Canad. J. Math. 2024, pp. 1-68 CMs
http://dx.doi.org/10.4153/S0008414X24000099
© The Author(s), 2024. Published by Cambridge University Press on behalf of

Canadian Mathematical Society

Tracial oscillation zero and stable rank one

Xuanlong Fu and Huaxin Lin

Abstract. Let A be a separable (not necessarily unital) simple C*-algebra with strict comparison.
We show that if A has tracial approximate oscillation zero, then A has stable rank one and the
canonical map I' from the Cuntz semigroup of A to the corresponding lower-semicontinuous affine
function space is surjective. The converse also holds. As a by-product, we find that a separable
simple C*-algebra which has almost stable rank one must have stable rank one, provided it has
strict comparison and the canonical map T is surjective.

1 Introduction

Let X be a compact metric space and T be a set of probability Borel measures on X.
For each open subset O of X, we consider its measure y(O). This gives a function
O(u) = u(O) (u € T) on T. This function is lower-semicontinuous on T if we endow
T with the weak*-topology. Let a : X — X be a homeomorphism on X and T be
the set of a-invariant probability Borel measures. One considers the case that there
are sufficiently many open sets O for which O is continuous on T. This is certainly
the case when the action is uniquely ergodic. The small boundary condition, or the
condition of mean dimension zero, requires that in any neighborhood N(x) of each
point x € X, there is a neighborhood O(x) c N(x) such that O(x) is continuous. Let
w(0) be the oscillation of the function O. If O is continuous, then w(0) = 0.

Let A be a C*-algebra with tracial state space T(A). For each a € A, one defines
the rank function of a by m(r) =1lim,_ oo 7(a"") for 7€ T(A). When A= M,,
ie, A is the n x n matrix algebra, m is just the normalized rank of a. We study
the oscillation of the function [’a\]. It is called tracial oscillation of the element a.
This notion of tracial oscillation has been studied in [11, 26] in connection with
the augmented Cuntz semigroups. We introduce the notion of tracial approximate
oscillation zero for C*-algebras. Roughly speaking, a unital C*-algebra A has tracial
approximate oscillation zero, if each positive element a is approximated (tracially) by

Received by the editors March 2, 2023; revised November 14, 2023; accepted January 8, 2024.

Published online on Cambridge Core January 24, 2024.

The first-named author was partially supported by the Natural Sciences and Engineering Research
Council of Canada Discovery Grant. The second-named author was partially supported by an NSF grant
(DMS-1954600). Both authors would like to acknowledge the support during their visits to the Research
Center of Operator Algebras at East China Normal University which is partially supported by Shanghai
Key Laboratory of PMMP, Science and Technology Commission of Shanghai Municipality (STCSM),
grant #22DZ72229014.

AMS subject classification: 46L35, 46L05.

Keywords: Tracial oscillation zero, stable rank one, Simple C*-algebras.

Check f¢
https://doi.org/10.4153/50008414X24000099 Published online by Cambridge University Press Updates


http://dx.doi.org/10.4153/S0008414X24000099
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X24000099&domain=pdf
https://doi.org/10.4153/S0008414X24000099

2 X. Fuand H. Lin

elements in the hereditary C*-subalgebra generated by a with small tracial oscillation
(see Definition 5.1). If « is a minimal homeomorphism on X and (X, «) has mean
dimension zero, it is shown in [12] that the crossed product C*-algebra C(X) %, Z is
Z-stable. As a consequence, C(X) %, Z has tracial approximate oscillation zero (see
Theorem 1.1 below).

The notion of stable rank was introduced to C*-algebra theory by Rieffel in [36].
A unital C*-algebra has stable rank one if its invertible elements are dense in A. The
notion plays an important role in the study of simple C*-algebras (see some earlier
work, for example, [9, 35]). It is proved by Rerdam [41] that if A is a unital finite
separable simple Z-stable C*-algebra, then A has stable rank one. Robert in [38]
introduced the notion of almost stable rank one, which is also a very useful notion, and
showed that every stably projectionless Z-stable simple C*-algebra has almost stable
rank one. A question remains open, however, whether a separable simple C*-algebra
with almost stable rank one actually has stable rank one.

There is a canonical map I' from the Cuntz semigroup of A, denoted by Cu(A),
to LA, (QT(A)), the set of strictly positive lower semi-continuous affine functions
(vanishing at zero) on the cone of 2-quasitraces on A, defined by T'([a])(7) = d.(a)
(for 7€ QT(A)). A question posed by N. Brown (see the remark after Question 1.1
of [42]) asked whether this map is surjective, i.e., whether every strictly positive
lower semi-continuous affine function on QT (A) is a rank function for some positive
element in A ® XK. It is of course an important question. In fact, the strict comparison
and surjectivity of I' are perhaps equally important when one studies Cuntz semi-
groups. If we denote by Cu(A), the set of purely non-compact elements in the Cuntz
semigroup of a separable stably finite simple C*-algebra A, then strict comparison is
the condition that T restricted on Cu(A), is injective. If T is also surjective, then the
map T gives an isomorphism from Cu(A), onto LAff, (QT(A)). In [13], it is shown
that if A is Z-stable, then the map I is indeed surjective, which extends an earlier
result of [7]. More recently, it is proved in [I, 42] that when A has stable rank one,
I is surjective. We show that if A is a o-unital simple C*-algebra which has strict
comparison and tracial approximate oscillation zero, then the map I' is surjective. On
the other hand, if A is a o-unital stably finite simple C*-algebra with strict comparison
which has almost stable rank one and I' is surjective, then A has tracial approximate
oscillation zero.

Let A be a o-unital simple C*-algebra. We also found that if A has tracial approx-
imate oscillation zero, then A has a nice matricial structure, a property that we call
(TM) (see Definition 8.1). We prove that if A has strict comparison and has property
(TM), then A has stable rank one. As a by-product, we show that, if A has strict
comparison and I’ is surjective, then the condition that A has almost stable rank one
implies that A actually has stable rank one.

Our main result may be stated as follows:

Theorem 1.1 Let A be a separable simple C* -algebra which admits at least one densely
defined non-trivial 2-quasitrace and has strict comparison.

Then the following are equivalent:

(1) A has tracial approximate oscillation zero;

(2) T is surjective (see Definition 2.13) and A has stable rank one;
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(3) A has stable rank one;
(4) T is surjective and A has almost stable rank one;
(5) A has property (TM).

The technical terms in the statement above will be discussed in detail in the
process and some examples of simple C*-algebras which satisfy (1) will be given (e.g.,
Proposition 5.8 and Theorem 5.9). The condition that A has a non-trivial densely
defined 2-quasitrace could be replaced by that A is stably finite (see Remark 9.10).
Note that Theorem 1.1 is stated without assuming that A is nuclear or exact. Related to
the Toms-Winter conjecture, Thiel in [42] shows that under the same assumption
as that of Theorem 1.1, if A is unital and has stable rank one, then T is surjective,
and, if, in addition, A has local finite nuclear dimension, then A is Z-stable. With the
same spirit, Corollary 9.8 below states that, under the same assumption as in Theorem
1.1, if (1) in the theorem above also holds and A has local finite nuclear dimension,
then A is Z-stable (see also Remark 9.9 for an even weaker hypothesis). In fact, the
idea of tracial oscillation zero can also be directly used in the study of Toms-Winter
conjecture (see [25]).

The paper is organized as follows. Section 2 is a preliminary that lists a number
of notations and definitions that are used in the paper. It also includes some known
facts which may not be stated explicitly in the literature. Section 3 discusses some
preliminary cancellation properties that will be used later. In Section 4, we recall
the notion of tracial oscillation and introduce the notion of tracial approximate
oscillation for positive elements. In Section 5, we introduce the notion of tracial
approximate oscillation zero for C*-algebras and give some examples of separable
C* -algebras which have positive tracial approximate oscillation and examples which
have tracial approximate oscillation zero. In particular, we show that, if the cone of
2-quasitraces of A has a basis S which has countably many extremal points, then A
has tracial approximate oscillation zero. In Section 6, we study sequence algebras and
its quotients for compact C*-algebras A. We find that [ (A)/I D where I 18
the quasitrace kernel ideal, is a SAW*-algebra and has real rank zero and stable rank
one, provided A has tracial approximate oscillation zero. Section 7 contains one of the
main results: if A has strict comparison and tracial approximate oscillation zero, then
T is surjective. In Section 8, we introduce the property (TM), a property of tracial
matricial structure. We show that, under the assumption of strict comparison, the
property (TM) is equivalent to the property of tracial approximate oscillation zero.
The last section is devoted to the proof of Theorem 1.1 mentioned above, in particular,
(1) = (2) without assuming that A is separable (but o-unital).

2 Preliminary

In this section, we will give a list of basic notations and a number of definitions
which will be used throughout this paper. Most of them are familiar to experts. It
also includes some basic facts about Cuntz semigroups and 2-quasitraces, as well as
some ad hoc but more or less known facts. Readers are encouraged to skip them until
they are needed.
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2.1 Some basic notations and definitions

Notation 2.1 In this paper, the set of all positive integers is denoted by N. The set of all
compact operators on a separable infinite-dimensional Hilbert space is denoted by K.
Let A be a normed space and F c A a subset. Let € > 0. For any pair a, b € A, we write
aw~,bif|a-b| <e Wewrite a €. F if there is x € F such that a »~, x.
Let A bea C*-algebraand x € A. Let |x| = (x*x)"?.Ifa,b € Aand ab = ba = a*b =
ba* =0, we often writea L b.

Notation 2.2 Let A be a C*-algebra and S c A a subset of A. Denote by Her4(S) (or
just Her(S), when A is clear) the hereditary C*-subalgebra of A generated by S. Denote
by A the unit ball of A, and by A, the set of all positive elementsin A. Put A := A, n A".
Denote by A the minimal unitization of A. When A is unital, denote by GL(A) the
group of invertible elements of A, and by U(A) the unitary group of A. Let Ped(A)
denote the Pedersen ideal of A, Ped(A), = Ped(A) n A,,Ped(A)! = A' nPed(A), and
Ped(A)} = Ped(A), nPed(A)". Denote by T(A) the tracial state space of A. Except the
Pedersen ideal, all other ideals mentioned in this paper are closed two-sided ideals.

Definition 2.3 Let A and Bbe C*-algebras and ¢ : A — B alinear map. The map ¢ is
said to be positive if (A, ) c B,. The map ¢ is said to be completely positive contrac-
tive, abbreviated to c.p.c., if | ¢|| < land ¢ ® id : A ® M, — B ® M,, are positive for all
neN. A cp.c.map ¢ : A — Bis called order zero, if for any x, y € A, xy = 0 implies
¢(x)¢(y) = 0 (see Definition 2.3 of [45]).

In what follows, {e;,;}} ;i (or just {e;;}, if there is no confusion) stands for a
system of matrix units for M,,, 1,, for the identity of M,,, 1 € Cy((0,1]) for the identity
function on (0,1], i.e., (t) = t for all t € (0,1]. We also write {e; ;} for a system of
matrix units for XK.

Definition 2.4 A C*-algebra A is said to have stable rank one [36] if A= GL(A), i.e.,
GL(A) is dense in A. A C*-algebra A is said to have almost stable rank one [38] if, for

any hereditary C*-subalgebra B c A, B c GL(B).
Notation 2.5 Let ¢, 8 > 0. Define continuous functions fe, gs : [0, +00) — [0,1] by

0, te[0,¢/2], 0, te{0}uU[d, ),
fe(t) =141, tele,00), and gs(t) =11, te[d8/8,8/2],
linear, te€[e/2,¢], linear, t€[0,6/8]u[d/2,0].

(Note that (t — §/2), and fs have the same support.)
2.2 Cuntz semigroup and quasitraces

Definition 2.6 Let A be a C*-algebra, and let a, b € (A® X),. We write a $b if
there are xj € A® X such that limy_.« |a — x{bxi || = 0. We write a ~ b if a $ b and
b < a both hold [8]. The Cuntz relation ~ is an equivalence relation. Set Cu(A) =
(A®X),/ ~. Denote by V(A) the subset of those elements in Cu(A) which are
represented by projections.

Definition2.7 Let Abea C*-algebra. A densely defined 2-quasitrace is a 2-quasitrace
defined on Ped(A ® KX) (see Definition II.1.1 of [2]). Denote by QT(A) the set of
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densely defined 2-quasitraces on A ® K. In what follows, we will identify A with
A ® e1; whenever it is convenient. Note that we require that a 2-quasitrace has finite
value on Ped(A ® X). In particular, we exclude the function on Ped(A ® X) with only
oo value from the consideration.

We endow QT'(A) with the topology in which a net {7;} converges to 7 if {7;(a)}
converges to 7(a) for all a € Ped(A ® K) (see also (4.1) on page 985 of [13]).

Note that, foreacha € (A® K), and ¢ > 0, f,(a) € Ped(A ® K),. Define, for each
7€ QT(A),

—

(e2.1) a(t):=1(a) = £1_1>1(1) t(afe(a)) and [a](7) :=d.(a) = ?_1}1(1) (fe(a)).

We will use properties of 2-quasitraces discussed in [2, 13] (see, in particular, Section
4.1and Theorem 4.4 of [13]). Denote by T(A) the subset of QT (A) consisting of traces.

Definition 2.8 Recall (Theorem 4.7 of [10]) that a g-unital C*-algebra A is compact
if and only if A = Ped(A). Every unital C*-algebra is compact. Let A be a compact
C*-algebra. Since A = Ped(A), every (densely defined) 2-quasitrace is actually defined
on A. By II 2.3 of [2], every 2-quasitrace on A is bounded. Put QTpo;(A) = {7 €
QT(A) : |1|a] €1}. Then QTro,17(A) is a compact convex subset of QT(A) (see
(13, Theorem 4.4]). Denote by QT(A) the set of 2-quasitraces 7 with ||7]4] = 1. It
is a convex subset of QT (A). Denote by QT(A)W the (weak*) closure of QT (A).
Then, in the case that A is compact and QT(A)\{0} # 0, R, - QT(A)W = QT(A)
(if QT(A) = 0, then QT(A) = 0).

Let I c A be an ideal and {e,} be a quasi-central approximate identity for I.
Suppose that 7€ QT(I). Then 7(a) = lim, 7(ae,) (for a € A) defines a (densely
defined) 2-quasitrace of A. Note that ||z]4] = | 7|;]. If 7€ QT(A), then 7;(a) =
lim) 7(aey) also densely defines a 2-quasitrace of A with |7/]a] < |7] (see
Definition 2.5 of [23]). Let a € Ped(A ® K), and I, be the ideal generated by a. By
[2, I1.4.2], every 7 in QT (Her(a)) can be uniquely extended to a 2-quasitrace 7 in
QT(1,). In what follows, we will identify QT (Her(a)) with {7, : 7 € QT (Her(a))}.

The following is a quasitrace version of Lemma 4.5 of [10].

Proposition 2.9 (Lemma 4.5 of [10]) Let A be a o-unital compact C*-algebra. Then
0¢QT(A) and QT(A) is compact.

Proof We may assume that QT (A) # (). By Lemma 4.4 of [10], there is e; € M, (A)
with 0<e; <1 and x € M, (A) such that e;x*x = x*xe; = x*x and a¢ = xx* is a
strictly positive element of A (for some #n € N). Note that 7(e;) > d.(ap) =1 for all
7€ QT(A). Note also that

(e2.2) QT(A) = {re QT(A) : dr(ap) =1}.

Put S ={7¢€QTjo1)(A): 7(e1) 21}. Then S is compact and 0 ¢ S. Since 7(e;) >
d.(ag) =1,QT(A) c S. So QT(A)W cS and 0¢ QT(A)W. This also implies that
QT(A)W is compact. ]
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Proposition 210 Let A be a o-unital C*-algebra and S,,S, c QT(A) nonempty
compact subsets. Then one has the following (with | 7| = || 7]a):
(D IfR, -8 = QT(A) and 0 ¢ Sy, then there exists Ly € R, such that

S;c{r-s:seS and re[0,L]}.

(2) If a € Ped(A ® K)*, then d = sup{| Tlger(a) | : T € S1} < 00.

(3) If A is compact, then My = sup{| 7| : 7€ S;} < .

(4) Ifaisasin (2), and Sy is as in (1), then QT(Her(a))W c{r-t:71eS,re[0,L]}
for some L € R, (see the last paragraph of Definition 2.8).

Proof To see (1) holds, let us assume otherwise. Then there exist sequences 1, € R,,
sy € S;and t, € S; such thatr,s, = t,,n € Nandlim,_, . 1, = o0. Since both S;, S, are
compact, without loss of generality, we may assume thats, - se S;and t, > t € S,.

Since s # 0, choose ¢ € Ped(A)! such that s(c) > 0. It follows that there exists
no € N such that s, (¢) > s(c)/2 > 0 for all n > ny. Consequently,

(e2.3) ta(c) = rpsy(c) - oo.

Hence, t(c) = co. However, ¢ € Ped(A),. A contradiction.

For (2), since a € Ped(A® K),, there are b; € (A® K), and f; € C.((0,00)),
(1< i<m), the set of continuous functions with compact supports, such that
a< Y fi(b;) (see [30, Theorem 5.6.1]). It follows that a S diag(fi(b1),
f2(b2), ..., fm(bm)). One can choose f € C.((0,00)), with 0< f <1 such that
ffi=fi,1<i<m.Putb=diag(f(b1), f(b2),.... f(bm))). Then

(e2.4) 7(b) > d.(diag(f1(b1), f2(b2)s e fiu(bm))) 2 d-(a) for all T€S.

But b is bounded on the compact subset S;. Put M = sup{7(b) : 7 € $;}. Then M < oo
and

(€2.5) SUp{ || 7lter(a) | : 7€ S1} = sup{d.(a) : 7€ S} < M.

To see (3), let a € A be a strictly positive element. Since A = Ped(A), a € Ped(A).
and Her(a) = A. Thus, (3) follows from (2).
For (4), let I, be the (closed) ideal of A® X generated by a. Then {r;:7¢€

QT(Her(a))W} is a compact subset of (IQVT[O)I] (A) (see the last paragraph of
Definition 2.8). Hence, part (4) of the lemma then follows from (1). [ |

2.3 Comparison and canonical map I

Definition 2.11 A simple C*-algebra A is said to have (Blackadar’s) strict comparison,
if, forany a,b € (A® X),, one has a < b, provided

(e2.6) d.(a) < d.(b) for all Te QT(A)\{0}.

212 Let A be a o-unital C*-algebra and e € Ped(A ® X),\{0}. If e is a full element,
put T, = {7 € QT(A) : 7(e) =1}. Then T, is a compact convex subset and is a basis
for the cone QT(A) (see Proposition 3.4 of [43]). If, in addition, A is simple, then
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e is always full. Put A, = Her(e). By Brown’s stable isomorphism theorem (see [4]),
A®K 2 A ®K.Soe ePed(A; ® K),. Then Ay = Ped(A;) (see, for example, Theorem
2.1(iii) of [43]); in other words, A, is algebraically simple. Therefore, instead of studying
A® K, we will study A; ® X. Throughout the paper, we often consider o-unital simple
C*-algebras A with Ped(A) = A (in other words, algebraically simple C*-algebras).

Definition 2.13 Let A be a C*-algebra with QT'(A)\{0} # 0. Denote by L(QT(A))
the family of continuous real-valued functions f on QT(A) such that f(a7) = af(7)
for all « € R, and 7€ QT(A) and f(7+1t) = f(7) + f(¢) for all 7,t € QT(A). Let
S c QT(A) be a convex subset. Set

(e2.7) Aff,(S) = {fls: f € L(QT(A)), f(z) > 0 if € S\{0}} u {0},
(e2.8) LA, (S)={f:S—>[0,00]:3{fu}. fu 7 [> fn € AT, (S)}.

Note that if 0 € S, then f(0) =0 for all f € LAff,(S). For a simple C*-algebra A
and a € (A® X),, the function d(7) = 7(a) (T €S$) is in general in LAf,(S). If
ae Ped(A®9C)+, then @€ Aff, (S). Recall that [a](7) = d,(a) for 7€ QT(A). So
[a] € LAff, (QT(A)). Caution: @ and [a] a] are not the same in general.

We will write T : Cu(A) - LAff, (QT(A)) for the canonical map defined by

T([a])(7) = [a](7) = d.(a) forall T € QT(A).

(1) In the case that A is simple and A = Ped(A), T also induces a canonical map
I;: Cu(A) —» LAff+(QT(A)W). Since, in this case, R+QT(A)W = QT(A), themap T
is surjective if and only if I} is surjective.

(2) In the case that A is stably finite and simple, denote by Cu(A), the set of purely
non-compact elements (see Proposition 6.4 of [13]). Suppose that T is surjective. Let
p € (A®X). beaprojection (so p € Ped(A® X)). There are a, € (A® X), with 0 <
an <1such that [a,] = (1/2")[p], n € N. Define b = diag(a1/2, a3/2%, ..., a, /2", ...) €
A® XK. Then 0 is a limit point of sp(b). Therefore, [b] cannot be represented by a
projection. In other words, [b] € Cu(A).. We compute that [5] = [p]. It then follows
that T'|cy(a), is surjective.

Suppose that A is simple and a is a purely non-compact element and

(e2.9) d.(a) <d.(b) for all e QT(A).
Then, for any € > 0 (recall that f,(a) € Ped(A)),
(e2.10) d:(f:(a)) < d.(b) for all Te QT(A).

If A has strict comparison, then f;(a) $ b. Since this holds for all ¢ > 0, we conclude
thata S b.

The reader should be reminded that when A is exact, every 2-quasitrace is a trace
(see [17]). These facts will be used without further explanation.

2.4 Cuntz null sequences and the ideal generated by Cuntz null sequences

Definition 2.14 Let A be a separable non-elementary simple C*-algebra. Then A
contains a sequence of nonzero elements e, € Ped(A) with 0<e, <1 such that
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ens1 S ey forall n e N, and for any finite subset F ¢ A, \{0}, there exists 19 € N such
that, for all n > ny,

(e2.11) nle,] <[d] for all d e F

(see Lemma 4.3 of [15]).
For general C*-algebra A, a sequence {a, } c A, is said to be truly Cuntz-null and

written a,, > 0 if, for any finite subset ¥ c A,\{0}, there exists 1 € N such that, for
all n > ng,

(e2.12) a,sd for all de 7.

This is equivalent to saying that, for any d € A,\{0}, there exists 1y € N such that, for

C.
alln > ng,a, $d. Wealsowritea,, \ 0ifa,.; S a, forallneNanda, =o.
A sequence {x,} ¢ A® K is said to be Cuntz-null if, for any & > 0, f, (x*x,) 5 0.

