A THEOREM CONCERNING PARTITIONS AND ITS
CONSEQUENCE IN THE THEORY OF LIE ALGEBRAS

J. W. B. HUGHES

1. Introduction. In the first part of this paper we state and prove a theorem
concerning the partition (j;/, ) of an integer j into at most [ integers k,,
none of which exceed 7; I and 7 being themselves integers. (j;1,7) is thus
the number of distinct solutions of the equations

(1.1) j=ki+...+ kg,
where the k, satisfy the inequalities
(1.2) 1 >ki>ke>... >k >0.

In the second part a consequence of this theorem in the theory of repre-
sentation of the Lie algebra of the unitary unimodular group, SU (%), is noted.

2. Before stating the theorem, some well-known properties of (7;1, 7) are

nof‘:;- For fixed [, 7, it is clear that the maximum value that j may have is
7, and that
(2.1) (#;1,2) = 1.
(b) One may trivially show that
(2.2) (J; 5, 7) = (@l —7;1, 7).

(¢) The following formula is given by Dickson (1):
(23) Gil4+1L,9)—-G-LI4+144)=3G—1;L3) — (G—1—14;114).
(d) One may also trivially show that
(G349 = (34, D).
THEOREM. (f;1,2) — (j — 1;1,2) > O for integers j < t;,, where
=1+ [3].

Proof. We prove this theorem by induction on . Now, clearly,

. N\ 11 j<7'v
(]11)1)_{0’ ]>1,,

hence for j < t; = 1+ [%7], we have
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;4,9 —-G—-1,14=1—-1=0.
Thus the theorem is true for [ = 1. Suppose it to be true for some [ > 1;
we try to infer it for I 4 1. Thus we need to prove that, for j < {41,
Gil+1,7) —(G—1;1+1,7) >0
or, using equation (2.3), that
(2.4) G—1;L1) — (G—1—=14;1,17) > 0.
For j <t;+ 1, ie., for j — 1 < t;, this follows immediately from the state-
ment of the theorem for /, since we may write
G—LL)—G—1—=4044=[G-1;L4) — (G —2;41)]
+[G—-2:04) - 0G—3;L9]+...
+[G—1405L1)— G—1—1;L1)].
All the bracketed terms are non-negative since if j — 1 < ¢;, then so are
j — 2,7 — 3, etc. Hence we have shown that for j < ¢; + 1,

Gsl+ 1,49 —G—1l+ 11 >0

For those cases where ¢; + 1 > {1y the theorem for (I + 1) is already
proved. This occurs when ¢ = 1, 2 and, for ] an even integer, 2 = 3. In the
following we therefore restrict ourselves to the cases where ¢; + 1 < igyy. It
therefore remains to prove equation (2.4) for ¢, + 1 < j < {q4y or, writing
7' =4 — 1, that for ¢, < j < tayn,

(44) — (G —4;L4) >0.
Using equation (2.2) this becomes

(2.5) (@i—=30L1)— G —1;5,17) >0.
Equation (2.5) will follow from the statement of the theorem for [ if
@) #4—j7 >j7 —1 and

(b) il —j <t
(@) (@ —j)—@G —1)=:0+1) —27.

Now 7/ <tgyny — 1< 3@+ 1) or 2(l4+1) — 2/ >0 so that (i —j')
- (¢ =1 >0,

(b) U= <id—(G+1)<2%—E+1)=¢-1

and therefore condition (b) is also satisfied. Thus the inequality (2.5) follows
from the statement of the theorem for Zand therefore

Gsl+1,4) — G—1;1+1,7) >0
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fort, + 1 < j < tgyn as well as for j < £, 4 1. Therefore, truth of the theorem
for I implies truth of the theorem for / 4 1, so that, by induction, the theorem
is true.

3. Consider the Lie algebra, 4 (n — 1), of the unitary unimodular group in »
dimensions, SU(xn). Thisisan (# — 1)-rank algebra and therefore has (n — 1)
inequivalent fundamental representations, which we denote* by II% ¢ = 1,

.,n — 1. The jth “level” of an irreducible representation ¢ of 4A(n — 1)
is defined to be the set of weights of ¢ which are obtainable by subtracting j
simple roots from the highest weight of ¢. Now it can be shown (see Hughes
(4)) that the number of weights on the jth level of the ¢th fundamental
representation, II%, of 4(n — 1) is equal to the partition (j;# — 2, 17).

Thus a consequence of property (a) of §2, with [ = n — 4, is that I has
i(n — 1) levels. Property (b) states that the number of weights of the jth
and {¢(n — 1) — j}th levels of II¢ are equal, so that the weights of II* are
distributed in a symmetrical manner about its middle level. Property (d) is
intimately related to the fact that II* and II®~*=V are contragredient repre-
sentations.

A consequence of the theorem proved here is that II?¢ is “spindle-shaped’’,
i.e., that the dimensions of its levels increase monotonically until the middle
level (or levels, depending on whether ¢(z — ©) is even or odd), after which
they decrease again monotonically. This is a very special instance of a theorem
proved by algebraic techniques by Dynkin (3), namely, that all irreducible
representations of all semi-simple Lie algebras are spindle-shaped.
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*See, for example, Dynkin (2) for an account of the properties of 4(z — 1), and for the
notation employed here.
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