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The Heat Kernel and Green’s Function
on a Manifold with Heisenberg Group
as Boundary

Yilong Ni

Abstract. 'We study the Riemannian Laplace-Beltrami operator L on a Riemannian manifold with
Heisenberg group H; as boundary. We calculate the heat kernel and Green’s function for L, and give
global and small time estimates of the heat kernel. A class of hypersurfaces in this manifold can be
regarded as approximations of Hi. We also restrict L to each hypersurface and calculate the corre-
sponding heat kernel and Green’s function. We will see that the heat kernel and Green’s function
converge to the heat kernel and Green’s function on the boundary.

1 Introduction

This article is a continuation of [6]. The purpose of these two articles is to study
sub-Riemannian geometry on the Heisenberg group. We construct a Riemannian
manifold with Heisenberg group H; as boundary. A class of hypersurfaces in this
space can be regarded as copies of the Heisenberg group. The induced Riemannian
metrics on these hypersurfaces tend to the sub-Riemannian metric of the Heisen-
berg group as they approach the boundary. In [6], we were basically dealing with
geodesics. We explored the relations between the properties of the geodesics in the
interior, on the hypersurface, and on the boundary. In this paper, we study the Rie-
mannian Laplace-Beltrami operator L on the Riemannian manifold. We calculate
the heat kernel and Green’s function for L, and give global estimates and small time
asymptotics of the heat kernel. In addition, we restrict L to each hypersurface and
calculate the corresponding heat kernel and Green’s function. When a hypersurface
approaches the boundary the restriction of L to the hypersurface degenerates to the
standard sub-Laplacian of the Heisenberg group H,. Therefore the heat kernel and
Green’s function on the hypersurface converge to the heat kernel and Green’s function
for the sub-Laplacian on the boundary respectively, as the hypersurface approaches
the boundary. This can be easily seen from the expressions of the heat kernel and
Green’s function on the hypersurface.

For convenience of the reader, we recall some basic definitions and results from
(6] here. The 3-dimensional Heisenberg group H; can be coordinatized as R®> =
(x1,%2,1) = (x,t), with group law

(x,t) o (x',t) = (x +x',t +t' + 2axx] — 2ax1x)),
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where a is a positive real parameter. The vector fields

0 0 0 0 0
Xl—a—xl-I—ZCszg, Xz—a—&—zaxla, T—@

are left invariant and generate the Lie algebra of H. The Lie algebra relations are
(X1, Xo] = —4aT, [X,,T]=[X;,T] =0.
The Heisenberg (sub-)Laplacian is the left-invariant subelliptic operator

1
Ay = E(Xf +X3).

The Green’s kernel G for this operator was computed by Folland [3]. With pole at the
origin,
1

2/ |xf 12

The heat kernel for Ay was first computed by Gaveau[4] and Hulaniki [5]:

S A flx,t,7)
s [m exp(—is )V(T) dr,

where f(x,t,7) = ar coth(2ar)|x|* — itt, V(7) = 2a7/sinh(2a7), and 0 = 7/s s
dual to t. See [1] for another way to compute the heat kernel.

Next consider H; as a subset of C* = {(z, w)}. Introduce a group operation in C?
by

G(x,t;0,0) = —

(1 Py(x,t;0,0;5) =

(z,w)o (2, w) = (z+2',w+w +2iazz).

Use also real coordinates x;, x;, ¥1, ¥2, with
z=x+ix;, W=y +iy,.
Introduce the functions
t=y, u=u(z,w)=y,— azz
Using the coordinate (x, t,u) = (x1, X2, t, u) the group law is
(x,t,u) o (x' 1" u') = (x+x",t +1" + 2a(0x] — x1x3), u+u').
Since u: C*> — (R, +) is a group homomorphism our group is isomorphic to the di-

rect product H; X R. The corresponding Lie algebra is generated by the left-invariant
vector fields

0

X X T, U=——.
1, 2 ) Ou
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Consider the complex vector fields

9 l(ﬁ_iiy i,l(i_-i),

9z 2 Ox; 0x, ow 2 ay1 layz
0 . _0 0
Z—&*’ZIQZ%, W—%,

and their conjugates. The Siegel domain
C: = {Imw > azz} = {u >0}

is a sub-semigroup of C* and if we identify H; with {u = 0}, the boundary of C2,
then H; is a subgroup of C? that acts on C2 by left and right translations. The oper-
ator

- - 1
L=27Z+2ZZ+ 4au(WW + WW) + 2aU = E(Xf +X3) + 2au(T? + U?) + 2aU

is elliptic in C2, self-adjoint in L*(C2), and invariant with respect to the H; action.
In fact, it is easy to see that L is symmetric on C>(C2), and extends to a self-adjoint
operator on L?(C2).

