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We investigate the existence and branching patterns of wave trains in the
mass-in-mass (MiM) lattice, which is a variant of the Fermi—Pasta—Ulam (FPU)
lattice. In contrast to FPU lattice, we have to solve coupled advance-delay
differential equations, which are reduced to a finite-dimensional bifurcation equation
with an inherited Hamiltonian structure by applying a Lyapunov—Schmidt reduction
and invariant theory. We establish a link between the MiM lattice and the
monatomic FPU lattice. That is, the monochromatic and bichromatic wave trains
persist near ;¢ = 0 in the nonresonance case and in the resonance case p : ¢ where ¢
is not an integer multiple of p. Furthermore, we obtain the multiplicity of
bichromatic wave trains in p : ¢ resonance where ¢ is an integer multiple of p, based
on the singular theorem.
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1. Introduction

In the past two decades, there has been an explosion of interest in the study of
so-called granular crystals [15, 17], which consist of chains of elastically interaction
beads that are not only very experimentally accessible, but also extensively tunable
and controllable, as regard their materials, geometry, heterogeneity, etc. The most
representative example of such a system is the famous Fermi-Pasta—Ulam (FPU)
type described in detail in previous work [5]. Since the discovery of solitary waves
based on the remarkable observations of recurrence by Fermi, Paste and Ulam [5]
and Zabusky and Kruskal [25], more and more interest has been devoted to the
study of the dynamics of such lattice systems.

(© The Author(s), 2024. Published by Cambridge University Press on behalf
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More recently, variants of the standard granular system in which internal res-
onators are present in each of the lattice nodes have been proposed theoretically
and some of them have also been realized experimentally. In this paper, we consider
the mass-in-mass (MiM) variant of the FPU lattice: two one-dimensional interacting
sublattices of harmonically coupled beads and internal resonators. Assume that the
beads and the resonators have mass 1 and mass > 0, respectively. The equations
of motion for MiM lattices are given by

(1.1)

Uj =V'(Ujpr = Uj) = V(U = Uj1) + 6(u; — Uj);
piiy = K(Uj = uj),
where Uj is the displacement of the jth bead with respect to its equilibrium position,
u; is the displacement of the jth resonator, V' is the potential of interaction between
beads and the positive constant x measures the coupling between the beads and
their internal resonators.
System (1.1) can be viewed as a Hamiltonian dynamical system with the

symplectic structure:

dv; _oH —dp; __OH

dt N 6])]" dt B 8Uj’

at g, dt  Ou;
and the Hamiltonian function
1o 15 K 2
H=Y" 55 + ;qj) + V(U = Uj) + 5 (w5 = Uj)",

JEL

where p;(t) = Uj and ¢;(t) = pt;. Throughout this paper, we assume that the
interaction potential V' has a Taylor expansion of the form

1, ag By
V(z)—§z +§Z +1Z

We shall consider a wave train to (1.1) if it is a time-periodic solution and relative
periodic with respect to the maximal particle-shift symmetry. That is,

3T >0, such that U;(¢t) = U;(t +T) and u;(t) = u;(t + T);
37 e R, such that Uj;1(t) = U;(t + 7) and ujy1(t) = u;(t + 7).

Such solutions have the form
Uj(t) = pr(wt —kj),  u;(t) = p2(wt — kj), (1.2)
where w = % > 0, k = wr, and @1, @y are one-periodic functions. Since the period

of waveform functions is normalized to 1, we choose the wavenumber k within the
interval [—1/2, 1/2]. Substituting of the ansatz (1.2) into (1.1), we obtain coupled
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advance-delay differential equations:

{w2s0’1’(8) =V'(p1(s = k) = 1(s)) = V'(p1(s) — 1(s + k)) + £(p2(s) — 1(s));
12 Ql(s) = w(p1(s) — 0a(s)),

(1.3)
where s = wt — kj.

The most common approach to study bifurcation problems in functional differ-
ential equations involves the computation of (normal forms of) reduced bifurcation
equations on centre manifolds. However, the ill-posedness of the initial value prob-
lem of (1.3) prevents us from the construction of its semigroup and invariant
manifolds as well. This drawback has long limited our understanding of the full
nonlinear system (1.3). Usually, variation methods and topological methods are
effective ways to investigate the existence of travelling waves in the lattice systems.
However, the concrete structural form of these solutions cannot be derived. This
brings many difficulties for us in the process of studying the multiplicity, stability
and bifurcation of the travelling waves in the relevant systems. It is meaningful for
us to obtain the concrete structural form of the travelling wave solutions.

