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COMPACT PERTURBATIONS OF REFLEXIVE
ALGEBRAS

KENNETH R. DAVIDSON

1. Introduction. In this paper we study lattice properties of operator
algebras which are invariant under compact perturbations. It is easy to
see that if & and & are two operator algebras with &7 contained in &,
then the reverse inclusion holds for their lattices of invariant subspaces.
We will show that in certain cases, the assumption that.%/ is contained
in @ + A (), where A () is the ideal of compact operators, implies
that the lattice of & is “‘approximately’’ contained in the lattice of .%7. In
particular, suppose &/ and & are reflexive and have commutative sub-
space lattices containing ‘‘enough’’ finite dimensional elements. We show
(Corollary 2.8) that if &7 is unitarily equivalent to a subalgebra of
Z + A (), then there is a unitary operator which carries all “‘suffi-
ciently large” subspaces in lat & into lat .27

Reflexive algebras with commutative subspace lattices were studied in
[1]. Since then, there has been much interest in this family of non self-
adjoint algebras. Related questions have been studied in [8] in the con-
text of quasitriangular algebras. It is shown there that if two quasi-
triangular algebras are similar, then the corresponding lattices are
unitarily equivalent for “‘sufficiently large’ lattice elements. We show
(Corollary 2.10) that if a reflexive algebra %7 is similar to a subalgebra
of a quasitriangular algebra 29 and has a commutative lattice, then
lat &/ contains a chain unitarily equivalent to an implementing lattice
of 2.9°. We also show that if ./ is a reflexive algebra with commutative
lattice such that &7 + J# () contains a quasitriangular algebra, then
A + A (H) is quasitriangular itself (Theorem 5.3).

When a lattice .# is not commutative, the problems are much more
complicated, and our results are not as definitive. We show (Theorem
4.2) that if alg# + A () contains alg.¥ for some commutative
lattice &, then “sufficiently large’’ projections in . are lattice isomorphic
to a sublattice of .£ and are asymptotically close to.# in norm. How-
ever, we cannot determine whether these lattices are similar. In Section
5, we examine whether alg # + ¢ () need be quasitriangular if it
contains a quasitriangular algebra. We introduce a large class of lattices
for which the theorem is true. This result is of interest because the answer
given is surprising and it shows that the general question is subtle.
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If &/ is any algebra of operators on a Hilbert space ', lat.%Z will
denote its lattice of invariant subspaces. Such lattices are always strongly
closed, and we shall reserve the term lattice for strongly closed subspace
lattices. If % is a lattice, then alg.¥ is the algebra of all operators
leaving the subspaces of % invariant. The lattice operations of span and
intersection will be denoted by V and A respectively. We shall often
identify %" with the set of self adjoint projections onto the elements of &,
and in this setting

alg.¥ = {A:PLAP = O forall P in L},

where PL =1 — P. We also set Qalg¥ = alg¥ + A4 (H). Al
Hilbert spaces in this paper are separable.

If 7 = {P,} is an increasing sequence of finite rank projections which
span J, then. (#) = alg % and 2.9 (#) = Qalg P are the trian-
gular and quasitriangular algebras associated with Z. In [5], Halmos
defines an operator to be quasitriangular with respect to & if

lim,,%o HPn'LTPnH = 0.

In [1], Arveson shows that this is equivalent to being in £.7 (£°). Itis
clear from this characterization that if # = {R,} is another such sequence
satisfying

limn—mo HPn - Rn” = Oy

then 29 (%) = 2.9 (Z). 1t also follows that 2.7 () is closed. It is
not known whether Q alg.¥ is closed in general, but it is closed if & is
generated by its finite rank elements. The algebra.oZ + ¢ (J#) may fail
to be closed for general operator algebras [3].

An operator algebra .27 is said to be reflexive if it is equal to alg lat.oZ.
We will restrict our attention to these algebras because there can be no
good results for algebras which are too small. For example, if U is the
bilateral shift with respect to a basis {e,} and V = UP where P is the
projection orthogonal to {e,}, then V7 is a compact perturbation of U.
Also if % and?” are the norm closed algebras generated by U and V, it is
easy to check that % + A4 () =¥ + 4 (). However, V is uni-
tarily equivalent to S*@® .S where S is the unilateral shift. The invariant
subspaces of these two operators are well known, and it is clear that they
are quite dissimilar. However, the weakly closed algebras generated by
U and V are reflexive and are no longer compact perturbations of one
another.

