Proceedings of the Edinburgh Mathematical Society (2023) 66, 1154-1178
doi:10.1017/S0013091523000603

ON LIOUVILLE THEOREMS OF A HARTREE-POISSON SYSTEM

LING LI AND YUTIAN LEI

Institute of Mathematics, School of Mathematical Sciences, Nanjing Normal University,
Nanjing, China (liling.njnu@qq.com; leiyutian@njnu.edu.cn)

(Received 30 August 2022)

Abstract In this paper, we are concerned with the non-existence of positive solutions of a
Hartree—Poisson system:

1
— Au = (Hﬁ *fup) vP71 w>0in R?,
2l

1
— Av = (7‘ = *uq) uqfl7 v > 0in R,
Zln—

where n > 3 and min{p, ¢} > 1. We prove that the system has no positive solution under a Serrin-type
condition. In addition, the system has no positive radial classical solution in a Sobolev-type subcritical
case. In addition, the system has no positive solution with some integrability in this Sobolev-type sub-
critical case. Finally, the relation between a Liouville theorem and the estimate of boundary blowing-up
rates is given.
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1. Introduction

Recently, the following Hartree-type system has attracted a lot of attention:

1
—Au—(|| *UP>UP1, u >0 in R",
xn—a

: (1.1)

—Av = (w*uq> wi™t, v >0inR",
zln

where n > 3, 0 < «a,8 < n, and min{p,q} > 1. This system can be viewed as a
generalization of the static Hartree equation:

1
~du= (e )l w0 (1.2
T
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which was studied extensively. Such an equation has many applications in the
Hartree—Fock theory of the non-linear Schrédinger equations and the quantum theory
of large systems of non-relativistic bosonic atoms and molecules (cf. [11] and [30] and
many others). It is also helpful in understanding the blowing up or the global existence
and scattering of the solutions of the dynamic Hartree equation (cf. [28]).

When a =2, Equation (1.2) has no positive solution if 1 < p < 2+2 and all posi-

n—27
—2
tive solutions are classified to the unique form wu(z) = ¢( “Z” in the critical

n+2
n—2

has positive stable solutions if and only if p > 1 + ﬁm. Afterwards, the same

)
t2+\zfz*\2

case p = (cf. [27]). Furthermore, the author also pointed out that the equation

results for Equation (1.2) were obtained in [23], and the author covered the full range
for 0 < @ < mand —o0 < p < % In addition, by the method of moving planes
in integral forms, Du—Yang [10] and Guo-Hu—Peng—Shuai [17] gave the symmetry and
uniqueness of the positive solutions of Equation (1.2) with the Sobolev-type critical expo-
nent p = 27 := 2% The existence of the super-solutions of Equation (1.2) and several

sufficient conditions were studied in [36]. When o = n — 4, p =2, Liu [31] classified all
2
Lﬁ(R”) solutions for the equivalent integral system of Equation (1.2). Afterwards,

the integrability for all L%(R") solutions of Equation (1.2) with p =2 was obtained,
and decay rates of those solutions at infinity were estimated (see [26]). In addition,
Equation (1.2) in the fractional setting was also studied (cf. [8, 9, 21, 32]). Other results
can refer to [20, 22, 43] and the references therein. Recently, Ghergu et al. [12] shows a
necessary and sufficient condition of existence of super-solutions of

u(z) = 2|7 « WP (2P % wP)], w>0 on R™. (1.3)

As a corollary of this result, we can obtain that Equation (1.2) has positive
distributional super-solutions if

(1.4)

{ n—24+a n+a—2 2n }
p > max - 2, .

2n—a) ' n—a 2n—a-—2

There are few researches on Equation (1.1) unlike on Equation (1.2). Recently, Wang
2n
and Yang [42] proved that v and v must be radially symmetric if (u,v) € L7=2(R") x

2n
Ln=2(R"™) is a positive solution of Equation (1.1) with « = 8 > n—4 and p = ¢ =
Z‘%‘. But they did not give the explicit form of the solutions and restricted the global
integrability assumption. In 2021, Le [24] showed that the system (1.1) has no positive

solution if

T YR EY 0

l<p< , 1<g<
n—2 n

and (p,q) # <n+a n+'8)

n—2"n—2

by the method of moving spheres in integral forms. He also classified all positive solutions

. . _ (n+ +8
in the critical case (p,q) = (%15, 255).
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In this paper, we investigate the nonexistence of positive solutions of the
Hartree—Poisson system:

1
—Au = xvP ) vP7t w>0in R,
a2
1 (1.6)
—Av= | ——=xu?)u’t, v>0inR",
|1.|n72
where n > 3 and min{p,q} > 1. Actually, it seems difficult to investigate directly
the properties of Equation (1.6) in view of the convolution term. Noting the relation

between the Newton potential and the convolution properties of Dirac function, we can
see that Equation (1.6) can be studied by the following Hartree—Poisson system:

— Au=woP L, u >0 in R",
— Aw =P, w >0 in R",
B R . (1.7)
Av = zu?™ v >0in R",
— Az =ul, z>01in R",
and the integral system
() = Cy v y)w(y)
rr |z —y[nm2
w(z) :/ L(y)dy
g |z —y[nm2
b= [ M0, )
vr) = T 2 Y
? Jan Jz—y[n2
u?(y)
z(x) = ——dy.
) (énw—yWQ ’
Here, C'y and (5 are positive constants.
System (1.7) is related to the Lane-Emden system:
—Au=v", wu,v>0in R",
A — o (1.9)
- Uv=1u, p,q > Oa

which arises in chemical, biological and physical sciences. One of the most con-
cerned issues with Equation (1.9) is the Lane-Emden conjecture, which is still open.
That is, the system (1.9) admits no positive classical solutions in the Sobolev-type
subcritical case:

1 1 n—2

i > 1.10
p+1 g+1 n (1.10)