Firstly, we consider the existence of wave trains in the linear MiM lattice for
which V(z) = 322, It is easy to check that for every € >0 and ¢y € R/27Z, the
functions

Uj = el cos(2mnwt — 2mnkj + ¢o), (1.4)
u; = € cos(2mnwt — 2mnkj + ¢o) '
are solutions to the linear MiM lattice, exactly if w and k satisfy the dispersion

relation

772w2( fjw + 1) = sin?(k),
Tep
where

2,2 2
Kk —4mn w
AU e R

nw __
FK’# = H n e Z>0.
The above wave trains are called monochromatic wave trains. It follows from a
Fourier transformation that all motions of the linear lattice are a superposition of
such monochromatic wave trains. Some of these superpositions are actually wave
trains themselves, for instance if there exists (p, ¢, w, k) € Zsg X Zso X Rsg %
(0, 1/2] such that
m2p2w? (I‘piw + 1) = sin? (7pk),
Kot
w2 qPw? (I“]L‘” + 1) = sin®(mqk),
Ry
where p # ¢, then for every 1 > 0, g9 > 0 and ¢1, ¢o € R/27Z, the functions

Uj = e1l'h cos(2mpwt — 2mpkj + ¢o) + 2%, cos(2mqut — 2mqkj + ¢1),
uj = €1 cos(2mpwt — 2mpkj + ¢o) + €2 cos(2mquwt — 2mgkj + ¢1)

are wave train solutions to the linear lattice with temporal period T'= %2 and

the spatial period 7 = % We call these bichromatic wave trains. For convenience,
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solving

772n2w2< Lo+ 1) = sin?(mnk)

n,w
Uil

for w yields w = g4 (k, n) or w = g_(k, n), where

[(n+ D)k + dpsin®(nrk)] £ \/[(,u — 1)k + 4psin® (nmk)|2 + 4urk?

8m2n2p

(1.5)

What we are concerned with in this paper is whether the monochromatic and
bichromatic wave trains of the linear MiM lattice continue to exist in the nonlinear
lattice. In contrast to monatomic chains, we need to assume two different waveform
functions for beads and resonators, respectively. Due to the presence of resonators,
there is the case where ¢ is an integer multiple of p in p : ¢ resonance, which does
not occur in the monatomic FPU lattice [10]. The results on the nonresonant case
and the resonant case p:q where ¢ is not an integer multiple of p on the MiM
lattice are as follows.

THEOREM 1.1 Monochromatic wave trains. Let n* € Z~y. When w* >0 and k* €
[—1/2, 1/2] are such that w* = g+ (k*, n*), but w* # g+ (k*, n) for all n € Zso \
{n*}. Then the nonlinear MiM lattice (1.1) supports a one-parameter family of
solutions of form (1.2) which can be parameterized by the small amplitude € of u,
in the linear MiM lattice. This family of solutions is unique up to a phase shift and
can be written as

{Uj = 5FQ;;“’* cos(2mn*w(e)t — 2mn*k*j + ¢o) + O(e?); (1.6)

u; = ecos(2mn*w(e)t — 2mn*k*j + ¢o) + O(e?).

Here, ¢pg € R\ 277 is arbitrary. The function € — w(e) satisfies w(e) — w* as e —
0. O(£2) represents the wave trains of the form (1.2) with the amplitude order O(g?).

THEOREM 1.2 Bichromatic wave trains. Assume that p, q € Z~o with p <,
and w* >0, k* € [-1/2, 0)|J(0, 1/2], satisfy w* = g+ (k*, p) and w* = g+ (k*, q),
but w* # g4 (k*, n) for all n€Zso\{p, q}. Furthermore, suppose that the
curves w* = g1 (k, p) and w* = g1 (k, q) intersect transversely at (k*, w*) and
sin(prk™*) sin(qnk*) # 0. Define p = p/ ged(p, q) and § = q/ ged(p, q), and ged(p, q)
is the greatest common divisor of p and q. In the case where p > 1, the nonlinear
MiM lattice (1.1) supports two-parameter family of solutions of form (1.2) which
can be parameterized by the small amplitudes (€1, €2) of u; in the linear MiM lattice.
This family of solutions is unique up to a phase shift and can be written as

U, = 51F£’7‘,‘j* cos(2mpw (e)t — 2mwpkL(€)] + podo)

+ el 0" cos(2mquis (e)t — 2mgks(€)] + Gdo + ) + O([le]*); wn
uj = &1 cos(2mpw+ (€)t — 2mpk (€)j + Po)

+ &9 cos(2mqu (e)t — 2wk ()] + Gbo + o+) + O(|le]|?).
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Here ¢ € R\ 27Z is arbitrary and oy = 2%, o_ = —2% if p+q is odd, whereas
oy =0,0_ = % if p+ q is even. The functions wi(g), ki (g) are analytic and satisfy
wi(e) = w*, ki(e) = k* ase = (g1, e2) — 0. O(||e]|?) represents the wave trains of
form (1.2) with the amplitude order O(||e||?).