For each u > 0, the hypersurface H; x {u} is invariant with respect to the H,
action. The restriction of L to this hypersurface is given by

1
L,= E(Xf +X3) + 2auT?.

It degenerates to the Heisenberg sublaplacian Ay as u — 0.
The paper is organized as follows. In Section 2, we calculate the heat kernel for L
in the interior. The kernel with pole at (0, 0, 1) is

2

1
P(x,t,1u;0,0,up;s) = W/

— 00

+oo < 7 coth(2ar)(alx|* + u + ug) — iTt>
o —
s

2ar?

-
———Iy( 24/ —— | dr.
sinh?(2a7) 0 < g sinh(ZaT)) 7

In Sections 3 and 4, we use a method similar to that used in [2] to obtain global
estimates and small time asymptotics for the heat kernel in the interior. The heat
kernel for the operator L, on H; x {u} is calculated in Section 5. The heat kernel

with pole at the origin is
1 +oo fulx, t57) 2ar
- d
(27s)? / xp ( s sinh(2ar) n

— 00

(3) P,(x,t0,055) =

where f,(x,t;7) = ar coth(2ar)|x|* — iTt + 2aut?. We also show that when x # 0
the critical points of f,(x,t; 7) on the imaginary axis are one-to-one corresponding
to the geodesics from (0, 0) to (x, t), and the length of the geodesic corresponding to
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a critical point i6 is /2 f,(x, t;10). Therefore the distance comes into various esti-
mates. When x = 0, the above one-to-one correspondence does not hold, and the
distance from (0, 0) to (0, t) has different forms when ¢ /27y < 1 ort/2wu > 1. Nev-
ertheless in Section 6 we show that the distance comes into small time asymptotics
when x = 0. In the last two sections, Green’s functions are calculated by integrating
corresponding heat kernels.

2 Heat Kernel for L in the Interior

We try to find the solution of the following equations:

@ {LP: (L2 +X2) +2au(T> + U?) + 2aU)P = 2 5> 0

lims_,0+ P= (5(X, t)

Since the coefficients of (4) do not depend on ¢, we take the Fourier transform
with respect to t:

A

(L + L,)P = a—P, lim P(x,0,s) = §(x).
85 s—0

where

?* P ., 0 ., 0
+ = — 4a’x30% — 40’20 + dax,if — — 4ax,i0—

L =——
T o2 0x2 Ox; Oxy’

and
L, = —2aub? + 2auU? + 2aU.

Suppose that X(x, 6, s) is a solution of the following differential equation
0 .
(5) L, X(u,0,s) = aX(u7 0,s), s>0, 11151+ X(u,0,s) = 6(u — ug).

Applying the operator L; + L, to ﬁo(x, 0,s)X(u, 0, s) we obtain

(Ly + Lo)Po(x, 0, )X (1, 0,5) = (LiPo(x,0,5)) X(u, 0, 5) + Po(x, 0, 5)LoX (11, 6, 5)

by, ~0X 0, -
= + = —(Polx,0,5)X(u,6

85 85 85( 0(x7 75) (ua 75)) )
where ﬁo(x,A@, s) is the Fourier transform (with respect to. t) of the heat kernel of H.
Therefore Py(x, 6,5)X(u, 0,s) is the solution we want to find. We then only need to
solve for X. Take the Laplace transform of both sides of the (5) with respect to u:

0*X 0X OF(X)
— 2 - - —
(6) F(Q2aub°X) + 2aF(u B ) + 2aF( 8u) 25
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where F(f)(v) = 0+°° f (1) exp(—uv) du is the Laplace transform of the function f.
Integration by parts gives

F( g—f) — VE(X) — X(0,0, 5);

2

F(u%) = sz(uX) — 2vF(X) + X(0,0,s).

Substituting these into (6) we have

2a(V*F(uX) — 2vF(X) +X(0,0,5)) +2a(vF(X) —X(0,0,s)) —2a0°F(uX) = %.
s
Noticing that F(uX) = — %F (X), we may rewrite the above equation as
(7) 2a(0* — vz)ﬁF(X) —2avF(X) = OFX)
ov Os

The boundary condition lim,_,g X(u, 0, s) = §(u — up) becomes
zg*%F(X(v, 0,5)) = F(6(u—ug)) = exp(—upv).

Equation (7) is a first-order partial differential equation. We can solve it by the
method of characteristic lines. The differential equations for the characteristic lines

are
M = 2a(0% —v2(1)), LD = —1, D = 2ay(t)z(t);
(V; S, Z)‘[:O = (T', 07 e—uor)’
which give
Cle4u9t —1 B
V(t) = em, S(t) = —t, Z(t) = C2€ 2u9t(1 + C1€4u6t),

where C; = (0 +71)/(0 — r) and C, = (6 + r)e " /26. Eliminating parameters r and
t we obtain

0
v sinh(2afs) + 6 cosh(2afs)

' (_ 9(1 — exp(—4a95)) + V( 1+ exp(—4a95)) >
P T 0(1 + exp(—4a05)) + v(l — exp(—4a05))

FX) =

0 exp( — 10 coth(2a95))
v sinh(2afs) + 6 cosh(2a6s)