Fortunately, partial results have been obtained. For n < 2, the conjecture is a conse-
quence of a relatively easier, and the known result (1.9) has no positive super-solution if
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2p+1) 20+ | - 0 9
pg—1 "’ pg—1 =
dition). This result can be found in [35] or [39]. Therefore, an interesting open case
is n > 3. In 1996, Mitidieri [35] proved that the conjecture is true for radial solu-
tions in all dimensions. Combining with this result, Chen-Li [4] settled the conjecture
under some integrability condition. When n =3, it was proved in the full range (1.10)
but under the additional assumption that u and v have polynomial growth at infin-
ity (cf. [39]). Afterwards, Polacik—Quittner—Souplet [37] removed this assumption and
proved the Lane-FEmden conjecture when n=3. And, when n =4, the conjecture was
solved by Souplet [40]. When n > 5, the non-existence of positive classical solutions to
Equation (1.9) is still unknown.

Inspired by these results, we will study the Lane-Emden conjecture for Equation (1.6).
We say that Equation (1.6) is in the critical case when the pair (p, q) satisfies

pq <1 or pg>1 and max{ (which is called the Serrin-type con-

1 1 2(n—2
7+f:("7), (1.11)
P q n+2

which is the Sobolev hyperbola. Throughout the paper, the case where the relation

1 1 2n-2)
P q n+2

)

holds is referred to as the supercritical case, and the case

1 1 2(n—2
1,122 (1.12)
P q n—+2

holds is referred to as the subcritical case.
We always assume in this paper that w,v € L _(R") have the following slowly
increasing properties, which implies the convolutions in Equation (1.6) make sense:

oP P, u? e € L1+ |2))* "de, R™). (1.13)

We say that (u,v) is a pair of positive distributional solution of Equation (1.6), if
positive functions u,v € L (R™) satisfy Equation (1.13), and for any function ¢ €
C§°(R™), there holds

/Rn w(@)[-A¢(x)|dz = /Rn ¢(x)vp—1(x)/ WPy dy da;

g [T — |2

/ v(2)[-Ad(z)]de = [ ¢(z)u?"(z) / ul(y)dy
R™ RN R

n |z —y[n=2

Furthermore, (u,v) is called a pair of positive classical solution of Equation (1.6), if
positive functions u,v € C?(R") satisfy Equations (1.13) and (1.6) pointwise in R™.

Now, we give the main results.

First, the Serrin-type condition is a necessary condition of existence of positive
solutions.
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Theorem 1.1. Let min{p,q} > 1, and

8p 8(]
maX{(2p—1)(2q—1)—1’(Qp_l)(Qq_l)_l}Zn—2.

Then, Equation (1.6) has no positive distributional solution.

Next, the Sobolev-type condition is a weaker one for existence of positive radial
solutions.

Theorem 1.2. In the subcritical case (1.12), Equation (1.6) has no positive radial
classical solutions.

Remark 1.1. (i) The Lane-Emden conjecture states that the Lane-Emden system
has no positive classical solution under the subcritical condition. Mitidieri confirmed
this conjecture with the radial classical solution in [35]. Therefore, we only consider the
non-existence of positive radial classical solutions here.

(ii) A natural question is when a distributed solution of Hartree-type equations is
classical. To the best of our knowledge, there is no conclusion regarding Equation (1.6).
For Equation (1.2), there are several results. First, Le [25] pointed out that the solution
u € Lfoi(p_l)/(a+’8)(R”) of integral Equation (1.3) can be classified when p is the critical
exponent, and hence u is classical. Similar to the proof of Theorem 1.1 in [9], we know
that the distributional solutions of Equation (1.2) satisfy the integral equation when « €
(0,n/2). In addition, [9] shows that if u € H®/2(R™) 0 L?*/("=®)(R") is a distributional
solution of (—A)*/2 = u(|z|~2* * |u|?), then u € CI*)(R") as long as « € [1,1/3). Thus,
when a > 2, those solutions are classical, and hence many elliptic methods (such as the
Schauder estimation, the strong maximum principle, the method of moving planes, etc.)
still work.

(iii) Although Equation (1.9) has no positive radial classical solution in the subcritical
case, Equation (1.9) has other positive radial solutions, which are not continuous. For
simplicity, we consider the case of u = v. Now, both Equations (A.8) and (A.11) in [15]
show that the Lane-Emden equation has radial solutions, which do not belong to C?(R™).
We believe that analogous conclusions still hold true for Equation (1.6).

To proving Theorem 1.2, we apply the ideas in [35]. To deal with convolution terms
in Equation (1.6), we introduce two new unknown functions w and z, so Equation (1.6)
is replaced by Equation (1.7), including four equations. Therefore, the process becomes
more complicated when we combine those four equations into the Pohozaev equation.

In addition, the Sobolev-type condition is also a weaker one for existence of positive
integrable solutions (i.e., (u,v) € L"0(R™) x L*0(R™)), where

o - nler- 1))é2q -v-y @ -1))C¢-1)-1] (1.14)
D 8q

Theorem 1.3. In the subcritical case (1.12), Equation (1.6) has no positive classical
solution in L™0(R™) x L%0(R™).
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Remark 1.2. The Coulomb-Sobolev space E%*(R") is the vector space of functions
u € D2(R™) such that (cf. Definition 2 in [33])

/ |Vul|? dz +/ [|z[*~" x |u)®|? dz < oco.
Rn RM

If (u,v) € E%51(R") x E*%2(R"), by Proposition 3.1 in [33], we have
(u,v) € L' (R™) x L'2(R™), for all (t1,t2) € I X I,

where I; (i = 1,2) are the closed intervals with endpoints s; + 1 and 2n/(n — 2). When
s1 and sg satisfy (rg,s9) € I) x I, by Theorem 1.3, we know that Equation (1.6) has
no positive classical solution in E%°1(R") x E%%2(R™) under the subcritical condition
(1.12).