It is important to observe that not every bichromatic wave trains persist in
the nonlinear MiM lattice. Note that by setting £ = 0 or €2 = 0, the wave trains
actually belong to the monochromatic wave trains.

Now we consider the resonator limit ¢ — 0. The MiM lattice (1.1) can be reduced
to

Uy =V'(Ujpr = Uy) = V'(U; = Uj_1) (1.8)

in the limit of g — 0. System (1.8) is a monatomic FPU lattice with interaction
potential V. Similarly, the travelling wave equations (1.3) can be also reduced to

W =V'(p1(s — k) —1(s)) = V'(e1(s) — e1(s + k), (1.9)

as i — 0, where ¢1 = 5. It follows that the internal resonators are fixed at the
centre of their hosting beads, and they have exactly the same profile functions.
System (1.9) is exactly the travelling wave equations of the monatomic FPU lattice
(1.8). A lot of research has addressed the existence of different sorts of solutions to
(1.8), depending on how the potential V is chosen, e.g. [2, 6, 7, 10, 13, 18, 19].
We should mention that the existence of monochromatic and bichromatic wave
trains was discussed for monatomic FPU lattices in [10]. It takes little insight to
figure out that wave trains of (1.1) shadow wave trains of (1.8) when p is small.
Indeed, as pr — 0, then I'}"7 — 1 and the dispersion relation could be rewritten as

" ism(nkﬂr)

nw

which is exactly the same as that for monatomic FPU lattices in [10]. Meanwhile,
it is found that wave trains in theorems 1.1 and 1.2 are exactly the same as that
for monatomic FPU lattices, see theorems 1-2 in [10]. Namely, these two kinds
of wave trains with small amplitude persist near ;= 0 under the nondegeneracy
conditions.

This result should not come as a surprise. Actually, there are some recent articles
on the small resonator limit for the MiM lattice. Kevrekidis et al. [16] showed that
for the Hertzian potential V(x) = xi/ ?_ there exists a countable number of choices
for p, converging to zero, for which the MiM lattice admits spatially localized trav-
elling wave solutions. Faver et al. [4] extended this work and proved the existence of
the same solution of MiM lattice with more general potentials in two distinguished
limits, that is, 4 — 0 and xk — oo. Furthermore, Faver [3] proved the existence
of nonlocal solitary waves, called nanopterons, which converge at infinity to very
small-amplitude periodic waves, excluding a countable collection of p. Notice that
the results mentioned so far concern the travelling waves including solitary waves
and nanopterons. In the recent paper [11], Hadadifard et al. provided quantita-
tive analysis of the fact that the small resonator lattice (1.1) is well-approximated
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by the limiting FPU system (1.8) under suitable initial conditions. We would
like to point out that this result addresses the small resonator limit for the
Cauchy problem.

We also mention that the small mass ratio limit for diatomic FPU lattice has
been considered in the context of the existence of wave trains [1, 14], whose works
were based on the ideas of the so-called anti-continuum limit. Recently, Pelinovsky
and Schneider [20] studied a diatomic FPU lattice in the small mass ratio limit and
proved a approximation theorem. However, their ideas are exactly different from
the anti-continuum limit.

Is it possible to obtain some new results when discussing the MiM lattice in con-
trast to monatomic FPU lattice? The answer is yes. By using the singular theorem
[8], we show that there may be 0,1,2 or 3 branches of bichromatic wave trains with
small amplitude in the resonant case p : ¢ where ¢ is an integer multiple of p. This
paper is a continuation of [10, 26, 27] on the existence of periodic travelling waves
in Hamiltonian lattices.

This paper is arranged as follows. In § 2, following the frame works of [10, 26], we
show how a wave train ansatz for the MiM lattice leads to coupled advance-delay
equations, which is reduced to a finite-dimensional bifurcation equation with certain
symmetries by Lyapunov—Schmidt reduction. In § 3, we give the proofs of theorem
1.1 by means of invariant theory and singularity theory. In § 4, we distinguish two
cases to investigate the existence of the bichromatic wave trains: In the case where
p > 1, we employ invariant theory to show that at some branching points, a generic
nonlinearity selects exactly two-parameter families of mixed-mode wave trains; in
the case where p = 1, we use singularity theory to solve the reduced equations and
determine solutions of small amplitude.

