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DECOMPOSITION OF THE STEINBERG GROUP OVER
LOCAL RINGS INTO INVOLUTIONS

J1 ZHu NAN

We consider the stable Steinberg group St(R) over local rings. An element z is
called an involution if 2 = 1. We prove that every element & in St(R) is the
product of at most 5 involutions.

1. INTRODUCTION

It is a classical problem in the research of classical groups to represent an element of
a matrix group as a product of a special nature (such as of involutions and commutators)
and to determine the smallest number of the factors in the representation [1, 2, 3, 4].
It is known that every element of SLn(F) (= En(F)), the special linear group over
a field, can be written as a product of at most four involutions for n > 3 [5]. The
present note will consider the factorisation of stable Steinberg groups over local rings
into involutions. Now let us introduce some definitions and propositions that will be
used in our note [6, 7).

DEFINITION: An element z of a group is called an involution if z% = 1.
The Steinberg group St,(R) (n > 3) over an associative ring (with 1) R is the
group with generators z;;(r) (r € R, 1 €14, < n), and relations:
(1) zii(r) - zij(8) = zij{r + 38), (r, s € R);

’ , i = k,
@) [mi5(r), z,,,(s)]{ f'(m) j';ék il

Let ¢n : Sta(R) = E,(R) (the elementary linear group) be the natural epimor-
phism mapping z;;(r) to e;;(r). Denote Kan(R) = ker¢,,. By passing to the direct
limit as n — oo, we obtain the stable Steinberg group St(R) and the epimorphism
¢ : St(R) - E(R). Denote K2(R) = keryp. When m > n, define fr pm: Sta(R) —
St (R) as the injective homomorphism. So f, : St,(R) — St(R) is the injection of
Stn(R) into St(R). It is clear that fo = fm " fam, fm(K2m(R)) 2 fa(K2n(R)), and
Ki(R) = nL>J3 K; .(R).

For any u € R* (the set of units in R), define w;;(u) = &ij(u)zji(—v)zi;(u),
h.'j (u) = wij(u)w;j(—l) .
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PROPOSITION 1.1. [6, 7] Let w € St,(R), pu(w) = P(r)diag (v, ..., vn).
If n(3) = k and n(j) = 1. We have

(1) wa:,-j(r)w_l = Tkt (v,'rvj”l) (1‘ € R),
(2) wwij(u)w‘l = Wt (v;uvj'l) (u e R*),
(3) whij(w)w™! = hp(viuv] ") b (ij—1)—l
PrOPOSITION 1.2. [6, 7] Let u, v € R*. We have
1) wi(w) = wi(-u™),
() hij(whi(u) =1, hy(1) =1,
(3)  [hij(u), hjr(v)] = hax(uv)ha(u) " hix(v) ™"
DEeFINITION: [8] GL(R) = |J GL,(R), EL(R) = |J EL,(R). For any element
n21 n21
A in GL,(R), we can define an injective homomorphism GL,(R) — GL.,(R) by
' A 0
= Zn.
Tnm(A) (O In—m) , wherem > n

For m 2 n, define an injective homomorphism by
fam : Sta(R) = St(R)
fnm(ii(a)) = zij(a).

Then f, = fm * fn,m, and we have the commutative diagram

Sta(R) <22 Stn(R) —I= Si(R)

o Lom v
En(R) =23 En(R) —™ E(R)

where Tn,m(A) = (3 IO ) y Tn = Tm * Tp,m- It is clear that Stm(R) 2 Stu(R)
n—-m

as subgroups of St(R) and that St(R) = |J ST,(R). It follows from the above
n23
commutative diagram that for m 2 n, Kan(R) 2 K2 ,(R) as subgroups of K2(R).
Analogous to the situation above, we have Ky(R) = |J K24(R). If R is a field,
n23

then K3(F) & K3 ,(F). Now let R be a local ring. For any u,v # 0 € R, define
{u,v} = ha(uv)hix(v) " hie(v)™!. By [7] we know that K,(R) is generated by the
symbols {u,v} and the symbols {u,v} are independent of the choice of indices %, k.
For the symbols {u,v}, we have

ey {u1v}—1 = {v,u},
2) {w,l1-u}={uy,—-u}=1 (u#1),

3) {wruz, v} = {uy, vH{uz, v}, {1, viva} = {u, 1 {u,v2}.
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2. DECOMPOSITION OF MATRICES OVER LOCAL RINGS