Definition 2.15 Let X be anormed space, and let I°° (X)) denote the space of bounded
sequences of X. When A is a C*-algebra, I*°(A) is also a C*-algebra, and ¢¢(A) =
{{a,} €1°(A) : lim, o0 |an| =0} isanideal of I°(A). Let Ao, = I°(A)/co(A) and
Tloo : 1%°(A) > A be the quotient map. We view A as a C*-subalgebra of I*°(A) via
the canonical map ¢ : a — {a,a, ...} for all a € A. In what follows, we may identify a
with the constant sequence {a, a, ...} in I°°(A) without further warning. Let {C, } be
a sequence of C*-subalgebra s of A. We may also use notation [ ({C,}) = {{c,} €
1=°(A) : ¢, € Cy,} for the infinite product of {C, }.

Denote by N, (A) (or just N, ) the set of all Cuntz-null sequences in [*°(A).

It follows from Proposition 3.5 of [14] that, if A has no one-dimensional hereditary
C*-subalgebra s, then N, (A) is an ideal of I°°(A). Moreover, if A is non-elementary
and simple, ¢g(A) & Ny (A). Denote by I, : [*°(A) — [*°(A)/N.,(A) the quotient
map and I1., (A)* ={bel*(A)/N, : b1 (a) =11, ,(a)b=0forall a € A}.

Definition 2.16 Let A be a C*-algebra with QT(A) # 0. Fix a compact subset
T c QT (A). For each x € A, define

(e2.13) lxl,.. = sup{t(x*x)/?: 7€ T}

Then [x*|,, = [x],-
By Lemma 3.5 of [17] (one does not need to assume that A is unital),

(e214)  1(a+b)? <1(a)/?+ (b)Y for all a,bePed(A®K), and 7€ T,
(e2.15) [[x + szz/f < Hfo{3 + Hny/f for all x,y€Ped(A®X) and 7€ T.
Then

(€2.16) sup{||x +y\|i/13 i7eT}< sup{Htzz,/T3 cTeThH+ sup{Hszz,/f3 iteTh.
In other words,

(€2.17) J + I35 < 1122 + 1y 1272,
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We also have

(e2.18) lxyloe < Iyl and xyl, . < [x],. 17]-

It follows that {a € A: |a|,, = 0} is a (closed two-sided) ideal of A.
We also have the following inequality for a € Ped(A ® X), :

(e2.19) lall, < llal (sup{de(a): T e T})"?.

In fact, for all n € N, we have 7(a?) = 7(a/?"a? (/™ g'/?") < ||a®>~W/™) | ¢(a/"). Let
n — co. We obtain 7(a?) < |a|?d,(a). So (e2.19) holds.

Definition 2.17  Suppose that A is a o-unital C*-algebra with QT(A)\{0} # 0, and
T c QT(A) is a compact subset with T # {0}. Define

(e2.20) I ={{xn} € I”(A): nlglolo sup{t(x;x,): 7€ T} =0}

Then I is an ideal of [ (A).
Suppose that A is a simple non-elementary C*-algebra. Then it is clear that

(e2.21) New(A) € I,

It follows from the proof of Proposition 3.8 of [14] that L = New (A)if A=Ped(A)
and A has strict comparison. Denote by IT: [*°(A) - [ (A) /IW the quotient

map.

Proposition 2.18 Let A be a o-unital algebraically simple C*-algebra such that
QT(A) # 0. Let S ¢ QT(A)\{0} be a compact subset such that QT(A) c R, - S. Then

(2.22) I.=1__,.

Moreover, if A has strict comparison, then IQTA)W = N.,.

Proof By Proposition 2.10, 0 < s; = sup{||7[4] : 7 € S} < oo. Since S ¢ QT (A)\{0}
and is compact,

(e2.23) sy == inf{|7]a] : T€ S} > 0.

Suppose that {a,} € (IQTA)W )L. Then, for any & > 0, there exists ny € N such that, if
n 2 nop,

(e2.24) 7(a?) < (¢/(s1 +1))* for all 7€ QT(A)W.

Thus, if n > ng, forany t € S,

(e2.25) t(ay) = [tlal(t/[tlal)(an) < [tlall(e/ (51 +1))* < &%

This implies that {a, } € I,. It follows that I

1 , C1..
QT(4) $
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Conversely, if {a, } € I, there exists n; € N such that, if n > ny,
(e2.26) t(a2) < s, for all teS.

Note that, for all 7€ QT(A), there are r, € R, and ¢, € S such that 7 = r,¢,. Since
re|t:| <1, wehaver, <1/||t;|| < 1/s2. Suppose 7 € QT(A)W. Then there are t,, € S and
rn > 0 such that r,,t, € QT(A) and r,t, — 7. As mentioned above, we have r,, < 1/s,
forall n € N. Since S is compact (and {r, } is bounded), by choosing a subsequence, we
may assume that ¢, — t; € S and r,, - r,. In other words, 7 = r,¢,. Note that | 7] < 1.

So we also have r; < 1/s,. Therefore, for any n > ny, if 7 € QT(A)W,
(€2.27) t(a2) = rot(a?) < (1/sy)t.(a?) < €.

Thus, {a,} € L S—
To see the last part of the statement, choose b € Ped(A)}\{0}. Let $={7¢
QT(A): 7(b) =1}. Then S c QT(A)\{0} is a compact subset and, QT(A) =R - S.

By (the “Moreover” part of) Proposition 3.8 of [14], N, = Is = IQTA)W ]

Let A be a o-unital simple C*-algebra and {e, } be an approximate identity with
en+1€n = eneni1 (n € N). Recall that A is said to have continuous scale, if, for any
a € A, \{0}, there is 1y € N such that

(e2.28) em—e, Sa for all m>n>ng.

This definition does not depend on the choice of {e,, } (see [22, Definition 2.1] and [19,
Definition 2.5]). With terminology of Definition 2.14, A has continuous scale if and
only if, for any m(n) > 1, e,(») — ex 5 0for any {e, } for which e,1e, = e,e441 = €y
(n eN).

The following is known. The proof of it is exactly the same as that of the case
T(A) = QT(A) (see [10, Definition 5.1, Remark 5.2, Theorem 5.3, and Proposition
5.4] for details, and also see the remark after Definition 6.3 of [14]).

Theorem 2.19 (cf. Theorem 5.3 and Proposition 5.4 of [10], also [19]) Let A be a
o-unital simple C*-algebra with a strict positive element ea, continuous scale and

QT(A) # 0. Then QT(A) is compact and @ is continuous on QT (A). Assuming A
has strict comparison, then A has continuous scale if and only if [e4] is continuous on

QT (4).

Proposition 2.20  Let A be a separable non-elementary simple C* -algebra. Then A has
continuous scale if and only if 11, (A)* = {0}.

Proof Suppose that A has continuous scale. Let {b,} € [*(A). be such that
b=T1.,({b,}) € ., (A)*. Fix a truly Cuntz-null sequence of {a, } in the unit ball of
A, such that a,, # 0 for all n € N (see Definition 2.14). Let e € A% be a strictly positive
element. Note that, for each k € N, { fi/2x(e) b, } nen is a Cuntz-null sequence. For each
k € N, there are I(k), n(k) € N such that

(€2.29) Aok (B fiyax(€)?b)] < [ai] (1< i <k) for all n>1(k)
(2300 and |(1- fyn(e))bil <1/k for all > n(k).
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We may assume that I(k+1)>1(k) >k and n(k)>2k for all keN. Define
co,i =¢1,; =0if1<i<I(1l),and,ifI(k) <i<I(k+1), define

(e2.31) co,i = fijzk(e)bi and c1; = (1= fiyn(iy(e))bi.

Put b;=b;—co,; —c1,ii €N. Note that, if I(k) <i<I(k+1),b;=(fini(e) -
fij2c(e))bi (k >1). By (2.29), one verifies that {co,,} € Ncy(A). In fact, for a fixed
1/2 > &> 0, choose kg such that 1/kg < e. For any finite subset ¥ c A,\{0}, choose
J € Nsuchthata; S bforallb e Fandforalli > J. It follows that, if k; > J, by (€2.29),
forall I(k) <i<I(k+1)andk > max{ko, ki },

fe(co,ico,i) < fiax(coico,i) Sajsb

forall b € F. Hence, {co,,} € Ncy(A). Also, by (€2.30), {c1,; } € co(A). It follows that

(€2.32) e ({b,}) = ey ({ba}).
It suffices to show that {b, } € N,,. In fact, for all (k) < i < I(k +1),
(e2.33) i?fl_?, < f1/2n(l(k+1))(e) —f1/2k(e), k eN.

Since A has continuous scale, then fi2,(1(k+1))(€) = fij2x(€) 5 0 (see [22, Definition
2.1] and [19, Definition 2.5], for example). It follows that {b,} € N, (A). This implies
that {b,} € N.,(A). Consequently, I1., (A)* = {0}.

Conversely, suppose that I, (A)* = {0}. Let e, = fi/2,(e),n € N. Choose any
m(n) > n. Define dy, = esm(n) — fiyn(e). Then, for any a € A,lim, .. ad, = 0. It
follows that IT,, ({d, }) € I1.,(A)* = {0}. In other words, {d,, } € N, (A). Therefore,
forany 0 < § <1/4,

(e2.34) fs5(dy) S 0.
Note that, forall n € N,

f1/4m(n) _fl/Zn < fﬁ(fl/Sm(n) _fl/n) in CO((O’ID-

Thus,
(e2.35) em(n) —€n S fo(dn), neN.
It follows that (e (n) — €n) % 0. Hence, A has continuous scale. [

3 Comparison and cancellation of projections

Lemma 3.1 Let A be a C*-algebra and 7€ QT(A)\{0}. Let e € A, and a € A such
that ea = a = ae. Suppose that 1(e) < oo. Then, for any f € Co(R), it holds that
(f(e-a*a)) =1(f(e - aa*)). nparticular, ||e — a*al|,,, = |e — aa*|,,.. Moreover,
d.(g(e—a*a)) =d.(g(e-aa*)) for any ge Cy(R), assuming g(e-a*a) and
g(e —aa™) are positive.
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Proof Note that since C*(e,a*a) and C* (e, aa™) are commutative, the restrictions
of 7 on them are linear. Let n € N. Then

((e-a*a)” )—T(e +ZW( a*a)m)

=1(e") + Zl m'( )l

n

=) Y ey

(e3.1) —T(e + Z m'(n—m)l aa*)m)z‘[((e_aa*)n).

((-a”a)™)
((-aa™)")

Thus, for any polynomial P,7(P(e—-a*a))=1(P(e—aa*)). In particular
le —a*al,: =|le — aa*|,,. Therefore, by the continuity of 2-quasitraces (see
[2, Corollary 11.2.5]), and the Stone-Weierstrass theorem, 7(f(e-a*a))=
7(f(e —aa*)) forall f € Co(R). Moreover, for any g € Co(R), assuming g(e — a*a)
and g(e — aa™) are positive,

(e3.2)
d(g(e-a"a)) = sup 7(fe(g(e—a"a))) = sup 7(fe(g(e - aa"))) = d.(g(e - aa™)).

Lemma 3.2 Let A, B be C*-algebras and n: A — B be a surjective homomorphism.
Assume p,q € B are projections, and x € B satisfies px = x = xq. Then there are
p.Ge A\ and % € A, such that n(p) = p, n(q) = q, (%) = x, and px = % = %§. More-
over, if p = q, we can take p = 4.

Proof We may assume that |x|| <1. Let p;,q; € AL such that 7(p;) = p,n(q1) =

g. Since p,q are projections, we also have 7(fi/2(p1)) = fij2(n(p1)) = p, and
n(fiy2(a1)) = fij2(7(q1)) = q. Note x*x < q. By [30, Proposition 1.5.10], there exists

y € Al such that 7(y) = x and y*y < fi/5(q1). Put X = fi/,(p1)y. Then
m(%) = px =x,%%" = fi;2(p1) ¥y fiy2(p1) < fiya(p1)

and "% < y*y < fin(q1)-Setp = fys(pr) and § = fys(q). Thenz(p) = p, 7(4) = q.
The facts that fi/5(p1) fiya(p1) = fia(p1) and fis(q1) fija(q1) = f1/4(111) imply that
pX = X = X4. Moreover, if p = g, we can take p; = q1, and hence p = 4. ]

Proposition 3.3 Let A be a C*-algebra with QT(A)\{0} # 0. Suppose that T c
QT(A)\{0} is a compact subset. Then every projection in 1°°(A)/I7(A) is finite (see
Definition 2.17).

Proof LetB=1"(A)/Ir(A)andn:1°(A) - Bbethe quotient map. Assume p € B
is a projection, u € B satisfies u*u = p, and uu™ < p. We need to show uu™ = p.

By Lemma 3.2, there are a = {aj,as,...} € [ (A)L and v = {v;,vs,...} € [®(A)
such that n(a)=p,n(v)=u, and av=v=va. Since n(a)=p=n(v*v), we
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have lim, e [|@n = vjVa|,, =0. By Lemma 3.1, |a, —v,v,|,, = |an —v;val,, =
0(n — o0). Hence,

p-uu® =na({ay—vv{,a, —vav;,...}) =0,
which shows p is a finite projection. [ ]

Proposition 3.4 Let A be a non-elementary simple C*-algebra with QT(A)\
{0} #0. Let T ¢ QT(9,11(A)\{0}. Then, for any a € Ped(A)}\{0}, any & > 0, there is
b e Her(a), such thatb < a, |a-b|,, <e, and d.(b) <d(a) forallTeT.

Proof It follows from the first paragraph of Definition 2.14 that there exists
c e Her(a), with |c| =1 such that d,(c) < ¢? for all 7€ T. Define b= a/?(1-
f1/4(c))a1/2. Then 0 < b < a. It follows from (e2.17) that

la=bl,, = [afi/a(€)a" s < [fiya(©)],s < (de(c))? <.
Forall7e T,

d(b) = d(@”(1- fya(©)a’?) = de((1- fipa(e)2a(l - fira(e))?)
< Al fra(e)Pa= fia(0)V2) + delfia(€)
(rthogen i g (1= fipa(e))P2a(1= fipa(€))V2 + fipa(c)) < du(a).

| |

Theorem 3.5 Let A be a non-elementary algebraically simple C*-algebra with
QT(A) # (). Assume that A has strict comparison. Then l”(A)/IQme has cancel-
lation of projections, i.e., for any projections p, q,r € l“(A)/Imw, if pq<r and
p~q,thenr—p~r—gq.

Proof SetB:= l“(A)/IQT(A)w and let I1: [°°(A) — B denote the quotient map.

Let p,g,r € B be projections with p,q <r, and assume that there is a par-
tial isometry v € B such that v*v = p,vv* = q. By Lemma 3.2, there are e = { e}, €3, ... } €
1°(A)L and w = {w),wy,...} € [*(A) such that n(e) =r,m(w)=v, and ew =w =
we. Then, by Lemma 3.1, we have d.(fi/s(en —wywy)) = d:(fija(en —wowy,)) for
all 7 e QT(A)W and n € N. By Proposition 3.4, for each n € N, there is b, € AL such
that

(e3.3) Hfl/4(en - szn) - by HZ,QT(A)W
(€3.4) de(bn) < de(fiya(en —wiwn)) = de(fiya(en —waw})) forall 7€ QT(A) .

Since A has strict comparison, we have b, S fi/4(e, — w,w;,). By [40, Proposition
2.4(iv)], for each n € N, there is x|, € A such that

(€3.5) (x7)"(x7) = fiyn(by) and x; (x;,)" € Her(fija(en — wawy,)).

Note that f;/,(b)(b —~1/n), = (b—1/n),. Choose x, = x, (b - 1/n)1+/2. Then

<1/n, and

(€3.6) XpXy = (by—1/n), and  x,x, € Her(fijs(en —wawy)).
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Note |x, | = |xx,| = [(bn —1/n)| < 1. The second part of (e3.6) implies
(€3.7) XnX, < fiys(en —wawy,).

Let c¢,=e,—wiw, and d,=e,-w,w; (neN). Let x={x,x..}
b={b,b,,...},c={c1,cz,...},and d = {d1, dy, ...} € I*°(A). Then

(8) T(x)'TI(x) 2 11(b) = TM(fya(€)) = fya(T1(€)) = fialr = p) =1 = p,

and

@9) NN < T(fya(d) = fis(T1(d)) = fialr-gq) = - g.

Let y=v+II(x). Note that vII(x)*=vp(r—-p)II(x)*=0 and II(x)v*=
(vII(x)*)* =0. Also, note that v*II(x)=v*q(r-g)II(x) =0 and II(x)*v=
(v*II(x))* = 0. Then we compute (using also (e3.8) and (e3.9)) that

r=y"y~yy" =II(x)II(x)" +q<r.

By Proposition 3.3, r is a finite projection. Hence, IT(x)II(x)* + q = r. Consequently,
II(x)II(x)* = r — q. Together with (e3.8), we obtain r — p ~ r — g. The theorem then
follows. |

4 Tracial oscillations

In this section, we will introduce the notion of tracial approximate oscillation for
positive elements in a C*-algebra and present some basics around the notion.

Definition 4.1 Let A be a C*-algebra with QT (A)\{0} # 0. Let S c QT(A) be a
compact subset. Define, for each a € (A ® X),,

(e41) w(a)ls =inf{sup{d.(a)-1(c):7€S}:cePed(a(A®K)a),0<c<1}

(see Al of [11]). The number w(a)|s is called the (tracial) oscillation of a on S.
If aePed(A®XK),, then w(a)ls <oco (see (2) of Proposition 2.10). Since
7(fiyn(a)) ~ d:(a) (point-wisely) and T is continuous on compact set S for each

cePed(a(A®XK)a),, one has
(e4.2) w(a)ls = r}l_{go sup{d(a) — 7(fin(a)) : 7€ S}.

Note that, exactly as in Al of [11], if a,b € (A® X)} and a ~ b, then w(a)ls =
w(b)|s (cf. Proposition 4.2 below). For each h € LAff, (QT(A)), define

(e43)  w(h)]s = inf{sup{h(r) - f(r):7e S} :0< f <h, f € AfE,(QT(A))).

Recall that, in general, for any real function f defined on S, the oscillation of f at s € S
is defined as

(e4.4) w(f)(s) = inf{sup{|f(s') - f(s")]:s',s" € O(s)} : O(s)},
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where O(s) is an open neighborhood of s and the infimum above is taken among all
such O(s). Denote by w(f)|s = sup{w(f)(s) : s € S}. Then (recall that S is compact)

—

(e4.5) w(a)ls = w([a])ls.
Leta € (A® X),. For each 7 € S, and its neighborhood O(7), define
(e4.6) wo(ry(a)ls = nh—>n;lo sup{d;(a) - t(fiu(a)) : te O(r) N S}.

One may note that, if O;(7) c O,(7), then we,(r)(a)[s < wo,(+)(a)ls. Define
(e4.7) w(a)(7)|s = inf{wo(r)(a) : 7€ O(r) N S}

(the infimum is taken among all neighborhood O(7) of 7 in S). In other words, when
Sis fixed, w(a)(7)|s is the oscillation of the lower-semicontinuous function [a] at 7.
In particular, [a] is continuous on S if and only if w(a)(7)|s = 0 forall T € S.

(1) If ¢, € Her(a)} and 7(c,) # d.(a) forall 7 € S, then
(e4.8) wo(r)(a)ls = lim sup{d;(a) —t(c,) : t € O(1) N S}.

In general, one checks that
(e4.9) sup{w(a)(1)|s: 7€ S} =w(a)ls.

(2) For most of the time, we will assume that A is simple and S is a compact
subset of QT(A)\{0} such that R, -S=QT(A), for example, S =T, for some
b € Ped(A),\{0}. Or, in the case that A =Ped(A),S = QT(A)W. When S is under-

stood, we may omit S in the notation. In fact, when A is compact, we may write w(a)
instead of w(“)|mw'

(3)LetS;, S, ¢ &"(A)\{O} be compact subsets such that R, - §; = @“(A), i=12.
If w(a)ls, = 0, then w(a)[s, = 0 (see also Proposition 2.10). In what follows, we write
w(a) =0ifw(a)|s = 0 for one compact subset of QT (A) such that R, - S = QT (A).

Proposition 4.2 [11, Al] Let a,b € (A® K),. Let S ¢ QT (A) be a compact subset. If
a~b,then w(a)(1)|s = w(b)(7)|s forall T €S, and w(a)|s = w(b)|s.

Proof Let 7€ S. Let O(1) be any open neighborhood of 7. For any ¢ > 0, there is
0 > 0 such that

(e410)  sup{di(a) - t(fo(a)) : t € O(2) NS} < wo(ey(a)ls +¢.

Since a ~ b, there exists a sequence x, € A® X such that x,x,; — a and x,x, €
Her(b) = b(A ® K)b. Since /" aa/™ — a as m — oo, replacing x,, by a/™(" x,, for
some subsequence {m(n)}, we may assume that x,x, € Her(a). Note that, for any
4>0,

Tim | fo ey - fo(a)| =0.

Since S is compact, by (2) of Proposition 2.10, sup{||¢|per(a)| : t € S} < 0. It follows
that there is m € N such that

(e4.11) sup{t(fo()) — £(fs (xmx5))| £ € S} <.
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Note that d;(a) = d;(b) for all t € S because of a ~ b. Also, note that t(f5(xux},)) =
t(fs(xpxm)) forall t € S. Then

(e4.12) wo(r)(b)|s < sup{d;(b) — t(fs(xpxm)) : te O(1) NS}
(e4.13) =sup{d;(a) - t(fs(xmx,,)) : t € O(7) N S}
(e4.14) <sup{d;(a) - t(fs(a)) : t € O(1) N S}

(e4.15) +sup{|t(fs(a)) — t(fs(xmx,,))|: t € O(7) n S}
(e4.16) <wory(a)ls +e+e.

Since ¢ is arbitrary, we have wo(7)(b)|s < wo(q)(a)ls. Exactly the same argument
shows that wo () (a)]s < wo(r) (b)|s. Hence, wo(r)(a)ls = wo(r)(b)]s. Since O(7) is
an arbitrary open neighborhood of 7, we have

w(b)(1)|s = inf{wo(r)(b)]s : 7€ O(1)NS} = inf{wo(r)(a)ls : T € O(T)NS} = w(a)(7)]s.