2. Lyapunov—Schimdt reduction

In this section, we shall work in the Hilbert spaces of [ times Sobolev differentiable
and 1-periodic functions for ¢, o with average 0,

Hé = {<p R/Z —R,p(s) = Z ppeZrins
nez

7 := > (1 + 1% |pnl® < 00,00 = 0}.
nez

Let 27! = H} x HY x Hi™' x H)™', then system (1.3) can be viewed as an operator
equation and one may search for v = (u1, ua, us, ug) € 2" which are zeros of the
map F = (Fl, FQ, Fg, F4) N

Fi(u,w, k) = wuy — us;

Fo(u,w, k) = wy/puh, — ug;

F3(u,w, k) = wuy + V' (ur(s) —ui(s+ k) — V'(ur(s — k) — ui(s)) + r(u1 — ug);
Fy(u,w, k) = wy/puy + k(ug — uq). (2.1)
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In order to describe the geometric properties of the operator F', we introduce the
actions of the time-shift operator R, € S! and the reversibility operator ¢ € Z* on
Z' as follows:

(Ryu)(s) = u(s +¢), (ou)(s) = (-ur(=s), —uz(—5), us(—s), ua(—s)).
Then we have the following properties.
PROPOSITION 2.1.
(i) The operator F is reversible S*-equivariant. Namely,
FoRy=RyoF, Fop=—pol

(ii) F is Hamiltonian with respect to the weak symplectic form Q: 271 x 21 - R
defined by

u,0) Z / 12(500) = 325y ) .

for all u = (u1, ug, us, ug) € € 21 v = (v, va, v3, v4) € X, and the Hamil-
tonian function H : 2 — R is defined by

L o

Auwk) = [ |, (G (s)u(s) + o ualo)is() + 5ud() + S¥0s)
+ V(un(s) = (s + k) + 5 (us(s) — ur (s))?) d.

Namely, Q(F(u, w, k), -) = ﬁu(u, w, k). Furthermore, H is invariant under
both Ry and o.

We shall try to solve F(u,w, k) =0 for u€ 2! and parameters (w, k) €

RT x [-1, ], The derivative £ = (L1, L2, L3, L4) of F with respect to u=

(u1, ug, ug, ug) evaluated at (0, w*, k*) is given by

Li(u,w k") = — ug;

Lo(u,w*, k* ):w \fuz — Uy;

Ls(u,w*, k*) = wuly + (2ui(s) —ur(s + k%) —ui(s — k%)) + k(uy — u);
Ly(u,w*, k*) = w*/puy + k(us — uy). (2.2)

Note that 27! is the direct sum over n € Z_ of the finite-dimensional subspaces

II,, = spanc{s — (*™"%,0,0,0),s — (0,e*™"% 0,0), s
= (0,0,e2™7%,0), 5 — (0,0,0,e*™"*)}.
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It is easy to check that these subspaces are invariant for £. Then the matrix of £
restricted on II,, is

2minw* 0 -1 0

0 2minw* /i 0 -1

. 4sin?(mnk*) + K —K 2minw* 0
—K K 0 2minw* /1L

The characteristic polynomial of the matrix A4,, is
FO) = [(\ = 2mniw*)? + 4sin’®(nmk*) + K][(A — 2mniw* /p)? + K] — K2

The eigenvalues of A,, can be zero if and only if f(0) = 0, and the kernel of A,, can
be at most one-dimensional. In fact, if f(0) =0 and f’(0) = 0, then

(—4Am*n?w*?p + K)? + /uk® =0,
Since p > 0, k > 0, a contradiction. Note that f(0) = 0 is equivalent to

m2nlw*? (% + 1) = sin?(mnk*), (2.3)
o

which is also equivalent to w* = g4 (k*, n). Then the kernel of £, denoted by K, is
given by

. . .
1, 2miw nly 2miw*ny/p)e? ™ |

K= span(c{s = (R
n € Zyo and w* = gi(kj*,n)}.