To prove Theorem 1.3, we first convert Equation (1.6) to Equation (1.8). Next, using
the method of the moving planes in integral form, we prove that all integrable solutions
(i-e., (u,v) € L"0(R™) x L*0(R™) are radially symmetric. Thus, using Theorem 1.2, we see
that Equation (1.6) has no classical solution in L"0(R™) x L*0(R™) under the subcritical
condition (1.12).

Finally, we establish the equivalence between the Liouville theorem of Equation (1.6)
and the estimate of boundary blowing-up rate for positive classical solutions of

1
—Au= (| = *vp> P~ on Q,
x

1
— Av = ( uq> wi ™' on Q.

ER

(1.15)

To obtain this result, we need a doubling lemma (cf. Lemma 2.2) which plays an
important role in the study of the Lane-Emden conjecture. Polacik et al. [37] proved
that non-existence of bounded solutions of Equation (1.9) implies estimates of boundary
blowing-up rate:

_2(p+1)
w(z) < Cldist(x,00)] pe-1 | z€Q,

_2(g+1)
v(z) < C[dist(z,00)] Pa—1, z €,

where (u, v) solves the Lane-Emden system on the bounded domain Q. Combining with
the result of Serrin—Zou [39], taking 2 = 0Bg(z) and letting R — oo, they proved
the Lane-Emden conjecture when n =3. Therefore, we are interested in the boundary
blowing-up rate of the system (1.15).

Theorem 1.4. Assume that Equation (1.1) with min{p, g} > 1 has no bounded positive
classical solution (u,v) in R™. Then, there exists C = C(n,p,q) > 0 such that any positive
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solution (u,v) € C%(R™) x C*(R™) of Equation (1.15) satisfies estimates of the boundary
blow-up rates:

_@p=1)(8+2)+(a+2)
u(z) < Oldist(z,00)]  Cr—D@=D-1 " 3¢ (1.16)

~_ (2q—1)(a+2)+(8+2)
v(z) < Cldist(z,0Q)] Cr-DC-D-T | zeQ. (1.17)

On the contrary, if positive classical solutions of Equation (1.15) satisfy Equations (1.16)
and (1.17), then Equation (1.1) has no positive classical solution.

Another analogous problem is

0< —Au < (|Jz|=**v)?,
0< —Av < (Jz| 77 xu)e,

where n > 3, a, 8 € (0,n) and A\,o > 0. In 2015, Ghergu and Taliaferro studied the
behaviour near the origin of positive solutions in C*(R™ \ {0}) N L*(R™) (cf. [13]).
This shows that asymptotic behaviour of the positive solution of Equation (1.1) is an
interesting topic which will be investigated later.

2. Preliminaries

Recall a version of the Hardy-Littlewood—Sobolev inequality, which will be used in the
method of moving planes in integral forms (introduced by Chen—Li—Ou [5]).

Lemma 2.1. (Theorem 1 in Chapter 5 of [41]). Let0 < a <n and

f(x) = /Rn [z —y|* " g(y)dy.

Then, for any s > —2—, we have

n—a’

1 llzs @y < Clr,s, elgll Zass oy

Next we recall the doubling lemma by Polacik, Quittner and Souplet. Those ideas come
from [19].

Lemma 2.2. (Lemma 5.1 in [37], Doubling lemma). Let (X, d) be a complete
metric space, and let ) # D C ¥ C X with ¥ close. Set T' = ¥\ D. Finally, let
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M : D — (0,00) be bounded on compact subsets of D and fix a real k> 0. If y € D is
such that

M(y)dist(y,T") > 2k,
then there exists x € D such that
M (z)dist(x,T') > 2k, M(x) > M(y),
and
M(z) <2M(zx), forallze Dﬂm.

Now, we introduce a lemma which plays an important role in radial case, and it can
be seen in [6] or [35].

Lemma 2.3. (Lemma 2.1 in [35]). Assume n> 2 and ¥ € C*(R"\{0}) is a positive
radial function. Let

(=AW >0, R, k=01,
then for every r = |x| € (0,00) we have
r¥'(r) 4+ (n —2)¥(r) > 0. (2.1)

Finally, we will use a result on the relation between Equation (1.6) and the system of
partial differential equations (1.7) and the system of integral equations (1.8). The result
can be found in [18] (or [2]).

Lemma 2.4. (Theorem 3.21 in [18]). Letn > 3 and p be a positive Radon measure
on R™ and [ € R. The following two statements are equivalent:

(a) wis a distributional solution of Au+ =0 on R™, and ess infgn u = 1.
(b) ue LL (R"), and we have

loc

d
u(x) :l—|—c*/ 'ui(y)%, a.e. x € R",
re |z —y["

where ¢, :=T((n —2)/2)(4x"/?T(1))~".

Further results can be found in reference [7]. D’ambrosio and Ghergu obtained their
integral representation formulae for functions u € L{  (R™), which satisfy P(—A)u = u in
the sense of distributions, where P is a non-constant real non-homogeneous polynomial
whose roots are non-positive. Those results can be applied to many non-homogeneous

higher-order differential inequalities.
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3. Liouville theorem under the Serrin condition

In this section, we give a necessary condition of existence of positive solutions, which
provide an important ingredient in the proof of Theorem 5.1.
First, we say (u,v,w, z) is a positive super-solution (sub-solution) of Equation (1.8) if

u,v,w, 2 € L] (R™) are positive so that the following inequalities make sense a.e. on R"

b

u(:zc) > (S)C1/ w

gn |z —y|n2

vP(y)

w(x) > (< ——dy,
@z [ R
u? ' (y)z(y)

gn T —y|n?

(@) > (<) / L)

n o —y|?

)

v(z) > ()02

Now, we use an idea in [2] to prove the following theorem.