For the last identity in the proposition, we note that, by (e4.9),
w(a)ls = sup{w(a)(7)]s : 7€ S} = sup{w(b)(7)[s : 7€ S} = w(b)]s. n

Definition 4.3 In the case that A does not have strict comparison, we may still want

to consider elements with zero tracial oscillation. We write w(a) = 0 if g/, (a) 50
(recall Definition 2.5 for g4, and also see Definition 2.14). Let {a,} € I°(A),. We

write lim,, 0o @°(a,) = 0, if there exists 8, € (0,1/2) such that g5 (a,) 5 0.

Note that, by Proposition 2.10, if A is compact, then the number s in part (1) of the
next proposition is always finite. Let 7 € S. In the next lemma, we write O(7) for an
open neighborhood of 7in S.

Proposition 4.4 Let A be a o-unital C*-algebra. Let S c QT(A)\{0} #0 be a
compact subset.
(1) Suppose that s := {||7]a| : T€ S} < 00. Ifa, b e (A®XK)", then

(e4.17) w(a)(1)|s —d:(b)|s < w(a+b)(1)|s < w(a)(7)|s + de(b)|s forall T€S,

where d.(b)|s := inf{sup{d;(b) : t € O(7)} : O(7) open neighborhoods of T in S}.
(2)Ifa L b, then

(e4.18) max{w(a)ls,w(b)|s} < w(a+Db)|s <w(a)|s + w(b)|s.
Moreover,

(e4.19)
max{w(a)(1)|s, w(b)(7)|s} < w(a+b)(7)|s < w(a)(7)|s + w(b)(7)|s forall T€S.

(3) For o-unital simple C*-algebra A, w(a) = 0 ifand only if Her(a) has continuous
scale.

Proof (1) For the inequality on the left, let ¢ > 0. Fix 7 € S. Choose an open neigh-
borhood O(1) of 7 in S such that
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(e4.20) wo(ry(a+b)ls <w(a+Db)(1)|s +e and

(e4.21) sup{d;(b) :t € O(7)} < d.(b)|s +e.

Note that there is § > 0 such that

(e4.22) sup{di(a+b) —t(fs(a+b)):teO(1)} <wor)(a+Db)|s +e.

Note that a + b ~5/, (a —8/2), + b. By [40, Proposition 2.2], we have fs(a+b) S
(a—68/2), + b. Then, for any t € O(7), we have

(e4.23)
t(fo(a+b))<di(fo(a+b))<di((a-08/2)s +b)<d((a—5/2):) +di(b)
(e4.24) (4521) t(fs2(a)) +d.(b)|s +e.

Then, for t € O(7), di(a) +t(fs(a+b)) <di(a+b)+1t(fs2(a)) +d.(b)|s +e It
follows that

(e4.25) di(a) - t(fs2(a)) <di(a+b) - t(fs(a+b)) +de(b)|s + ¢
(e4.26) U ot b)()ls + do(B)ls + 26

(e4.27) C2 w(a+b)(2)|s + dalb)]s + 3¢ for all teO(7).

Hence,

©428)  @(a)(1)ls < wo(n(a)(x) < sup{di(a) - ((fua()) : t € O(2)}
(e4.29) < w(a+b)(1)]s + da(b)]s + 3.

Let ¢ — 0, then we have the desired inequality.
Now we turn to the inequality on the right. By definition, for any € > 0, there are
open neighborhood O(7) of 7in §, and & > 0 such that

(e4.30) sup{d;(b) : t € O(1)} < d.(b) +e, and

(e4.31)  sup{d;(a) -t(fs(a)):te O(1)}<wo(r)(a)ls +&/2 < w(a)(T)|s +e.
Note that a € Her(a +b), then there is 5 >0 such that fs(a) ~g /(s fy(a+
b)fs(a)f,(a+b). Hence, for any t € O(1), by [2, Corollary II.2.5(iii)],

di(a+b) - t(fy(a+b)) <di(b) +di(a) - t(fy(a+b)fs(a)fy(a+D))
(e4.32) <di(b) +di(a) —t(fs(a)) +¢
(4:30),(4.31) —

(e4.33) d.(b) + w(a)(7)[s + 3e.
Hence,

w(a+b)(7)ls <sup{di(a+b)-t(fy(a+b)):teO(1)}
(e4.34) <d.(b) + w(a)(1)|s + 3e.

Let ¢ — 0, (1) then follows.
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For (2), we have, for any 1/2 > ¢ > 0, since a 1 b,
(e4.35)  di(a+b)-1(fe(a+b))=(d:(a)-1(fe(a)) + (d:(b) - 7(fe(b))
forall 7 € S. Thus,
(e4.36) w(a+b)|s <w(a)ls +w(b)|s and
(e4.37) w(a+b)(1)|s <w(a)(T)|s + w(b)(7)|s for all T€S.

Hence, the inequality on the right in (e4.18) holds.
Now we turn to the inequality on the left of (e4.18). Since a L b, for all 7 € S and all
n>0,

(e4.38)
d:(a) - 7(f,(a)) < (d:(a) ~ 7(fy(a))) + (d:(b) ~ 7(fy (b)) = du(a + b) - 1(fy(a + b)),
Thus,  w(a)ls <sup{d.(a)- fy(a):7eS} <sup{d.(a+b)-f,(a+b):TeS}.

Since # can be arbitrary small, we have

(e4.39) w(a)|s < ingsup{df(a +b) - fy(a+b):1eS}=wla+b)s.
n>

Similarly, w(b)|s < w(a + b)|s. Thus, the inequality on the left of (e4.18) holds. The
estimates (e4.19) can be checked similarly.

For (3), recall that Her(a) has continuous scale if and only if €m(n) ~ €n 5 ofor any
m(n) > n, where e, = fi/,»(a), n € N. Suppose that w®(a) = 0. Then, for each n € N
and any m(n) > n,

(e4.40) €m(n) ~ €n N gl/n(a) 5 0.

It follows that Her(a) has continuous scale.
Conversely, suppose that Her(a) has continuous scale. Forany d € A, \{0}, choose
no € N such that, for any m(n) > n > n,

(e4.41) €m(n) — €n S d.

Suppose that ko > 2™ Fix k > k¢. For any ¢ € (0,1/4), there is m(n) > ng such that

(e4.42) fe(81/k(a)) S €em(ny = €ny-
In other words, for any ¢ € (0,1/4), fc(gi/x(a)) S d. It follows that gy, (a) < d (for
any k > ko). This proves (3). ]

Lemma 4.5 Let A be a C*-algebra with a nonempty compact subset S ¢ QT(A), and
let a € (A® X),. Then, for any & > 0, there exists 8y > 0 such that

(e4.43) w(fs(a))ls <w(a)ls+e¢ forall 0< 8 <.

Proof We may assume that w(a)|s < oo. There exists 8y > 0 such that, forall 0 < <
20y,

(e4.44) d:(a)-1(f,(a)) <w(a) +¢/2 for all T€S.
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Then, there exists oy > 0 such that, if 0 < § < &y,

(e4.45) d-(fs(a)) - 1(fo, (fs(a))) < de(a) - 7(f25,(a)) < w(a) +¢/2

for all 7 € S. Note that d.(fs(a)) < 7(fs/2(a)) forall 7 € QT(A). It follows that (see
(2) of Proposition 2.10)

w(fs(a))ls <w(a)ls +e. .

Proposition 4.6 Let A be a C*-algebra with a nonempty compact subset S ¢ QT (A)
anda € (A® K)! withw(a) < 00, and 0 < § < 1/2. Then, for any € > 0, thereis 0 < 5 <
8/2 and ng € N such that

(e4.46) sup{z(fy(a)) —d:(fs(a)) : 7€ S} > w(a)ls - & and
(e4.47) sup{z(a'/") - dr(fs(a)): 7€ S} > w(a)ls - .
Proof Fix 0 < § <1/2. For any ¢ > 0, there exists 7q € S such that
(e4.48) dey (a) = 70(fo2(a)) > w(a)|s — e/4.

For this 79, choose 0 < # < §/2 such that d;, (a) — 7o(f,(a)) < /4. Then
(e4.49)  10(fy(a)) - dr,(fs(a)) > dry(a) = 70(fo/2(a)) = (dr,(a) - 70(fy(a)))

(e4.50) > w(a)ls - &/4 - ¢/4.

Hence,

(e4.51) sup{7(fy(a)) - d:(fs(a)): 7€ S} > w(a)ls - ¢/2.

To see the second inequality, choose 74 € N such that

(e4.52) [a'/™ £, (a) = fy(a)| < /4.

It follows that, for all 7 € S,

(e4.53) 7(a'/") - dr(f5(a)) > 7(a"/" f,(a)) - d2(fs(a))

(e4.54) > 1(fy(a)) - d:(fs(a)) - e/4.

Therefore, by (e4.51), sup{z(a’/™) — d,(fs(a)) : 1€ S} > w(a)l|s - . m

Definition 4.7 Let Abea C*-algebra, let S ¢ QT (A) be a compact subset, and let a €
(A®X),. Put B=Her(a) and I, = {{b,} € [°°(B) :lim, e |0, ],, = 0}. Denote
by g : [*°(B) - 1°°(B)/I,, and I, : I*°(B) — 1°°(B)/Nc,(B) (in the case that B
has no one-dimensional hereditary C*-subalgebra) the quotient maps, respectively.
Let A be a o-unital C*-algebraand a € (A ® X), with |a],; < co. Define (here we

assume that b, € Ped(A ® X), and Her(a) = a(A® K)a)
QT (a)ls = inf{| s (:(a) = {ba})[ : {bu} € 1 (Her(a))+. [ ba] < [l Jim w(ba)ls = 0},

QF(a)]s = inf {limsup [a ~ by, bu € Her(a)., [ba] < [l lim w(by)]s = 0,

Q¢(a)ls = inf{|Teu(1(a) = {ba})| : {bu} € I (Her(a))+, [ba] < [la], lim w(bu)ls =0},
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Q€(a) = inf{|Meu(s(a) = {bn}) | : {bn} € I°(Her(a))+, [bul < |a], Jlim ©®(by) =0} and

QN (a)ls = inf{[| oo (+(a) = {ba})| : bu € 1% (Her(a))+, lim w(bn)ls = 0}.

(e4.55)

We will focus on Q7 (a).
(1) Note, for the convenience, in the definition above, we always assume that
lall,s < oo.

(2) Note also that lim, .o |afi/»(a) — a = 0 and

afiu(a) = al/zfl/n(a)al/2 ~ fiyn(a), neN.

Hence, if w(a)|s = 0, by Lemma 4.5, then QN (a)|s = QT (a)|s = QL(a)|s = 0.

One may call QT(a)|s the tracial approximate oscillation of a (on S). If
Q" (a)|s = 0, we say a has approximately tracial oscillation zero (on S). Often, when S
is understood, we may omit S in notation above. In particular, when A is algebraically
simple, we write Q7 (a) := QT (a )|W .

(3) Itis, perhaps, convenient to use (1) and (2) of Proposition 4.8 for the definition of

QT (a)l|s = 0. We would like to mention that, for the definition of Q% (a) and Q€ (a),
we also require that C*-algebra A has no one-dimensional hereditary C*-subalgebra
s (see Definition 2.15).

(4) Moreover, since w(0)|s = 0, we have

(e456)  Q(a)ls < |Ts(1(a))] < |a, and Q¢ (a)ls, Q°(a), ¥ (a) < |a].

When A is unital, Q7 (a)|s = 0 forany a € GL(A) n A4, since w(1,) =
(5) In the case that A is a o-unital algebraijcally simple C*-algebra with strict

comparison, if § = QT(A) and QL (a)|s = 0,then QT (a)|s = QN (a)|s = QL(a)|s =
QC(a) = 0 (see (2) of Proposition 4.8, (2) after Definition 5.1, and Proposition 5.7).

Proposition 4.8 Let A be a C*-algebra, a € (A® X)L, and S c QT(A) a compact
subset such that |a|,; < oo
W) IfQT(a)|s = 0, then there exists a sequence {b,} ¢ Ped(Her(a))! such that

(e4.57) lim w(b,)|s =0 and |Ugs(:(a)-{b,})| =0,
and, if QL(a)|s = 0, there exists b, € Ped(Her(a))}, n € N, such that

(e4.58) lim w(b,)|s =0 and lim |a-b,|,, =0

(2) QT (a)|s = 0 ifand only if QL(a)|s =
(3) If there exists M > 1 such that

inf{|Ls(+(a) = {bn})] : by € Ped(Her(a))., [ba] < M, lim w(by)]s =0} =0,

then QT (a)|s = 0.
(4) If {an} € (I,)}, then there is {b,} € (I;)%, n € N, such that

(e4.59) lim sup{d;(b,):7€S}=0 and lim |a,-b,| =0
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Proof Recall that B = Her(a) and Ilg : [*°(B) — [*°(B)/I, , is the quotient map.
For (1), there is, for each k €N, a sequence {cﬁk)} € I*°(Ped(Her(a))) with

0< C,(1k) <landlim, e w(cﬁk))|s = 0 such that

(e4.60) ITs(s(a) = {cfO N < /k.

Therefore, for each k € N, there is n(k) € N such that

k k
(e4.61) la =yl <2/k and w(c(f))) <1/k.

Define by = cfﬁ), keN. Then 0<bg<1,bgePed(Her(a)) and lim,. e
w(b,)|s = 0. Moreover,

(e4.62) |a—byl,s <2/n for all neN.

It follows that ||TIg(:(a) — {b,})| = 0, and (e4.58) holds. A similar proof above shows
that, if Q7.(a) = 0 implies that there is b,, € Ped(Her(a))} such that (e4.58) holds.
For (2), we note that (e4.58) implies that ((a) — {b,} € I,. So, if QL(a)|s = 0, then
ITTs(s(a) = {b,})| = 0. Hence, QT (a)|s = 0. The converse also holds.
To show (3) holds, suppose that there are ¢ e Ped(Her(a)) such that 0 < ¢ <
M,lim,_, w(cﬁk))|s =0and

(e4.63) ITIs(¢(a) = {c{})| < 1/k for all k € N.
By the proof of (1), one obtains b,, € Ped(Her(a)), with 0 < b, < M such that

(e4.64) }Lngo w(by)|s =0 and TIg(i(a)) = s({b,}).

Define g€ Co((0, |a| + M]) by g(t) = [a] if te[|al,|a] +M] and g(t) = ¢ if
t €0, ]a]]. Since M is fixed and g(a) = a, we have

(e4.65) [s(a) = Hs({g(bn)}).

Putc, = g(b,). Thenc, € Ped(Her(a)), and |c,| < |a].Since c, = g(b,) ~ by, then
lim,,, 00 @(c,)|s = 0. Therefore, by (e4.65), QT (a)|s = 0.

(4) Since {a,} € (I))L,limy—c |an,; =0. Choose &, :=+/|an|2s+1/n and

by =(an—04)ssneN. Then |b,|<LneN,|b,|,, <l|an],; =0 and lim, .

lan —b,| =0.
Note that
(e4.66) Fu((x = 84)2) < Xpoy,400) (x) < (1/82)x for all x € Ry,
where 7 € (0,1) and y[s,,+c0) is the characteristic function of [8,, +c0). Then, for all
TES,
(e4.67)

dr(by) = d:(b;,) = sup (fy((an = 84)1)) < (1Y83)7(az) < (1/83) |anlly; = lan],s-

It follows that lim,,_, o, sup{d.(b,) : 7€ S} = 0. ]
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The next proposition also justifies that we often write QT(Q =0 instead of
Q7(a)ls for some compact set S ¢ QT (A)\{0} such that R, - S = QT (A).

Proposition 4.9 Let A be a C*-algebra and Sy, S, ¢ QT(A)\{0} be nonempty com-
pact subsets such that R, -S; = R, - S, = QT (A). Suppose that a € (A® K)L. Then
Q' (a)ls, = 0(Qf(a)ls, = 0,0r QN (a)ls, = 0) ifand only if Q" (a)ls, = 0 (¢ (a)ls, =
0, or QN(a)|s, =0). Moreover, if acPed(A®XK), and QT(a)|s, =0, where

Sa ={1€ QT(A) : |tlter(ay | =1} then QT (a)]s, = 0.

Proof It follows from (1) of Proposition 2.10 that there is L € R, such that
S;c{rs:seS and re[0,L]}.

If QT (a)ls, = 0, then, by Proposition 4.8, there exists a sequence b,, € Ped(Her(a))
with [|b,|| < [[a|| such that lim, .. w(b,)|s, = 0 and lim, 0 |a@ = by, = 0. Tt fol-
lows that

lim w(by,)[s, < lim L-w(by)|s, =0 and lim [a - b,l,,, < lim L{a-b,], =0.
n—o00 n—oo n—>oo n—oo

Then Q7(a)|s, =0. Exactly the same argument shows that if QZ(a)ls, =0 (or
QN(a)ls, = 0), then Q%(a)ls, = 0 (or Q¥ (a)ls, = 0).

To see the last statement, we note that (S;)|ger(s) is bounded (see (2) of
Proposition 2.10). In other words, there is L > 0 such that (S1)|ger(a) € {7 7: 7€ Sq,
re[0,L]}. n

Lemma4.10 Let A bea C*-algebra, a € (A® K),, and S ¢ QT(A) a compact subset.
Suppose e € Her(a).. Then e ~ a'?eal? ~ //?ae'/?, and

(e4.68)  w(e)(7)|s = w(a?ea?)(1)|s = w(e*ae'/?)(7)|s forall €S, and
(e4.69) w(e)|s = w(a’?ea'?)|s = w(e*ae'’?)[s.

Proof Since e € Her(a)!, we compute that

(e4.70) lim | (a+1/n)"Y2a"%ea/?(a+1/n)™? - ¢| = 0.

It follows that e ~ a/2ea'/? ~ ¢/2qe'/? < e. Therefore, by Proposition 4.2, (e4.68) and
(e4.69) hold. [ |

Let us end this section with the following fact. The proof could be simplified
when QT(A) = T(A). Recall that when A = Ped(A), we write w(a) = w(a)|mw and
Q7(a) = Q1(a)]

Qr(my"”

Proposition 4.11 Let A be an algebraically simple C*-algebra with QT(A) # 0.
Suppose that A has strict comparison and T is surjective (see Definition 2.13). Then, for
any a € Ped(A® X),,

(e4.71) QL(a) < |a|v/w(a).

Proof Fix a € Ped(A® X), \{0}. Let ¢ > 0. If there is a subsequence {n;} c N
such that fi/4,,(a) — fiju,(a) =0, then fi)4, (a) is a projection. Consequently,
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@(fijan,(a)) =0 for all k eN. Note that afyjs,, (@) ~ fijan,(a). It follows that
w(afijan,(a)) =0,k eN. Since limyco |a— afijan,(a)]=0,Q7(a)=0. Hence,
(e4.71) holds.

Next, we assume that for some ng €N, fi/4,(a) - fiju(a) # 0 for all n > ny.
Moreover,

(e4.72)  sup{d.(a) - 1(fiyyn(a)): 7€ QT(A)W} <w(a)+¢/2 for all n>ny.

For the rest of this proof, we will assume n > ny. Since the map T is surjective, there

S

is ¢y € (A® K)! such that d;(c,) = 7(fi/n(a)) forall T QT(A)W. Since fi/,(a) is
continuous on QT(A)W, w(c,) =0.Choose 0 < 8§, <1such that (by also Lemma 4.5),

(e4.73) d.(cn) —1(fs,(cn)) <1/2" for all 7 eQT(A)W and w(fs,(cn)) <1/2".
Note that we have

(e4.74) d.(cn) =1(fiyn(a)) < d:(frjan(a)) for all 7€ QT(A) .

Since A has strict comparison, ¢, S fi/4,(a). By Proposition 2.4 of [40], there is x, €
A ® X such that

(e4.75) XpXn = f5,(cn) and x,x;, € Her(fi/4,(a)).

Put b, = a/*x,x;a'/?. Then |b,| < |a| and b, € Her(fi/4,(a)). By Lemma 4.10 and
(e4.73), w(by) = w(xnx}) = w(x;x,) = 0(f5,(ca)) <1/2" - 0. Note that

(e4.76) fiygn(@) (xnxy) = Xuxy = Xuxy fiysn(a)-

Put a, = a'?fi/3,(a)a? and d, = fi/g(a) — xux;. Then 0<d, <1 and 0 < a, -
b,,neN.Forall 7 ¢ QT(A)W, we compute that

(e4.77)

((an - by)?) = 1(a"?dyad,a'?) < || (a"*d2a"l?)
(e4.78) < Jlal(a"d,a"?) < |al*r(d,)
(e4.79) “I a2 ((figsn(a)) - T(xux])) < lal(dr(a) - T(x55))
(e4.80) = al?(de(a) = 7(fiyn(@)) + T(fisn(@)) — (fs, (c)))
(e4.8) = Jal?(d+(a) = 7(fiya(@)) + dr(en) = 7(fs, (c)))
(e4.82) LT 2 (w(a) + ¢f2) +1/2).

Note that ||a — a,|| < 1/n. It follows that, by (e2.17), (¢2.19), and (e4.82),

_ 2/3 _ 2/3 _ 2/3
(e4.83) la=bal?2 , <la-anPB  +lay-baP2

(e4.84) < (1/n)*P sup{d.(a)/? : 1€ QT(A) } + (w(a) +&/2 +1/2")".
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Hence (by also (2) of Proposition 2.10),

(e4.85) limsup ||a - b”“z,QT(A>W <la|vw(a) +¢/2.

n—oo

Let ¢ — 0. We then obtain (e4.71) (recall that lim, . w(b,) = 0). [

5 C*-algebras with tracial approximate oscillation zero

In this section, we will introduce the notion of T-tracial approximate oscillation zero
for C*-algebras with non-trivial 2-quasitraces. We also present some examples of
simple C* -algebras with tracial approximate oscillation zero (see Proposition 5.8 and
Theorems 5.9 and 5.10).

Definition 5.1 Let A be a C*-algebra with QT(A)\{0} #0 and S c QT(A)\{0}
a compact convex subset of A such that R, .S = QT (A).C*-algebra A is said to
have norm approximate oscillation zero (relative to S) if for any a € Ped(A ® X),,
QN(a)|s = 0. It is said to have tracial approximate oscillation zero (relative to S),
if for any a € Ped(A ® K),, QL(a)|s = 0. We say that A has T-tracial approximate
oscillation zero (relative to S) if QT (a)|s = 0 for all a € Ped(A ® K),. We say that A
has C-tracial approximate oscillation zero if Q€(a) = 0 for all a € Ped(A ® X),.

Note that, by Proposition 4.9, these definitions do not depend on the choices of S.
Therefore, we often omit S in the notation.