We shall below apply the Lyapunov—Schmidt reduction to obtain a finite-
dimensional bifurcation equation. To begin with, define an inner product on
=1 grl=2 by

(u,v) :/ u(s)v” (s)ds for (u,v) € 2171 x 27172,
R/Z

then the adjoint operator £* of £ with respect to the inner product is given by

for u = (u1, ug, uz, us) € 271, In fact, one can check that

(u, Lv) = (L*u,v)
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by integration by parts and a substitution of variables. It follows that the kernel
K* of L* is given by

K= span(c{s = (2w 'y 2miw ng/u, =T , —1)e?mins

n € Zyo and w* = gi(kz*,n)}.
Then we can define the formal images of £* and L respectively:

M = spanc {1 (277°,0,0,0),5 > (0,€77%,0,0), 5 — (0,067, 0),
5+ (0,0,0,e2™™%) 5 (27inw*, 0,1, 0)e?™"s
s (0, 2mine V0, 1) 5 s (1, <7, 0, 0)en |
m,n € Z, w* = ge(k*,n) and w* # gi(k*7m)} ﬂggl’
and
M i=spanc{s = (€277,0,0,0), 5 = (0,6¥"%,0,0), 5 = (0,0,e*™"%, 0),
s+ (0,0,0,e2™™m) 5 (—1,0, 2wiw*n, 0)e?™"
s (0,—1,0, 2miw* ny /)™ (0,0, 1, 7" )e2mins |

m,n € Z,w" = g+ (k*,n) and w* # gi(k:*,m)} ﬂ A

By the previous construction, it is found that XLM* and £* 1M with respect to
the inner product. Therefore, we have

LEMMA 2.2. The orthogonal direct sum decompositions hold:
2l =KreM, 2Z'=KoM"

Furthermore, K* and M are S* @ Zg-invariant subspaces of 271, and K and M*
are S' ® Zy-invariant subspaces of A

REMARK 2.3.

(i) In fact, £ and K* are symplectic spaces, M and M* are weak symplectic
spaces. Furthermore, Lo M and K* Lo M™.

(ii) The operator £ : 2t — 2= is Fredholm with index zero. £ |p-: M* — M
is invertible and has a bounded inverse.

We now perform a Lyapunov—Schmidt reduction as follows. At first, let P and

I — P denote the projection operators from 2~ onto M and KC*, respectively.
Obviously, P and I — P are S' @ Zy-equivariant. Thus, F(u, w, k) = 0 is equivalent
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to the following system:
PF(u,w,k)=0, (I —P)F(u,w,k)=0. (2.4)

For each u € 2!, there is a unique decomposition such that v = & + 7, where £ € K
and n € M*. Thus, the first equation of (2.4) can be rewritten as

G(f,ﬁa%k) éPF(E—i—n,w,k) =0.

Notice that G(0, 0, w*, k*) = PF(0, w*, k*) = 0 and G¢(0, 0, w*, k*) = L. Apply-
ing the implicit function theorem, we obtain a continuously differentiable S' @
Zso-equivariant map 7 : K x R? — M* such that (0, w*, k*) = 0 and

PE(E+n(§ w, k),w, k) = 0. (2.5)
Substituting n = n(§, w, k) into the second equation of (2.4) gives
B(& w, k) = (I = P)F(§ + (¢ w, k),w, k) = 0. (2.6)

Thus, we reduce the original bifurcation problem to the problem of finding zeros of
the map B: K x R? — K*. We refer to B as the bifurcation map of system (2.2).
It follows from the reversible S'-equivariance of F' and the S! @ Zs-equivariance of
W that the bifurcation map B is also reversible S'-equivariant. Furthermore,

B(0,w*, k") =0, Be(0,w" k") =0.
Therefore, we have the following result.

THEOREM 2.4. There ezists a S' @ Zy-invariant neighbourhood U of (0, w*, k*) €
K x R? such that each solution to B(&, w, k) =0 in U one-to-one corresponds to
some solution to F(u, w, k) =0 defined in (2.1).

PROPOSITION 2.5. The bifurcation map B(-, w, k) : K — K* is the Hamiltonian
vector field of h(-, w, k), which is defined by

h(§7wv k) = FI(& + 77(57‘“”7 k)awv k)a

that is, Qicxic- (B, w, k), -) = he(§, w, k). Furthermore, h is invariant under both
Ry and o.

The proofs of theorem 2.4 and proposition 2.5 are similar to that in [10] and
hence are omitted.

3. Families of monochromatic wave trains

In this section we study the existence of nonresonant Lyapunov families of
monochromatic wave trains in the MiM lattice. The range of g+(k, n) in (1.5)
consists of two disjoint frequency bands. We distinguish between optical modes
(corresponding to the dashed line in figure 1) and acoustic modes (corresponding to
the solid line in figure 1). Assume that £* and w* solve the equation w* = g4 (k*, n)
for exactly one pair n = £n* € Zg. Then both £ and K* are two-dimensional.
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Figure 1. The dispersion curves w = g+ (k, n) for n =1, 2, 3, 4, 5, where . = 0.5, Kk = 2.
w = g—(k, n) (respectively, w = g+ (k, n)) is shown in solid (respectively,
dashed) curve.