Theorem 3.1 Let min{p,q} > 1 and

8p 8q
max{@p —1D(2¢—-1)-1"(2p-1)(2¢—1) — 1} >n=2 (3.1)

Then, the integral system (1.8) has no positive super-solution.

Proof. If (u(z),v(x)) is a positive super-solution of Equation (1.8), we can deduce a
contradiction. In fact, from the system (1.8), we have

. P (g (y) c v

wzo [ R g [ v e 62
w(x VP (y) ¢ vP

(2) > /B Y E /B L (3.3)

o(z) > Cy / Wyel) g e / W) dy.  (3.4)

- Bro lz—y["* 77 (Jz[+ R)"2 Jpp)

u(y) c )

2(x) > /B Y E T /B RaL (3.5)
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Taking ¢ —1 powers of Equation (3.2) and multiplying Equation (3.5) and then
integrating on Br(0), we obtain

/B © u? ™ (2)z() dz
R
¢ L P y)w " ud
> /BR(O) (lz| + R)a(n—2) </BR(0) (y)w(y) dy) /BR(O) (y)dy (3.6)

q—1
> ¢RI =2) ( / P (y)w(y) dy) / u?(y) dy.
BR(0) BRr(0)

Taking ¢ powers of Equation (3.2) and integrating on Bg(0), we get

q
/ u!(z)dz > ¢RP1=2) (/ WP y)w(y) dy> :
Bpr(0) BpR(0)

Inserting this into Equation (3.6), we see that

2q—1
/ uI Y (z)2(z) dz > cR*~24(n=2) (/ P (y)w(y) dy) . (3.7)
BR(0) BR(0)

Similarly, we have

2p—1
/ W @)w(x) dz > cR¥P2) ( / ul™(y)=(y) dy) :
BR(0) Bp(0)

Combining with Equation (3.7), there holds

(2p—1)(2¢—1)
/ wi™(2)z(z) da > cR2(H2)=2p(24-1)(n-2) (/ u™ (z)2(x) dx) :
BR(0) BRr(0)

(3.8)
In view of (2p — 1)(2¢ — 1) > 1, the result above implies that
_2q(n+2)—2p(2¢—1)(n—2)
/ ul™ Y (z)z(x)de < cR p-1)(2¢-1-1 (3.9)
Bpr(0)

When (21)71)(8% > n — 2, there holds 2¢(n + 2) — 2p(2¢ — 1)(n — 2) > 0. Letting

R — oo in Equation (3.9), we have [p, u?!(z)z(x)dz = 0, which contradicts with
u, 2z > 0.

When (217_1)(8% = n—2, there holds 2¢(n+2)—2p(2¢—1)(n—2) = 0. Letting R —
oo in Equation (3.9), we have u¢='z € L!(R™). Similar to the derivation of Equation (3.8),
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we integrate on Ag := Bag(0)\Bg(0) instead of on Br(0). Thus,

(2p—1)(2¢—1)
wI Y (2)z(x)dx > ¢ wI™ N (2)z(x) dx .
/AR <><>dz</BR(O) <><>d>

Letting R — oo and noting u?~'z € L'(R"), we see [pn u?™*(z)z(x) dz = 0. This is a
contradiction.
In the same way, we can prove that Equation (1.8) has no positive super-solution if
(21771)(8% > n — 2. Therefore, we complete the proof of Theorem 3.1. O
Proof of Theorem 1.1. Let (u,v) be a pair of positive distributional solution of
Equation (1.6) under the Serrin condition (3.1). Now, infgnu > 0 and infgnv > 0.
According to Lemma 2.4, we have

P=1() d
u(z) > c*/ w(y)v—(gi)Q/y’ a.e. on R",
g |z =yl

=10 d
v(z) > c*/ M a.e. on R".
gr o —yl”

Therefore, (u,v,w,z) is a super-solution of Equation (1.8) with C; = Cy = ¢,. This
contradicts with Theorem 3.1. Thus, Equation (1.6) has no positive solution under the
Serrin condition (3.1). O

Remark 3.1. By the same proofs of Theorem 3.1 and 1.1, we can also obtain that the
Serrin-type condition of Equation (1.7) is Equation (3.1), and the Serrin-type condition
of Equation (1.1) is

- {a+ﬂ(2p1)+4p 5+a(2q1)+4q}>n_2
2p-1)(2¢-1)—-1"2p-1)(2¢—-1) -1 ~ '

4. Liouville theorems in subcritical case

In this section, we prove Theorem 1.2. Namely, we prove that Equation (1.6) has no
positive radial classical solution in the Sobolev-type subcritical case. The ideas in [35] are
employed here. In fact, Mitidieri proved this non-existence by a contradiction argument.
Assume Equation (1.9) has a pair of positive radial classical solution, one multiplies
equations by the normal derivatives of solutions and integrates on a ball. Integrating by
parts and combining them together, one can deduce a Pohozaev-type identity. In order to
handle integrals on the boundary of the ball, one need to estimate decay rates of solutions
at infinity where Lemma 2.3 plays an important role.

Now, we use the ideas in [35] to deal with the non-existence of radial classical solutions
of Equation (1.6). We first use those ideas to prove the non-existence of positive radial
classical solutions of Equation (1.7) (rather than Equation (1.6)). The reason is that the
convolution terms are not easy to handle when deducing directly the Pohozaev identity
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from Equation (1.6). Even if a Pohozaev identity of integral form can be derived from
w(z) = |2[>7" x vP and z(z) = |2[>~" x w9, new improper integrals will appear and
their convergence is difficult to prove. Next, if (u,v) is a pair of classical solution of
Equation (1.6), by the regularity theory of singular integrals (cf. § 4.2 in [16]), from the
Holder continuity of u and v, we can derive the second-order differentiability of w and z,
and hence (u,v,w, z) is the classical solution of Equation (1.7). Thus, we can draw the
desired conclusion.