(1) If A is a g-unital simple C*-algebra and a € Ped(A ® X)!, then QT (Her(a))

may be viewed as a convex subset of QT (A). Put S, = QT(Her(a))W. Therefore (see
also Proposition 2.9), QT (a)|s = 0 if and only if Q7 (a)|s, = 0.

(2) By Proposition 4.8, Q% (a)|s = 0 ifand only if QT (a)|s = 0 foralla € (A ® X),
with [la|, < co. By Proposition 5.7 below, that A has norm approximate oscillation
zero is the same as that A has T-tracial approximate oscillation zero.

If A is ¢-unital, non-elementary, and simple and has strict comparison, then,
by Proposition 2.18, for any nonzero a € Ped(A ® X),, one has Ly = New (Ag),

where A, = Her(a). It follows that, in this case, the notion of tracial approximate
oscillation zero, the notion of T-tracial approximate oscillation zero, the notion of
C-tracial approximate oscillation zero, and that of norm approximate oscillation zero
all coincide (see also Proposition 5.7).

(3) Note also that, if A has (T-) tracial approximate oscillation zero, then M, (A)
also has (T-) tracial approximate oscillation zero.

If we view |- || as an L?-norm, then that A has T-tracial approximate

2,Q1(a)"
oscillation zero has an analogue to that “almost” continuous functions are dense in

the L*-norm. It is worth mentioning that a o-unital simple C*-algebra has (T-) tracial
approximate oscillation zero, if, for some e € Ped(A),\{0}, Her(e) has (T-) tracial
approximate oscillation zero.

Definition 5.2 Let A be a g-unital C*-algebra with QT\{0} # 0. Define

(e5.1) 0(A) = sup{QT(a)[s, : a e Ped(A® K)1 },
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where S, = QT(Her(a))W (see the last paragraph of Definition 2.8). Note that, since
Q"(a)l,, <|al for any a € Ped(A® X)} and for any C*-algebra A, one has that
0 < O(A) <1. The number O(A) is called T-tracial approximate oscillation of A.

Suppose that S ¢ QT (A)\{0} is a compact convex set such that R, - S = QT(A).
By (the “Moreover” part of) Proposition 4.9, if @(A) =0, then A has T-tracial
approximate oscillation zero. Conversely, if A has T-tracial approximate oscillation
zero, then O(A) = 0 (see (4) of Proposition 2.10).

The next example shows that there are (commutative) C*-algebras A of stable rank
one such that O(A) > 0. By Theorem 1.1, if A is a separable simple C*-algebra which
has strict comparison but does not have stable rank one, then @(A) > 0. However, we
do not have any such examples.

Example 5.3 Let A=C([0,1]). Then T(A) is compact and QT(A) = T(A). Let
a €A, \{0} be such that 0 < a <1 that is not invertible. Let G = {t € [0,1] : a(t) > 0}.
Then G is an open subset. Note 0 € sp(a). Since A has no nontrivial projection,
there are t,, € sp(a) withlim, . t, =0. Forany 0 < § <1/2,letb = fs(a). Lets, € G
such that a(s,) = t,,n € N. Then, for some 0 < 1 < §/2, there is s, in the support
of ¢ = fy(a) - fs)2(a). There is a Borel probability measure y, on [0,1] such that
#({sn}) = L. Let 7, be the tracial state induced by y,,, then 7,,, (f,,/2(a) — b) = 1. This
implies that w(a)|s, = 1. This also holds for any nonzero g € Her(a), c A.. In other
words, for any g € Her(a),, w(g)|s, = 1. Therefore, QT (a) = 1. It follows Q(A) =1.
Recall that A has stable rank one.

Proposition 5.4 If A is a simple C*-algebra which has (1-) tracial approximate oscil-
lation zero, then every hereditary C*-subalgebra of A also has (T-) tracial approximate
oscillation zero.

Proof This follows from the definition immediately. ]

Definition 5.5 Let S be a compact subset of QT (A)\{0} such that QT(A) =R, - S
and B c A be a hereditary C*-subalgebra. A sequence of elements {e,, } c Ped(B)! is
said to be tracial approximate identity for B, if, for any b € B,

(e5.2) [Teu(£(b) = 1(b){en})] = 0,

and {e, } is said to be T-tracial approximate identity for B (relative to S), if, for any
b € Bwith |[b], < oo,

(€5.3) lim |b - be,|,, = lim ||b-e,b|,, = 0.

n—oo

We do not require that {e, } is increasing.

Proposition 5.6 Let A be a C*-algebra, ac (A®K), with |a|,, < oo, and
S c QT(A)\{0} be a compact subset.

(1) Then QN(a)|s =0 if and only if Her(a) has a (not necessarily increasing)
approximate identity {e, } such that lim,_, . w,(e,)|s = 0.

(2) Moreover, QT (a)|s = 0 (or QZ(a)|s = 0) ifand only if Her(a) admits a T-tracial
(or tracial) approximate identity (relative to S) {e, } withlim,_. w(e,)|s = 0.
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Proof For (1), let us assume that {e, } is a (not necessarily increasing) approximate
identity for Her(a) such that lim, . w(e,) = 0. Then

(e5.4) lim |a - e?ae/?| = 0.
n—oo
By Lemma 4.10, w(el,/zaei/zﬂs < w(en)|s = 0. Thus, QN (a)|s = 0.
Conversely, suppose that a € (A ® X)! and {b,,} € [*°(Her(a)), such that
(e5.5) lim |a-b,| =0 and lim w(b,)|s =0.
n—o00o n—oo
Note that lim, o |0, = |a] <1. Let g € C([0,00))} such that g(¢) =t if t € [0,1]
and g(¢) =1if £ > 1. Then, for any n € N, g(b,,) ~ b,,. We also have lim, . |g(a) -

g(by)| = 0.But g(a) = a. Then, replacing b, by g(b,), we may assume that | b, || < 1.
For each k € N, choose 1 such that

(e5.6) |b)/k — a'¥| <1/k, keN.
Put e = b,11/kk, k € N. Then, for any x € Her(a),
@7 el < e xa ]+ el - el < e xa+ B

This shows that { ey } is a (not necessarily increasing) approximate identity for Her(a).
Since ey = bb/kk, we have that w(ex) = w(b,, ) and

klim w(er)ls = klim w(by,)s = 0.

For (2), let us prove one case.
Fix a € Ped(A ® X),. Without loss of generality, we may assume that 0 < a < 1.
Suppose that {e, } is a T-tracial approximate identity of Her(a) relative to S. Then

lim ||a - e,al,, = lim |a-ae,|,, =0 and
n—oo n—oo
lim fa - e,ae, 1272 < lim (fla - ena|2 + |ena - eqae, |2V
< lim |es(a—ae,) | < lim (€3]] a - ae,|*?) = 0.
n—o00 > n—o00o >

By Lemma 4.10, w(eae,)|s < w(e?)|s = w(en)|s = 0. Thus, QT (a)|s = 0.
Conversely, suppose that Q7(a)|s = 0. Then, by Proposition 4.8, there exists
{b,} c Ped(Her(a))l such that

(e5.8) lim a-b,|,, =0 and lim w(b,)[s = 0.

Let B = Her(a) and Il : [°*°(B) — [°°(B)/I, , be the quotient map (see Definition 4.7
for I ). Then

(e5.9) 5(:(a)) = s ({bn}).
For each k € N, we have
(€5.10) s (1(a)/*) = Ts ({ba}7*).
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It follows that, for each k € N, there exists n(k) € N such that

(e5.11) [/ = B 1 <1/2k.

Choose ey = b/ (k), k € N. Then, for any ¢ € Her(a),

(€5.12)  |c—ce: ka/f <c-call* HZZ/: + | c(al* - 1'/(kk))|\2/3 -0, as k > oo,
Since by, (ky ~ ek,

(e5.13) lim w(eg)|s =0

The proposition then follows. ]

Proposition 5.7 Let A be a o-unital C*-algebra, let S c QT (A) be a compact subset,
and let a € Ped(A ® K),. Then QT (a)|s = 0 if and only if QN (a)|s = 0

Proof For the “if” part, let us assume QN(a)|s = 0. By the definition there is
{b,} €1°°(Her(a)), such that w(b,)|s <1/nand |a - b,| <1/n. Let b/, = Lalb

[bw]+1/n"
Then [ b,[ < |a],
(5.14) lim w(b))|s = lim. w(by)|s =0, lim |6, - b =0 and
(e5.15)
0< QT (a)ls < |Ts(1(a) - {b,})| <limsup |a - b/, H<llmsup la-b,| =

n—oo

For the “only if” part let us assume that Q7 (a)|s = 0. Then, by Proposition 5.6,
there are e, € Her(a) such that

(€5.16) nh_l}; w(e,)|s =0 and nll_{l;lo la- al/zenal/zﬂm =

It follows that {b,} = {a — a"/%e,a"?} € (1), (see Definition 2.16 for the definition
of I,). By (4) of Proposition 4.8, there exists {c,, } € (I,). such that

(€5.17) lim sup{d.(c,):7€S} =0 and lim ||b, —c,| =0
n—oo n—oo

Put d, =a"?e,a’*+c,,neN. Then d,>0. Put d, Hd“H”i/n,neN Then
|d,| < |la] for all n € N. Since lim, . |a — d,| =0, we have lim,_ |d,| = |4].
It follows that
(e5.18) lim |a-d,| =0

On the other hand, by Proposition 4.4(1) (see also (2) of Proposition 2.10) for all
TES,
(e5.19)

0(dn)(7)ls < w(a'Pena)(1)]s + dr(cn)ls < w(aena’?)|s +sup{de(cn) 1 7€ S}

forall n € N. By Lemma 4.10, lim, . oo w(a’?e,a"?) = lim, .o, w(e,) = 0. By the fact
that d,, ~ d,, and Proposition 4.2, we have
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lim w(dy) = lim w(dy) 2 lim sup{w(d,)(7)|s}
n—o0o n—oo n—oo TES

(5.19)
(e5.20) < lim w(al/zena1/2)|s + lim sup{d,(c,):7€S}=0.
n—oo n—oo
Then (e5.18) and (e5.20) show that QN (a)|s = 0. [

Let us present some examples of C*-algebras which have norm approximate
oscillation zero.

Proposition 5.8 Let A be a C*-algebra of real rank zero. Then A has norm approximate
oscillation zero.

Proof Let a € Ped(A) with 0 < a <1. Put B = Her(a). Then B has an approximate
identity {e, } consisting of projections. Note that, since e, is a projection, [e, ]| = &, is
continuous on S. The proposition follows from Proposition 5.6. [ ]

Let Ty = {s€ QT(A):s(b) =1} for some nonzero b€ (Ped(A®X)),. It is a
compact convex subset and T, is a basis for the cone QT(A) if A is simple. The proof
of the following is taken from Lemma 4.8 of [20] (see also Remark 4.7 of [20]).

Theorem 5.9 Let A be a C*-algebra with countable 9.(T,) (for some b e
Ped(A).\{0}), where 9.(T}) is the set of extremal points of Ty,. Then

(e5.21) ON(a) =0 forall acPed(A®X),.
In particular, A has norm approximate oscillation zero.

Proof We may assume that a € Ped(A ® X),\{0} and 0 <a <1. If 0 e R,\sp(a),
then QN (a) = 0. To see this, let s, € R, \sp(a) such that s, \ 0. Then the charac-
teristic function yf;, 1] is continuous on sp(a). Therefore, p, = x[;,,17(a) € C*(a) c
Her(a) is a projection. Note that p, < p,.; for all n € N. Then

(€5.22) la - pnal<s, — 0.

In other words, {p,} is an approximate identity for Her(a). Moreover, w(p,) = 0.
So this case follows from Proposition 5.6.

Therefore, without loss of generality, we may assume that [0, ] c sp(a) for some
0<r<lULetr/2>n>0.

Note that, since a € Ped(A ® X),,sup{d.(a) : 7€ T} = M < oo (see Proposition
2.10). For each 7 € d,(Ty), T induces a Borel measure y, on sp(a) which is bounded

by M.
We claim that there is s € (r — #, 7] such that
(e5.23) sup{pe({s}): 7€ Ty} =0.
To see this, write 0, (T},) = {7 } ner, where N’ is a subset of N. For each k € N’, and
n € N, define
(e5.24) Skn={se(r—nr]:u,({s})>1/n}.

Since pr, (sp(a)) < M, Sk,, must be finite. It follows that S; = U2, Sk, is countable.
Thus, S = Ugeny Sk is countable. Therefore, there must be s € (r — #, r] such that s ¢ S.
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In other words, there must be s € (r — #, ] such that

(e5.25) pr({s}) =0 for all 7€9,(Tp).

Since Ty, is compact, by the Krein-Milman theorem, this implies that
(e5.26) pr({s}) =0 for all 7€ Ty.

This proves the claim.
By the claim, for each integer n € N, there is § > 0 such that 1/2"*! < § < 1/2" and

(e5.27) p({8}) =0 for all 7€ T,.
Note that
(e5.28) d:((a-68):) = u((8,1]nsp(a)) for all 7€ T,

is a lower semi-continuous function. By Portmanteau Theorem, the function
h: T, - R, given by

(€5.29) h(7) = p:([6,1] N sp(a))
is an upper semi-continuous function.
By (e5.27),
(e5.30) h(r) =d.((a-90),) for all 7€ T,.

It follows that d,((a — 8) ) is continuous.
To prove the lemma, let & > 0. Choose 7 € N such that 1/2” < e. Choose 1/2"*! <
8, <1/2" such that . ({8,}) = 0 for all 7 € S as above. Put d,, = (a - 8, )+. Then

(e5.31) la-d,| <e.
Since d.(d,) =d.;((a—8,)+), we have that w(d,)(7)|r, =0 for all 7€ T,. The
lemma follows. [

The following is a restatement of Lemma 7.2 of [10] with the same proof (and with
some necessary modification and correcting a typo).

Theorem 5.10  Let A be a o-unital simple C*-algebra which has strict comparison and
almost stable rank one. Suppose that the canonical map T : Cu(A) — LAff, (QT(A))
is surjective (see Definition 2.13). Then A has norm approximate oscillation zero.

Proof Let ey € Ped(A),\{0} and A; = Her(e4). Then Ped(A;) = A;. Since A is
o-unital, A® X 2 A; ® X by Brown’s stable isomorphism theorem [4]. Therefore, it
suffices to show that A; has norm approximate oscillation zero. To simplify notation,
we may assume that A = A; (and A = Ped(A)).

Let a € Ped(A ® X)!. It follows from the proof of Lemma 7.2 of [10] that, since
Her(a) also has strict comparison, almost stable rank one, and I is surjective, Her(a)
has an approximate identity consisting of elements {e, } such that &, is continuous

on QT(A)W. Then the theorem follows from Proposition 5.6. Since we do not assume

U'This can be directly obtained as follows: Let f(") € Co((0, [a]|])L be such that f(")(¢) =1for t e
[6,]a]], f(™ =0ift € [0,8 — 8/2"] and linear in [§ — 8/2", 8]. Then 7(f(") (a)) ~ h(7).
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that QT (A) = T(A), to be complete, let us repeat some of the argument in the proof
of Lemma 7.2 of [10] which will be, again, used in the proof of Lemma 8.9.

By Proposition 5.6, it suffices to show that, for any ¢ € (0,1/2), there is e € Her(a)%
such that f;(a) < eand [/e\] is continuous. By the first part of the proof of Theorem 5.9,
we may assume that [0, &9) c sp(a) for some & € (0, €).

Note that, without loss of generality, we may assume that
(e5.32)
de(fe2(a)) < 7(f5,(a)) < de(fyu(a)) < 7(f5,(a)) <d:(fy(a)) for all 7€ QT(A) ",
where  ¢/4>61,81/2>n,m/2>8,, and  8/2>4>0. Put  hi(r)=
7(fs,(a)) for all 7€ QT(A)W, i=12. Then h;e APf+(QT(A)W). Since T is
surjective, there is ¢ € (A ® K)! such that d,(c) = hy(7) forall T € QT(A)W. Since

A has strict comparison, (e5.32) and the choice of ¢ implies ¢ < f,(a). Since A has
almost stable rank one, by Lemma 3.2 of [10] and (e5.32), there is x € A ® K such that

(€5.33) x*x =c and xx* € Her(f,(a)).

Put c¢o =xx*. Then 0<c¢o<1. Note that d;(co) =d.(c) for all 7€ QT(A)W.
Since by is continuous, h1(7) < hy(7) = d:(c) = d-(co) = limy o0 T(fi/n(co)) for all

TE QT(A)%, and QT(A)W is compact, there is an integer m > 2 such that

(5.34) hi(7) < 7(fiym(co)) for all 7€ QT(A) .

By (e5.32) and Lemma 3.2 of [10], there is a unitary u in the unitization of Her(f,(a))
such that

(5.35) u” fess(fer2(a))u € Her(fiym(co)).

Set ¢; = ucou™. Then

(e5.36) Fogs(fora(@)) € Her(fym(e1)) € Her(cy).

There is g € Co((0,1]) such that 0 < g <1, g(¢t) >0 forall t € (0,1], and

(€5.37) 8fij2m = fjam-

Put e = g(c;). Then [e] =[c1] =[co] = [¢]. In particular, d.(e) is continuous on
QT(A)W. But we also have, by (e5.36),

(e5.38) £@) < fus(fua(a)) <ce.

This completes the proof. ]

6 C*-algebra [~(A)/I

Qr(a)”
Definition 6.1 Let A be a compact C*-algebra, and let p ¢ l“(A)/IQT(A)W (or in

1°(A)/N.,(A)) be a projection and {e, } € I°(A) such that TI({e,}) = p (recall

https://doi.org/10.4153/50008414X24000099 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000099

Tracial oscillation zero and stable rank one 31

that IT: [*°(A) — l°°(A)/IQT(A>W is the quotient map). The sequence {e, } is said to
be a permanent projection lifting, if for any sequence of positive integers {m(n)},

(e6.1) N({e)/"™}) = p (or Meu({e/™™}) = p).
Proposition 6.2 Let A be a compact C*-algebra with QT(A)\{0} # 0 and {e,} €
1= ()L

(1) Let p =T1({en}) (or p = ., ({en})) be a projection. Then { fs(e,)} is a perma-
nent projection lifting of p for any 0 < 8 < 1/2 (for both cases) and

(e6.2)
lim sup{r(en — fo(en)en) : 7€ QT(A) "} =0 (or {en = e fo(en)e)*} € New).

(2) If {e, } is a permanent projection lifting, then lim, .. w(e,) = 0. Moreover, an
element {e, } is a permanent projection lifting (from 1°(A)/I—_, ) if and only if

o)
lim sup{d,(e,) - 1(e2): 7€ mw} =0.

(3) If {en}el®(A). and lim,.. w(e,) =0, then for some I(k)eN,
p= H({ei/l(k)}) is a projection, and {e}(/l(k)} is a permanent projection lifting
of p.

(4) Suppose that p =I1.,({e, }) is a projection for some {e,} € [ (A)\. Then {e,}
is a permanent projection lifting (from 1°(A) [N.y) if gs (en) = 0 for some & € (0,1/4).

(5) If {en } is a permanent projection lifting of p € I1°(A)/ . then

L
QT(4)

1% ({Her(en) }) /I = PU(A) [T )P

Qr(a)” QT(4)
(see Definition 2.15 for 1°°({Her(e,)})).
(6) If A is algebraically simple and QT (A) # O and e € AL is a strictly positive element
such that @ is continuous on QT(A)W, then l“(A)/IQT(A)

(7) A o-unital simple C*-algebra A has continuous scale if and only if 1°(A) /N, is
unital.

., is unital.

Proof (1) NotethatIT(fs({en})) = fs(I1({en})) = pforany 0 < § < 1/2. Therefore,
I1(fs/2({en})) = p. Put b, = f5(e,), n € N. For any integers {m(n)}, we have

(€6.3) p/m(m < fsj2(en), neN.
It follows that

(e6.4) p=T({fs(ea)}) <TI({B™M}) <T({f52(en)}) = p-

This proves the first part of (1) (the proof for p = I1.,, ({ fs(e,)}) is similar).
Since IT({ f5(ex)}) = p (or I, ({f5(en)}) = p), we have

(e65)  en—folenden €I, ., hence (e, ~ folen)ea) €I

T(A) Qra)”
(e6.6) (or e, — fs(en)en, (en —f(;(e,,)en)l/2 € Ngy).
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Part (1) follows.
) If

lim sup{d;(e,) - (e2): 7€ QT(A) } =0,

then, for any {m(n)} c N,
(e6.7)
sup{z(elf ") —7(e2) : 7€ QT(A)" } < sup{de(es) - (e2) : 7€ QT(A) } — 0.
It follows that {ei,/m(") —-e2}el
that {e, —e2} el
projection lifting.

Now suppose that {e, } is a permanent projection lifting of p = I1({e, }). Let us
show first that lim,,_,., w(e,) = 0. Otherwise, there exists a subsequence {I(k)} such

that w(e;(xy) > o for some o > 0. Fix any & € (0,1/4). By Proposition 4.6, for each of
these I(k), there are m(I(k)) such that

(e68) sup{r(e;p ) = r(fs(ers))) i e QT(A)"} > weyry) - a/4> a/2.
Choose a sequence m(n) of integers which extends m(I(k)). Then

(€6.9) limsup || (™™ — fs(e )|, >a/2.

.- Since e2 < e, for all n € N, this also implies

QT
.- Hence, I1({e,}) is a projection and {e,} is a permanent

QT(4)

2,QT(4)

Therefore, II ({eln/m(") 1) #0(fs({en})) =p. A contradiction. Hence, lim,_
w(e,) =0.
Therefore, there exists a sequence {m(n)} such that

(€6.10) sup{d;(e,) - t(e/™M): 7 ¢ QT(A)W} <1/n, neN.

Then, since { (el ™" — ¢2)1/2} ¢ . (for any {m(n)}), we also have that

I
T
sup{d.(e) - 7(e2) : 7€ QT(A)"}
< sup{d.(en) — (/™M) : 1€ QT(A)" } +sup{r(e/™™ —¢2): 7 QT(A) }

<1/n+ | (emm — ef,)l/2||z)mw -0 asn— oo.
(e6.11)
(3) In this case, since lim, ., w(e,) = 0, there are I(n) € N such that
(e6.12) nlgtolo sup{d.(e,) - (/M) :r¢ QTWW} =0.
It follows that
(e6.13) {e/mW —ellWyer .,

for any integers m(n) > I(n). Since
(e6.14)
e = (PP, g < suplde(en) = 7(ef) : € QT(A)"} > 0,

2,QT(4)
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asn — oo, TI({e)/*'(M}) = p is a projection. By (e6.13), for any integers m(n) > I(n),
@615 T({el™) = 1({e! )= (M) = .