2. Almost finite lattices.

Definition 2.1. We will say that a lattice . is AF if every element of
% is the union of finite rank projections in .%.
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We note that a commutative lattice is AF if and only if the finite
dimensional subspaces of . span.#’. In this case, the minimal projections
in the abelian von Neumann algebra .¥’/ are finite rank and span 7.
There is a natural partial order on these minimal projections induced by
£ . Namely, M; <4 M, if and only if M, < L implies M; < L for L in
&, or equivalently, if and only if

We will write M, < M, if £ is unambiguous.

LEMMA 2.2 Let ¥ be a commutative AF lattice and suppose that Q alg &
is contained in a quasitriangular algebra 2.9 (P). Then

lim,,.. d(P,, &) = 0.

Proof. Suppose that for some ¢ > 0 and a subset £ = {Q,} of Z, we
have d(Q,¥) > eforall Qin £. Note that
alg ¥ C 29 (P) C 29 (2).

Set 6 = ¢/10 and L, = 0, and let %, be any chain in ¥ of finite rank
projections with the identity operator as its supremum. Inductively we
will choose increasing sequences Q, in £ and L, in ¥, such that

(1) [QtLaall <6 and  [|Q.LH| < 8.

The Q,in £ tend to I in the strong operator topology, so s — lim Q= 0.
If we have L,_, then since it is compact,

limiaoo ||Q1J—Ln—1|| =0.

So we can choose Q, > Q,_: satisfying (1). Similarly, if we have Q,, we
can choose L, satisfying (1).

We will construct partial isometries T, on (L, — L,_;)*° which belong
to alg . and satisfy ||Q,+7,0,/ = 38. Assuming this has been done, let
T = ® YT, Then T is a partial isometry in alg .Z. Also

r=L,T7+ (L, — L,\)T+LAT =L, T+ T,+ TL
Hence

It follows that 7 is not in £.7 (£), contradicting the hypothesis that
Qalg¥ C 29 (2).

Now fix #, and let.# = { M} be the set of minimal projections in the
discrete abelian von Neumann algebra ¥’’’ such that M; £ L, — L,_..
Let &7 be the set of M, in A for which ||Q,tM || = /35, and let & be the
set for which ||Q,M || = +/35. If there is a pair M, in.%/ and M, in &
with My <4 M,, we can find a partial isometry T, in M1% (#°) M,, and
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a fortiori in alg %, such that

”QnLTnQnH = HQn'L*M—lTnAi[?QnH = HQnJ'M1H”M2Qn” = 39.

If there is no such pair, we set M = > {M;:M; € %} and N =
L,_1 + M. The least projection in ¥ greater than N is clearly less than
L,, so consists of the span of N and those 3/ in .# which satisfy M, < M,
for some M, in . By hypothesis, M; must belong to #, so N is in.Z.
Hence

= max {[|Q.N*], [[Q. N ]}

We will suppose that [|Q,tN| > e (the other case is similar). Since
O M = QN — QLo we get |0AM] > ¢ — 8 > ¢/2.

The sets &/ and & are disjoint (M; < M), so if M, belongs to #,
10, < /38, and consequently M ,Q, M, < 38M ;. So

MQ,M; > (1 — 38)M,,
and by adding over &,

MOM = S MM, > (1 — 35) M.
Hence

HQ?L“L]WQnH2 = ”QnLﬂ[QnA[Qn_LH > (1 — 35)HQnJ'MQn“LH
> (1 — 36)(e/2)2 > (36)2.
We set T, = M. Then T, belongs to.¥"" and thus to alg.%Z.