Theorem 4.1. In the subcritical case (1.12), Equation (1.7) has no positive radial
classical solutions.

Proof. If Equation (1.7) has positive radial solutions (u,w,v,z), we can deduce a
contradiction.
In fact, writing Equation (1.7) in radial coordinates, we obtain for r > 0,

— (' (r) 4+ (n = 2)u(r)) = rw(r)vP "1 (r), —(rw' (r) + (n — 2)w(r)) = rv*(r),
—(r0'(r) + (n = 2)v(r)) = rz(r)ut=t(r), —(rZ'(r) + (n —2)z(r)) = rul(r).

The first equation shows (r"~2u/)’ < 0. Integrating from 0 to r yields u/(r) < 0 for all
r > 0. Similarly, v',w’, 2’ are also negative for r > 0.

According to Equation (2.1), we have (v(r)r"=2)’, (w(r)r"~2)" > 0. Integrating the
radial equations from s to ¢ for 0 < s < ¢, we see that

Su’(s) + (n — 2)u(s) > w<s>8n—2(v(8)8n—2)p—1 / 51—p(n—2)d£

1

= (1-p(n=2) _ J1-p(n-2)

> w(S)U‘Dil (S)Sp(n72)+1
and

sw'(s) + (n — 2)w(s) > (U(S)Sn&)p/ ¢l-p(n=2)q¢

S

> vp(s)sp(n—2)+1 1

tl—p(n—Z) _ Jd=p(n-2) )
- 1—p(n—2) ( ’ )

Since v/, w’ < 0 and 1 — p(n —2) < 0, we can see that for r > rq > 0,

u(r) > er?w(r)oP=1(r), w(r) > er?oP(r).
Similarly, we have
v(r) > er?z(r)yu?=(r), 2(r) > er?ud(r).
Hence,
- 8 - 8
u(r) <ecr (2p—-1)(2¢-1)—1 v(r) <er (2p—1)(2¢-1)-1 (4.1)
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and then

L, Cp)2gk1)-1
w(r)oP(r), z(r)ul(r) < er2u(r)v(r) < cer ~Cp-D¢-1)-1, (4.2)

According to the identity Equation (2.5) in [34] (see also Equation (3.5) in [35]), there
holds

R R
— / VP () (r)w(r)r™ dr — / w?™ (r)u! (r)z(r)r™ dr
0 0 (4.3)

R
=(n-2) /0 o' (r)o' (r)r"dr 4 R™ ()0 (r).

Multiplying Equation (1.7); by v and Equation (1.7)s by u, and integrating by parts
on (0, R), we get

R R
—R" YW/ (R)v L () (r) dr = ™ Lw(r)vP (r) dr .
R (R) <R>+/O (r)/(r)d / (o) dr,  (44)

R R
—R" W (R)u P (P () dr = r"Lz(rul(r) dr. )
R (Ryu(r) + [ O = [ @)

We claim that

lim R" '/ (R)v(R) = lim R" 'v'(R)u(R) = 0. (4.6)

R—o00 R— o0

In fact, from Equations (2.1) and (4.1), it follows that

[R* 1 (R)o(R)], [R"'(R)u(R)| < (n — 2)u(R)v(R)R"™>

n—2— 8(p+aq)
< c¢R (2p—1)(2¢—1)—1

In view of n — 2 — % < 0 (implied by Equation (1.12)), Equation (4.6)
is true.

Using Equation (4.2), we also get

/000 "L (r)P (r) dr < oo, /000 "z (r)ud(r) dr < oco.

Hence, from Equation (4.4)—(4.6), there holds

/0 Ly ey () dr = /0 ()P () dr = /0 Tl A (A7)
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Integrating the left-hand side of Equation (4.3) by parts on (0, R) yields
R
—/ P ()Y (r)w(r)r™ dr
0
4.8
1 n n n n—1 1 f ! n ( )
= ——w(R)vP(R)R" + — w(r)oP(r)r" = dr + — w' (r)oP (r)r™ dr,
p P Jo P Jo
and
R
—/ uwl™t (P! (r)z(r)r™ dr
0 (4.9)

1 q n n n q n—1 1 n / q n
= —gz(R)u (R)R™ + ‘Z/o z(r)u(r)r" = dr + Q/o 2 (r)ul (r)r"™ dr.

For any 6 € R, from Equations (4.4) and (4.5), it follows that

/ o ) () dr = 0B (R)o(R) + (1 — 0)R™ o (R)u(R)
0

R R
+ 9/ " Lw(r)oP(r) dr 4+ (1 — 6) / 2 (r)ul(r) dr.
0 0
Combining with Equations (4.8), (4.9) and (4.3), we obtain that

1 n / yo n 1 f / q n
P/o w' (r)oP (r)r dr—|—q/O 2 (r)ud (r)yr™ dr

- [(n — 29— Z} /OR w(r)oP (r)r" =L dr + {(n —)(1—0) - Z] /OR 2P (F)r =t dr

+ ;ljw(R)vp(R)R” + éz(R)uq(R)R" + R () (r)

+0(n —2)R" '/ (R)v(R) + (1 — 0)(n — 2)R" ' (R)u(R).
(4.10)

Let 0 < 0 < 1. In view of u/(r),v'(r) < 0, ru/(r) + (n — 2)u(r) > 0 and rv’'(r) + (n —
2)v(r) > 0, there holds

R™/ (r)v' (1) + 0(n — 2)R" '/ (R)v(R) + (1 — )(n — 2)R" v/ (R)u(R)
=OR" M/ (R)[RV'(r) + (n — 2)v(R)] + (1 — O)R" /' (R)[R/ (r) + (n — 2)u(R)] < 0

(@.11)
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Therefore, Equation (4.10) reduces to