It follows that {ei,/ l(")} is a permanent projection lifting of p.
(4) Suppose that gs(e,,) < 0 for some 0 < & < 1/4. We have, for any m(n) € N,

(e6.16) el/m(m) —fg/z(e,,)ei,/'"(") S gs(ey) for all neN.
It follows that {ei,/m(") - f(g/z(e,,)eln/m(")} € N,,. One then checks that
(e6.17)
p < Ha({ed™™}) = Mew({fopa(en)ed "™ }) < Mew({foa(en) D)= for2(Mew({en})) = p.

Thus, (4) follows.
For (5), let B:l“(A)/IW. It is clear that pBp c II(I°°({Her(e,)})).

Suppose that g eIT(I*°({Her(e,)})).. Then we may write g = I1({g,}) such that
gn € (Her(e,))L, n € N. For any & > 0, there exists m(n) € N such that

(€6.18) |el/mm g el/m(n) _ g | < ¢ for all neN.

Thus,

(e6.19) IT({e/ ™)) eIl({e)/ ™M }) - g <e.

However, since {e, } is a permanent projection lifting of p, H({el,/m(") }) = p. Thus,
(€6.20) Ipgp - gl <e

It follows g € pBp. This shows that C = pBp = II(I°°({Her(e,)})).

(6) In this case, w(e) = 0. Therefore, by (3), {"/'(™} is a permanent projection
lifting for p = TI({e/'"}) (for some I(n) € N).

For any {x,} € I°(A), there is a sequence {m(n)} of integers such that
(e6.21) |%pe™™ —x, | <1/n and |eV/™Mx, —x,| <1/n, neN.
Hence p{x,} = {x,}p = {x,}. So p is the unit of lm(A)/IQT(A)W.

For (7), suppose that A has continuous scale. Let e € A, be a strictly positive
element. By (3) of Proposition 4.4, w°(e) = 0. Then, for any ¢ > 0 and n € N, there
exists an integer /(n) € N such that

(e6.22) fo(emm) _ g1/l (m)y < Si/n(e) for any m(n) > 1(n).

Since g1/, (e) 50 (see Definition 4.3), we conclude that {e/(m(n) _ (/1M1
{21 _ /1M ) ¢ N,,,. Tt follows that p = TI({e!/!(")}) isa projection and {e"/'(")}
is a permanent projection lifting.

Let {b,} € I*°(A). Then, for each n €N, there is m(n) ¢ N with m(n) > I(n)
such that |[e/™("Mb, — b, | <1/n. Recall that p = TI({"/™("}). Thus, pII1({b,}) =
I1({b,}). It follows I°°(A) /N, is unital.

Conversely, let pel®(A)/N., be the unit. Let {e,}el=(A)} such that
I({en}) = p. We claim that IT(A)* = {0}. Otherwise, for each , there exists b, € A,
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with |b,|| =1 such that |e,b,| <1/n. Then pII({b,})=0. Impossible. Thus,
I1(A)* = {0}. By Proposition 2.20, A has continuous scale. |

Lemma 6.3 Let A be a compact C*-algebra with QT(A) # 0. If A has T-tracial
approximate oscillation zero, then, for any x € (1°(A) /I, )+, there is a projection

@
pel=(4)/ . such that px = x = xp.

Proof LetB= lw(A)/IW and IT: [*°(A) — B be the quotient map. Let x € B,.
Without loss of generality, we may assume that 0 < x < 1.

Let y = {y,} € 1°°(A) with 0 < y <1 such that II(y) = x. Since A has T-tracial
approximate oscillation zero, there are d,, € Her(y,)! and §,¢ (0,1/4n) such that

I
QT(4)

(€6.23) |¥n —dull. ——, <1/4n, and

2,QT(4)"

(e6.24) do(dy) - 1(fs, (dy)) <1/4n for all 7€ QT(A) and neN.

Define d = {d,} € [*°(A). Then TI(d) =TI(y) = x. Put e, = f5,/2(dn), n €N and
e={e,}. Then e € [ (A)’. Moreover,

(e6.25) lim |e,d, —d,]| = 0.
It follows that
(e6.26) II(e)x =II(e)II(d) = I1(d) = x.

It remains to show that p := TI(e) is a projection. To do this, we compute that

(e6.27) T(en—e2)<t(en—fs,(dn)) <dr(dy) —1(fs,(dy)) <1/n for all neN.

It follows that

2
(6.28) len = enll, graaw < 1/\/n - 0.
Thus, p = TI(e) = I1(e)?, or p € B is a projection. |
Theorem 6.4 Let A be a compact C*-algebra with non-empty QT (A). If A has
T-tracial approximate oscillation zero, then 1%°(A)/ Ity (A) has real rank zero.

Proof LetB= l°°(A)/IQT(A>W (A) and IT: I*°(A) — B be the quotient map.

We claim that, if p € B is a nonzero projection, then C := pBp = pBp has real rank
zero.

Let {e,} € I(A)} such that II({e,}) = p. Upon replacing e, by fi/s(es), by
Lemma 6.2, we may assume that {e, } is a permanent projection lifting of p. By (5)
of Proposition 6.2, C = pBp = I1(1*°({Her(e,)})).

Let a, b € C, be such that ab = 0. We may assume that |a|, |b| < 1.

Then, by Proposition 10.1.10 of [28], for example, we may assume that a = T1({a, })
and b =T1({b,}), where a,, b, € Her(e,), and {a,}, {b,} € I°°({Her(e,)}) such
thata,b, = b,a, = 0 for all n € N. Since A has T-tracial approximate oscillation zero,
there are d,, € Her(a, )} and 8,¢€ (0,1/4n) such that
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(€6.29) la, —d, HZW <1/4n and
(e6.30) \d+(dy) - 7(fs,(dn))| < 1/4n for all 7€ QT(A) and neN.

Defined = {d,} € I*°({Her(a,)}). Then a = 11({a, }) = II(d). Put

(e6.31)
8n=fo,2(dn), neN and g":={gy} € I ({Her(an)}) c I ({Her(en)}) c I (A).

Put g=TI(g"). Recall that [*°({Her(e,)}) = pBp. Thus, g€ pBp,. Since d, €
Her(a,), we have g,b, = b, g, = 0. In other words,

(e6.32) gb=o.

Note that f5, (dn)gn = f5,(dn) for all n € N. It follows that

(€6.33) 2> f5.(dy,) for all neN.

We compute that

(€6.34) (g, — g2) < 1(gn — f5,(dn)) < d.(dy) — 1(f5,(dn)) <1/n for all neN.
It follows that

(6.35) lgn = &l grew <11~ 0.

Thus, g = g, or g € pBp is a projection. Recall that

(¢6.36) lim | gody = dy = im | fo,/2(dn)dn = o = 0.

In other words,
(e6.37) ga=gll(d) =11(d) = a.

This and (e6.32) imply that pBp has real rank zero and the claim is proved.

To show that B has real rank zero, let x € B, and let € > 0. Put z = x*. Then, by
Lemma 6.3, there is a projection p € B such that pz = z = zp. Hence, x € pBp. By the
claim that we have just shown, pBp has real rank zero. Then thereis y € (pBp)s.,. with
finite spectrum such that |x — y| < . By Theorem 2.9 of [6], B has real rank zero. m

If A is unital, then 1°° (A) is the multiplier algebra of ¢o(A). Thus, I*°(A)/co(A) is
a corona algebra. Therefore, I*°(A)/ . 18 an SSAW*-algebra (see Proposition 3 of

1
QT(4)
[31] and Section 3 of [33]). The above theorem also implies that, for non-unital case,

we also have the next corollary. (One may also compare Corollaries 6.5 and 6.7 (at
least in unital case) with those of Lemma 1.8, Theorem 1.9, and Corollary 1.10 of [21].)

Corollary 6.5 Let A be a o-unital compact C*-algebra with QT (A) # (). Suppose that
A has T-tracial approximate oscillation zero. Then 1%°(A)/ . is an SSAW*-algebra

L
. QT(A)
with real rank zero.

Proof This is contained in the proof of Lemma 6.4. Since M,,(A) also has T-tracial

approximate oscillation zero, it suffices to show that B:= lw(A)/IQT—(A)w is an
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SAW*-algebra. Consider elements a, b € B, such that ab = ba = 0. By Lemma 6.4,
there is a projection p € B such that

pla+b)=(a+b)p=a+b.

Then the first part of the proof of Theorem 6.4 provides a projection g € B such that
ga = aand gb = 0. Consequently, B is an SAW*-algebra of real rank zero. ]

Theorem 6.6 Let A be an algebraically simple C*-algebra with QT(A) # 0.
Suppose that A has strict comparison and T-tracial approximate oscillation zero. Then

[ (A)/Imw has stable rank one.

Proof Put B=1"(A) /IW' We first show that pBp has stable rank one if p is
a nonzero projection. By Theorem 6.4, pBp has real rank zero. Let g, f € pBp be
projections such that g ~ f. Then, by Theorem 3.5, p— g ~ p — f. By Proposition
2.4(III) of [2] and Theorem 2.6 of [6], pBp has stable rank one.

To show B has stable rank one, let x € B and & > 0. Write x = 1 + y, where A € C
and y € B. By Lemma 6.3, there is a projection p € Bsuch that p(y*y + yy*) = (y*y +
yy*). It follows that y € pBp. From what has been shown, pBp has stable rank one.
Choose z; € GL(pBp) such that

(€6.38) [Ap+y—z1| <e.

Define z, = z; + A(1- p), if A # 0, and z, = z, + (1 - p), if X = 0. Then z, € GL(B)
and

[x -z <e. =

Corollary 6.7 Let A be an algebraically simple C*-algebra with QT(A) # 0.
Suppose that A has strict comparison and T-tracial approximate oscillation zero. Then
[ (A)/IQT(A)W has unitary polar decomposition.

Proof This follows from Corollary 6.5 above and Theorem 3.5 of [33]. ]

7 Range of dimension functions

In this section, we will show that if A has T-tracial approximate oscillation zero,
then the image of T is “dense;” and if, in addition, A has strict comparison, then T
is surjective.

Lemma 71 Let0<ac<l,b,ce A besuch that

(e71) a<(b+c)*(b+c)
(ora<b+c,b,ceAl). Then, for any § € (0,1/2),

(e72) (@] < Ufosa(b"B)] + [faya(c*0)]
(or [fs(@)] < [foss (0)] + [fays(©)))

Proof Note that

(e7.3) (b+c)"(b+c)<2(b"b+cc).
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Let 0 < 57 < 1/4. Then, by Lemma 1.7 of [34],
(e7.4) ((b+c) (b+c)=08/2)+ S(2(b"b+c"c)~8/2)+ S foy2(b7b +c"c)

(recall Notation 2.5). Put z = (i g) . Then

z'z = diag(b*b + c¢*¢,0) and zz* < 2diag(bb*, cc™).
Hence (see Lemma 1.7 of [34], for example, for the first “S” sign below),

(€75) fs2(b"b+c"c) ~ fs)2(z2") ~ (22" = 6/4)+

(e7.6) S diag(fs/4(bb"), foa(cc™)) ~ diag(fo7a(b™b), f57a(c*c)).
We then have (see also (e7.4))
(e7.7)

fo(a) ~(a=08/2), S ((b+c)"(b+c)-5/2), 5 diag(fs/4(b7b), foja(c™c)).
For the case that a < b + ¢, as computed above, there is z € M,(A) such that
(e7.8) 2"z = diag(b + ¢,0) and zz* < 2diag(b, c).

One then sees the proof of the second part is exactly the same as that of the first
part. u

Lemma 7.2 Let A be a non-elementary simple C*-algebra with Ped(A) = A and with
QT(A) # 0. Let {e,}, {b,} € I°(Ped(A)L). Recall that T1 : [*(A) — [®(A)/I__,

Qr(a)
is the quotient map.

(1) Suppose that T1({e,}) <T({b,}) (or Ny ({en}) <Uu({bn})). Then, any
integer m € N and ¢ > 0, (any d € Ped(A)'\{0}), there exists ko € N such that, for all

k > ko,

(€7.9) [fe(ex)] < [bx] + [di],

wheredy € A, andsup{d.(dy) : 1 € QT(A)W} <1/m(ordy < dandsup{d,(d;):7e
QT(A) } <1/m).

(2) Suppose that p = T1({e, }) is a projection (or p = I, ({e,}) is a projection and
w(en) = 0), {e,} is a permanent projection lifting of p and

(€7.10) p<TI({bn}) (or p<Teu({bn}))-

Then, any integer m € N, and ¢ € (0,1) (and any nonzero d € Ped(A). ), there exists
ko > N such that, for all k > ko,

(e711) [ek] < [bk] + [dk],
where 0 < dy <1,dy € (A® X), and

(e712) dr(ex) < dr(by) + do(di) + ¢ forall Te QT(A)

where sup{d.(dy):T¢ QT(A)W} <l/m (or, dps$d and sup{d.(dy):7c¢
QT(A) }<1/m).
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Proof We will use the following easy claim: If Bisa C*-algebraand I c Bis a (closed
two-sided) ideal, and, if x, y € B, such that 7(x) < 7(y), then there exists j € I, such
that x < y + j. In fact, thereisz € A, suchthat (y—x)—ze.Putc=-y+x+ze€l.
Then

x=y-z+c<y+c<y+e,.

Choose j = ¢, € L. This proves the claim.
Since A is a non-elementary simple C*-algebra, one may choose dy € Her(d)\{0}
such that 2(m +1)[do] < [d]. By the easy claim above, there is {h,} € (I, )} (or

aT(M)
{hn} € Ncy(A)L) such that, in all cases,
(e713) b, +h, >e, for all neN.

To show (1), we apply Lemma 7.1 to obtain

(e7.14) fe(en) S diag(fs/S(bn)rfe/S(hn))-
Since h,, is in (IQTA)W )+ (orin (Ngy)+), there exists ko € N such that, for all k > ko,
(e715) de(fys(hx)) <1/m for all e QT(A)

(or feys((hi)+) S do). Therefore, with dy = f,/s(hy), for all k > ko,

716)  [fu(e)] < [be] + [di] and sup{d,(dy): 7€ QT(A)"} <1/m.

Part (1) follows.

For (2), we keep the same dy and hjy as described above. Since now {e,} is
a permanent projection lifting, we may assume that lim,_,. w(e,) =0, by (2) of
Proposition 6.2. Thus, we may assume that there exists 770 > 0 and n; € N such that

(€7.17) sup{d.(gy(en)):T€ QT(A)W} < sup{d:(gy,(en)) : 7€ QT(A)W} <ef2m

(see Notation 2.5) for all n > ny and 0 < 4 < 7o (or we assume that w°(e,) — 0, and
then

(e7.18) gn(en) S gyolen) Sdo for all n>ng and 0<n <y

forall n > ny and 0 < 7 < 7).
There exists 1, € N such that (recall that h,, € (IQm)W M) (or by € (Ney)t)

(e7.19) d:(fyors((hn))) < e/2m for all 7€ QT(A)W and n > n,
(or fyoss((hn)) S do for n > n,). We have, by Lemma 71,

(e7.20) fno/Z(en) b diag(frlo/s(bn))fno/s((hn)))'

Put kg = max{ny, n,}. Then, if n > ko, we have

(e721)  [en] < [gpo(en)]+ [fror2(en)] < [&no(en)] + [fyors(bn)] + [fyors((hn))]
(e7.22) <[bn] +[dn]s
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where d, = diag(gy,(en)s fy,/s((hn))),n € N. Recall (by (e7.17) and (e719)) that

d.(d,) <1/mforallte QT(A)W (or, in the second case, [dy ] < 2[do] < [d]). Part (2)
then follows. ]

Lemma 7.3 Let A be a non-elementary algebraically simple C*-algebra with
QT(A) #0.

(1) Suppose that A has tracial approximate oscillation zero. Then, for any
a € AL\{0}, there exists a sequence 0 < e,, <1in Her(a) such that T1.,({e,}) is full
in1°(A)/Ncy(A) and

(e7.23) lim w(e,) = 0.
n—oo

(2) Suppose that A has T-tracial approximate oscillation zero. Then, for any
a € AL\{0}, there exists a sequence 0 < e, <1 in Her(a) such that 1., ({e,}) is full
in1°(A)/N.,(A) and
(e7.24) lim w(e,) = 0.
Proof (1) Since A has tracial approximate oscillation zero, by Proposition 5.6,
there exists a tracial approximate identity {e, } for Her(a) (with |e,| < 1) such that
lim, . w(e,) = 0. Note that

(€7.25) Meu(1(a)) :ch(’(al/z){en}’(al/z))'

Since A = Ped(A), by Proposition 5.6 of [10], t(a) is full in °°(A). Hence, I1., (1(a))
is full in I*°(A)/N.,(A), and so is I1({e,, }).
The proof of (2) is exactly the same. We omit it. [ ]

Lemma 7.4 Let A be a non-elementary algebraically simple C*-algebra with
QT(A) # (0. Suppose that A has T-tracial approximate oscillation zero. Then, for any
n €N, there is a full projection p € 1°(A)/I__,, with p =T1({e;}) for some e; € A',
(j € N) such that

QT(4)

(e7.26) sup{d.(e;): T € QT(A)W} <1/(n+1) forall jeN,

and there is a sequence of mutually orthogonal full projections pi, pa,..., Pk ... if
1=°(A)/ , such that pp; =0, j € N and

(e7.27) 2*[pr] < [p], keN.

I
QT(4)

Moreover, for each k € N, there are mutually orthogonal and mutually equivalent full
Projections P 1, Pi,2s > P gkt i pk(lw(A)/Imw )Pk

Proof Fixn e N. Since A is a non-elementary simple C*-algebra, we may choose two
mutually orthogonal elements a;, a, € Ped(A)'\{0} and x € A, such that

(e7.28) x*x=ay, xx* =a, and sup{d,(a;):71e QT(A)W} <1/(n+1).

Find four mutually orthogonal and mutually Cuntz equivalent elements a, j, ..., 3,4 €
Her(a,)}\{0}. By Lemma 7.3, there exists a sequence {e,,} in Her(a;)"! such that
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I1({e;,}) is full and lim,_,. w(e),) = 0. There exists, by (3) of Lemma 6.2, a sequence
of integers m(j) such that p = H({e})l/m(j)}) is a full projection. Note that

(€7.29) sup{r(e;) : T€ QT(A) } <1/(n+1),

where e; = (e})l/m(j),j eN.
In B = Her(ay,), one finds a sequence of mutually orthogonal nonzero positive
elements {y, } such that

(e730) 2*[yea] < [yx], keN.

To see this, choose mutually orthogonal nonzero elements by, b] € B and ¢, € B
such that ¢;¢; = by and ci¢f = by. Choose y; = b;. There are mutually orthogonal
and mutually Cuntz equivalent nonzero elements b, ; € Her(b]) (1 < i < 2%). Choose
y2 = by ;. We then proceed to divide b, 4. A standard induction argument produces
the desired sequence {yx}.

For each k, there are mutually orthogonal nonzero elements
Yi1> Vik,25 -0 Yk okn in Her(yyx) and elements 2y, 2k2,..., 25 o0 in Her(y)
such that

2k+1

* * . k+1
(e7.31) Zk,j%k,j = Yk, and zx,jzi i = Yk, 1< j<200

Applying Lemma 7.3, one obtains, for each k € N, a sequence {ex1 ,} ¢ Her(yx1)!
such that T1({ek 1, } new) is full in 1% (A)/Iqm)w and lim,_, o w(eg1.,) = 0.

Since lim, o w(ek1,,) =0, by (3) of Lemma 6.2, there is also, for each k, a
sequence m(n, k) € N such that

(e732) Pk = H({Ei{fﬁn’k)}neN)

is a full projection in [°°(A)/Is 0. Write 2y, ; = g, j|zx, j| as polar decomposition of zj
in A**, (1< j <2k, Put

ok * .
(€7.33) Vk,j = H({uk,jellc/fé” )}) and p,j = vi,jvg,j 1<j< 2k,

Then v iVkij = Pk (see (e7.31)). Thus, we obtain mutually orthogonal and mutually
equivalent full projections py, »j=12, 2k By the construction, we also have

Pk,iPrr,jr = 0, if k # k', as well as ppy j = 0 for all k, j € N. Put py := Z?: Pr,j- Note
also

2" [pe] < [p]. u
The following two lemmas are variations of S. Zhang’s halving projection lemma.
We need some modification as we do not assume the C*-algebra is simple.

Lemma 7.5 (Zhang [48, Theorem I(i)]) Let A be a C*-algebra of real rank zero and
r a full projection of A. Suppose that p € A is a nonzero projection such that [p] £ [r].
Then, there are mutually orthogonal projections p, pa, p3 € A such that

(e7.34) pP=pi+pa+ps pr~p2 and psSr.
Proof We begin with the following claim which is extracted from the proof of [48,
Theorem I(i)].
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Claim: Let C be a C*-algebra, and let vy, ..., v € C be partial isometries such that
vivi Lvivi (i # jlandviv; > v vis (1 <7< 2™ - 1). Then there is a partial isometry
v € Csuch that v*v L vv* and 0 < $2 viv} — (v*v +vv*) <mpvf.

Proof of the claim: We use induction on m. When m =1, letv := v;v}. Then v*v 1
vv* because v1v; L v,v5, and v¥v = v,v v1v; = v,v] because v v; > v5v,. Note that
v* = viv3vpvy . Thus,

(€735)  wivy +vavs — (Vv +vvT) = vy —vivy vy = vi(L— vy va) vy <vpvy

The last equation above also shows that viv; + v,v; — (v¥v + vv*) is positive. Hence,
the claim holds for m = 1.