LeEMMA 2.3. Let & be a commutative AF lattice and let M be an AF
lattice for which Q alg ¥ C Q alg#. Then for all € > 0, there is a finite
rank M. in M so that for all M in M, M = M. implies d(M, L) < e

Proof. If the lemma is false for some ¢ > 0, we will construct a chain
P in M such that d(P, L) > efor all P in &, contradicting Lemma 2.2.
We proceed by induction. Let K; be a sequence of finite rank elements of
M tending to I in the strong operator topology. If Py, ..., P, have been
defined, choose an M in .# with M = P, V K, for which d(M,.%) > e
If { M} is a sequence of finite rank projections < M converging to M
in the strong operator topology, then so is M, = M, v P, V K,.
Because of the lower semi-continuity of the norm in this topology, we can
find some k for which d(M,,¥) > e. Set P,y = M. Clearly
P, > P, and P,.; > K, implies that P, tends to I, so & = {P,} is
AF.

Definition 2.4. We will say that two AF lattices¥ and 4 are asymptotic
if there is a lattice isomorphism ¢ from . to .# such that lim ||¢(L)

— L|| = 0in the sense that for every ¢ > 0, there is a finite rank element
Loin¥ so that every L = L, in.% satisfies [|o(L) — L| < e
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For commutative lattices, proximity implies a lattice isomorphism
which is spacially implemented by a unitary operator.

LeMMA 2.5. If £ and M are commutative AF lattices such that dist
(M, L) < 1/8 for every M in M, then there is a unitary operator U such
that UM U is a sublattice of £ .

Proof. Since ||[L1 — Lo|| = 1 if L, and L, are distinct elements of .&,
there is a unique element L, of ¥ satisfying | M — Ly| < 1/8. If M,
and M, belong to .#, then

My N M= MM, and My V My = My + My — MiM,.
So we compute that

| LutnLasy = Larpeell < 1 and || Luy V Lugy — Lanyvan|| < 1.
The first remark of the proof now implies that

Lo Lar, = Ly, and Ly, V Ly, = Lagyiviag,,

so ¢(M) = L) is a lattice isomorphism. Furthermore, dim M =
dim Ly since ||M — Ly| < 1. Consequently, there is a unitary operator
U such that UM U-! = Ly for M in .#. This unitary is easily constructed
by mapping the minimal (finite rank) projections in .#’’ to the corre-
sponding projections in ¢ (#)".

It seems natural that Q alg % should not depend on the behaviour of
& restricted to any finite dimensional subspace. That is the content of
the following lemma. This lemma does not hold for non-commutative
lattices.

LEMMA 2.6. If & is a commutative lattice and Ly is a finite rank projec-
tion in L', then Qalg ¥ = Qalg (&£ V Ly).

Proof. Let A be an element of alg.¥ V L. Then since L, commutes
with.f V Lo, LitALet isin alg¥ V Ly, and is a compact perturbation
of A. If L belongs to.%,

L‘L(LOJ'ALQ‘L)L = <L V L())'L(L()'LAL(}L) (L V Lo) = 0

So A belongs to Q alg .Z.
Conversely, if A belongs to alg ., then LytAL,‘ belongs to
algg Vv Lo.

Remark. If £ is a commutative AF lattice, Q alg.¥ is closed. This
follows from [4] which shows that &/ + ¢ () is closed for any norm-
closed algebra such that.e/ N ¢ () is weak* dense in /. This condi-
tion is easily seen to hold for alg.¥, because if L, are increasing finite
rank projections tending strongly to the identity, then L,4 L, tends weak*
to A for all 4 in alg.?.
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THEOREM 2.7. Let ¥ and M be commutative AF lattices with Q alg ¥ C
Q alg . Then there is a finite rank My in M such that M N Myis asymp-
totic and unitarily equivalent to a sublattice of & . Further,

Qalg A = QalgM V M,.

Proof. By Lemma 2.3, there is a finite rank M, in .# such that
d(M,¥) <1/8 for M = M, in . Lemma 2.5 implies that .#, is
unitarily equivalent to a sublattice .#; of &. Lemma 2.3 implies that .#,
is asymptotic to.#;. The last claim follows from Lemma 2.6.

CoOROLLARY 2.8. If & and M are commutative AF lattices and Q alg ¥
1s unitarily equivalent to a subalgebra of Q alg M, then there is a finite rank

projection My in M suchthat M N/ My is unitarily equivalent to a sublattice
of £.

COROLLARY 2.9. If & and M are commutative AF lattices and Q alg ¥
1s unitarily equivalent to Q alg M, then there are finite rank projections L
n S and M, in M such that ¥ N Ly is unitarily equivalent to M N M.