Let R denote a commutative local ring with maximal ideal M, R/M the residue
field and R* = R\M . As usual, M,,(R) denotes the set of n x n matrices over R. By
“—" we denote the natural ring morphism R — R/M and M(R) — M(R). Then it
is easy to prove that A € GL,(R) if and only if A = (@;;) € GLa(R).

In this section, we shall prove that every element & in SL,(R) is the product of
at most 5 involutions.

LEMMA 2.1. [9] Every element of S,, the group of permutations on n letters,
is the product of at most 2 involutions.

*x * —by
1 =% * ~b1
LEMMA 2.2. Let A be a matrix of the form | * 1 *  —b2 | where
* % o 1 —b,_;
00 0 —aQg
1 0 0 -a;
+€ M. Then A is similar to a matrix | 0 1 0 -ay
00 ... 1 —CGpn-1
* * ao
Proor: Without loss of generality, we proveitfor n=3. Let A= |1 * a; |.
* 1 az

1" 0 * agp
Conjugating A by P, = ( 1 ),we have P AP = ( 1 - al). Now

1 *14* ar
1 0 * ap
let P> ( 1 ), then P,P APl 1P1" 1 = (1 * al) . Further, if we let
* 1 0 1 + * Qg

1 * 0 0 ao
P3 ( 1 ) , then PaP,PL AP PPy = ( 1 0 al). Last, we may as-
1 0 14" as

1
sume that Py = ( 1 ), then we have Py PsP,P\AP'P; PP =
1+

00 ag
10 ai . U
01 aa
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LEMMA 2.3. Assume that A € SL,41(R), A= (B 1) , where B € SL,(R)
and the characteristic polynomial of matrix B is irreducible. Then A can be written
as a product of at most 3 involutions and these involutions are in SL,41(R).

Proor: Without loss of generality, in the following discussion, we often write a
matrix in its normal form of similarity. Now we may assume that

00 ... 0 —ag Lt —bo
10 ... 0 —ai T~ ... —b1

_B_= 01 ... 0 bt 7 s so B = *1 ...t *—bz s
00 ... 1 —an1 * 01 —bpyy

where the element * is in the maximal ideal M. By Lemma 2.2, B is similar to a
matrix with the form

0 0 ... 0 —ap
1 0 ... 0 —~a1
01 0 -ap
0 0 Ve 1 —Qp-1
Thus we have dy, ..., dn—1 € R such that
0 0 ... 0 —ag 0 0 ... 0 —ag
-1 0
d 1 0 10 0 —a 1 0 0
o 1o 0 -ap |=fo0 1 0 0
Gnr 0 1 00 1 —n_y 00 1 0
But
00T (o 1
0 0 1 1
01 0 0 = K
Do 0 1 0 1
o0 ... 1 0 1

Hence B is the product of at most 3 involutions. Since B € SL,(R), we know
that the number of involutions with determinant —1 is even, in the representation
B = HiH;H; (H; are involutions). Otherwise, we obtain B ¢ SL,(R). Thus

(B 1)=(Hl il) (H2 :hl) (H3 il)'
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H; H;
When det H; = —1, we choose ( ! :1:1) = ( * 1) and when det H; = 1, we
H; _(H; . H;
assume that ( " 1) = ( 1). That is to say, (

REMARK. Obviously, we can assume that the matrices which are used in the above two

) € GL,(R), then

:l:l) € SL,H.l(R). D

t
lemmas to conjugate A are in SL,4+1R. For example, if P = (

I
t 01
we can take P = ( I ) € SLp4 1 (R); if P= (1 0 ),thenwecantake
t-! I
01
P= 10 € SL,41(R); If P is the other elementary matrix, then we can

I
-1

P
letP—( 1).