M092 1
exp( sinh(2afs) vsinh(2afs) + 6 cosh(2afs) )

A C
:7exp( ),
v+ B v+ B
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where

u092
sinh?(2a6s)”

Notice that A, B and C are all independent of v. In order to find X we need to take
the inverse Laplace transform of F(X):

X(u,0,5) = F'(F(X)) = %[ efg(if) eXp(igiB) s

0
A= —— — h(2 B= h(2 =
Sinh(2a05) exp(—upf coth(2abs), 0 coth(2abs), C

The change of variable { = & — iB gives

+00—iB
X(u,0,s) = %/ eXp(iu(C +iB) exp( %) %
—oo—iB

Leto = /&C. Then

A +oo—iB
X(u,0,s) = — exp(—uB)/
271 ;

= Aexp(—uB)]o(Zi@)

0 . 0
= —Sinh(2a95) exp( —(up +u)d coth(2a05)) Jo (21\/uu0 7sinh(2a95)) ,

where Jy(z) is Bessel’s J function.
Taking the inverse Fourier transform of Py(x, 0, s)X(u, 6, 5), using (1) and noticing
that @ = 7/s, we have the heat kernel of the interior:

1 oo f T/s
(27s)? / eXp(T) V) Sahaan

— 00

P(x,t,u;0,0,up;s) =

. 2\/uuyt
. exp(—;(u + ug) coth(2at)Iy ( m> dr

1 /+°° ( 7 coth(2ar)(alx|* + u + up) — iTt>
exp( —

- 2m)2s® J_ s
2ar? ( 27 /utly >
. 12 0 . dTa
sinh”(2a7) ssinh(2ar)

where I(z) is Bessel’s I function. Recall that Iy(z) = Jy(iz).

3 A Global Estimate for the Heat Kernel of L

In this section we give a global estimate for the heat kernel of L. The method we are
going to use is quite similar to that used in [2]. Taking advantage of scale invariance,

x t u s
P(x,t,u;O,O,uo;s):uO_SP(— —,—30,0, 1;—)7
Z0)

\/Mo, M07;0

https://doi.org/10.4153/CJM-2004-027-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-027-3

596 Yilong Ni

we may simplify by taking u, = 1. The heat kernel can be written as

(8) PCe,t,150,0,159 = —— [ (-5)Veru9d
X, 1, u;0,0, 158 —W . exp —; T,U,s)art

where

23/ ur

f=f(x,t,1;0,0,1;7) = —itT + (a|x|* + u+ 1)7 coth(2ar) +

sinh(2a7)’
is the modified complex action function;
2a7?
V(r,u,s) = ———Iy(2) exp(—Z),
T sinhz(ZaT) o(2) exp )
and
o 2ur
"~ ssinh(2a7)’
Asin [6] we write D = alx|* + u+ uy = alx|* + u+ 1,and E = —2,/utiy = —2+/u.

We have the following estimate for the heat kernel.
Theorem 1 The heat kernel P(x,t,u;0,0, 1;s) satisfies the estimate

P(x,t,14;0,0,1;5) <

—d /2 1/2 /2 1/2
exp( 2 ) . d N . d S
Cis3 s mm(l-f——w,—l/z) m1n<1+—1/4,—u1/4), s> 0,

)

whered = d(x,t,u; 0,0, 1), is the Riemannian distance between (x,t, u) and (0,0, 1).

The following property of the function Iy(z) exp(—z) is easy to see.

Lemma 1

Ip(z) exp(—z) ~ z — 400,

1
\/27TZ’
and

Ip(z) exp(—z) < Cmin(l,zfl/z)7 z € [0, +00),

where C is a constant.

From [6], we know that there is a unique shortest geodesic connecting two interior
points (x,t, u) and (0,0, 1). This geodesic is given by the unique solution 6 in the
interval [0.7/2a) of the equation

(10) ¢ = apad)|x? + (u+ 1)u(2a60) — 2\/;,( 2af cos(2af) 1 ) |

sin?(2a0)  sin(2af)
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The associated action S(x, ¢, 150, 0, 1; 6) (: d*(x,t, 10,0, 1)/2) is

2a6?

11 S(x,t,u;0,0,150) = ———
(1) ( ) sin®(2a0)

(alx|* +u — 2y/ucos(2af) +1).

We denote by 6, = 0.(x,t, u) the unique solution of (10) in the interval [0, 7/24).
Before we prove the theorem, we first consider the case when 246, < 7 — ¢y, where
€o is a small positive number. The contour for the integral (8) can be moved to the
lineIm7 =10

P(x,t,1;0,0,1;s) = ﬁ/ exp(—f) V(1,u,s)dr.
I

m 7=0,
We know from the proof of Theorem 3 in [6] that, on this line Im 7 = 6., Re f has a

strict minimum at 7 = i6,, and f|,_;y. = d*/2. Therefore we have:

dZ
. . eXP(—z)
(12) P(x,t,u;0,0,155) < W

/ [V(v+i6.)| dv.
R

If we observe the function f more closely, we may get a better estimation when s/D is

small.
o 4aD
—|mip = ——— (1 — 246, 2a6,
or? =i sin2(2a95)( abe cot(2a ))
(13) B E4a2¢9£(1 + cos?(2a6,)) — 4a cos(2af,) sin(2a6,)

sin’(2a6,)

1 4
> —alalx* +u+1)+ 2\/52115 = ga(a|x|2 +u+u+1).