Assume that the claim holds for m > 1. Let vy, ..., Va1 be partial isometries such
that v;v} Lvjv (i # j) and viv; 2 vi, v (1< < 2M*1 _1). Define e; := v}v; and
w; =vi(e; —egmn_jyy),i=1,...,2". Fori=1,...,2™ — 1, we have

(e7.36) wiw; = (e; —eymn_jy1)ei(e; — egmn_jyy)
(e7.37)

*
€ —eymil_ji] 2 €j4] — €amil_j = Wi Wiy,

Note that the above also shows that w; w; are projections for all i. Since w;w} <v;v},
we have that w;w; are mutually orthogonal.
Consider w;,1< i <2™. By induction, there is a partial isometry w € C such that
w*w L ww”* and
Zm
(e7.38) 0< Z wiwi — (W'w +ww”™) <wiw (Svpvy).
i=1
Hence, ww = 0. Note that

(e7.39)
2" 2"
wiw +ww* < Zwiwf = Zvi(e,- — eymi_jy1 )V
i=1 i=1

2" 2" + 2" +
* * * *
= Z ViV; —Viémn_jV; € Z Vieym+i_j1V; N Z Vom+1_j1Vom+1_j4q ,
i=1 i=1 i=1

where b* = {a€ A:ab=ba=0}. Recall that vJ,,_
2Myand viv; > vi,via (1< i <2™1 - 1). Hence,

i+1v2"‘“—i+l = €pym+l_j41 (1 <i<

2" 2"
* * * *

(e7.40) Y viegma i Vi = Y Vivima_i o (Vivima_i,)”" and

i=1 i=1

2" 2"

* * * *

(e7.41) Vamst i 1Vamn_jen = 0 (ViVamei_isn) Vivami i

i=1 i=1
Thus,

2" * 2" *

* * * * * * * *
wwW +wW WwE Zviv2m+1_i+1(viv2m+1_i+1) N Z(Vi"zm+1—i+1) ViVoma1_j41
i=1 i=1
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It follows that, for 1 < i < 2™,

(e7.42) W L ViVoma_j-

Define v :=w + Zf:l ViVima_;,q- By (€742) and the fact that w? = 0 together with
vivi Lvjvy (i # j), we compute that

2m 2™
(e743) = (w + Zviv§m+1i+1) (w + Zviv§m+1i+1) =0,

i=1 i=1

2" 2"
(e744) V'V =W W + Y Vomei_ Vi ViVama_ijp = W W+ Y Vame_jyVama_i,p, and
i=1 i=1
2" 2"
(e745) vv* =ww™ + Z ViVyme_jVamti_jp Vi = ww™ + Zvie2m+1,i+1vf.
i=1 i=1
Then
2m+1 om om
(e7.46) Yovivi = (Vv Ev) = > vivi = | wrw Ewwt + Y viegma_ i v]
i=1 i=1 i=1
2m
* * * *
(e7.47) = Z (vivi —viegmn_; v ) — (W'w + ww’™)
izl
o
(7.39)
(e7.48) =Y wiw] = (wrw e+ ww™)
i=1
(7.38) . .
(e7.49) < wiwy <pvy.

By induction, the claim holds for all m € N.
For the proof of the lemma, applying Lemma 1.1 of [47], we obtain partial isometries
V1, V25 «oos Vy € A such that

(e7.50) reviv 2 Vv 2 -V, and
(e7.51) P=Vivy ®Vavs @ - D Vv,

Since [p] £ [r], n > 2. By adding 0 if necessary, we may assume that n = 2" for some
m € N. Then, by (¢7.50), (e7.51), and the claim, there is a partial isometry v € A such
that v:v Lvv*,0< p— (v*v+vv™) <wvf S r. Then the lemma holds (by choosing
p1=vv*and p, =v*v). [ |

Lemma 7.6 (S. Zhang) Let A be a C*-algebra of real rank zero and r be a full projection
of A such that B= (1-r)A(1-r) contains, for each k € N, a sequence of mutually
orthogonal full projections {r, ;:1< j < 2" 5 e N} such that 2K [1!] < [r], where

n+l1
= Z?Zl Tojo ANA T3 1,10 s e Ty gun are mutually equivalent (n € N). Suppose that
p € Aisanonzero projection such that [p] £ [r]. Then, for any m € N, there are mutually
orthogonal projections p,, P, ..., Poms Pym,, € A such that

2m
(e7.52) P=2Pj* Py P, ~P1<j<2", and p,,, Sr+7,

i1

where r' is a finite sum of r,, ;s and 2[r'] < 1.
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Proof We use the induction on m. If m = 1, the lemma follows from Lemma 7.5.
Suppose that the lemma holds for m> 1. Then there are mutually orthogonal
projections p,, p,, ..., Pm>» Pym,, € A such that
o
(6753) p = ij +p2m+l) P] ~ P1,1 < _] < 2m, and p2m+1 Sr+ r”,
=1

where ' is a finite sum of r}, ;s and 2[r"] < [r]. Choose ry ; among {r/, ;} but not
those which have been used for the sum of r””. We choose K such that K > 2m. Note
that

2[r"] + ZK“[r;()l] <[r].

We also note that [p] £ [k ,]. (Otherwise, [p] < 2™ [rk ;] < 2X[rk.1] < [r], a contra-
diction.) Applying Lemma 7.5 to p; (as p) and the full projection ry ;, we may write

(e7.54) P1=pia+ P2+ P13 pri~ pr2 and pi3 S 1’}(,1.

Since p; ~ p;, we also have mutually orthogonal projections p; 1, pj 2, pj,3 such that

(e7.55) Pj=Ppji+Pj2+Pj3s Pj2~pji~pi1and pis S ”%,1-
Note that
(€7.56) pii~ Py i =12, j=1,2,..,2",

Puts:= Z?:l p;,- Then

2" 2 2"
(€757) ssr+r"+ Zr}w, 2 lr" +> r}w‘| <[r] and p=>(pji+pj2)+s.
j=1 j=1 =1
This completes the induction. [ ]

Recall that, if C,, ¢ A (n € N), then I*({C,}) = {{ca} € I(A) : ¢, € C, }.

Lemma 7.7 Let A be a non-elementary, o-unital, and algebraically simple C* -algebra
with QT (A) # 0 and with T-tracial approximate oscillation zero. Let { ey } be a sequence
in AL\{0} such that {e;} ¢ L and {ey} is a permanent projection lifting of the
projection p = I1({ex}), and let n > 1 be an integer and ¢ > 0.

Then, there are mutually orthogonal and mutually (Cuntz) equivalent elements

{feab{fi2ds o {fan} € 17 ({Her(ex)}) such that

(e7.58) klim w(fr,j) =0, 1< j<n, and,

for k > ko (for some ko),

(€7.59) sup{|d;(ex) - nd;(fe,)|: 7€ QT(A) } <.
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Proof Let m >1 be an integer, and let € > 0. Put B = l”(A)/IQT(A)
T-tracial oscillation zero, by Theorem 6.4, B has real rank zero. Since {e;} ¢ I

.. Since A has

Qr(a)”’

(£7.60) 0o = limsup(sup{z(ex) : 7€ QT(A) }) > 0.
k

Ifr =T1({r,}) (is full) and r,, € A, and

(e7.61) sup{t(r,): 7€ QT(A)W} < 0p/4 for all neN,

then [I1({ex})] £ []. It then follows from Lemmas 7.4 and 7.6 that, there are 2" +1
mutually orthogonal projections pi, pa, ..., pam, s € B such that s is full, s = TI({s, }),
where s, € AL,

o

(e7.62) p=>.pi+s pr~p;j1<j<2™ and
i=1

(e7.63) sup{d.(s,): 7€ QT(A)W} <egf2.

Recall that {e;} is a permanent projection lifting of p. Then, by (5) of Proposition
6.2,pBp = lw({Her(ek)})/IQT(A)w . Define a homomorphism ¢ : Co((0,1]) ® Mpm —
pBp such that

(6764) (/)(l@e,'),') = Ppi, i:1,2,...,2m.
Since Co((0,1]) ® My is semiprojective, there is a homomorphism

(e7.65)
v:Co((0,1]) ® Mym — 1°({Her(e,)}) such that II(y(e;;)) = pi» i =1,2,...,2".

Write y = {¥ }, where ¥ : Cy((0,1]) ® M» — Her(ey) is a homomorphism. Put
Sk.i = fiya(Wi(eii))e Her(ex), i=1,2,..,2", keN.

Then {gk1}>{gk,2}>--» {gk,2m} are mutually orthogonal and mutually equivalent.
Note that I1(g,;)} = p; and {g,;} is a permanent projection lifting of p;, and by
(2) of Lemma 6.2, limy_, o, w(gx,;) = 0.

Then, by Lemma 7.2, there is k; € N, such that, for all k > k;,

(e7.66)
2" —_—W
d.(ex) <d- (ng,j) +d.(sk)+¢e/2<2Md,(gx) + ¢ for all Te QT(A) .
j=1
Also, by Lemma 7.2, we may assume that, for all k > k;,

2 .
(e7.67) 2"d . (gr1) < d. (ng,j +sk) <d.(ex) +¢ for all 7€ QT(A) .

j=1
We choose a large m such that 2™ = In + m,, where | € N and mo € Nu {0} such
that mg /2™ < e/4. Note that, since {gx 1}, {gk,2}>---» {€k,2m } are mutually orthogonal,
for any sum fi ; of some I many {g,;}'s, limg_ o w(fk,;j) = 0. For each 1 < j < n, by
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(€7.66) and (e7.67), and by choosing fi, ; to be a sum of I many (different) g;w.s, we see
(e7.58) and (¢7.59) hold. [

Corollary 7.8 Let A be a non-elementary, o-unital, and algebraically simple C*-
algebra with QT (A) # 0 and T-tracial approximate oscillation zero. Let ej € AL\{0}
(k € N) be such that {ex} ¢IWW and {ey} is a permanent projection lifting of
p=T({ex}), and let n > 1 be an integer and € > 0.

Then, thereis ko € N such that, for any k > ko and for any1 < i < n, there exists hy; €

Her(ey )+ such that

(e768) sup {\gdxek) —d ()

i€ QT(A)W} <e.
Proof By the proof of Lemma 7.7, for k > ko,

(€7.69) sup {‘%df(ek) —d:(fr1)

iTE QT(A)W} <g/n.
So, forany 1 < i < n, choose hy,; = Z;’:l fx,j- Then

sup{‘id,(ek) —du(hiy)

:Temw}q.

Definition 7.9 Let A be a C*-algebra with QT(A)\{0} # 0. Define
(e7.70) R, f(A)={@:aePed(A®K),} c Aff,(QT(A)).

Lemma 710 Let A be a non-elementary, o-unital, and simple C*-algebra with
QT(A)\{0} # 0. Suppose that A has T-tracial approximate oscillation zero. Then the
image of the canonical map T (see Definition 2.13) is dense in Ry r(A).

Proof Fix a nonzero element 0 < e <1 in Ped(A),. Let A; = Her(e). Then A; =
Ped(A;). By Brown’s stable isomorphism theorem [4], A; ® K 2 A ® K. It suffices to

show that the image of the map I} : Cu(4;) = Cu(A) —» LAff+(QT(A1)W) is dense in

Ry (A1) = {d:aePed(A ®X),} c Aff,(QT(A1) ) (see Definition2.13).
Fix a € Ped(A; ® K),. Let ¢ > 0. It suffices to show that there is f € Cu(A;) such

that

(e771) sup{|r(a) - F(7)|: 1€ QT(A;) } <e.

Without loss of generality, we may assume that 0 < a <1. Since a € Ped(4; ® X).,,
there exists r > 1 such that r[ fs(e)] > [a] for some & € (0,1/4). Therefore, we may
assume that a € M, (A;) for some integer r > 1.

Put B := l“(Al)/IQT(AI)W. Then, by Theorem 6.4, B has real rank zero.

Therefore, for any € > 0, there are mutually orthogonal projections py, p2, ..., Pm €
M, (B) and A, Ay, ..., Ay € (0,1) such that

(€772) Hn(l(a)) S upi| < e/,
izl
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We may assume that A; € (0,1) n Q. There are mutually orthogonal elements
{eni} €1°(M,(A1)) (i=12,..,m) such that T1({e,;})=pii=12,...,m. By
Proposition 6.2, we may assume that {e,, ; } is a permanent projection lifting. By (2) of
Proposition 6.2, lim,,«, w(e,,;) = 0. Without loss of generality, we may assume that,
forall m e N,

(773)  di(en;) — 1(en;) < e/16(m +1)* for all 7€ QT(AI)W, i=12,..,m.

Applying Corollary 7.8, without loss of generality, we may also assume that, there
are permanent projection liftings {f,, ; } such that

(e774) sup{|rid (en,i;) —d:(fu,i)|: T € QT(AI)W} <efl6(m+1)%, i=1,2,..,m.

By (e7.72), there exists {c, } € IQT(A - and n; € N such that, for all n > n;,
1
m
(e7.75) a->y Aiein+cnl <ef8.
i=1
Then, for n > ny,
m —_—w
sup{ T(a - > dien,i + cn) :1eQT(A)) } <ef8.
i=1

Since {¢,} €I, , wehave {|c,|'/?} ¢ .- It follows that

I
QT(Ay)

lim sup{|z(cy)|:T€ QT(Al)W} =0.

QT(Ay)

Therefore, there exists n, > n; such that

(e7.76)

T(a - ilien,i) | <|z(cn)

i=1

+¢e/8<¢ef4 for all T¢ QT(AI)W and for all n > n,.

Thus, by (¢7.73) and (e7.74), for n > n,,

(e7.77) <gf2 for all Te QT(AI)W.

(@)= 3 de(fir)

i=1

Put e = diag( fu,1> fn,2> --> fn,m ). Then
(€7.78) 17(a) - dy(e)| < & for all 7€ QT(A,) .
This completes the proof. ]

Theorem 7.11 Let A be a non-elementary and o-unital simple C*-algebra with
QT(A\{0} # 0 and strict comparison. Suppose that A has T-tracial approximate
oscillation zero. Then T is surjective (see Definition 2.13).

Proof We keep the same setting as in the proof of Theorem 7.10.
Let b e Ped(A; ® X), with 0 < b <1. Choose b, = (1-1/(n+1))b. Then h, :=
by —by, € Ped(A1 ® JC)+\{0} Put

(€7.79) o, =inf{r(h,) 1€ QT(AI)W} > 0.
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Applying Theorem 710, for each # € N, we obtain f, € Ped(A; ® X), such that

min{o;:1<j<n+1}
on+2

(€780) 1y = sup{|t(by) — do(fu) : T€ QT(A)) } <
In particular, for all n € N,

(e7.81) d:(fn) <yn+7(b,) <7(b) for all 7€ QT(AI)W.

Then, forall 7 € QT(Al)W (note that b,b,,41 = by b,),
(67.82) d'r(fn+1) - dr(fn) > (T(bn+1) - 77n+1) - (T(bn) + ’771)
(e7.83) =17(hy) = Yue1 — > T(hy) — 0, /2> 0.

It follows from the strict comparison that [ f,,] is an increasing sequence in Cu(A).
Let f be the supremum of {[f,]} in Cu(A). We also have, for all 7 € QT(Al)W,

(e7.84) d‘r(fn+1)_7(bn) >T(bn+1)_7]n+1_7(bn)
(7.85) > 1(hy) - 0,/2"" > 0.

It follows that f(7) > 7(b,) forall 7 € QT(AI)W and for each n € N. Hence,

—_

f(z) > (b) for all 7€ mw.

Let € > 0. By Theorem 710, there is ¢, € Cu(A;) such that

(e786)  sup{|z(b + (£/2)b) ~Ti(c.)(7)| : € QT(A)) } < £01/8.

Then, for all n € N (see also (e7.81)),

(€787) Ti(ce)(7) > t(b+¢/2b) —€01/8 > 7(b) > d.(f,) for all 7€ WAI)W.
Hence, [ f] < [c.]. It follows that

(e7.88) f(r)<c(r)<1(b)+¢ for all 7€ QT(AI)W.

Let ¢ - 0. We conclude that f(7) = 7(b) forall T € QT(AI)W.

So far we have shown that, for any b € Ped(A ® X),, there is f € Cu(A) such
that f(7) = 7(b) forall 7 € QT(A)W. Note that, foranya € (A® X),, (a—|a|/n), €
Ped(A ® K). Thus, there are f, € Cu(A) such that f,(7) = 7((a - |a|/n).) for all
TE QT(A)W. Since (a — |a|/n)+ ~ a, we conclude, using the similar argument used
above, that there is f € Cu(A) such that f(z) = 7(a) for all T ¢ QT(A)W. Apply-
ing Theorem 5.7 of [13] and repeating the argument above, we conclude that T is
surjective. |

8 Tracially matricial property

Definition 8.1 Let A be a C*-algebra and S c QT(A)\{0} be a nonempty com-
pact subset. C*-algebra A is said to have property (TM) relative to S, if for any
acPed(A®XK),, any € >0, any n € N, there is a c.p.c. order zero map ¢ : M, —
Her(a) such that [a - ¢(1,)a|, <e.
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A o-unital simple C*-algebra A with QT(A)\{0} # 0 is said to have property

(TM), if for some e € Ped(A)\{0}, Her(e) has property (TM) relative to QT(A) .

From the definition, it is clear that, if A is a o-unital simple C*-algebra which has
property (TM), then A ® K has property (TM), and by Brown’s stable isomorphism
theorem [4], every o-unital hereditary C*-subalgebra has property (TM). Since
we only need to consider Her(a) for each a € Ped(A ® X)!, it follows that every
hereditary C*-subalgebra has property (TM).

In the absence of strict comparison, one may also define the following:

A C*-algebra A is said to have property (CM), if, forany n € Nand any a € Ped(A ®
XK)!, there is a c.p.c. order zero map ¢ : M,, - [*°(C)/N,,(C) such that

(e8.1) 1(b)¢p(1,) = 1(b) for all beC,

where C = a(A® X)a.

Remark 8.2 In Definition 8.1, let v : Cy((0,1]) ® M,, - Her(a) be the homomor-
phism induced by ¢, i.e, y(1®e; ;) = ¢(e;,;) (1< i,j< n). Then Her(a) has some
“tracially large” matricial structure (see Proposition 8.3).

Let x € Ped(A ® X). Then ag = x*x + xx* € Ped(A ® X),. Note x € Her(ag). Let
F cHer(ao )" be a finite set. For any 1 > & > 0, there is a € Her(ag)" such that

(e8.2) lay - y| < (¢/4)* and |ya - y| < (¢/4)* for all yeJ.

If A has property (TM) relative to S such that || 7| < 1forall 7 € S, then there is a c.p.c.
order zero map ¢ : M,, — Her(ao) such that |a — ¢(1,)al, < (¢/2)*. Then, for all

yed,

(e8.3) ly = o)y 22 < lly - yal?* + |ya - yag(1,)| 2}
(e8.4) < (g2 + ylla-ap()2 <&
Similarly,

(e8.5) ly =)yl <e

The following fact is well known. For completeness, we include a proof here.

Proposition 8.3 Let A be a C*-algebra, n € N, and ¢ : M,, - A be a c.p.c. order zero
map. Then Her(¢(1,)) = Her(¢(e1,1)) ® M,,.

Proof Lety: Co((0,1]) ® M, - A be the homomorphism defined by y(1 ® e;;) =
¢(ei,j), where 1 is the identity function on (0,1], 4, j < n. In particular, y(1 ®1,) =
¢(1,). Write y(1®e;j) = u; jrj as a polar decomposition of ¢(1 ®e; ;) in A**.
Hence, rj = |y(1 ® e; j)| and u; j is a partial isometry in A**. Note that au; ;b € A for
allaep;A™*p;nAand b e p;A*™ p;n A, where p; is the open projection of r;, i, j =
1,2,...,n. Since ¥ is a homomorphism, we compute that p; = u; ;,i =1,2,...,n, and
{ui,j}1<i,j<n forms a system of matrix units for M,,.

Define @ : M, (Her(¢(e11))) = Her(¢p(e1,1)) ® M, - Her(¢(1,)) by defining
®(a®e; ) = ujauy,jforalla e Her(¢(ey,1)), i, j = 1,2, ..., n. Then @ is a homomor-
phism. Since @ is the identity map on Her(¢(e1,1)) and M, is simple, the map @ is
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injective. Put B = ®(M, (Her(¢(e11)))). To see @ is surjective, let x € A, then, for
any i,j=1,2,...,n,b; j = uy;rixrjuj, € Her(¢(er,1)). Therefore,

(e8.6) d(L)xp(ln) = Y. wiirixrjuj;

1<i, j<n
(e8.7) = Z ui,l(ul,injuj,l)ul,j = Z uinbi,ju,j € B.
1<i, j<n 1<i, j<n
It follows that Her(¢$(1,)) = B. The lemma follows. ]

Lemma 8.4 Let A be a simple C*-algebra with QT (A)\{0} # 0. Suppose that A =
Ped(A), A has strict comparison and T is surjective. Suppose that b € Ped(A ® X)}.
Then, for any € >0 and any integer n > 1, there is a c.p.c. order zero map ¢ : M, —
Her(b) such that

(8.8) |6 - ¢(1")sz,QT<A>W < b/ w(b) +e.
Moreover, if QT (A) = T(A), then

(8.9) 16 = ¢(1)b], ;e <min{[b], |b], 7 5n }V @(b) + &

Proof Fixee€ (0,1/2) and n € N. Since T': Cu(A) > LAff+(QT(A)W) is surjective,
['|cy(a), isalso surjective (see (2.13)). Note that (1/n)[b] € LAIT+(QT(A)W). We may
choose b; € (A® K)! such thatd,(b,) = (1/n)d.(b) forall 7 € QT(A)W and b; is not
Cuntz equivalent to a projection. We compute that w(b;) = (1/n)w(b) (see (e4.5)).
Choose ¢ > 0 such that

(e8.10) sup{d.(b1) - 7(fas(b1)) : T € QT(A)W} <w(by) +¢/an.

n
—_—

Put b, = f5(b;) and d; = diag(by, by, ..., b1) € A® K. Then

n
—

(6811) f6(d1) :diag(bz,bz,....,bz) cA® XK.

Since b; is not Cuntz equivalent to a projection, for any 0 < n < §/2,d.(f,(d1)) <

d.(b) forall 7 € QT(A)W. Since A has strict comparison, by [40, Proposition 2.4(iv)],
there is x € A ® X such that

(e8.12) x*x = fs(dy) and xx” € Her(b).
Then one obtains an isomorphism
v : Her(x"x) — Her(xx™) c Her(b) such that y(f(x*x))
= f(xx*) for all fe Co((0,]x]?]).

It induces a homomorphism ¢.: Co(sp(fs(b1))) ® M, - Her(b) such that
¢ (1®1,) = xx*, where1 € Co(f5(b1)) is the identity function on sp(fs(b)). Define
a c.p.c. order zero map ¢ : M,, — Her(b) by ¢(e; ;) = (1 ®e;,;) 1<i,j<).