THEOREM 3.1. Let k* € [—-1/2,1/2] and w* >0 be such that w* = gy (k*, n*),
but w* # g (k*, n) for all n € Zso \ {n*}. Then for every € >0 close enough to
0 and every ¢o € R/27Z there is a unique analytic function w = w(e) such that
ha(Tpx, T_pe, w(e), k*) =0 for every small x,» = %ei% and lim._ow(e) = w*.

Proof. Tt follows from the S!® Zy-invariant of h that it is a smooth function
of w, k and the invariant a = x,+x_,+. Thus the reduced bifurcation equations
ho(Zps, ©_pe, w, k) =0 imply xn*% = x_n*% =0. So it is true that % =0
except when x,« = x_,- = 0.

In the following, we Taylor expand h near (2,«, T_,-, w*, k*) = (0, 0, w*, k*).
For this purpose, we shall for u € 27" = I § M* write

*

n,w . *n,w’™ . * 2mins
(U1, ug, us, ug) = E z (T, 1, 2minw Ty 2minw™ /e

n€Lzo

+ 1, (27minw™, 0, 1, 0)62”1”3

+ Yo, (0, 2minw* /11, 0, 1)e*™ "

4 yan(L, T 0, 0)c%ns .

R, )
Note that the variables x4, are used to describe the elements of I while the
others describe the elements of M*. And h is obtained from H by viewing in
H the dependent variables Zn(n # +n*) and y;, as functions of the indepen-
dent variables &4+, w, k for K x R%. These functions are defined by the equation
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PF(u(xp, x_pv, w, k), w, k) = 0. Differentiation of this equation gives that z,, =
O(H(.’En*, Lp*, W — W*v k — k*)HZ) for n 7é +n* and Yion = O(H(.’En*, Lp*, W —
w*, k—k*)||?) for all n. In terms of the variables x,, y;,(i =1, 2, 3), w and k,
the Hamiltonian function H reads
H(u,w, k) = Ho(u,w, k) + O(|ul?)
1 1
— [ (o) (o) + wyuals)ui(s) + 5u3s) + (o)

R/Z

+ 5 (n(s) = (s + ) + 5 (ua(s) — wa(s))7) ds + O(ul?)

= Z [4(FZ:;‘L’* )2 sin?(7nk) + 47r2w*2n2((1“27’fj*)2 +2u — FZ:;‘L’*#)
n€ZLxo

— 8202 ()2 + )| 2 + O(|| (e, 2 )[2)

+ O[T, Tor 0™ — w, k* — K)||Y). (3.2)
Then we have
W@, 2oy w, k) = 787r2n*2((FZ;;“’*)2 4w (w — W) Ty Ty
+ O(l[(@n=, 2—n) %) + Ol(@ne, 2, w* = w)[|).
*h

# 0. By means of the implicit function

Therefore, we see that
) Owda | -
a=0,w=w

theorem, we can for every small positive value of a = %, find an w = w(e) such
that h,(5e'%°, w(e), k*) = 0. O

It follows from w € K that

(u1(s), u2(s), us(s), ua(s))
= Tpx (FZ;LM*, 1, QWiw*n*FZ;f* , 2miw*n* \/ﬁ)e%in*s
T T g (FZ,*;lm, 1, *27riw*n*FZ;f* | —2miw*n*\/m)e 2T

then the solutions are exactly of the form given in theorem 1.1. In summary, for
every fixed k* there exists a one-parameter family of wave trains with amplitude ¢.

4. Bichromatic wave trains

In figure 1, we can clearly see that several dispersion curves intersect transversally.
For example, the curve w = g4 (k, 2) (the blue dashed line) and the curve w =
g—(k, 1) (the black solid line) intersect at some point (w*, k*) and no other curves
pass through this point. This is the 1:2 resonance. We can also find other resonant
situations such as 1: 3, 2: 3 and 2 : 5 resonances and so on.

Throughout this section, we always assume that

(H) There exist two distinct integers p < g € Z~( and parameters w* > 0 and k* €
[—1/2, 1/2] such that w* = g+ (k*, p) and w* = g+ (k*, q), but w* # g4 (k*, n)
for all n € Z-o \ {p, q}.
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Under assumption (H), both K and K* are four-dimensional. Let ged(p, q) be
the greatest common divisor of p and ¢, and define
o P N
ged(p, q) ged(p, q)

The invariance of h under the action of the time shift operator R, implies that h
must be a smooth function of w, k and the invariants

— . e i(pd P P e (P P
a=xpr_p, bi=zgx_g, c:=i(alpl — 2l ), di= (2,28 +2fal ).