W |

If we write 7 = v + i6, over a sufficiently small interval v € [0, ], § = d(eo), we
have

a 4 5 , & 5
(14) Ref2?+1a(a\x\ +u+Ju+lw 2?+aDv.

Outside that interval we have the following calculation:

Re(f(x, t,u;v+i6,) — f(x, t,u; iﬁc))
=D-Re ((v +16.) coth(2a(v + i6,.)) — i6, coth(ZaiGC))

v+ 10, 3 i0, )
sinh(2a(v +i6.))  sinh(2aif,)

+E-Re(
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sinh?(2av)D
2a( sinh?(2av) + sin®(246,)

N E ( 2avsinh(2av) cos(2af,) + 2af, cosh(2av) sin(2a0.)  2af, )
2a sinh®(2av) + sin®(2a#,) sin(2a6,)

) (Zav coth(2av) — 2a6, coth(Za@C))

D
2 C(GO)_a
2a

where C(¢p) is some positive constant depending on €. Thus we have the following
estimation:
(15)

P(x,t,u;0,0, 1;s)

exp(— ) aDv? .
< (27r)253 </Oexp(— p )|V(v+z€c)|dv

+/ exp(c(€O)D> [V(v+i6,)]| dv)
|v]|>0 2

exp(— %) aDv? Cle)D\\ . /. /2
< s — v 2
<C 3 /Rexp< p ) dv + exp s m1n(1,u1/4)

,exp(— )
D

<Cl—=r min(1, st/ 71/4).

In the region under consideration d*> = 2S ~ D/a, therefore (12) and (15) give the
estimation (9) when 2a6, < 7 — ¢,.

Proof of Theorem 1 Because both f and V have a pole at 2af = i, the above
estimates blow up as 2a6. — m. We then use another contour instead. Let I'} =
{|7 — mi/2a| = 7/2a — 6.}, a circle around 7/2a of radius 7/2a — 6, and T';, =
{Im 7 = An/2a}, the line 2aIm 7 = Ax. Then

1 f f
P(x,t,14;0,0,1;s) = s (/Flexp(—?) V()| dr + /erxp(—?) |V(T)|d7'>

= Po(x,t,1;0,0,15s) + Py(x,t,10,0, 1;s).

First we consider P;. Choose A in the interval (1,3/2] so that I'; and I'; are disjoint.
Without loss of generality we may assume that t > 0. Then we have

E N 2 2av sinh(4av) + Am sin(2A)
2a 4a  sinh*(2av) + sin’(\)
vV uu® 2av sinh(2av) cos(Ar) + Am cosh(2av) sin(\7)
a sinh?(2av) + sin®(\7)
ATt
> —.
— 2a

Re f(x, t, u, v + i\w/2a)
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From (10), when 8, — 7/2a,t/D — +oc0. Using (10) and (11), we have:

(D + E cos gop(go)) — Esingp

lim — =1 =
0—m/2a 2aS  o—w Slfrj—zw (D + Ecosp)
— lim wle) Esin’ ¢
p—T 9 902 (D + E cos (p)

sin? ¢
. @—sinpcosp 1
=lim - — = = —

2 Y
g ® ™

where ¢ = 2af,. Therefore the distance d from (x, t, u) to (0,0, 1), satisfies d> =
28 — ™ as §, — 7/2a. Thus

exp(— %) A=Dd\ o §P
P, <C———exp R e mln(l,m).

Since t/D — +00 as 2af — 7, and exp( —(A — 1) d*/2s) is dominated by +/s/d, we
obtain an estimate of the form (9) for P;.
For Py, we set

2a7 = it — i, F=7(D —E) = w(ajx|* + u+ 1 +2/u), ¢=m — 2af..

Then the function f can be written as

—§—cos§+£7r—§
2a  siné 2a sin&
F o Gloub)
2af 2a

f= Lr—g)+D"
2a
t

= Z(ﬂ'—f)—

where G(x, u, £) = O(D) is a holomorphic function of £ for |£| < m. Therefore

0:%(1’ C):TFEZJrG;(;)—%.
It follows that
f-t=—sra s TZ00 Ly
b o e
:i(g_g_g(g—e)) +o(2%\£—€|2)

=52 (1-9) (1-g) ro(5le ).
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uniformly for e < 7/2. On the circle of integration |£| = &, we set & = e'?, so that
f — f. can be written as

m(alx|* + u+1+2y/u)
as

(16) f—f = (1—cos<p)+O(%52(1—cos<p)).