If we specialize to the case in which .# is a chain, we need only assume
similarity.

CoroLLARY 2.10. If £ is a commutative AF lattice, then alg ¥ is
similar to a subalgebra of 2.7 () if and only if £ contains a chain
{L,:n = N} such that dim L, = dim P, for n = N.

Proof. An algebra similar to alg & is unitarily equivalent to alg &
since S(P,#°)S—! are nested subspaces of dimension dim P, (See [1]).
The corollary now follows immediately from Theorem 2.7.

COROLLARY 2.11. 2.9 (%) is similar to 2.7 () if and only if there is
an Ly in &L for which ¥ V Ly = {L,:n = N} is a chain and dim L, =
dim P, for n = N.

The Corollary 2.11 for the case in which.% is a priori a chain is proved
in [8]. Corollary 2.9 is proved for complemented AF lattices in [9].
J. Plastiras has informed me that she had also independently proved
Corollary 2.10 for.# a chain. I would like to thank her for pointing out
that the unitary U in Theorem 2.7 need not be a compact perturbation
of the identity.

Unfortunately, we do not know if the converse of Theorem 2.7 holds.
That is, if £ and A are asymptotic, are Q alg.¥ and Q alg.# equal?
When 4 is a chain, the converse does hold because of the characteriza-
tion of quasitriangular algebras mentioned in the introduction. It is also
true if 4 is complemented. In this case, [7] implies that

QalgM = {A:AM — MA € H (H) for all M inM}.
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If & is asymptotic to 4, it is readily verified that L — ¢ (L) is compact
for every L in.¥ so Qalg.¥ = Qalg.A.

3. The AF condition for commutative lattices. The following
theorem shows for commutative lattices that containment in Q alg A&
for some AF lattice .# essentially implies the AF condition. This theorem
will enable us to reformulate most of the results of this paper, but for the
sake of clarity, this will not be explicitly carried out.

THEOREM 3.1. If & is a commutative lattice and Q alg ¥ C 2.7 (P),
then there is a finite rank Lo in "' such that £ \ Lq is AF. Further,

Qalg¥ V L, = Qalg Z.

Proof. " is an abelian von Neumann algebra. Either £ is AF, or
F' contains a projection 3 with no nonzero finite rank sub-projection
in £". In the first case, Theorem 2.7 (applied to alg ¥ C 2.9 (#))
implies that & is asymptotic to a sublattice ¥, of #”. Since 2.9 (#) =
2.9 (&), we can assume that 2 C &' after this change. Denote by
< gand < the partial orders on the minimal projections in %"’ induced
by ¥ and £ respectively. Notice that #Z C ¥ ifandonly if N <o M =
N <4 M. We claim that, except for finitely many M ;in.¥", this relation
holds. Otherwise choose distinct { Ny, M, B = 1} so that

ng (L%)iwk - algag/

but
N B (HYM, L alg P.

Since M} and N, are minimal, there is a projection P,, in P with MP,,
= Mand P, tN; = N;.Let U.benon-zero partial isometries with domain
in M, and range in N;5¢. Then U = ® 3 U, belongs to alg ¥, and

[Pt UP, |l 2 |N,UM| = 1.

Since P, is finite rank only finitely many M, satisfy M;P, = M;, so
ny— 0 as k—oo. But then U is not in £.7 (&) contradicting the
hypothesis. Hence we have N <g¢ M = N <5 M except for a finite set
M, ..., M,. Let Pybe a projection in & greater than all these 3/ ;. Then

N <gve, M = N <gvp, M,

so P V Py C¥ V Py In particular, & V P, is AF.

In the second case, we have M in.%¥"’ with no finite rank minimal pro-
jections. So we can extend M.¥" to a maximal abelian non-atomic
von Neumann algebra 4 on M. By induction we will construct pair-
wise orthogonal projections M, in A4, projections P, in &, and partial
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isometries U, in A supported on M, 5 such that
1) ||PAUP > 1/2

2) < 1/8 and

P UP,

k<n

3) < 1/8.

> Mkpnl

k>n

Assuming this is possible, then U = @ .U, is a partial isometry in
N < &£ for which |P,LUP,|| > 1/4, contradicting the containment
K< 29 (P).