1 n / n 1 " / n
- w' (r)oP(r)r™dr + — 2" (r)ud (r)r™ dr
pJo q.Jo
n] (F n] (B
<[m-20-2) [Comrentars jo-2a-0 2| [Coumeta
plJo q]Jo
1 1
+ —w(R)vP(R)R" + —z(R)u!(R)R".
p q
(4.12)
Next, we claim that
r ’ n 2-n f n—1
w' (r)vP (r)rtdr > 5 P (r)w(r)r™ =" dr. (4.13)
0 0
Indeed, from Equation (1.7)s, it follows that
— (" () = P ()L
Multiplying by rw’ and integrating on (0, R) yields
R R
/ P (r)w’ (r)r" dr = —/ ("Y' (r)) rw’ (r) dr
0 0 (4.14)

R R
— BB + [ e s [ )R
0 0
To handle the second term of the right-hand side, we notice that
R R R
/ r™w (r)w” (r) dr = / r"w'(r) dw’ = R"(w'(R))? — / w' (r)(r"w' (r)) dr
0 0 0
R R
= R"(w'(R))* - n/ L (w! ()2 dr — / r™w' (r)w” (r) dr.
0 0
Therefore,
R 1 R
/ r"w’ (r)w” (r)dr = 51’%"(11/(]%))2 - f/ " (w! (r))? dr. (4.15)
0 0
To handle the third term of the right-hand side, we notice that
R R
/ VP (r)yw(r)r"tdr = —/ (r" Y (r)) w(r) dr
0 0

R
= —R" W' (R)w(R) + /O T w! (r))? dr.
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Combining this result with Equations (4.14) and (4.15), we get

/OR oP (r)w’ (r)r™ dr

1 n ! 2
= —§R (W' (R))” +

2—n
- 2

/O * P ryw(ry dr.

Here, we use the fact of w/(R) < 0 and Rw'(R) + (n — 2)w(R) > 0 (implied by
Equation (2.1)). Similarly, we can also obtain

R 9_n (R
/ 2 (r)ud(r)r™ dr > —5 ul(r)z(r)yr™=t dr. (4.16)
0 0

Letting R — oo in Equation (4.12) and using Equations (4.2), (4.7), (4.13) and (4.16),
we obtain

n n n—-2 1 n—-21 >
0<in—2————+ N }/ 0P (M ()t dr
{ STt g )

This contradicts with Equation (1.12), and hence Theorem 4.1 is proved. O

Remark 4.1. On the contrary, when the subcritical case (1.12) is not true, i.e., %4—
2(n—2)
n+2

1<
; S

we can verify that

__ 8% __ 8
U(x) = a|ag| (21371)(21171)*17 V(x) = b\m| (2p71)(2q71)*1,

_ 4(p+q) _ 4(p+q)
W(z) = clz| @D@-D-1  Z(z)=d|z| @-DE-D-1

solve Equation (1.7) in R™ \ {0} for suitable a,b,¢,d > 0. In addition, the classification
result in [24] shows that Equation (1.7) has an explicit radial solution on R™ when
p=gq="5.

Proof of Theorem 1.2. If Equation (1.6) has positive radial classical solution
u,v € C?(R™), we can use Lemma 2.4 to obtain that (u,v,w,2) solves Equation (1.7)
in distribution sense, where w := |z|>™" x v? and 2z := |z|>~" % u9. Similar to the argu-
ment of regularity of the Newton potential in Section 4.2 of [16], from u,v € C%(R"),
we can also deduce that w, z € C?(R™). Therefore, (u,v,w, z) is the classical solution of
Equation (1.7). This contradicts with Theorem 4.1. O

https://doi.org/10.1017/50013091523000603 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000603

1170 L. Li and Y. Lei

5. Radial symmetry of integrable solutions

In this section, we employ the method of moving planes in integral forms introduced by
Chen-Li-Ou [5] to prove the radial symmetry of positive solutions of Equation (1.8).
The methods of moving planes were founded by Alexanderoff in the early 1950s. Later,
it was further developed by Serrin [38], Gidas et al. [14], Caffarelli et al. [1], Chen and
Li [3], Li and Zhu [29] and many others. Wang—Yang used this method to prove the
radial symmetry of positive integrable solutions of Equation (1.1) (cf. [42]). Instead
of the integrability condition in [42], we will consider another integrability condition
(i.e., (u,v) € L0(R™) x L0 (R™)) to obtain the radial symmetry of positive solutions
of Equation (1.8). In addition, we do not need the assumption that w(z) and z(z) are
integrable.

Theorem 5.1. Let (u,v) € L"0(R™) x L% (R™) be a pair of positive solutions of
Equation (1.8). Then (u,v) are radially symmetric and monotone decreasing about some

point in R™.

Proof. First, we introduce some notation. For a given real number A, let

Sy ={ax=(z1,29,...,2,) | z1 <A},
and % = (2\ — 1,22, ..., 2,) be the reflection point of z about the plane z; = \. Write
Y= {2z e Xy | ulz) > ur(z) = u(z)}, V= {z € Xy | w(x) > wx(x) = w@M)},
V= {z € By | v(x) > vr(x) := u(zM)}, Ti={r e Xy 2(z) > zan(x) = 2(2M)}.

