Theorem 1.3 [39]  Suppose that f € B and f(z) = Yooy anz". Then

)Zan|2 2n<1

for |z| =1 <ray =2/ (3+ao| + 5 (1+|aol)). The radius r,, is best possible and
Ta, > \/5 — 2. Moreover,

B(z) = [f(a) + z|an|r ( |l|+1_rr)§|an|zr2ngl

for |z| = r <1y, where 1, is the unique positive root of the equation

M@ =]+ 5 ool (

1+|a|

(1-lao’) r* = (1+2]ag) r* = 2r +1=0.
The radius 1}, is best possible and 1/3 < r}, <1/(2+ |aq|).
Motivated from the papers [6, 13], the main objective of this paper is to find the
sharp Bohr-Rogosinski radius which are the harmonic analog of Theorems 1.1-1.3 for

the class W9, (a, ) for « > 0 and 0 < 8 < 1. In Section 2, we state the main results of
the paper and the proof of the main results will be discussed in Section 3.

2 Main results

Using Lemmas 1.2 and 1.3, we obtain the following sharp Bohr-Rogosinski inequality
and sharp Bohr-Rogosinski radius for the class WY (a, ).

Theorem 2.1 Let f = h+ge WS (a, ) fora >0and 0 < B <1, be of the form (1.2)
with by = 0. Then, for N > 2,

M 1f(2)+ Z (lan| +[bu]) |2 < d(f(0),0f (D)) for |z| =7 < Rn(a, ), where
Ry(a ,8) is the unique root of
LR 2P & 2pr 221-pDT
fl a1 a0 & u(ia(n-D)
Here, RN(oc B) is the best possible.
i) [f() + Z (lan| +[bu]) |2 < d(f(0),0f (D)) for |z| = r < Ry(a, ), where
Riy(a ,8) is the unique root of
S L Y- [

“Zn(l+a(n-1)) i n(l+a(n-1)) Zn(l+a(n-1))

Here, R} (a, B) is best possible.
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Figure I: The pictorial representation of the radii in Remark 2.1.

Remark 2.1 For some particular values of & and f, a simple computation gives the

following Bohr-Rogosinski radii (Figure 1):

(i) R2(0.5,0) ~0.347966, R,(0.5,0.2) ~0.408906, R,(0.5,0.3) » 0.442732,
R»(0.5,0.7) ~ 0.625477,  R;(0.5,0.9) ~ 0.797766,  Rs(0.5,0) ~ 0.404549,
R5(0.5,0.3) ~0.509745, Rs5(0.5,0.6) » 0.609243, Rs5(0.5,0.9) ~ 0.844344.

(i) R,(0.5,0) ~0.44221,  R,(0.5,0.3) »0.526991,  R,(0.5,0.5) ~ 0.596714,
R,(0.5,0.7) ~ 0.688696,  R,(0.5,0.9) ~ 0.837519,  R%(0.5,0) ~ 0.503019,
RL(0.5,0.2) » 0.555796,  R4(0.5,0.4) ~ 0.616078,  R%(0.5,0.6) ~ 0.68937,
RL(0.5,0.98) ~ 0.959913.

We obtain the next result which is the harmonic analog of Theorem 1.2 for the class
Wi (e, B)-

Theorem 2.2 Let f =h+g e WS (a,B) fora >0and 0 < f <1, be of the form (1.2)
with by = 0. Then, for N > 2, we have

f(E™)]+ i(lanl +[ba]) 2" < d(£(0), 0 (D))

for|z| = r < Ry n(a, B), where Ry n (o, B) is the unique root of

WS 2 S 20-p &=
*ZZ n(1+a(n-1)) +ZN nlran-1)  Znramn-1) 0

Here, R, n(t, B) is best possible.

r
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20
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Figure 2: The pictorial representation of the radii in Remark 2.2.

Remark 2.2  For particular values of  and 3, a simple computation gives the Bohr-
Rogosinski radii R;,(0.5,0) ~ 0.507868, R;,(0.5,5) ~ 0.669204, R;,(0.5,0.9) ~
0.880059, Rs,(0.5,0) » 0.643089, Rs,(0.5,0,5) ~ 0.801547, Rs»(0.5,0.9) ~
0.943465, R;5(0.5,0) ~ 0.844912, R;5(0.5,0.4) ~ 0.895644, R;5(0.5,0.8) ~
0.952466 (Figure 2).