THEOREM 2.4. Let A € SLni1(R). If A has the form (B 1), where B €

SL,(R), then A is the product of at most 5 involutions and these involutions are in
SLp1(R).

Proor: Without loss of generality, we can suppose that B has the form

B
B,
1
B,

0 0 —ag

1 0 —-ay

where B; (1 <4< s) is a matrix with the form |0 1 ... 0 —az | or B;is
0 0 ... 1 —Gm—1

a diagonal matrix. Thus there is a matrix P such that

B * .. *
pppi=| B ]
L] L] B’
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tT T % bt ..t
1 - E ] —al . b
where B; (1< i< s)isequalto | © 1 * —ap or 2
. . T -
= *
ot .1 —ama1 . b

Of course, the element * is in M. Hence we have a permutation matrix H such that

ay
a2 L d * *
HB=} * a3 *
. *
* » an L]

*

where, these elements * are in M. Then by Lemma 2.2, matrix HB is similar to a

matrix
00 0 —ag
10 0 —a1
01 0 -a
0 0 ... 1 - Q-1

Now by Lemma 2.3, matrix HB can be written as a product of at most 3 involutions.
On the other hand, H is a product of at most 2 involutions by Lemma 2.1. Thus B
can be written as a product of at most 5 involutions.

Finally, using the same method as in Lemma 2.3 and Theorem 2.4, we can prove
that those involutions which are in the representation of B as above arein SLn41(R). [I

3. DECOMPOSITION OF STEINBERG GROUPS
Since ¢ : St(R) — E(R) is subjective, there is an element p € ST(R) such that
@(p) = P for any given matrix P. Now we have K3(R) = ker ¢ and it is the centre of
the stable Steinberg group St(R) [7]. Thus for any x € ST(R), there exists n € Z such
that ¢(z) € En(R) = SLa(R) = Tagyman(SLn(R)) € SLatm(R). Then by Theorem
2.4, we have
¢(z) = HiHH3HyHs

where H; is an involution in SL,im(R), so of course, they are in SL(R) = E(R).
Hence if we find five involutions & (1 € i < 5) in St(R) such that ¢(d;) = H;, then we
obtain

= w.(6152536455)

where w is in ker ¢ (the centre of St(R)).

https://doi.org/10.1017/5000497270002205X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002205X

[7] Decomposition of the Steinberg group 103

01
We know that H = ( 10 ) is an involution in SL3(R) € SL(R), but we
-1

easily obtain an element w13(1)h13(~1) € St(R) such that p(wi2(1)hi3(-1)) = H
and it is not an involution in St(R) [6). So we must show that for those involutions
H; 1<i<5) in SL(R) and Hy\H,H3HHs, we can find involutions &; (1 < ¢ < 5)
such that they are in St(R) and they satisfy (6102030405) = HyHoH3HyHg. On the
other hand, if we prove that w is a product of at most 5 involutions, of course, these
involutions must be in St(R). If we prove that these involutions which occur in the
representation of w commute with ;, then we obtain our main result.