As O, — m/2a, u(2a0,) ~ (m — 2a6,) " *n? = 7?2, Using (10), we have (a|x|? + u +
1+ 2y/u)e2mw? ~ t, and therefore

f—f ~ (% + O(€4)) t(1 — cos ).

It follows that for some g5 > 0,

2

Ref> Ref, =1, = Ex |2ar — im| < e.

From Lemma 1, [V(7)| < min(e 72, s"/2u~1/4c=3/2) on the circle |im — 2ar| = ¢, and
the circle has length 27e. Thus we have the estimate

exp(—%) 1 1
(17) P()SCimln(g,m)
In this range, ¢ ~ v/D/t and d*> ~ 7t /a, so € ~ v/D/d, and (17) becomes

exp(— % )
3

(18) Py <C (1+d2D~Y*Ymin(1 + d" /2D~ /4 1/~ 1/%).

On the other hand, notice 1 — cos ¢ > %992 for || < 7, so (16) implies

exp(— ) Dy?
Py = —C— )|V d
°~ (27T)2 |T—in/2al=¢/2a exp( 26155) ‘ (T’ * S)l !
_ 2 12
(19) exp( ) Dy* 1 s
=T 8 p( C2a55) deo- mm(E T el/2y 1/4)
exp(— ) 1/2
e 51/2141/4)
Again € ~ \/ﬁ/d, therefore (19) and (18) imply (9). [ |

4 Small Time Behavior of the Heat Kernel of L

Theorem 2  Given a fixed point (x, t, u) in the interior, then

aexp(%fz)
(2m)2s*\/u

P(x,t,10,0,1;s) = (O(x,t,u) + O(V/5)) ,
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as s — 0+, where

5 6. 32
O(x,t,u) = £/(i6,) ( sin(ZaHC)) .

When t/D is large, ©(x, t, u) has the following behaviour:

(20) O(x,t,u) = —— lzf(l +0(y/D/1)).
Proof
1 oo f
P(x,t,u;0,0,1;5) = W/—oo exp(—;) V(r,u,s)dr
_ & +oo P )
— %/_ exp<—¥) V(v +i0.,u,s)dv
exp(— ) ®(v)
= (27r)253 / />a exp< )V(V—H@C,u s)dv
zfﬁi@u+1)
T Y

Where ®(v) = f(x, t, usv +i0.) — f(x,t,u;i0.) and § < 1 is to be chosen. We know
that on the line 7 = v+1i6,, v € R, Re f attains its global minimum 42 /2 only at i0,; it
is a strictly increasing function of |v|. Also from (14), Re ®(v) > aD|v|?, for v near 0.
Therefore

2 1/2

®(0) ) 4 . s
< - < - 1
|| < exp< ; > /R|V(v+105)|dv7 Cexp( ) mln(l, u1/4)a

where C = C(x,t,u) > 0. Now turn to the estimate of I{ as s — 0+. ®(0) = 0,
®’(0) = £'(i0.) = 0 and ®"'(0) = {"/(i6.) > 4D/3 (see (13)). So we can write ®(v)
as

V2
d(v) = <1>”(0)7 +O(|v]).

We may choosea d > 0,6 € (0,7/2a — 6, such that
2
) = "0 =, <4,

for some new variable z = v + O(+?). Then,

#(9) d'(0)22 dv
Is = - A% i0.) — dz.
5 /2(6) exp( 2 ) (V(z)+z C) 7 z
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The path of the above integration may be complex. Since the integrand is holomor-
phic in z, by moving the path to the real axis, the error is dominated by exp(—c/s).

Also if we write z = o + iy on the path of above integration, then |y| < co?. Thus
we have

5
21 Iy= / exp(—(I)”(O)zz/2s) V(v(z) +10,, s, u) %dz+ O(exp(—c/s)) )
-5

For V( v(z) +1i6,,s, u) , we have the following estimation:

72 23/ur
. — — f / Z = -
V(v(z) +1i6,,s, u) 2a75inh2(2a7_) Iy(Z) exp(—=2) T = v(z) +ib,, ssinh(2a7)

72 1
=2———— (1+0z7!
sinh?(2ar) v/ 27TZ( ( ))

B 2a< sin(72—m')> N 471'5\/5 (1 " O( #) )
:a<($) 3/2-1—0(2)) 7-4-127/:1/4(14_0(#)>'
Therefore (21) becomes
0= [ oon(-257) (o) +00) st
(1+0(5) ) v ol ew(-9))
= /Zaexp<—q)”§?)22> (sin(ez;ec)) 3/27T1j:/:1/4 (1 + O(uf/z)> dz

9 17(0)22 1/2
"(0)z s s
’ /,5 aexp(— 2s > 0@ 77 (1 T O(m) > dz
+ O(exp(—§)>
'(0)22 0, 3/2 5172
- (/R_/Z>5) anp(— 2s ) (sin(Za&C)) ml/2y1/4
3/2