Now assume that M}, Py, and U, have been chosen for £ < %, and
that NV, is a given non-zero projection in 4 orthogonal to Y i<, M;. We
can choose a sequence of projections in A4 less than N, which tend to zero
in the strong operator topology. Then since P,; is compact, it follows
that for some R, in this sequence || P,—1R,|| < 1/8. Also, P, tends to [ in
the strong operator topology, so we can choose P, such that ||R,P,| >
3/4. Since D i<, Uy belongs to alg.# and hence 2.7 (%), we can also
choose P, to satisfy

Pn-LZ UkPn

k<n

< 1/8.

Again using the properties of A4/, we can choose M, in A strictly less than
R, for which | M, P,|| > 3/4. We set N,y1 = R, — M,. We now have 2)
for P, and since by construction we will have Zk;n M, < R,, we have
satisfied 3) for P,_;.

Let m = dim P, and fix a unit vector x for which ||M,P.x| > 3/4.
Since .4 is maximal abelian non-atomic, we can find 24" pairwise ortho-
gonal projections Q; =< M, such that

|QiPx| = 3/4 272

For 1 =0,1,...,4m — 1, let ¢,:{1,2,...,2*} — {1, —1} be the
function taking the value +1 and —1 on alternate blocks of length 2%
Let

X, = ZU[(i)lenx

Then |jx,]| = 3/4 and (x;, x;) = 0 if £ = [. Since the Hilbert-Schmidt
norm of P, is \/m,

2
=< m.

4m—1

>

=0
Choose an [ for which ||P,x,||? < 1/4. Now define

24m

U, = Z ol(i)Qi-

i=1

anl
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Then
[Pt UnPrel* = [|Pytai]? 2 (3/4)* — 1/4 > 1/4,
proving 1).

4. The non-commutative case. If .# is not commutative, the
situation is less clear because the structure of A is less rigidly defined. In
particular, we cannot hope for a unitary equivalence as in Theorem 2.7.
The best one could expect is a similarity by an invertible operator, but
we do not know if this is possible. Also, if M, is a finite rank element of
M, it may happen that Q alg M V M, is not equal to Q alg.#.

LemMA 4.1. If 4 and C are projections on a finite dimensional Hilbert
space S satisfying A AN C =0, AV C = Iy, and |4+ — C|| > 3/4,
then

d(4+, alg {4, C}) > 1/4.
Proof. Since dim A+ = dim C < o, we have
|4+ — C|| = sinf > 3/4

where 0 is the greatest angle between 44#” and C. So there is a unit
vector x such that Cx = x, and

|ALx|| = cos b < 1/4/2.

(To verify this, choose a unit vector ¥ with |4+ — C| = |4+ — Cy|.
Note that 2/ = span {41y, Cy} is invariant for both A+ and C. Com-
pute 4+ and C on.#.) Let U be a partial isometry of 44%# onto CZ.
Decomposing # = A ® AL, the matrix of U has the form

o #)
0o wl
Since 4 A C = 0, W is invertible in 4+, Let y = U*x. Then x=

Uy = Wy + Xy, s0 Atx = Wy # 0 and |[Wy| < 1/4/2. Now 4+ =
U*U = W*W + X*X,s01 = ||[ALy||2 = |[Wy|> + || Xy|/2. Thus

[Xyll* > 1/2 and [[XWY z |[XW-2(Wy)| |Wy|~* = 1.
All operators in alg {4, C} have the form
Yy o0
r-[3 ]
with respect to the (non-orthogonal) decomposition # = A + CH.

The invertible operator S = 4 + U carries A onto A and A#
onto CS#, so with respect tos# = AH @ ALH,

[ x Pl_[z —XW"‘]
S‘[o W] S =lo w
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and T has the form

I x|y ollr —=xw—| |V XW-HZ — V(XW)
0 wWilo Z]|0 w-t ) A
where Z'= W-1ZW.
If such an operator satisfies |77 — A+ < 1/4, then ||V] < 1/4 and
II — Z'|l < 1/4. But then
IXW=iz' — YXW= 2 [ XW= — [XW=I (T - 2] + ¥
= 1/2|XW-1] > 1/2.
Hence if 1'is in alg {4, C}, then |7 — A+ = 1/4.