Let p be the open projection in A** corresponding to b which may be identified
with the identity of Her(b). We extend each 7€ QT(A)W to a 2-quasitrace on
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Her(b) (see I1.2.5 of [2]) such that 7(p) = | 7|ger(p) || = d-(b). Then, we have, for all

7 QT(A)

(e8.13) 7((p - ¢(10))*) < 7(p - ¢(1n)) = 7(p) — 7(¢(1x))

(e8.14) =d.(b) - 1(fs(d1)) < w(b) +¢.

It follows that

@15) b= ¢(bl, e < [bllp 91, g < IBIVa(B) 7.

In the case that QT(A) = T(A), one can also apply Cauchy-Bunyakovsky-Schwarz
inequality (and (e8.14)) to obtain (e8.9). [ |

Theorem 8.5 Let A be a o-unital simple non-elementary C*-algebra with
QT(A)\{0} # 0. Suppose that A has strict comparison and T-tracial approximate
oscillation zero. Then A has property (TM).

Proof Choose e € Ped(A).\{0} and define A; = Her(e). By Brown’s stable isomor-
phism theorem [4], A; ® X 2 A ® K. To show that A has property (TM), it suffices to
show that A; has property (TM). To simplify notation, without loss of generality, we
may assume that A = Ped(A).

Fix a € Ped(A ® X) such that 0 < a < 1. Since A has T-tracial approximate oscilla-
tion zero, Q7 (a) = 0. It follows that there is a sequence cx € Her(a) with 0 < ¢, <1
such that

(e8.16) I1(:(a)) =TI(c) and klim w(ck) =0,

where ¢ = {¢;}and IT: [*°(A) —» l°°(A)/IQT(A)
I is surjective. Then, applying Lemma 8.4, we obtain a c.p.c. order zero map ¢y : M,, —

Her(cx) c Her(a) such that

(e8.17) lex = @e(la)eel, oo < V(ed) +1/K%, k=1,2, ..
Fix1 > ¢ > 0. Choose kg > 1 such that

(e8.18) Vo(er) +1/k2 < (¢/3)°.

Since IT(:(a)) = I1(c), there exists k; > ko such that

< (¢/3)* for all k> k.

. is the quotient map. By Theorem 711,

(e8.19) la—ckl

2,QT(4)"

Choose b = ¢k, +1. Then, for k > ki,

la=¢xn)al?l  <a=bP2  +[b- (L)
+ (1 )(b—a)\lf/i(A)
<ef3+ef3+¢/3<e. u

Lemma 8.6 Let A be a o-unital algebraically simple C*-algebra with QT(A)#0.
Suppose that A has property (TM) and a € Ped(A® K)1\{0}. Then, for any inte-
ger n,reN, any keN (k>2) and >0, there exist an integer my >r e N and
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mutually orthogonal elements by 1, by 2, ..., by, € Her(a)' such that [by ;] = [bk.1],

i=12,...,n,

(e8.20) dT(fl/k(al/m"))<nd1(f1/k(bk,1)) +¢ forall 1€ QT(A)W
and an integer 1(k) € N such that

(e8.21) nde(fiyx(ber)) < de(fiyiiy () forall 7€ QT(A) .

Proof Fix n e N. Since A has property (TM), for each m € N, there exists a c.p.c.
order zero map ¢,, : M,, > Her(a) such that

(e8.22) |a/™ — at™ . ( <1/2™,

LI, grae
Define ¢ := IT({a""}nen) and ¢ : M, = [*(A)/

II({¢m(f)}) forall f € M,. Then

(e8.23) c=cp(ly) =d(ly)c=c.

It follows that ¢ = cf1/,(¢(1,)) = fij2(¢(1n))c = c. Thus, ¢ < fi/,($(1)).
Let ¢ > 0. By (1) of Lemma 7.2, for each integer k > 2, there exists m> r € N such

that, for all m > my,

(e8.24)

[Az(@™)] < [figa($m (10))] + [d]

(e8.25) < [fiye(¢m(er) + fyx(@m(ez2)) + - + fiyx(dm(enn))] +[dm],
where sup{d,(d,): ¢ QT(A)W} <e¢f2. Put by;=¢m (e;;)l<i<n and keN.

Then (e8.20) holds. On the other hand, since ¢, (1,) € Her(a), for each k, there is
I(k) € N such that

(e8.26) Hfl/z(k)(ll)ﬁbmk (L:)fl/l(k)(“) - ‘/’mk(ln)H <1/4k.

It follows that (see Proposition 2.2 of [40]), for k > 2,

(e8.27) Sk (bm (1)) S fipry(a) and nlfix(bri)] = [fiyx(Pm, (1n))].
Then (e8.21) holds. [ |

Theorem 8.7  Let A be a o-unital simple C*-algebra with QT (A) # {0}. If A has strict
comparison and property (TM), then T is surjective (see Definition 2.13).

, such that ¢(f)=

I
QT(4)

Proof It suffices to prove the proposition for the case that A = Ped(A).
We claim that, for any a € Ped(A ® K)'\{0} and any integer n € N, there exists
b e (A®X), such that

(e8.28) n[b] < [a] < (n+1)[b].

Case (1): 0 is an isolated point of sp(a). In this case, we may assume that a = p for
some projection p. Choose

(e8.29) ni= ((nil)z) inf{r(p):7e QT(A)W} > 0.
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Note that fi/(p) = p for all k > 1. Applying Lemma 8.6, we obtain b € Her(a), such
that

(8.30) nd.(b) < dy(p) < nd.(b) + 1y for all 7e QT(A) .

Then we compute that

— —

(e8.31) n[b] < [a] < (n+1)[B].

Case (2): 0 is not an isolated point of sp(a ). We will use Lemma 8.6 for an induction
argument. Put

(e8.32) 0o :=inf{zr(a):7¢ QT(A)W} > 0.

Fix n € N. Since 0 is a not an isolated point of sp(a), for each integer k, there is a
smallest integer J(k) > k such that

(e8.33) fyr (@) = fyk(a) # 0.
Define, for each k,

(e8.34) ox = inf{d.(fiyyx)(a)) —d:(fiyx(a)) : 7€ QT(A)W} >0 and
(e8.35) Nk = min{o;: 0 < j<k+1}/25 (n+1).

Applying Lemma 8.6, there are mutually orthogonal elements by 1, b12, ..., by, €
Her(a)} such that [b; ;] = [b1,],i =1,2, ..., n, and, for some m; € N,

(€8.36) de(fi2(a/™))<nd,(fija(biy)) +mr forall e QT(A)
and an integer /(1) € N such that

(e8.37) nd(fi2(bi1)) < de(fipiy(a)) forall e QT(A) .

Put ¢; := fi/5(by,1). Then, forall 7 € QT(A)W,

(8.38) [fi2(@m)](x) < nle](z) + i and n[a](r) < [fyin (@)](7).

Choose k, > 1(1) such that k; > J(I(1)). Applying Lemma 8.6, we obtain m, > m
and mutually orthogonal b, 1, b, 5, ..., by, € Her(a)! with by,j~ by (1<j<n)and
I(k;) € N such that

(e8.39) de(fipk, (@) < ndo(figi, (b21)) + M1y and
(8.40) ndy(b2,1) < de(fiji(2y(a)) for all 7€ QT(A) .

Put ¢, = fik,(b2,1). Then, for all 7 € QT(A)W,
(e841)  [fipk,(a/™)](x) < n[&:](x) + @y and n[6:](7) < [fipnay (a)](7).

We compute that, for all 7€ QT(A)W, by (e8.39), (e8.37), and (e8.34) (recall that
k2 > ](l(l))))

https://doi.org/10.4153/50008414X24000099 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000099

Tracial oscillation zero and stable rank one 53

(e8.42)

nde(fiyk, (02,1)) > de(figi, (7)) = iy
(e8.43) = de(fiyn1)(@)) + (de(figia (a"™)) = de(fipiy (a))) = mqy
(e8.44) > nd.(fij2(b11)) + (dr(fl/kz(al/mz)) —d:(finy(a))) = mq
(e8.45) > ndT(fl/z(bLl)) +010) — 1) > nd(fi/2(br1)).
Since A has strict comparison, we obtain
(e8.46) [a] < [e2].

Suppose that we have constructed integers k;, m;, [(i) € Nand b; ; € Her(a)},1<
i <Isuchthat,forall2<i<Iandrte QT(A)W (with 1(0) = 1 and #;(g) = 1),

(e8.47) ki>J(l(i-1))>1(i-1),
(e8.48) [fik, (a)](7) < n[fipk, (Bi)](7) + micyy and
(e8.49) nl fie, (bi)1(7) < [fipnciy (@)1(7)s

and verified that [ fi/k, (bi1)] < [fijk,y, (Piv11)]s1<i<T-1
Define ¢; = fi/x,(bi,1),1< i < I. By applying Lemma 8.6, there is k7, > J(I(i)) >

1(i), I(I +1) > kyy1, mpyy > my, and by, € Her(a)? such that, for all 7 € QT(A)W,

(e8.50) [fl/klﬂ(al/m(“l)ﬁ(T) < "[ﬁ/k1+1(b1+1,1)T(T) +7y(r) and

(e8.51) T’Z[ﬁ/kHl(bIH,l](T) < [ﬁ/l(nl)(“)](T)-
Then, forall 7 ¢ QT(A)W,
nd(fifin (brenn)) > de(figga (@) = iy

= de(fipicn (@) + (de(figrn (@) = de(fiyiry (@) = mir)
> ndy(fij, (b1,1)) + (de(fijiga (@) = de(fiyicny (@) = i)

(68.52) > ndT(fl/kl(bI,l)) + UZ(I) - 171(1) > ndT(fl/kl(bLl)).

Put cri1 = fijky,, (bre1,1)- Then, by the strict comparison, estimates above imply that
(e8.53) [er] < [era]-

Thus, by induction, we obtain an increasing sequence c; € Her(a)} such that, for all
1€ QT(A) ,

(e8.54) [k (@)](7) < n[e:i](x) + migiory and

(e8.55) nlei](7) < Uiy (@)](2), i>2.

Letc € (A ® X), besuch that [ c] is the supremum of {[ ¢; ] }. Then, by (e8.54), for all ,

(e8.56)
dT(fl/ki(a))<n[’;](T) +1(i-1) < nf?](r) +00/2" (n+1) for all 7€ QT(A)W.
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Thus (recall that A is simple), for all sufficiently large i,

—

(€8.57) d.(fik,(a))<(n+1)[c](7) for all 7€ QT(A)W.
It follows that (let i — oo)
(e8.58) d:(a) < (n+1D)[c](7) for all T¢ QT(A)W.

On the other hand, by (e8.55),

—

(€8.59) n[c;] < [a] for all ieN.

For any ¢ > 0, choose a nonzero element e € A, such that d,(e) < /2 for all 7 ¢
QT(A)W. Then, by the strict comparison,

(€8.60) nlc;] <[a]+[e] for all ieN.

If follows that n[c] < [a] + [e]. Hence,

(e8.61) n[c] < d-(a) +¢ for all Te QT(A) .
Let ¢ - 0. We also obtain

(e8.62) n[c] < [a] for all T¢ QT(A)W.

Combining (e8.62) and (e8.58), the claim also holds for Case (2).

We now show that the proved claim implies that Cu(A) has the property D
stated in the proof of Proposition 6.21 of [37]. Let x” <« x, where x = [a] for some
ae(A®X),. Since

x = sup{[(a - |a|/k).]: keN},
then
x'<[(a-|a|/k).] for keN.

Note (a — |a|/k)+ € Ped(A ® X).. Then the claim implies that there is y € Cu(A)
such that

(863) ¥ <[(a-lal/k).T<(n+1)y and ny < [(a-al/k).T<[a] = x.

Therefore, as observed by L. Robert (see Property D in the proof of Proposition 6.21
of [37]), following Corollary 5.8 of [13], T' is surjective. [ |

Lemma 8.8 Let A bea C*-algebraand a,b € A\ Suppose that there is x € A such that
(e8.64) x*x =a and xx* € Her(b).
Then, for any € > 0, there exists a unitary U € M, (A) such that

(e8.65) U*diag(f:(a),0)U € Her(diag(b,0)).
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Proof First, we claim that, for any y € A, dist(diag(y,0), GL(M,(A))) = 0. To see

this, let € > 0. Choose V = ((1) (1)

06 96 )

which is a nilpotent. Therefore, Y + ¢-1, € GL(M,(A)). Then

) which is a unitary in M,(C). Then

diag(y,0) ~, V*(Y +¢) € GL(M,(A)).

This proves the claim.
To prove the lemma, we will combine the claim with an argument of Rerdam. By
Proposition 2.4 of [40], for any € > 0, there exist § > 0 and r € A such that

(e8.66) fepa(a) = rfs(b)r.

Put z = rf5(b)"/? and Z = diag(z,0). By the claim and Theorem 5 of [32], there is a
unitary U € M,(A) such that

(e8.67)
U*fi2(ZZ")U = U” f,),(diag(2z",0))U = diag(f1/2(2"2),0) = f1/2(Z7 Z).

Note that Z*Z € Her(b), where b = diag(b, 0). Moreover (with @ = diag(a, 0)),
U™ fe(a)U < U” fip2(fe2(@))U = U i2(Z2Z27)U = f1),(Z27Z). u

Lemma 8.9 Let A be an algebraically simple C*-algebra which has strict comparison.
Suppose that QT (A) # () and the canonical map T is surjective.

Suppose that a,a’ € Ped(A)'\{0} with a € Her(a’). Then, there exists 1/2 > &g
satisfying the following: For any 0 < i < € < &, any o > 0, there exist ¢ € Her(f, (a))
with |c| < ||a| and unitary U € My(Her(a')™) such that (with b = U*diag(c,0)U)

(e8.68) (1) diag(f.(a),0) < b,

(e8.69) (2) di(fe(a)) < de(b) < de(fy(a)) forall Te QT(A)",
and, for somel>§ >0,

(e870)  (3) |dr(b) - 1(f5(b))|< 0 forall Te QT(A) .

Moreover,

(e8.71) (4) U*diag(gy2(a),a’)U € B,

where B:=Her(b)* nHer(diag(a,a’)) and g,(t) € Co((0,1]) is defined as in
Notation 2.5.
Consequently, if e is a strictly positive element in (Her(b)* n Her(diag(a, a’))), then

(e8.72) de(e) > dr(a’) + dr(gy(a)) forall Te QT(A) .

Proof Without loss of generality, we may assume that |a|| < 1. Let us first assume
that [0, &9) c sp(a) for some gy > 0.
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Fix 0 < € < g9. Note that, without loss of generality, we may assume that

(e8.73)
de(fe(a)) < 1(f5,(a)) < de( (@) < 1(f5,(a)) < de(fy(a)) for all 7€ QT(A)",

where  €/2>81,61/2> 1, m/2> 82,82/2>n.  Put  hi(1) = 1(fs,(a)) for all
1€ QT(A) ,i=1,2.Then h; € Aff, (QT(A) ),i=1,2.

Since T is surjective, there is ¢y € (A ® K), such that d,(co) = hy(7) for all 7€
QT(A)W. Choose &, > 0 such that (as h, is continuous)

(e8.74) d:(co) — 7(fs,(co)) < /2 forallr e QT(A)W.

Since h; < h, are continuous, we may also assume, by choosing smaller &, that

—_W

(e8.75) d:(fs,(¢c0)) > d:(fy,(a))> d:(fe(a)) for all Te QT(A) .
Since A has strict comparison, by (e8.73), there is x € A ® K such that

(e8.76) x"x = fs5,/a(co) and xx™ € Her(f,(a)).

Choose ¢ =xx*. Then 0<c<1 and d.(c) = d:(fs,74(co)) for all QT(A)W. Let
C = Her(f,(a)). By (¢8.75), the strict comparison and Lemma 8.8, we obtain a unitary
U € M,(C) such that

(€8.77) Udiag(fy,(a),0)U" € Her(c),

where ¢ = diag(c,0). Let b = U*¢U. Then

(€8.78) diag(fe(a),0) <diag(f,,(a),0) <b.

(so (1) holds). Moreover, d,(b) = d,(c) forall 7 € mw. Consequently,
(€8.79) de(fp,(a)) < de(b) < de(fy(a)) for all 7€ QT(A)"
(so (2) holds). Moreover, there is 1 > § > 0 such that

(8.80) d:(f3(b)) > 7(f5,(c)) for all Te QT(A) .

It then follows from (e8.74) that

(e8.81) [de(b) - 1(fo(5))] = [de(foosa (c0)) — 7(f5(b))] < o for all r€ QT(A)"
(so (3) holds). To show the “Moreover” part, put

B =Her(b)* nHer(diag(a,a’)) and e’ = U*diag(g,/2(a),a")U.
Since g,/>(a) L f(a), we have

diag(g,/2(a),a’) L diag(f,(a),0) and e’ 1 b.
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It follows that U~*diag(g,/.(a),a’)U eB. If e is a strictly positive element in
Her(b)* nHer(diag(a,a’)), then

—_—W

(8.82) d.(e)>d.(e') =d(a") +d.(g,/2(a)) for all Te QT(A) .

This proves the case that [0, &y ] c sp(a).
If there exists r,, € (0,1] with

tn > 7ne1 and lim 7, = 0 such that r, ¢ sp(a),
then b, = f,,,(a) has the property that w(b,) =0. Then the lemma follows by
choosing U = diag(1,1) and b = b, for some sufficiently large n. |

Lemma 8.10 Let A be a o-unital algebraically simple C*-algebra with QT (A)#0.
Suppose that A has strict comparison and T is surjective. Suppose that a =
diag(0, a1, az, ..., a,) in M1 (A)} for some integer n > 1. Then, for any1/2 > € > 0 and
1/2> 0 > 0, there exists d € M,,,1(A)! such that

(e8.83) fe(a) £d<1 and w(d) <o.

Proof For n =1, this follows immediately from Lemma 8.9.

Assume that the lemma holds for n > 1.

Let 0 <e4 <1 be a strictly positive element of A. Fix 1/2 > &> 0. Choose 7 =
¢/4(n +2) and 0q := 0/2(n + 2). We will apply Lemma 8.9 with a; € Her(es) (1< j <
n +1), n as above, and 0y (in place of o).

By Lemma 8.9, there is ¢; € Her(f,(a1))}, a unitary U; € M, (A), and b =
Uy diag(0, ¢;) Uy such that

(e8.84) diag(0, fe(a1)) < by,
(e8.85) de(fo(@)) < do(b)) < de(fy(ar)) forall 7€ QT(A) ,
(e8.86) w(by) < 09 and U; diag(ea, g,/2(a1)) Ui € By,

where By := (Her(b;)* n Her(diag(a;,e4)))+. Put

n-1
(e8.87) Vi = diag(Uy, 17, ..., 13), az = V;"diag(0,0,a,, ..., d,4+1) V4 and
(e8.88) by = Vi*(0,¢1,0,...,0) Vi.

Define C; = Her(V;* (4,0, €4, ..., e4) V1). Then
(8.89) by € Ci and C, = M,,1(A).

In C;, we may write o = diag(0, az, a3, ..., dy41) (the number of possible nonzero
elements is now reduced to n).
By the induction assumption, there is b, € C; with 0 < b, <1 such that

(8.90) fe(az) < by and w(by) < gp.
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Define d := b; + b,. Note that b; L b,. Then
(e8.91) fe(a) = diag(0, fe(a1), fe(a2), .., fe(ans1)) < by + b,

and (by (2) of 4.4)
(e8.92) w(d) <w(by) +w(by) <200 < 0.
This completes the induction. The lemma follows. ]

Theorem 8.11 Let A be a o-unital simple C*-algebra with QT (A)\{0} # 0. Suppose
that A has strict comparison and property (TM). Then A has T-tracial approximate
oscillation zero.

Proof Choosee € Ped(A),\{0} and A; = Her(e). Then Ped(A;) = A;. To prove the
theorem, without loss of generality, we may assume that A = Ped(A). By Theorem 8.7,
I is surjective.

Fix a € Ped(A ® K)!. We claim that Her(a) has a T-tracial approximate identity
{d,} such thatlim,_, . w(d,) = 0.

Put B =Her(a). Then Ped(B) =B and B® X 2 A® K. Therefore, to simplify
notation, without loss of generality, we may also assume that a € A.

Let ¢ > 0 and let n € N such that 1/n < (¢/8)?. Since A has property (TM), there is
a c.p.c. order zero map ¢ : M,,; - Her(a) such that

(e8.93) la=¢(n)al, o < (¢/8)°.
By Proposition 8.3, let C = Her(¢(1,+1)) = M1 ((Her(¢(ey1))). Write
(e8.94) ¢(1y41) = diag(c, ¢, ..., c) € My (Her(¢(er1))).

Choose 0 < 7 < (¢/16)2. Put ¢, = diag(0, ¢, c, ..., ¢). It follows from Lemma 8.10 that
there exists d € C! such that

(€8.95) fa(en) <d <1 and w(d) <1/2".
Hence,
(€8.96) 0< (cn—21m)+(1=d)(cn —21)+ < (cn=21)+ (1= f(cu))(cn —21)+ = 0.

Hence, d(c, —21)+ = (¢n —24)+ = (¢ — 277)+d. It follows that (we now working in
a commutative C*-subalgebra)

(e8.97) (1-d)?*<(1-(cn—270)4)%
Note that
(¢8.98) 16(Lnt) = e P

201" T 41

Then (see also (2.16)), by (8.97), (e8.98), and (e8.93),
la - da]? o (a1 =d) )}

2,QT(4)"
Ar(a( = (cn=20) )’ )"’ = la = (cn = 27) 40|

2,QT(A)"

= (sup

< sup

1€QT(A)

<la-cpal?® .+ 1(en (e -2 )al?>
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2/3
_ 2/3 2/3
(¢8.99) <Ja- ()l + (n - 1) +(21)
(€8.100) < (¢/8)* + (¢/8)* + (¢/8)* = 3(¢/8)>.
Since w(d) < 1/2", this proves the claim. The theorem then follows from the claim
and Lemma 5.6. u

9 Stable rank one

Let A be a C*-algebra and n € N. Recall that we view M, (A) as a C*-subalgebra of
M41(A) in the canonical way, i.e., M, (A) is the upper left block of M,,,1(A).

Recall an element a = (a;,j) nxn in M, (A) is called upper (resp. lower) triangular,
if a; ; = 0 whenever i < j (resp. i > j), and a is called strictly upper (resp. lower)
triangular, if a; ; = 0 whenever i < j (resp. i > j).

The following proposition is a generalization of an elementary fact in linear algebra.

Proposition 9.1 Let A be a C*-algebra such that A ¢ GL(A). Then, for any n € N, any
a € M,(A), and any € > 0, there is an upper triangular matrix x € M, (A) and a lower
triangular matrix y € M, (A) such that a ~, xy.