.(Ho(#))dﬁo(ﬁ)

V2as [/ 3/2 1 1/2 /2
= Y= _ ¢ - o Z—
/A (sin(Zu&C)) (f”(i@c)> * (u1/4)
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which gives the estimation for P(x, ¢, 4;0,0, 1;5) as s — 0+:

aexp(—‘;—z) 2 0, 32
P ;0,0,1;5) = > - -
(e t,50,0,139) = o \\ 7o \ smagy ) T OV

When ¢/D is very large, ¢ = m — 2af, is very small. Using (13), the formula for
f'/(i0.) we have

O(x,t,u)

5 0. 3/2
— Vo) (sin(Zaﬂc))

203 1/2
(4aD( sin(2a6.) — 2af. cos(2a05)) + 2\/5(461295( 1+ c052(2a95)) —2a sin(4a95)) )

s

-7 L (1+00).

4a* \/D +2/u
When t/Dis large, ¢ ~ /(D + 2y/u)/t ~ \/D/t, which yields (20). ]

5 Heat Kernel for L, on the Hypersurface: H, x {u}

In this section we calculate the heat kernel for L, on the hypersurface H; x {u}.

Because of the left invariance under the H; action, it is enough to consider the heat

kernel with pole at the origin. We need to find the solution of the following equations:

22) LP, = (3(X}+X3) + 2auT?) P, = %x, s> 0
limg_o- Pu(x,1,5) = 0(x,1).

Since the coefficients of (22) do not depend on ¢, we take the Fourier transform with
respect to f:

9 o 0 8\~ 0P,
(23) (a—x%+a—x%—4a2x§92—4a2xf92—2au92+4ax2198—xl—4%1198—362) P, = 5

The boundary condition becomes lim;_,¢ ﬁ,(x, 0,s) = 0(x). Let

o? o? 0 0
+ — — 4a2x§92 — 4a2xf92 + 4axyi0 — — 4ax;i0 —

L = — .
! Ox}  0x3 Ox; 0%,

Then (23) can be rewritten as

~

(L, — 2aub*)P, = il
Os
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It can be easily seen that
Py(x,0,5) = exp(—2auf’s)Py(x, 0, ),

where ﬁo(x, 0, s) is the Fourier transform (with respect to t) of the heat kernel of H;.
Take the inverse Fourier transform of both sides:

+o0o
P, = / exp(itf) exp(—Zauezs)ﬁo do

We plug in the formula for the heat kernel of the boundary (1) and notice that § =
7 /s, we have

+00 2
P,(x,t;0,0;s) = L / exp(—f(x’t’ﬂ) V(T) exp(—Zau- T—z ~s) dr
s s

Q2rs)? )
1 /+°° at coth(2a7)|x|? — iTt 2ar
@2ms)? ) xp s sinh(2a7)

2
exp ( —Zau%) dr.

It is obvious that lim,,_,o+ P, (x, t;0, 0;s) = Py(x, t; 0, 0; s), which means the heat ker-
nel for L, on the hypersurface H; x {u} converges to the heat kernel for Ay on H;.
If we set f,(x,t;7) = a7 coth(2ar)|x|*> — iTt + 2aut?, the heat kernel P,(x, t; 0, 0; s)
can be written in the same form as (1):

e

We have the following proposition, which shows the connection between
geodesics from (0, 0) to (x, f) and critical points of f,(x, t; 7).

P,(x,t;0,0;5) =

Proposition 1  For any (x,t) withx # 0 andt > 0, the function f,(x,t; T) has finitely
many critical points on the imaginary axis, which are one-to-one corresponding to the
geodesics from (0, 0) to (x,t). The length of the geodesic corresponding to a critical point

0 is /2 f,(x, t;10).

Proof From Theorem 5 in [6] the geodesics that join the origin to (x, ¢) are indexed
by the solutions of
t = ap(2a0)|x|* + 4auf,

and their lengths Iy are given by

(2a6)?

B =28(x,t,1;0) = ———
0 ( ) sin®(2af)

|x|? + 4aud*.
We set
F(9) = f,(x,t;i0) = af cot(2af)|x|* + t0 — 2aub?,

and note that
F'(0) = t — au(2a0)|x|* — 4aud.

Then the theorem follows from an easy calculation. ]
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6 Small Time Behavior of the Heat Kernel of L,

We see in the small time estimate of the heat kernel of L, there is a factor exp(—d? /2s),
where d is the distance from the point to the singularity. On the hypersurface H; x
{u}, the distance from (0, #) to the singularity (0, 0) satisfies (see Theorem 6 in [6])

\)%'_ lt| < 2mu,

=T ) s o,

Therefore we may expect the small time estimates of the heat kernel of L, have dif-
ferent forms in these two cases. From (3), the heat kernel of L,, can be written as

d((0,1),(0,0)) =

+0o0

. . 1
Pu(07 t) 07 01 5) = 261(271’5)2 -
1 oo o? T 8 a 2
2a(27s)? /,Oo exp( 455) sinh 7 exp< s (T 251) > T

where o = t/2a, and 3 = u/2a. Now let us consider the behavior of P,(0,t;0, 0; s)
as s — 0. We may assume that ¢ > 0.

xp(—(ﬂr2 + om'i)/s) d

- e
sinh 7

Casel: 75 =5 <m
Since there is no pole for the integrand on the strip {7 | 0 < Im 7 < 7}, we can
shift the contour a distance 57 upward

u =

exp 415)/"0 T+ai/2f exp(f72/s) dr.