THEOREM 4.2. Let & be « commutative AF lattice and let M be an AF
lattice for which Q alg ¥ C Q alg. Then there is a finite rank M, in M
such that M N/ M 1is asymptotic to a sublattice of L .

Proof. By Lemma 2.3, there is a finite rank M, in .# such that
d(M, &) < 1/24 for M = M,. So to each M = M,, there corresponds
a unique element Ly in & with |[M — Lyl < 1/24. If M > N, then
MN = N, so Ly, > Ly as in the proof of Lemma 2.5. Also since

LP AN LR = LPLR and P AN R = limn%m (PRP)”,

asimple estimate shows that Lpyr = LpLg.Similarly, Lpyr = Lp V Lp.
We will show that there is a finite rank 1/, in .# so that if P and R belong
to # \ M, then equality actually holds in both these relations.

If this is not the case, we can inductively choose finite rank projections
M,, P,, R,and N, in.# \/ M, so that P, A R, = M,, P, V R, = N,,
M,41 = N, and either Lp, Ly, > Ly, or Lp, V Lg, < Ly,. We achieve
this as follows: Given N,_;, we can find P and R greater than NV,_; so that
either LpLy > Lpag or LpV Ly < Lpyvg. We must ensure that P,
and R, are finite rank. So take a chain C, of finite rank elements of .#
with Co = N,, C,—> P A R in the strong operator topology. Then
select chains P, and R, of finite rank projections in.# converging to P
and R respectively such that P, = C, and R, = C,. This ensures that

P,ANR,->PAR and P,V R, PV R.

For any chain M, <> M, the lower semi-continuity of the norm in the
strong operator topology, and the fact that |[M — LI] < 1/8 uniquely

determines L as L,, implies that L,,, - L,,. Hence

§ S
Lppga = Lpar and  Lp,vg, = Lpyg.
Since . is commutative, it also follows that

LpﬂLR"—‘\}LpLR and LPn V LR,I_S*'LP V LR.
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ThUS, lf LP,.VRn # LP,. V LRm
lim sup ([ Lpave, — Lpa V Lgafl Z [[Leve — Lp V Lgf| = 1

and consequently Lp,vg, # Lp, V Lg, for some n. The case for inter-
sections is identical.

We now apply Lemma 4.1 to the Hilbert space ¥ = (N, — M,)#
with I =N, — M, 4 =P,— M, and C =R, — M,. Let I' =
Ly, — Ly, A’ = Lp, — Ly, and C' = Ly, — Ly,. Then [|[4 — 4’| <
1/12, ||C — C'|] < 1/12 and || I — I’|| < 1/12. By construction, either
A'C' #0or A’V #I' soC #I — A" and hence ||C" + 4" —
I'|l = 1. Thus,

IC— At =]C+ 4 -1 z 3/4
So Lemma 4.1 shows that
d(A+, alg {4, C}) > 1/4.
Therefore
d(N, — P, alg#) = d(N, — P, alg {P,, R,}) > 1/4.
Drop to a subsequence if necessary to ensure that
2NNy = Po) = (Ly, — Lp,)|| < 0.

LetB=Y ® (N, — P,)and B’ = 3. @ Ly, — Lp,. Then B’ belongs
to alg¥ and B — B’ is compact. If 7 is any operator in alg.#, the
operator (N, — M,)T (N, — M,) belongs to alg {P,, R,}. So

Consequently, B is not a compact perturbation of T so neither is B’. This
contradicts alg.¥ C Q alg.A#.

So we must have.# \ M lattice isomorphic to a sublattice ., of £ .
Finally Lemma 2.3 shows that.# V M, is asymptotic to % ;.

5. Quasitriangular algebras. Suppose that.¥ is commutative and
Qalg¥ C Qalg.#. Then for every M in.# and T in alg. ¥, MLTM
is compact. In other words, M is an essentially invariant subspace of
alg .. The following theorem due to the author [2] makes it seem likely
that the AF condition of Theorem 3.2 is unnecessary.

THEOREM 5.1. If & is commutative and M 1is essentially invariant for
alg &, then there is an L in¥ for which M — L is compact.