In order to establish a harmonic analog of Theorem 1.3 for the class Wi (a, 8), we
obtain the following result.

Theorem 2.3 Let f = h+g e W5 (a,B) fora > 0and 0 < B <1, be of the form (1.2).
Then, for any integer p > 1,

P+ 3 Gal +10) "+ (5 + 15 ) 3 a4 1) " < d(0), 0 (D))

for |z| = r < Ry (a, B), where R}, (a, B) is the unique root of

LS 20y P B)r" 1+r & 4(1-p)2r™
( +nz::2n(1+oc(n—1 ) Z::n(1+06(n—1))+ 1=1) 35 (n(1+a(n-1)))*
1Y 21-p) (=Nt

Zn(i+a(n-1)

in (0,1). Here, R (a, ) is best possible.

We have the following immediate corollary of Theorem 2.3 which is the harmonic
analog of Theorem 1.3 for the class W3 (a, B).

Corollary2.1 Let f =h+ge W3 (a, B) fora > 0and 0 < B < 1, be of the form (1.2).
Then:
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O £+ X Gaul + ) o7+ (5 + 1) 3 Janl+ 1) 27 < d(£0),
8f(D))for|z| =r < Ry (a, B), where R} (a, ﬁ) is the unique root of

= 2(1-B)r" = 2(1-p)r" 1+r & 4(1-p)**"
nz::zn(l+oc(n—l))+,1Z=:2n(1+oc(n—1)) 20-1) 5 (n(1+ a(n -1)))?
i 2(1-B)(-n"!

= s a(n-1)

in (0,1). Here, Rf (a, B) is best possible.
@) 1A+ 3 aul +bul) "+ (5 + 1) 32 aul = bu])* " < (£ (0),

n=2

af(]D)))for |z| =r < Ry (a, B), where R («, B) is the unique root of

(Hi 2(1—ﬁ)r1))) +§: 2(1-B)r 1+r & 4(1- B)*r

Zn(l+a(n- in(+a(n-1)) 2(1—T)n2(n(1+0¢(n 1))’

i 21-p)(-n"*

2 a(n-1))

in (0,1). Here, R; («, B) is best possible.

3 Proof of the main results

Proof of Theorem 2.1  Let f € W3 (a, B) be given by (1.2). Then in view of Lem-
mas 1.2 and 1.3, it is easy to see that the Euclidean distance d(f(0),0f (D)) between
£(0) and the boundary of (D) is

< 2(1-B)(=n"!

Zn(l+a(n-1))

6D d(f(0),2f(D)) = liminf |f(2) - F(0)| 21+

(i) Let F, : [0,1] - R be defined by
By £ 20005 _20-pe

on(l+a(n-1)) ZFGn(l+a(n-1))
_i 2(1-p)(=1)""

Zn(l+a(n-1))

It is easy to see that F;(r) is continuous on [0,1] and differentiable on (0,1). Since

(3.2)

)n—l 1

< (-
2 ratno)| < 20-5)

for n>2,

it follows from (3.2) that

FI(O) = _1- i 2(1_ﬁ)(_1)n_1

Zn(ra(n-1)
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On the other hand, we see that

=3 1 ) (_l)n—l

> >3,

Zant+(1-a)n  San?+(1-a)n’
Therefore, a simple computation shows that

o1 S 2B & 2008
Zu(ra(n-1)  Hn(+aln-1)
oo _ _1\n-1
L A-pe
Zn(l+a(n-1))
e 2-p
n=N 1 (1 + 0‘( - 1))
Clearly, we have F;(0)F;(1) < 0, and hence, by the intermediate value theorem, F;(r)
has at least one root in (0,1). To show that F;(r) has the unique root in (0,1), it is
sufficient to show that F, is strictly monotone in (0,1). Now a simple computation
shows that