2a(2ms)?  J_oo sinh(7 + «@i/2[3)
Since 0 < ¢ < 2mu, the distance between (0,¢) and (0,0) is d = t/+/4au, and
therefore

o? t? a4’

48 8au 2’
The heat kernel can be rewritten as

&L ST+ ai/20
Pu _ eXP( 25)\/>/ \/7 exp(—tauz)dr.

2a(27s)? . smh(\f T+ai/283

Ass — 0+,

NESTULE w25
= o 1+0 =
Sinh(\/%7+ai/2ﬁ) sin(a/23) ( + (5))

t/2u
sin(t/2u)

(1 + O(s)) ,
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which gives the following estimate:

B tm/? exp(—d?/2s)
 (4m)?uy/ausin(t/2u) 5732

u

(1+O(5)), s—0+.

Case II: t+ = 27wu In this case there is a pole 7i on the line Im 7 = 7, so we use
another contour, C(¢), instead. C(e) is composed of three parts, (—oo + 7i, —e + 7i],
[e + 7i, +00 + i), and a semi-circle { 7 | |7 — 7i| =&, ImT < 7}.

— exp(—%;) T Y
Pu= 2a(27s)? /C(E) sinh 7 exp(—fB(r — mi)*/s) dr.

Letting € go to 0, the integral over the semi-circle goes to half of the residue, which is
72, and P, becomes

exp(—&) [, /+°° T 8,
p= ) (0 [ T (B4,
2a(27s)? T sinh 7 xp 5T 4

— 00

Noticing that

o B, _ [ms
/_OO SinhTexp(—;T)de E(1+O(S))’ s — 0+,

_exp(—d*/2s) [2ars
Pu= 2a(27s)? (Wz * 7(1 * O(S))) '

Case III: 2mu < t < 47u As in Case I, we shift the contour ¢/2u upward. There is
only one pole of the integrand in the strip {7 | 0 < Im 7 < #/2u}, and the residue is

—i exp(—g 2% —7i)?).

we have

2

exp(—£) . B/ aiy?
By = 2a(27s)? </ImTt/2u sinh 7 exp(—?(T B ﬁ) > dr
+27ri~(—7ri)exp<—§(§—; —7r1')2>)

exp(— gt (g — ) Bra 2
B 2a(2ms)? <eXp<_s(Zﬁ _ﬂ-) )

O+ aif28
' /, . sinh(7 + ai/23)

exp(—B71%/s) dr + 27r2> :

In this case, the distance between (0, ) and (0,0) is d = /7 (t — 7u)/a, therefore

o “(L_ )Zz_m, &
2u

+— :
483s  2as 2as 2s
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Also noticing,

O 4 aif2f3 5 _t/2u 2ars
/ me){p(—ﬁT /S)d’T— W 7(1+O(5)),5—>0+,

— 00
we have

b eXp(—dz/ZS) (1 N t/2u 2ars exp( L(i . w) 2> (1 . O(S))) .

4as? sin(t/2u) u " 2as\ 2u

CaseIV: t € (27rmu7 2m(m + l)u) , where m > 1 is a positive integer Similar to
Case III, we shift the contour #/2u upward. There are m poles of the integrand in the
strip {7 | 0 < Im 7 < t/2u}, and the residues are (—1)/7iexp(—2(& — jmi)?),

23
j=1,2,...,m. Therefore we have
_ exp(—d?/2s) B Nyt e By
Py= = U rem(=C(; o) (1) exp( (55 = im")

j=2

O T+ aif28 5
+[Oo mexp(—ﬁT /S)dT)

_ e"p(_dz/zs)<1+O(exp((—f+37ru)7r/2“5)))7 s 0+

4qas?

Case V: t = 2mmu, where m > 1 is a positive integer As in Case II, there is a pole
mmi on the line Im 7 = m, so we use contour C(¢) instead, where C(¢) is composed
of three parts, (—oo + mmi, —¢ + mmi], [e + m7i,+oo + m7i), and a semi-circle
{7 | |r —mni]| =e,Im7 < mn}. A similar calculation gives

_ exp(—d?/2s)

P
" 4qas?

(1 + O(exp((—t + 3mu)m /2as) ) ) , s—0+.
Remark When t/2u is small(¢/2u < 7), the heat kernel behaves like
Cs™? exp(—d? /2s).