Assume (u,v) is a pair of positive solutions of Equation (1.8). Write ¢ =
n[(2p—1)(2¢—1)—1]

) . According to Theorem 1.1, we know that

max{ 8 8q
(2p—1)(2¢—1) =1 (2p—1)(2¢ - 1

)1}<n—2, (5.1)

which implies ¢t > ~"5 (due to 2 max{p, ¢} > p + q). Therefore, by Lemma 2.1, we can
deduce w, z € L*(R™) from (u,v) € L"0(R™) x L0 (R™).
Step 1. We show that for A sufficiently negative,

ux(z) > u(x), va(x) > v(x) for all x € 3. (5.2)

To show Equation (5.2), we will prove that £ and ¥} must have measure zero for A
sufficiently negative.
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First, by the mean value theorem and the fact that for any 0 < a <b, r > 0,
a” —b" > max{r, 130" (a — b),
it follows that
P yw(y) =8 (Wwaly) = [P y) = o @)w(y) + o) () [w(y) — way)]
< max{p — 1, w(y)v**(y)[v(y) — oa@)]" + {7 (@) [w(y) — waly)]*
and
v (y) = ] (y) < poPH(y)[u(y) — oa(y)] ™

Here, we denote f* = max{f,0}.
Therefore, for z € XY,

0 < u(x) —ux(z)

:qék< o s ) [ 0u) - R W]y

o=y =y

< Cy max{p — 1,1}

-+<71/QAQZ1”nQvi_l(yHUKy)—-uu(yﬂ*'dy,

and for z € XY,

<)) = [ (i - e 0 - Al

—y|"—2

SpL L)) — o) dy.

_ 2
\ lz =yl
Applying Lemma 2.1 and the Holder inequalities, we obtain

| w—ux ||LT0(EK)
<cflwoP (v —wy) || _nrg +e || i (w—wy) || _nrg

¥ (2Y) ¥ (5v) (55)
) .
< el el 0 1528 mpyll 0 = 08 lzsogsg) + 0 a0 = w0 oy

2p—2

<l [yl o = o lsomy) +¢ |0 17 gyl 0 = w3 gty

and
o= ws oty < e NP w=o) | ag e llv Byl oo losogsy) -

(£2)
(5.6)
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It is easy to verify that

Furthermore, by Equation (5.1), we see rg, s > 5. Therefore, Lemma 2.1 can be used
here.
Therefore, combining Equations (5.5) and (5.6) yields

2 2
s larogagy< e (10 15ty + 10 Frgn 0 sy, ) 1 o=0n lasacsy, - 67

Similarly, we have,

2q—2 -1
o= o ooy < e (1128, + 1 1278 a0 g ) = 0 Doy

(5.8)
By the integrability condition (u,v) € L™0(R™) x L% (R"™), for sufficiently negative A,
we arrive at

_ - 1
e (10 1ty + 110 Kbl © Wby, ) < 5 (59)
and
i . <! 5.10
c HUHLTO(ZK)'FHUHLTO(WL HUHLTQ (%) =y (5.10)
It follows from Equations (5.7) and (5.8) that
[ u—ux \|L’“0(21/<):0a | v—wva HLSO(EK): 0;

hence, X% and X% must have measure zero. This completes Step 1.
Step 2. We move the plane x1 = A to the right as long as Equation (5.2) holds. Define

Ao = sup{p | Equation (5.2) holds for any A < u}.
Using a similar argument as in Step 1, one can see that Ay < co. Then we claim that
u(z) = uny (), v(x) = vr(r) Yae,. (5.11)

Otherwise, we can move the plane further to the right. Indeed, if v(z) = vy, () is not
true, from the equalities in Equations (5.4) and (5.3), we deduce uy,(z) > u(x) in Xy,.
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Similarly, vy, (z) > v(z) in Xy,. Write
EKO ={ze€ o | w(z) > u)\o(x)}, 23’\0 ={z e o | v(z) > v,\o(x)}.

Then, obviously we have & %o has measure zero, and lim, | s Xy cx o' The same is

true for that of v.

By means of the integrability conditions u € L™0(R™) and v € L*0(R™), we can choose
¢ sufficiently small such that Equations (5.9) and (5.10) hold for all A € [Ag, Ao + €).
Therefore, we have

1
| u—ux ||LT0(21/<)§ 5 | w—ux ||LT0(2§)7

which implies X§ must be measure zero. Similarly, ¥{ must also be measure zero. This
contradicts with the definition of A\g, and hence Equation (5.11) is proved.

Since the z; direction can be chosen arbitrarily, we deduce that v and v must be
radially symmetric and decreasing about some point in R™. This completes the proof of
Theorem 5.1. O

Remark 5.1. If (u, v) solves Equation (1.8) and u, v are radially symmetric, we claim
that w must be radially symmetric. It can be easily seen from Equation (5.4) with A = A.
Similarly, z is also radially symmetric.

From Theorem 4.1 and Theorem 5.1, we can prove Theorem 1.3.

Proof of Theorem 1.3. Let (u,v) € L0(R™) x L*0(R"), solve Equation (1.6) in
classical sense (which implies that (u, v) also solves Equation (1.6) in distributional sense).
The integrability of (u,v) leads to infgnu = infgnv = 0. According to Lemma 2.4,

we have
w(y)vP~(y)d z(y)ui—(y)d
u(z) :C*/ () ﬁ)z Y@ :C*/ () Sﬂ v
re |7 =yl re [T =yl
where w = [z]>™™ % v? and z = |z|>7" % ul. Therefore, (u,v,w,z) is a solution of

Equation (1.8) with C; = Cy = ¢,«. According to Theorem 5.1, (u, v) is a pair of positive
radial classical solution of Equation (1.6). Therefore, by Theorem 1.2, Equation (1.6) has
no classical solution in L0 (R™) x L% (R™) when Equation (1.12) holds.

Denote (1.8) with C; = Cy = ¢, and with 2 replaced by « in w and replaced by S in
z by (1.8)". O

Corollary 5.2. Assume that Equation (1.8)” has no positive radial solution. Then,
Equation (1.1) has no positive radial solution in C?(R™) x C?(R™).

Proof. If (u,v) € C?(R") x C?(R") is a pair of positive radial solution of
Equation (1.1), we can deduce a contradiction.
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In fact, if we write w = |z|> ™ % vP and 2z = |z[> ™ x u?, w and 2z are positive. In

addition, from Equation (1.1), it follows that
w=—v"PAuy, 2z =—ul"9Awv,

which imply that w, z are also radial.
According to Lemma 2.4, there holds

p—1
/ wW WAy oy e,
R"

u(z) = infu + ¢, v g2 Inf

RN

/ 2y)u'(y) dy

|z —y[n?