& 20-B)nr" X 2(1-B)nr!
2 (i M =1t Y e D) T & n (s a(n 1))

n=N

>0

for all r € (0,1), and hence the function F, is strictly increasing. Therefore, F(r) has
the unique root in (0,1), say Ry(a, 8). That is, F;(Ry(a, 8)) = 0 and hence, from
(3.2), we obtain

< 2(1-B)(Ry(a, B))" & 2(1-B)(Rn(a, B))"
(3 Re(@f)+ 2 = ) T A aa(no1)
IR EEDIEE

Zn(l+a(n-1))

In order to show that Ry (a, ) is the best possible, we consider the function f = f, g
given by (1.3). It is easy to see that f, 3 € W3, (a, ). For f = f, 4, a straightforward
computation shows that

= 201~ f)(-1)"’

(3.4) d(fa,(0),0fa,p(D)) :1+n=2 n(l+a(n-1))

Furthermore, it is easy to see that

- L e (e s 2D

Sn(l+a(n-1)) ZFZn(l+a(n-1) " S ant+(1-a)n

for r < Ry(a, 8). A simple computation using (3.3) and (3.4) for the function f = f, 4
and r > Ry (a, ) shows that
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Fup(DI+ 3 (anl + bu)
> 21- ) LS 20-pr

Son(l+an-1) ZFGn(l+a(n-1))

2(1-B)(Rn(a, B))" & 2(1- ) (Rn(a, B))"
> R (e f) + ;; n(l+a(n-1)) +E% n(1+a(n-1))
Lo 20-p) (-
_1+Z;nﬂ+aw—l»

= d(fa,p(0),0fap(D)).

Therefore, the constant Ry («, f3) is best possible. This completes the proof of (i).
(ii). In view of Lemmas 1.2 and 1.3, for |z| = r, we easily obtain

(35) )P+ fljvqan o) J2]"
§(|Z|+§ 201 p)lel" )i 201 )lel"

Zn(l+a(n-1)) Sen(Q+a(n-1))
O -«

Zn(l+a(n-1)) Sin(l+a(n-1))

It is easy to see that

Zn(l+a(n-1)) = n(1+oc(n—1))_ Zn(l+a(n-1))

for r < Ry (f), where R, (f) isaroot of F,(r) = 0, where F, : [0,1] — R is defined by

E 2a-pr Ve 2=y
'B(ﬂ'_(r+nﬂrﬂl+a01—ﬂ))'+2%”(1+“(”‘U)
o 2=p T
aisn(+a(n-1))

By the similar argument being used in the proof of (i), it is easy to see that F,(0) < 0
and F,(1) > 0. Since F, is continuous on [0,1] and differentiable on (0,1), by the
intermediate value theorem there exists a root, say R} («, ) of F; in (0,1). In fact,
we show that R}, («, B) is the unique root of F; in (0,1). By a simple computation, we

obtain
Loy afre § 2B )5 20 pr )

Sn(l+a(n-1 Sn(l+a(n-1))
= 2(1-B)nr"!

+E%n0+aM—D)>O
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for r € (0,1) and this shows that F,(r) is strictly increasing in (0,1). Therefore,
R (e, ) is the unique root of F; in (0,1). Thus, we have

2(1- B) (Ry (. )" ) . i 2(1- B) (Ry(a, B))"

1+0c(n 1) % n(l+a(n-1))

(36>(RN(a B) + Z
IR 2(1—/3)(—)
=1 ,,Z::Zn(1+oc(n—1))'

To show that R («, f3) is the best possible, we consider the function f = f, s defined
by (1.3). Using (3.4)-(3.6), for f = f, g and r > R, (a, ), it is easy to see that

|ﬂﬁ@)?F§5wAwmnvv
(o 20-pr VR 20y
‘( +nz=:2n(1+oc(n—1))) " Z;\,n(1+a(n—1))
, = 2(1- B) (Ri(a, )"\ & 2(1- B) (Ry(a, B))"
>(R““$)+Z% n(1+a(n-1)) )+Z% (1= a(n-1))