Clearly, a, b, ¢, d are all real when x, =7_, and x, = T_g, i.e. (u1, ug, us, uq) is
real-valued. In addition, the invariants have the following relation

A4 d? =alb?, (4.1)
and ¢ acts on them as follows
o:ar—a, brb cr— (=1)PTle dis (—1)PTq,

In fact, h is either a smooth function of (a, b, ¢, w, k) if p+ ¢ is odd, or a smooth
function of (a, b, d, w, k) if p+ ¢ is even. Set

c-le p+ ¢ is odd;
" ld, p+qis even.

Then h can be considered as a function of (a, b, C, w, k). For convenience, we
rewrite the potential function as

1 o 5o
Vi)=-22+ S8 T ity O prag

2 3 B+q—1) B+ q)!
where v = %(0) and § = %(0) Let
0%h d%h

H _ 051063 052063
61626364 agh agh

061064 052054 (4.b,C,0,k)=(0,0,0,0% k*)
for ¢1, <2, 63, <4 € {a, b, w, k}.
THEOREM 4.1. Under assumption (H), function h has the following properties:

(i) The matrix

9h  0%h

dadw  Obdw
Ho bk = 4.2
bk 9h  0%h (42)

0adk  ObOk 1 (a,b,Cw,k)=(0,0,0,w* k*)

is tnvertible if and only if the curves w = g+ (k, p) and w = g+ (k, q) intersect
transversely at (k*, w™*).
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(i) if sin(pwk*) sin(gmk*) # 0, then %(O, 0, 0, w*, k*) is a function of (v, a, B, --- , 0).
In fact, this function is of the form %(0, 0,0, w*, k*) =g(v, o, B, --+) + ¢,
where ¢ is a nonzero constant and g is some smooth function.

Proof. (i) Firstly, we expand (u1, ug, uz, ug) € 27" = K & M* similarly to formula
(3.1). Then the variables {z,, z2_,, z4, 2_4} are used to describe the elements of
K while the others describe the elements of M*. Recall that x, (n # +p, +q)
and y;, can all be viewed as functions of the six independent coordinates
T, (n=+p, £q), w, k satisfying z, = O(|[(zp, T_p, T4, T_q, W* — w, k* — k)||?)
for n # +p, £q and y; ,, = O(||(zp, T_p, T4, Ty, W* —w, k* — k)||?) for all n and
i € {1, 2, 3}. Then one obtains from (3.2) that

WMy, T_p, Tg, T_g,w, k)
_ ,w*)? sin? (7pk) 2, %2, 2 w2 _ w™
- [4(F£,p P +47T wp ((Fz,u ) +2/’L Fﬁ,u /’L)
- 8rp (104 ) + plw*w]zpr
w*)? sin? (mqk) 2, %2 2 w2 _ w™
+ 4T Wt AW (T ) + 20 = T )
— 871_2(]2((1‘\%,’42*)2 + ,LL)LU*(U] T g
+ O([[(zp, z—p, T4, m—q”s) +O((@p, T—py Tgy g, W™ — w, k" — k)H4)
It follows that the determinant of matrix (4.2) is nonzero exactly when the
derivatives of k — g4 (k, p) and k — g4 (k, q) at k* are different.
(ii) In this part, we set w = w* and k = k* and obtain the implicit equations
for the dependent variables x,,(n # £p, £¢) and y; ,, in terms of the independent

variables x4,, z14. It suffices to prove the theorem under the assumption that

Vi(z) =322+ (ﬁ_iq)!zi’*q. Equating all inner products of F(U, w*, k*) with basis
vectors for M to zero yields that for n # +p, +q,

0= —(4nr*nw*? + Dy1.n + 2minw*ys »;
0= —(4n’n*w*?u+ ya.n — 2winw*\/ﬁrﬁjﬁ*y3,n;
0Dy = [—An*nw ™ T + AT sin® (rnk”) + w(I0%" — 1))z,
+ 27inw* (1 + 4sin® (mnk*) + K)y1., — 2minw* /iKy2.n
+ [4sin?(mnk*) 4+ K(1 + FZ:;‘j*)}ygm;
0 = [—4r*n*w*?pu + k(1 — F;‘:/‘j*)]xn — 2minw* kY1, + 2minw™ /(K + 1)y2 0,