Here we shall show that we can find involutions &; that satisfy the above condi-
tions. By the proof of Theorem 2.4, we know that those involutions that occur in the
representation of Theorem 2.4 occur in the decomposition of a permutation or in the

0 0 ... O -a0
10 ... 0 -—a

decomposition of a matrix with the form |0 1 ... 0 —az {. Now we con-
0 0 ... 1 — Q-1

sider the case of a permutation, written as the product of two involutions. In fact, a

permutation S with order n can be written as a product of two involutions and these
01

10
involutions are similar to the direct sum of involutions of the form I; = 0 1
10
01
and hb=1]11 0 . Hence we only need show the simple case, that is to say,
-1

we can assume that
S=PLP'.QLQ™}, or S=PLP'.QLQ ' and S = PLP!QLQ™.
But we can send SL,(R) to SLy,(R) under 7y m. So in SL,42(R), we have

s=(" na) (" a) (7 )
'(Q szz) ( —szz) ( szz) ’

* Sz(P Im) (Il —Im) ( szz)
'(Q szz) ( "szz) ( szz) ’
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and S=(P szz) (Iz "I2x2) (P-l szz) .
'(Q Iz><2> (I2 —szz) (Q szz) ’

But by Propositon 1.1 and Proposition 1.2, we have

o(wi12(1)h1a(—1)was(1)hse(—1)) = (I1 —szz) ’

¢(wi2(1)Hia(~1)has(-1)) = (12 —szz) ’

where w12(1)h14(—1)’w34(1)h55(—1) and wlz(l)h13(—1)h45(—1) are involutions in St(R)

00 ... 0 —ag
10 ... 0 —ax

Next, we consider thecase A=|0 1 ... 0 =-a as a product of three
00 ... 1 —Qm-1

involutions. As in the proof of Theorem 2.4, we can assume

-1 0 ... 0 -ap 0 ... 1
d 1 ... 0 0 0 ... 1 . !

A= . . . . . . - : 7 =X1X2X3
dpy 0 ... 1 0 1 ... 0 1

_{—Iaxa —I3x3 —I3xs
- X, X> X3/’

Thus we can use the same method, analogous to the situation above, to find two
involutions & and &y in St(R) such that ¢(8,02) = (_13’(3 Xz) (—Iaxa Xa)'
Hence we only need show that we can also find an involution § in S#(R) such
that () = (_13X3 Xl). Without loss of generality, we let (—sts Xl) =

-1 and consider our problem. By Proposition 1.1 and Propo-
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sition 1.2, we have
-1

@(h12(—1)h3s(—1)z45(a)) = -1 ,

where hi2{—1)h34(—1)z45(a) is an involution in St(R).

So far, we have shown that there are involutions J; (1 € i < 5) in St(R) such that
<p(5162635455) = H1H2H3H4H5.

Now we want to prove that w is a product of at most 5 involutions; of course, these
involutions must be in St(R). At the same time, we shall prove that these involutions
occurring in the representation of w commute with ;. In order to complete the proof
of the main result, let us prove the following lemma.

LEMMA 3.1. Let R bea local ring. Then every element of K»(R) can be written
as a product of at most four involutions.

PROOF: - 1. At first, let us consider the spacial case, the generator {u,v}. By
definition

{u,v} = h1a(uv)h12(4) " h12(v) "t = hiz(wv)ha (u)ha (v)
= wia(uv)hi3(—1)has(—1}hsa(—1)h31 (—1)wi2(—1).
w21(u)ha1{—1)has(—1)hsa(—1)h13(—1)wai (—1)wa1 (v)wai (—1).
Since h13(-—1)w12(u)h13(~1)_1 = wya(~u), we have
(wiz2(w)his(~1)has(—1))? = wig(w)wiz(—u) (h1a(~1)) (has(-1))*
= {-1,-1}{-1,-1} =1.
That is, wiz(u)hi3(—1)hes(—1) is an involution in St(R). Similarly,
hsa(~1)h31(—1)wi2{—1) and hse(—1)h13(—1)wa; (—1)we; (v)wa(—1) are involutions in
St(R).
2. General case. Every element w of K2(R) can be written as w ﬁ {u;,v;}. Since

=

the definition of {u;,v;} is independent of the indices of hy;, we can write {u;,1;} =
TOTOTOYD | where

™ = Ws(i-1)+1, 56—1)+2{%, Vi)hsi—1y41, 5i-1)43(—1)As-1)44,56-1)45(=1)