This theorem can be applied to give variants of Theorem 3.2, but we
will restrict ourselves to the following application.
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LEMMA 5.2. Suppose Q alg M contains a quasitriangular algebra 25 (P)
and 1s not all of B (). Then there is a finite dimensional projection Mot
in Mt such that M N Mot is AF.

Proof. By Theorem 5.1, every projection in.# is either finite or cofinite.
Let M, (M,) be the supremum (infimum) of all finite (cofinite) rank
projections in.#. Then M, and M, are either finite or cofinite. If M, is
finite, there is a decreasing chain # of cofinite projections in .# with
infimum M;. So

2T (P+) = 29 (P)* C (QalgA)* C (Qalg #)*
= Qalg AL = Qalg (#+ Vv M,).
But Qalg (#+ VvV M,) is quasitriangular, so by Theorem 3.1, £+ is

AF which is absurd. So M, is cofinite. So if M, were finite, Q alg.#
would equal &Z (). Thus M, is cofinite and# V Myt is AF.

THEOREM 5.3. If & is a commutative lattice such that Q alg £ contains
a quasitriangular algebra, then Q alg & is quasitriangular.

Proof. By Lemma 5.2,.¢ V Lyt is AF. So by Theorem 2.7, there is a
finite dimension L; in & V L¢t so that ¥ V Lot V Ly is a chain.
Hence

Qalg¥ = Qalg (& V Lyt Vv Ly)
is quasitriangular.

LemMA 5.4. If Q alg A4 contains a quasitriangular algebra, then there is
a fintte rank projection M in M N ML for which Qalg (M N M) is
quasitriangular.

Proof. Substitute Theorem 4.3 for Theorem 2.7 in the proof of Theorem
5.3.

In view of this lemma, if Q alg.# contains a quasitriangular algebra
29 (R), then M N M is asymptotic to a subset of #. So we may
assume that.# V M is contained in # = {R,:n = 0}. For definiteness
we can assume that Ry = M and & is maximal (dim R,;1R,t = 1 for
all #, dim Ry = n¢ < o). Choose a basis for Ryt so that

R, = Ry @ [ex:1 =k = n] foreach n.
Let = be the subset of N for which
M N Ry = {Rn:nE E} = %2.

We now restrict ourselves to the following special case. Let f; be a
sequence of unit vectors in Ro5#, and let a, be an arbitrary sequence of
complex numbers. Define

M, = [ex + awf, 1 £ k = n]
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for n belonging to a subset A of Z. Then M, V Ry = R, and M, A
R() = 0. Let Mm = \/n_z_1 M,L Then
v.% = {0,%27 Mn: n 6 Ay Moo’ I}

is a lattice. By the remarks of the preceding paragraph, we see that
Q alg# represents a large class of those algberas containing a quasi-
triangular algebra. Let & be the algebra of diagonal operators on the
basis {e,}.

THEOREM 5.5. The following are equivalent.
1) 9 C Qalg#
2) 29 (#z) = Qalg M

3) kz_:l 'Clklz < 0.

In this case, there is an idempotent E for which the map A — EA 1s a
projection of I (Rs) into alg M with kernel Ry% (H).

Proof. 2) implies 1) is clear, and the inclusion Q alg.# C 2.9 (%5)
is also obvious. Assume that 3) holds.
We will denote by T,g, the operator T,g,k = (h, y)x. Let

E = RO‘L + Z akalc®ek'
k=1

The Hilbert-Schmidt norm of RyE is

IRE:" = 2, [RoBes” = X lax]* < 0.

Hence E = R¢* + RE = ER¢*t is a bounded operator, and these
relations readily verify that E = E? with kernel Ro5#. Now if 4 belongs
to 7 (#Xs), then EA does also because Ry1t4 and RZ () belong to
T (As). If M,isin# andn < p, then Af, € Ry and Ae, € R, #, so

EA (en + anfn) = RO-LAen + kz—:l ak(A (6,,, + anﬂz)! ek)fk

y4
= ;1 (Aen, ex) (ex + arfr).
Thus M, is invariant for E4. Consequently,
ET (As) C alg M,
and since I — E is compact,
29 (#z) = Qalg M.