This behavior is quite similar to the Euclidean case. But when # /2u is big, the heat ker-
nel behaves like (4as?) ™! exp(—d?/2s), which is very similar to the sub-Riemannian
Heisenberg case (see Theorem 2.46 in [2]).

7 The Green’s Function of the Hypersurface H, x {u}
Theorem 3 The Green’s function of the hypersurface Hy X {u} is

1 [T 1
Gu(x7 t; 07 0) = - /

— dr.
an? |___ acosh(r)|x* — itsinh(r) + ur sinh(r)
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Proof Integrating the heat kernel P, with respect to the time variable s, we get the
Green’s function.

o0
G,(x,t;0,0) = —/ P,(x,t;0,0;s) ds
0

e 1 +00
= —A —(27(_5)2 Lw exp

at coth(2a7)|x|* — itt 2ar 72
— - exp(—Zau—) drds
sinh(2ar) s

N

1 /*00 2ar
~ 4x% J__ sinh(2ar)

(/ 1 exp( % (—ar coth(2ar)|x|* + itt — 2aut?) ) ds> dr
0

2
1 /*OO 2ar 1 p
- . -
472 J_ sinh(2at) at coth(2ar)|x|? — iTt + 2aut?)
1 /*OO 2ar p
=73 T
4n? |_ o at cosh(2ar)|x|?> — iTt sinh(2a7) + 2aut? sinh(2ar)

Changing variable 2ar — 7, we have

1 [ 1
Gu ) t; 07 0) =— . N d . |
(x ) 472 /_OO acosh(7)|x|? — it sinh(7) + ur sinh(7) T

It can be easily seen that

1 [t 1
lim G,(x,t0,0) = lim —— — ;
U0 u(%,10,0) u—0t 472 /_OO acosh(7)|x|? — it sinh(7) + ur sinh(7)

1 [t 1
=—— d
472 / a cosh(7)|x|? — it sinh(7) T

— 00

1

_277\/a2|x|4 12

Therefore Green’s function for L, on the hypersurface H; x {u} converges to Green’s
function for Ay on H;.

8 The Green’s Function of the Interior

Theorem 4 The Green’s function of L in the interior is

1 1
212 (alx + u+ uo)? + 2 — duuy

G(x,t,1;0,0,uy) = —
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Proof From (2), the expression of the heat kernel of the interior, we have
G(X, t7 us 070; 1/10)

oo
:—/ P(x,t,u;0,0, up; s) ds
0

1 itT

oo +0o0
— _/0 @ / exp(—%(a|x|2 + u + uy)7 coth(2ar) + T)

— 00

2ar?

-
c———Iy| 2\ ug———— | dr ds.
sinh?(2ar) ‘ ( o ssinh(2a7’)> e

Changing variable 1 — s,
(24)
G(x7 L, u; 0707 M())

1

o0 +00
S Py /0 [00 sexp( —s(alx|* + u + ug)T coth(2at) + ith)

%sinh(2ar)

2a7? TS
Iy 2/ uug——— ) drd
sinh?(2a7) 0( e ) T

E/ Oo/wﬁ~exp(a-s)'IO('y~s)sdsdT,
—oo J0

where
a = —(a|x|* + u+ up)7 coth(2ar) + it,
1 2at? T
= T =2/ uuy————.
b (2m)? sinh?(2ar) 7 *sinh(2ar)

We have the following integral formula

(&%

[ sewta norsds =~

Thus (24) becomes

G(X, Lu; 050; l/l())

B /*°° 1 2ar?
J_s (2m)?sinh’(2ar)

(alx|® + u + ug)T coth(2ar) — itr

dr

2\ 32
( ((alx]? + u + ug)7 coth(2ar) — itT) T )

sinh?(2aT)
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__ / 1 2a
N —oo (27)? sinh?(2a7)

(alx|* + u + ug) coth(2ar) — it
dr

sinh?(2ar)

/2
(((a|x|2 + 1+ ug) coth(2ar) — it) o %)

_ / 1l 2
) s (2m)%sinh*(2ar)

(alx|® + u + ug) coth(2at) — it
dr.

((D — 4uuy) coth?(2at) — 2itD coth(2ar) + 4uuy — t2) 32

where D = alx|> + u + ug. Changing variable tanh(2at) — v, we can rewrite the
above integral as

"1 (D \/D*—4uuy _.D ,\ 32
— (= —it) | ———— —2it— +4uuy — t dv
1 Qmv)r\ v V2 v

1
1 -
= / (D — itv)( (4uuy — t2)v* — 2itDv + D? — 4uu0) 32 dv
—1 (27T)2
1 1
272 (al|x|* + u+ug)? + 12 — duug
Thus we get the explicit form of the Green’s function of L in the interior. ]

Remark We may write G as

1 1

G(x,t,u;0,0,uy) = —— - .
( 0) 272 (u— ug)? + 2a(u + uy)|x|? + 2 + a?|x|*

Since u and u are positive, around the pole (0,0, ug), G behaves like the d~2, where
d is the distance to the singularity.
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