T,-(z) = hs(i—1)+5, si- 1)+4(—Dhs-1)43, s6-1)41 (—DWsgi_1)41, 56—-1)42(~1)

T = wsi—1y+2, 56-1)+1 () hsg—1)+3, 56-1)+1(—1)As-1)+4, 5G-1)+5 (1)

T = hsii—1)+s, sti-1)+4(=Dhsa—1)11, sa—1)+3(—DWs-1)+2, 56~1)+1(~1)

Ws(i-1)+2, 5(i-1)+1 (Vi) Ws(i-1)+2, 5i-1)+1(-1)
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are all involutions in St(R). Note that when j # 4, the involutary factors in the
factorisation of {uj,v;} and {u;,v;} are respectively exchangeable. So w is a product
of 4 involutions. a

THEOREM 3.2. Let R be a local ring, then every element of St(R) can be
written as a product of at most 5 involutions.

PROOF: We assume that ¢ € St(R). If £ € Ky(R), then the conclusion
of the theorem can be obtained by Lemma 3.1. Now suppose that £ € Ki(R).
Then by the definition of St(R) there are a positive integer n > 4 and 5 involu-
tions Hy,Hy, Hs,Hy,Hs € E,(R) = SL,(R) such that there are five involutions
81,062, 63,84, 05 € St,(R) such that H; = ¢(8;), ¢(§) = HiHyH3HyHy. Thus we have

@(€) = p(0102038405), that is , £ = w.5102620405,

where w € K2(R).
¢
Let w = []{a:,b;}. Since the symbol {a;,b;} is independent of the index of h,

i=1
occurring in the resresentation of {ay, b;}, we can choose sufficient large r, k (all larger

than 2n) such that

{0, 5} = haptsiz1)+1, 20456-1)+2(3i05)Rantsi—1)+1, an+s6-1)42(ai) -
Ront5(i—1)+1, 2n+5(i-1)+2(8:) "
By Lemma 3.1, w is a product of 4 involutions T3, T3, T3, Ty, but the indices r, k of
h,k, wr occurring in the representations of T; are larger than 2n. Thus T; commutes
with §;. So we have

€ = (T1T2T3T4)(0102038405)
= (T16:1)(T202)(T303)(T4, 64)ds,

is a product of five involutions, and also we have that these involutions are in St(R). [
REFERENCES

[1] E. Ambrosiewicz, ‘Powers of set of involutions in linear group’, Demonstratio. Math 24
(1991), 311-314.

[2] R.K. Dennis and L.N. Vaserstein, ‘On a question of M. Newman on the number of com-
mutators’, J. Algebra 118 (1988), 150-161.

{3] W.H. Gustafson, ‘On products of involutions’, in Paul Halmos celebrating 50 years of
Mathematics (Springer-Verlag, Berlin, Heidelberg, New York, 1991).

https://doi.org/10.1017/5000497270002205X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002205X

[11] Decomposition of the Steinberg group 107

[4] W.H. Gustafson, P.R. Halmos and H. Radjavi, ‘Products of involutions’, Linear Algebra
Appl. 13 (1976), 157-162.

[5] A.Hahn and O.T. O’Meara, The classical groups and K-theory (Springer-Verlang, Berlin,
Heidelberg, New York, 1989).

[6] F.Knuppel and K. Nielsen, ‘ SL(V) is 4-involutional’, Geom. Dedicata 38 (1991), 301-308.

[T} J. Milnor, Introduction to algebraic K-theory (Princeton University Press, Princeton,
1971).

[8] J.R. Silvester, Introduction to algebraic K-theory (Chapman and Hall, London, New York,
1981).

9] H. You and J.Z. Nan, ‘Decomposition of matrices into 2-involutions’, Linear Algebra Appl.
186 (1993), 235-243.

Department of Mathematics
Northeast Normal University
Chang Chun 130024

China

https://doi.org/10.1017/5000497270002205X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002205X