$20-HED

Zn(l+ra(n-1))
= d(fa,5(0), 9fa,p(D)),

which shows that R}, («, ) is best possible. This completes the proof of (ii). |

=1+

Proof of Theorem 2.2  In view of Lemmas 1.2 and 1.3, for |z| = r, we obtain

(37) If@ﬂk+§(wA+wAHd”
i - gy L3 _20-pr

(I+a(n-1)) Sn(+al(n-1))

I/\

It is easy to see that
S 2P & 20
,,Z::Z n(l+a(n-1)) n;\,n(1+(x(n—1))
& 201 ) ()"
<1+ a(n-1)

for r < Ry, n(a, B), where Ry, n(a, B) is a root of F5(r) = 0, where F; : [0,1] - R is
defined by

& 20-pyrmm 2 2(1-P)r"
(3:8) B = Y a5 w (L a(n 1))
= 2(1-B)(-)"”

‘Lyﬂn0+am—ny
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Using the similar argument being used in the proof of Theorem 2.1, it can be shows
that R,, n(a, B) is the unique root of F; in (0,1). Hence, we have

(3.9)
i, & 200D Run (@)™ E 21 B R (@, B))"
R () E T nlea(ni-D) F T (s a(i-D)
Z: (1+(x(n—1))

Let f = fu,p be defined by (1.3). In view of (3.4), (3.8), and (3.9), for r > R, n(a, ), a
simple computation shows that

|fap (™) + i(an| +bal) |2|"
e S 20-pr & 20 pr

’ ,,Z::Zn(l-roc(n—l)) ZNn(1+a(n—1))

0 BN 5 S 2(1-B)(Rmn( )™ & 2(1= B)(Raun (e, B))"

> Rl P)"+ 2 == ) & (i a(n-1)
& 2(1-p)(-)"!
Sn(l+a(n-1))
zd(fa,ﬁ(0)>afa)ﬁ(D)))

and hence the radius R, y(«, ) is best possible. This completes the proof. ]

=1+

Proof of Theorem 2.3 Let f € WY (a, ) and p > 1be an integer. Then, in view of
the Lemmas 1.2 and 1.3, we see that

£+ 3% ol + bl + (5 + 1) 3% anl + D)

( i - p)r" )"+ 1+r & 4(1-p)*r™
n(1+0c(n -1)) 20-1) 15 (n(1+ a(n-1)))?

< 2(1-p)r"
+nz::2n(1+oc(n—1))
$20-p)(n"

S T a(n-1)

for |z| = r < R} (a, B), where R} (a, ) is a root in (0,1) of the equation Fy(r) =0,
where

NS _20-pr )" l+r & 4(1-B)4r™"
Rl ( T&n(ra(n-n)) 201 i (n(1+a(n-1)))°
o 20-p)r" > 2(1-B)(-n™!

Z n(l+a(n-1)) -1- Zn(l+a(n-1))
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By the similar argument being used in the proof of the previous theorems, it
is easy to show that F4(0)F4(1) < 0 and %(R;(r)) >0 in (0,1). Hence, F4 being
continuous and monotone increasing function, R;(«, B) is the unique root of the
equation F,(r) = 0in (0,1).

Thus, we have

(3.10)
\ = 2(1-B) (Ry(@. )" 1+ Ri(af) & 4(1-pB)*(Ry(a.B))”
(R““$)+ZQ w1+ an-1)) ) T2 Ry (@) 2 (n (14 a(n-1)))’

= 2(1-B) (Ry(@ )" & 2(1- B)(-1)"!
et D) S s )

n=2

Therefore, in view of (3.1), we have
- n 1 r - n
£+ Y (anl o)+ (5 + ) 3 laal +[0a])° 2" < d(F(0), 2 (D)
n=2 n=2

for [z] = r < Ry (a, B).
Considering the function f = f, s defined by (1.3). Using (3.4) and (3.10), for
f=fapandr> R;(a,ﬁ), it can be shown that

oo

- n 1 r n
fup@F + X, Ganl ) el + (5 + 1) 3 aal + 2D 7
n=2

> d(f,x,/;(()), aftx;ﬁ(D))

which shows that R («, ) is best possible. This completes the proof. [ ]
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