Proof We prove this by induction on n. Forn =1,leta € M,,(A) = Aand ¢ > 0. By

the existence of approximate identity, there is e € A, such that a ~, ae. Note that a

and e are triangular matrices in M, (A). Thus, the proposition holds for n = 1.
Assume the proposition holds for n >1. Let a = Z,"}'il a;j®e;j€A® M4,

where a; j € Aand {e; ;} is the matrix units of M,,1,4,j=1,...,n + 1. Let £ > 0. Since
A c GL(A), there is @ € GL(A) such that

An+l,n+l Nef2 a.

In what follows in this proof, 1 is the identity of Aand 1,,, is the identity of M, 4; (K)

Let b(® := Z;r'l:l ai,n+1‘i_1 ® e and ¢ = Z;I:I d_lan+1,j ® €n+1,j- Then b
and ¢() are nilpotents. Put
(e9.1) a':=a+ (- ansin) ® enst sl
(e9.2) bi=1,, - b and c:= 1,41 — 0,
Let s := ba’c. Note that a’, b, c, s are in Mnﬂ(g). Let a;’j (resp. b; j, ci j,si,;) be the
(i, j)th entry of a’ (resp. b, ¢,s),1< i, j < n + 1. Note that

n+l (n+l
(e9.3) Sij= Y. (Z bi,kafc,mcm,j) (1<i,j<n+1).
k=1

If A = A, then si,j € A. Otherwise, denote by 7 : My1(A) - M, the quotient map.
Then

n(b) = n(1,41) = 7(c) and 7(a’) = 71(@ ® ens1,ns1)-
It follows that 77(s) = 7(d@ ® ep41,n4+1)- Thus,

(e9.4) sij €A (1<i,j<n).
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Note that b, x = 0for1 < k < nand ¢, j = 0for m ¢ {j,n +1},if1 < j < n. By (9.3),
we have, for1 < j<n,

! !
(€9.5) Sn+l,j = bn+1,n+lan+1,jcj,j + bn+1,n+lan+1,n+1cn+l,j

(€9.6) = Api,j+a- (—[z’lan“,j) =0.

If1<i<n, thenb;y=0fork¢ {i,n+1}and ¢, n1 =0 for 1 < m < n. By (€9.3),

we compute
! !
(e9.7) Sin+l = bi,iai,n+1cn+l,n+l + bi,n+lan+1,n+1cn+1,n+1
JO T
(e9.8) =aiun+ (—aipnd ) -a=0.

We also have
n+l (n+1
4 ! -
(€9.9) Sn+l,n+l = Z Z bn+1,kak,mcm,n+1 = bn+l,n+1an+1,n+1cn+1,n+1 =a.
m=1 \ k=1

Therefore (€9.4), (9.6), (€9.8), and (€9.9) show that
ba'c=d+a®eni1nis

where d € M,,(A). Note that b and ¢ are invertible in M,,Jrl(g), as both b(®) and ¢(©
are nilpotents. Let ; = WM. By our assumption, there is an upper triangular

matrix x; and a lower triangular matrix y; in M, (A) such that
(€9.10) d g X101

Let e € M,,,1(A)} be a diagonal matrix such that a ~,, eae.

Note that b™' = 1,;; + b(®) and x: = eb™(x; + @ ® e,41,n41) are upper triangular
matrixin M,,4;(A). Similarly, ¢ = 1,4, + c(® isalower triangular matrixin M1 (A),
and

yi= (31 +1® Lyppnen)c e

is a lower triangular matrix in M,,,;(A). Then

(e9.11) a gy eden, ), ede= eb'ba'ccle=eb ™ (d+da®eyiini1)c e
(e9.12) Ne/4 eb " (x1y1+ A ® eniinr1)c e

(e9.13) =eb M (x+d®epiinn) (1+10 enﬂ,nﬂ)c’le =xy.
Thus, the proposition holds for n + 1. By induction, the proposition holds. ]

Proposition 9.2 Let A be a C*-algebra such that A c GL(A) and let n € N. Then, for
any a € M,(A) and any € > 0, there is a strictly upper triangular matrix x € M,.1(A)
and a strictly lower triangular matrix y € M,11(A) such that a ~¢ xy.

In particular, any element in M,,(A) can be approximated in norm by product of two
nilpotent elements in M,,,1(A).

Proof By Proposition 9.1, there is an upper triangular matrix x; € M,,(A) and alower
triangular matrix y; € M, (A) such thata ~, x;y1. Letv = Y7 17 ® €; i1 € M1 (A).
Then x = x;v € M,41(A) is a strict upper triangular matrixand y = v*y; € M,,11(A) is
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a strict lower triangular matrix, and xy = x;vv* y; = x1 )1 ®, a. (Recall that we identify
M, (A) with the upper left n x n corner of M,,1(A).)

The last part of the proposition follows from the fact that strictly triangular matrices
are nilpotents. [ ]

Lemma 9.3 Let A be a o-unital algebraically simple non-elementary C*-algebra with
QT (A) # 0 which has strict comparison. Suppose that A also has the property (TM). Let
a € A. Ifthere are by, by € A, \{0} such that a*a + aa*, by, b, are mutually orthogonal,
then, for any € > 0, there are two nilpotents x, y € A such that |a — xy| < e.

Proof Let B= l“(A)/IQT(A)W. Recall that IT: [*(A) — B is the quotient map and
1: A - 1°°(A) is the canonical embedding. Denote 7 := I o 1. Fix a € A. Without loss
of generality, we may assume |a|| <1. Put ag = a*a + aa*. Assume that there are
b1, by € A, such that 0 = b1b, = ab; = bya = ab, = bya. Let € > 0. Since A is simple
and non-elementary, one can choose n € N such that

1n <inf{d.(b;): 7€ QT(A) }, i=12.

Since A has property (TM), by Theorem 8.11, A has T-tracial approximate oscillation
zero. Then, by Theorem 6.6, B has stable rank one. Also, by the last part of Remark 8.2,
for each m € N, there is a c.p.c. order zero map ¢,, : M,, — Her(ao) such that

(€9.14) Ja - ¢m(1,,)a|\2’mw <1/m.

Let ¢ : M,, — [*°(A) be the map induced by {¢,, } men and ¢ := IT o ¢. Then (e9.14)
shows that

(€9.15) #(1,)i(a) =i(a).

Denote by {e; ; : 1<i, j<n} asystem of matrix units for M,, and {e; ; : 1<i, j<n+1}

an expanded system of matrix units for M,.;. In particular, we view M, generated by

{ei,j:1<1i,j<1}asa C*-subalgebra of M, generated by {e; j:1<i,j<n+1}.
Since A has strict comparison, and for all m € N,

(€916)  sup{d(¢m(e11)): 7€ QT(A) } <1/n<inf{d,(bs): 7€ QT(A) },
we have ¢,,(e1,1) S b, for all m € N. By [40, Proposition 2.4(iv)], there are v,,, € A
(€9.17) ViVm = (¢m(er1) —1/m), and v,v, € Hers(b,) (meN)
(see (e3.5)) and (e3.6)). Note that

[vaul* = Vil = [($m(ers) = 1/m) | <1.
Letv = {v,v,,...} € I*°(A).Since | (¢m(e1,1) —1/m)s — dpm(er1)| < 1/m (m e N), we
have
(e9.18) II(v*v) = ¢(ery).

The facts that ¢,,(1,) € Her(ao), Her(ao) LHer(b, ), and v, v}, € Her(b;) show that
Gm (1) Ly vy, for all m e N. Hence,

(€9.19) I(vv*)¢(1,) = 0.
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Let h: Co((0,1]) ® M, — B be the homomorphism defined by h(1 ® e;,;) = ¢(e;,;)
(1<i,j<n).Extendhr: Co((0,1]) ® My - Bbyh(1 ® eij)=h(1®e;;) and h(1 ®
eLn+1) = v*. By (e9.18) and (e9.19), T is indeed a homomorphism. Define a(e,-,j) =
z(z®ei,j) forl<i,j<m+1.

As we view M, as a C*-subalgebra of M,,,;, ¢ is an extension of ¢, i.e., ¢|p, = .

By Proposition 8.3,

(€9.20) Herp(¢(1,41)) = Herp($(er1)) ® Myi1 = Herp(p(er1)) ® My,
and

(€9.21) Herp(¢(1,)) = Herg($(e11)) ® M.

Moreover, as {e; j: 1< i,j<n}c{e;;:1<1i,j< n+1}, wealso write

Her($(14)) c Her(¢(Lis))-

Since B has stable rank one, by [5, Corollary 3.6], Her3($(1n+1)) also has sta-
ble rank one. Note, by (€9.15), i(a) € Herg(¢(1,)) = Herg($(e1,1)) ® M, Then, by
Proposition 9.2, there are nilpotents

X1, Y1 € Herg(a(l,,ﬂ)); Herg(¢(e11)) ® M,y such that ||i(a) — x| < /8.
Recall that TT(vv* + ¢(1,,)) = ¢(1,1+1). Thus,

(e9.22) Herp($(1y11)) = I(Herje 4y (vv* + ¢(11))).
Also, note that (vv* + ¢(1,,)) L1(by). Thus,
(€9.23) Her e (4)(vv" + ¢(1,)) c {1(b1)}*.

By (€9.22) and the fact that nilpotents can be lifted (see [29, Theorem 6.7]), there are
nilpotents x,, y, € Herj (4)(vv* + ¢(1,,)) such that

(e9.24) I(xz) =21, (y2) =y
It follows from (e9.23) that we also have
(€9.25) x2L11(by), and  y,Lli(by).

Since |i(a) — x1 1| < €/8, thereis Z € Ig7cay” such that

1(a) = x2y2 Mg 2.
Note that 1(a) — x, ¥, € {¢(b1) }*. Hence, there is d € {i(b;)}* such that
(@) = x2y2 wegs d(1(a) — x292)d weys dzd.
Let
(€9.26) z:=dzd € {1(by)}* n  —

Then
|t(a) = (x2y2 + 2)| < €/4.
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Choose 8 > 0 such that ||zf5(|z]) — z| < ¢/8. Then
(€9.27) [:(a) = (x2y2 + zfs(|2])) | < /2.

Write z = {z1,2,...} with z; 1 by (i € N). Since z ¢ IQT(A)W, there is i € N such that
(note that the first inequality of the following always holds)
4 .
(€9.28) sup  {d:(f52(|zi]))} < 5 sup 7(|zi]) < _inf {d.(b1)}.
1eQT(A)" 1eQT(A)" 1€QT(A)

Since A has strict comparison, f5/,(|zi|) S b1. By [40, Proposition 2.4(iv)], there is
r € A such that

(€9.29) r*r = fs(|z;]) and rr* € Her(by).

Write x; = {x2,j} jewv and y, = {y2,j} jen. By (€9.25), x5,; Lb; and y ; Lby. Together
with (€9.29), we have

(€9.30) Xpit =1"%xp,; = yp,ir=1"yy,; =0.
Thus,
(e9.31) x2,i¥2,i +zifo(|zi]) = x2,iy2i + zir"r = (x2,i + 2i7" ) (2, + 7).

Since x, and y, are nilpotents, so are x5 ;, ¥2,;. By (€9.26) and (9.29), r*z; = 0.
Hence,

(zir*)* = zir*zir* = 0.
By (€9.29), r* = 0. By (¢9.30),
(2it*)x2,; =0 and y,;r=0.

Let oy := X35, &2 = z;7", 1 = y2,i, and P := r. Then the last paragraph shows that
a1, a2, 1, B2 are all nilpotents, and aay = 182 = 0. Then it is standard to conclude
that x := & + a3 and y :=f; + 5, are nilpotents (see the proof of Claim 1 in the proof
of [16, Lemma 5.6]).

By (€9.27) and (e9.31),

(9.32) amep x2,iy2,i + Zifo([zi]) = (x2,i + zir" ) (26 + 1) = xy.
The lemma follows. u

Theorem 9.4 Let A be a o-unital simple C*-algebra with QT (A)\{0} # 0. If A has
strict comparison and has T-tracial approximate oscillation zero, then A has stable rank
one.

Proof We may assume that A is non-elementary. There are two cases.

Case 1. A has a nonzero projection p.

Set A; := pAp. Then A, is unital, simple, has nonempty QT (A;), and has strict
comparison as well as T-tracial approximate oscillation zero. Hence, 1*°(A;) /Im
has stable rank one (see Theorem 6.6). Let a € A; be a non-invertible element, and let
€ > 0. Since A; is simple and finite, by [39, Proposition 3.2 and Lemma 3.5], there is a

unitary u € U(A;), anelement a € A, and a positive element b € (A1), \{0} such that
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|a—a| <e/4and b(ua) = (ua)b = 0. Note that Her(b) is also infinite-dimensional.
Hence, there are two nonzero orthogonal positive elements by, b, € Her(b).

By Theorem 8.5, A has property (TM). We then apply Lemma 9.3 to obtain two
nilpotent elements x, y such that

Ud Nejy XY
Let § > 0 be such that

xy eja (X +0)(y +9).
Note that x + § and y + § are invertible since x, y are nilpotents. Then that
awmgy U ud ngp ut(x+08)(y+9)

shows that a can be approximated by an invertible element u* (x + §)(y + §) up to the
tolerance e. Hence, A; has stable rank one. It follows that A also has stable rank one.

Case 2. A has no nonzero projections. By Theorem 7.11, the canonical map T is
surjective. Choose e € (A ® X), with 0 < e < 1such that [e] is continuous on QT/(A).
By Theorem 2.19, C = Her(e) has continuous scale. By Brown’s stable isomorphism
theorem [4], C ® X = A ® XK. Therefore, it suffices to show that C has stable rank one
(see [36, Theorem 6.4]). Hence, without loss of generality, we may assume that A has
continuous scale (and QT (A) # 0).

Let A; be a o-unital hereditary C*-subalgebra of A. Let a € A} and let € > 0. Let
a; = a*a+ aa”. Then there is § > 0 such that

la - fs(aafs(a)] <e/2.

Let a := fs(ai1)afs(ar). Since A; has no nonzero projections, we may assume that
[0,68] c sp(ay). Let g € Co((0,1])+ with supp(g) c [6/4,8/2], then

b:=g(a;) #0 and ba=ab=0.

Let us consider A, = Hery, (f5/s(a1)). Note that A, is simple, A, = Ped(A;) and
QT(A;) # 0 and has strict comparison. Moreover, by Proposition 5.4, A, has T-tracial
approximate oscillation zero. Hence, by Theorem 6.6, I*°(A,)/1 B has stable

rank one. Note that a, b € A,. Note also that, since A is non-elementary, Hery, (b) is
infinite-dimensional. It follows that there are by, b, € Hery, (b).\{0} such that b; 1 b;.
Since a*a+ aa*, by, b, are mutually orthogonal, applying Lemma 9.3, we get two
nilpotents x, y € A, c A; such that |a — xy| < /2. It follows that ||a — xy| < e.
Therefore, for any o-unital hereditary C*-subalgebra A; c A, any a € A}, and any
€ > 0, there are nilpotents x, y € Aj such that |a — xy| < &. Together with the facts that
A is projectionless and assumed to have continuous scale, applying [14, Theorem 6.4],
we conclude that A has stable rank one. [ ]

The proof of Theorem 1.1

Proof For (1) = (2), applying Theorem 711, we know that I' is surjective. Then (2)
follows from Theorem 9.4.
Both (2) = (3) and (2) = (4) are obvious. That (3) = (2) follows from [1].
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For (4) = (1), we apply Theorem 5.10. That (1) < (5) follows from Theorems 8.5
and 8.11. This ends the proof of Theorem 1.1. [ ]

Note that the separability condition is only used in the implication of (3) = (2).
We learned that the following is also obtained by S. Geften and W. Winter.

Corollary 9.5 Let A be a o-unital stably finite simple C*-algebra of real rank zero
which has strict comparison. Then T is surjective and A has stable rank one.

Proof Let pe A be a nonzero projection and B = pAp. It suffices to show the
statement holds for B. Note that B is unital and stably finite. By the paragraph right
after the proof of Theorem 3.3 of [3], B has a 2-quasitrace (see also 1.3(III) of [2]). By
Proposition 5.8, A has tracial approximate oscillation zero. Then the corollary follows
from Theorem 9.4. L]

Let A be a separable simple C*-algebra with QT(A)\{0} #0. Let
e € Ped(A),\{0}. Recall that T, = {7€ QT(A):7(e)=1} is a compact convex
set which is also a basis for the cone QT (A).

Corollary 9.6 Let A be a o-unital simple C*-algebra with QT (A) # () which has
strict comparison. Suppose that, for some e € Ped(A) \{0}, 0.(T.) has countably
many points. Then T is surjective, A has stable rank one, property (TM) and T-tracial
approximate oscillation zero.

Proof It follows from Theorem 5.9 that A has norm approximate oscillation zero.
Thus, the corollary follows from Theorem 9.4 immediately. ]

The following is perhaps known, but we are not able to locate it in the literature.

Proposition 9.7  Let A be a separable C*-algebra which has local finite nuclear dimen-
sion. Then every hereditary C*-subalgebra B c A also has local finite nuclear dimension.

Proof LetBbeahereditary C*-subalgebraof A.Lete > 0and I c Bbeafinite subset.
To simplify notation, without loss of generality, we may assume that F c B! and there
is ep € B! such that egx = xep = x for all x € F.

Choose § > 0asin Lemma 3.3 of [10] associated with £/4 (in place of ¢) and 0 = ¢/4.
We may assume that § < ¢/4.

Since A has local finite nuclear dimension, there is a C*-subalgebra C c A with
finite nuclear dimension, say k (k € Nu{0}), such that

(€9.33) x €5/, C for all x € Fu {ep}.

Choose d € C! such that |ep — d| < 8. Then, by Lemma 3.3 of [10], there is a partial
isometry w € A** such that

(€9.34) ww” fo14(d) = feya(d)ww” = f/4(d), w*cw € Her(ep) c B and
(e9.35) [w*ew —¢| < (e/4)|c| for all ¢ ef£/4(d)Afs/4(d).
Set Cy = w”* f,/4(d)Cf,s(d)w c B. By Proposition 2.5 of [46], f,/4(d)Cf,4(d) has

nuclear dimension k. Since C; 2 f/4(d)Cf/4(d), C; has nuclear dimension k. We
then estimate that
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(e9.36) x €, C; for all x e F.
Thus, B has local finite nuclear dimension. [ |

__Asin [42], we have the following (note that, by [17], since A is exact, T(A) =
QT(A)).

Corollary 9.8 Let A be a separable exact simple C*-algebra with T(A)\{0} # 0.
Suppose that A has strict comparison, T-tracial approximate oscillation zero and has
local finite nuclear dimension. Then A® Z = A.

Proof Choose e € Ped(A)\{0} and B = Her(e), Then Ped(B) = B. 1t suffices to
show (see Corollary 3.1 of [44]) that B is Z-stable. Note that B has strict comparison,
and, by Proposition 9.7, has local finite nuclear dimension. Since B also has T-tracial
approximate oscillation zero (see Proposition 5.4), by Theorem 711, I is surjective. It
follows that B has m-almost divisibility for some m (in fact m can be zero). By [43,
Theorem 8.5(iii)], B is Z-stable. [ |

Remark 9.9 At least in the unital case, the condition that A has local finite nuclear
dimension in Corollary 9.8 can be further weakened to that A is amenable and has
weak tracial finite nuclear dimension (see Definition 8.1 and Theorem 8.3 of [24]).

Remark 9.10 (1) Note that, in Theorem 1.1 and Corollary 9.6, we do not assume that
A is amenable or even exact.

(2) Usually, the condition that A has strict comparison implies that A has at least
one densely defined nonzero 2-quasitrace. However, one may insist that the condition
that A has strict comparison means that, if A has no nonzero 2-quasitraces, A is
purely infinite. In that case, the assumption in Theorem 1.1 (part of the assumption
of Corollary 9.8) may be replaced by that A is finite and has strict comparison.

(3) On the other hand, if one assumes that Cu(A) is almost unperforated and A
is not purely infinite, then, by [41], A has strict comparison (in the usual sense) (see
also Remark 2.5 and Proposition 4.9 of [16]). Conversely, if A has strict comparison
(in usual sense), Cu(A) is almost unperforated. Therefore, if one prefers not to
mention 2-quasitraces in Theorem 1.1, one could use the condition that A is finite and
Cu(A) is almost unperforated.

(4) If A is a unital stably finite simple C*-algebra, then, by [40, Theorem 6.1]
(see also [8, Corollary 4.7] and [2, Theorem II.2.2]), A has at least one nontrivial
2-quasitrace. So, in the unital case, we may assume that A is stably finite instead assume
that A has a nontrivial 2-quasitrace. This also works for the case that A is not unital but
Ko(A), # {0}. However, when A is stably projectionless, the situation is somewhat
different. Nevertheless, we may proceed this as follows:

We assume that A is a separable simple C*-algebra. Recall that an element
a € Ped(A), is infinite, if there are nonzero elements b, c € Ped(A), such that
bc=0,b+c<cand ¢ $a.Ais said to be finite, if there are no infinite elements in
Ped(A),.A is said to be stably finite, if M,,(A) is finite for each n (see Definition 1.1 of
[27] and Definition 4.7 of [16], for example).

Choose e € Ped(A),\{0} and consider B = Her(e). Without loss of generality,
we may well assume that A = B for convenience. Define Kj(A) (using W(A) not
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Cu(A)) exactly the same way as in Section 4 of [8]. Note that Lemma 4.1 of [8] holds
automatically with the definition above. The same definition of order there (before
Proposition 4.2 of [8]) also works in this case. In other words, so defined K (A) is
a (directed) ordered group and the stably finiteness ensures that K (A) is not zero.
Since A is simple, Proposition 4.2 of [8] still holds. We now return to the paragraph
right after the proof Theorem 3.3 of [3]. Note that (K (A), K5 (A)+, [e]) is a scaled
ordered group which has a state, and which gives a dimension function. By [2, I1.2.2],
the dimension function just mentioned gives a 2-quasitrace on A. Therefore, we may
replace the condition that QT(A)\{0} # ) by the condition that A is stably finite
(recall that we assume that A is simple) in Theorem 1.1 (see also [18] for the case that
A is exact).

(5) One may notice that the condition that A has strict comparison and
[ is surjective implies that there is an isomorphism I~ :Cu(A) - V(A)Uu
(LA, (QT(A))\{0}) (see also Definition 2.13).
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