We claim infgn v = 0. Otherwise, we can find ¢ >0 such that infgn u > c. Therefore,
for any zg € R",

I(y)d d d
Z(xo):/ U(y)n:'iﬁch/ 72/"—52011/ 7yn_ﬂ:oo.
rn |To — ¥l Rn\leo‘(o) |0 — ¥l R"\Blwo‘(o) (2ly)

It is impossible. Thus, infgnu = 0. Similarly, infgnv = 0. Therefore,
(u,v,w,z) solves Equation (1.8)’. This contradicts with the assumption of
Corollary 5.2. d

6. Boundary blowing-up rates

In this section, we use doubling lemma (Lemma 2.2) to prove Theorem 1.4.
Let Q # R™ be a domain of R", and u,v,w, z € C?(R™) be positive solutions of

—Au=wvP"! onQ,

— Aw =P on R",

a—1 (6.1)
—Av =zu on €,
—Az=ul on R™.

Theorem 6.1. Let min{p, q} > 1. Assume that Equation (1.7) has no bounded positive
classical solution in R™. Then exists C = C(n,p,q) > 0 such that any positive classical
solution (u,v,w, z) of Equation (6.1) satisfies estimates of the boundary blow-up rates:

- 8p
u(x) < C[dist(z,00Q)] Cp—DRa-D-1 € Q, (6.2)
- 8q
v(z) < Cldist(z,0Q)] Cr—DEe—D-1" 7 Q (6.3)
and
_ 4(p+q)
w(z), 2(z) < C[dist(z,0Q)] Fp-DE-D-1 7€ Q. (6.4)
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On the contrary, if positive classical solutions of FEquation (6.1) satisfy
Equations (6.2)—(6.4), then Equation (1.7) has no positive classical solution.

Proof. Write

. 8p o 8¢ - Alp+49)
S @2p-1)(2¢-1)-1 S 2p-1)(2¢-1)-1 S @2p-1)(2¢-1)—-1"

Then,
c+2=v+(p-1r, T+2=7v+(¢—1)o, y=pr—2=qo—2. (6.5)
Assume that one of the estimates (6.2), (6.3) and (6.4) fails. Then, there exists
sequences Qp, (ug, Wk, Vk, 2k), Yp € Q, such that (ug,wg, vk, 2zx) solves Equation (6.1)
on ; and
M, ::ui/a+wi/7+vi/T+Z;/77 k=1,2,...
satisfies
Mk(yk) > 2kdist_1(yk,89k).

According to Lemma 2.2, there exists xj € € such that

Mk(.’Ek) > 2kdiSt71($k, 8Qk),

Mpi(z) < 2My(zg), |2 — 2x] < KM} (zp).
Now we rescale (uy,wg, Uk, 2,) by setting
ur(y) = Mu(ee + Aey),  wi(y) = Nwr (e +My), |yl <&,
Ok(y) = Novk(e + Mey),  Ze(y) = Mak(@e + Ay), Yl <k,

with A\, = M, *(zx).
In view of Equation (6.5), @y, Wk, Uk, 2% are also solutions of system (6.1) for |y| < k.

Moreover,
@@+ 5] 0 =1, (6.6)
@+ @ +n 5w <2 W<k (6.7)

Applying the standard L? elliptic estimates and the embedding theorem, we know
that the Cfllc(R")—norm of (@, Wk, Vg, 2x) is uniform bounded, where ¢; is some num-
ber in (0,1). Therefore, by the Schauder estimates, we can find some subsequence of
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(Uk, Wk, Uk, 2 ) converging to a solution (u,w,v,z) of Equation (1.7) in c2%2

o (R™) sense,
where 0y is some number in (0,1). Moreover, Equation (6.6) implies that (u,w,v,Zz
is non-trivial, and Equation (6.7) implies that (u, w, v, z) is a bounded solution of
Equation (1.7). This contradicts the assumption of Theorem 6.1.

On the contrary, if a non-negative solution (u,v) of Equation (6.1) satisfies
Equations (6.2), (6.3) and (6.4). For each xg € R™ and R > 0, we take Q = B(xzo, R).
Then

u(xo) S C(napa Q)R_Ua U(»TO) S C(napv q)R_T7
’lU(SUO), Z(:L'O) < C(?’L,p, q)Riry'

Letting R — oo, we have u(zg) = w(zg) = v(zg) = z(xg) = 0. Since zq is arbitrary, we
know that Equation (1.7) has no positive solution.
Thus, we complete the proof of Theorem 6.1. d

Proof of Theorem 1.4. Assume that one of the estimates (1.16) and (1.17) fails.
Similar to the proof of Theorem 6.1, we write

2p-1)(B+2)+(a+2) _2¢-D(a+2)+(B+2)

2-D2¢-1)—1 T T @-D¢-1)—-1 "

and

My =u)/" +w/" +0 "+ k=12,...,

where wy = |z|*™" x v}, 2, = [P~ x uf and vy = pr —a, = go — B. Since 0 + 2+ a =
(2p—1)7 and 74+ 2+ 8 = (2p — 1), we can derive that (U, vx) is a solution of system
(1.1) for |y| < k. Similar to the proof of Theorem 6.1, there holds

@+ @+ 5+ 5 0 =1,

@+ @+ 5 <2 i<k

However, by the L? estimates, the embedding theorem and the Schauder estimates, we
can also see that the C2-limit of some subsequence of (U, ?y) are the bounded solution
of Equation (1.1). Namely, we can also get a contradiction.

On the contrary, by the same argument in the proof of Theorem 6.1, if a
non-negative solution (u, v) of Equation (1.15) satisfies Equations (1.16) and (1.17), then
Equation (1.1) has no positive classical solution. O
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