Thus, 3) implies 2).
Now suppose that & C Qalg A4 but Y o, |ax? = 0. We need a
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certain subset A of N, but as its construction is delicate, we will delay it

temporarily. Once given a subset A, we define the projection D onto

[e.:m € A]. Then D is a diagonal operator with matrix (d,) where d, =1

for nin A, d, = 0 otherwise. Since D is in &, there is a compact operator

K such that 4 = D + K lies in alg.#. Since D is in. 9 (%3), so is K.
We define Hilbert-Schmidt operators

P
H,= —R, + ;1 T s gen-

We compute

Gl = o+ 3 Jonf

where 7y = dim Ry . If pisin Aand n < p, then R, € #, hence

y4
Ae, = 1o+ 2 biey
k=1
where 7y = RoKe,, b, = d, + (Ke,, €,), and by = (Key, ex), k # n.
Since M, is in.#,

Alen+ anfy) = ; b (ex + arfy).

Also since Kf, is in Ry, a comparison of the coefficients shows that
by = by'. So by projecting onto Ry, we get

Y4
RKe, + a,Kf, = Zl (Key, ex)arfr + dutnfn
k=

/4
an(K - dn)fn = _-ROKen + Zl (Ken» ek)akfk = HpKen (El)
=
By assumption, ||H,||; — © as p increases, so
limg, ., [|Hyl|e " Hye, = limy o, [|Hp|ls ™ a,fy = 0.

Since the sequence ||H,||,”*H, has norm bounded by one, it tends to
zero in the strong operator topology.

We now make use of the following elementary lemma which does not
seem to be in the literature. The proof is omitted.

LeEmMmA 5.6. If K 1s a compact operator and h, is a sequence of Hilbert
Schmidt operators with ||h,| s bounded such that h, tends to zero in the strong
operator topology, then ||h,K||s tends to zero.

We conclude that ||H,|.;"'H,K tends to zero in the Hilbert-Schmidt
norm. We will prove 1) implies 3) by showing that this fails.
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We now return to the construction of A. Let P, = {C, 1} be finite
partitions of the unit sphere of M such that the diameter of C, ; is
less than 1/n. For each subset a of elements of P,, let o, = {k: fi €
C,.i € a} be the set of integers k for which f, belongs to C,; for some
element of a. Let ¢; be an enumeration of the g, , as 7 ranges over N so
that each o, is repeated infinitely often. We inductively choose integers
n; < mye1in A and a subset A of N, such that

3 Hallo? = 2 Alawl:k = my k €Sy} (E2)
where S; = (AN a;) U (A°N ¢, and ¢ denotes the complement in N.
If n; and AN {1,2,...,n;} have been chosen, choose 7.1 € A suffi-

ciently large so that
HHujealle? £ Z {laal® ke = my k € Sil
+ 2 {lalin; < k= mpad.
This is always possible as }_ |a;|2 = 0. Then define
AN{n;+1,...,05:) =N {n; + 1,..., 741}

Clearly, A now satisfies (E2) for o,,1. Hence for a given g, , there are
infinitely many n; for which (E2) is satisfied.

Now take D and K corresponding to A asin the first paragraph.
Choose an integer N for which ||K|| £ N/4. If f; belongs to Cy,; of Py,
either

IKfill =2 1/2 or (K — 1)fi]l = 1/2.
If f, is any other vector in C,
IK(f: — f)ll = |K|/N = 1/4.

So either |Kfy|| = 1/4 for all fy in C, ; or [|[(K — 1)fi] = 1/4 for all f,
in Cy,;. Let a be the set of Cy ; for which the latter relation holds. Let
0 = 0,4 and let ny, ng, . . . be integers in A for which (E2) is satisfied
for ¢. Then using (E1) we get

IH, K" 2 3 1ol (K = du) fil]*
= 2 {la?|(K = fal[*:n £ niyn € A}
+ Z alPlKfl*in = ni,n ¢ A}
= > {167, n S nypyn € AN g}
+ 3 {167 Ya,2in = nyyn € AN o
= 1/32[|H,]|:%

Consequently, ||H,;||:"!||H,;K||? is bounded away from zero, giving the
desired contradiction.
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Added in proof. Since this paper was written, a paper by N. T. Andersen,
Compact perturbations of reflexive algebras, J. Func. Anal. 38 (1980),
366-400, has appeared which contains related results.
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