— KL+ T2 Y3,
and for n = £p, +q,

2minw*d Dy, = [4m*n2w*2(2 + 4sin® (mnk*) + k) + 1y1 ., — 47202w*2ikys
— 27inw*[1 + 4sin®(mnk*) + k(1 + FZ:;’j*)]yg,n;
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Branching patterns of wave trains in mass-in-mass lattices 15
0 = —4x°n? *2f/iy1 n+ A0 p(k +2) + 1y2.n
+ 27rinw*\/ﬁ(l"23/‘;’ +r(1+ 1—‘23,‘;} ))Y3,n; =6 Dy,
= 27inw* (1 + 4sin’(mnk*) + k(1 + F::i*))yl,n
— 2minw* /a(k + T (k+1))y2.n
+ [4sin? (7nk*) 4+ r(1 + FZ:Z*)Z]yg,m

where

9 p+q—
Dn — ( 27r1m] )
Grami 2 II )
m e ZPti1 5=l
Zp+q 1 m; =n

p+G—
H (r;nﬁ,w T, + 270 Yy, + yg,mj), (4.3)

when p + ¢ is even, and

9 p+q— -
Dn _ ( 27r1m )
Grimi 2 II )
m e ZPti-1 =1
Ep-i—q 1 m; =n

+q—
H (Fm],w I yg,mj>, (4.4)

when p + ¢ is odd and ™ = (mq, ma, -+, Mp4g—1). It follows from these equations
that for all n, m € Z and i € {1, 2, 3},

Wm0, k) =0, 00 (0,07 k) = o7,

8(Em airrn

where 4, is the Kronecker delta. Hence, D,, = O(||(z, & —p, T4, —4)[[PT97"). Then
Tn = (?(“(-Tp, T_p, Tq, T_g)|[PTI7Y) for n # {+p, +q} and yin = O((|(zp, T_p, 24,
z_g)||PT271) for all n and i€ {1, 2, 3}. Now we again compute the reduced
Hamiltonian function h(-, w*, k*):

Map, T—p, g, T—g,w", k)
= Z [—47r2n2w*2I‘:7’:j* (FZL" + )+ 4(FZ7’;’*)2 sinz(ﬂ'nk*)]xnx_n
nelso
+ Z 2minw™ [47r2n2w*2I‘Z:;‘j* - 41“2:;’* sin?(mnk*) — R(FZ:;’* - D]znyr,—n
ne€lxo

+ > 2minw* aArtntw Rt + k(0 — 1)) 20y, —n
n€Zxo
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+ Z [ 2n? *Q(F” Wy w) + 4FZ:Z’* sin2(7rnk*)}xny37_n
n€EZLxo

S p+q

M D D V Cal iy

m e zpta =1
p+q,
Z]‘:l m; =0

. (F:tilw*mmj + QWimJW*yl,mj + y3,mj)
+ O(”(ZEZMx—p,xq71‘_q)||2(ﬁ+q*1))

5 p+q

=Gro > Ho-dmmirmsta,
m € {£p, £q}P+d J=1

p+q
j=1mj =0

(||(:Cp,x prLg L )||2(p+q 1))

9p+q

=g(a,b) + 5 Slnq (prk™) sin? (qrk*) (TP

+0(|I(l‘p7$ 9 g, T—q) [PPFY).

The function g(a, b) appears only when p + ¢ is even, and the plus or minus sign
depends on the exact values of p and ¢. We have here used the fact that when
Z;zl m; = 0, then

l

l
[T —emimst) = (—2i) H sin(m;mk*).

Note that n satisfying

m2niw* ( n,uw* + 1> = sin?(mnk*)
I'ep

has the property I'l:% " 0. Hence,

213-1—(} - g *\ D * w*\q w*\p
¢=4+ ol sin? (pmk™) sin® (qk )(Fﬁ:# )q(I‘Z:H P #£0.
if sin(pmk™) sin(gmk*) # 0. This completes the proof. |

Note that p > 1 from figure 1. Then we distinguish two cases: p > 1 and p = 1.

4.1. Case 1: p>1

In this case, we have the following result.

THEOREM 4.2 Resonant wave trains. In addition to assumption (H) and p > 1.
Assume that the curves w* = g4(k, p) and w* = g+ (k, q) intersect transversely
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at (k*, w*) and sin(prk*) sin(qmk*) # 0. Then there are unique analytic functions
wy = wy(e) and ky = ki () satisfying

lim wi(e) =w", lim ky(e) =k"
iz (€) . e (€)

such that the local solution set to the bifurcation equation dyh(x,, v—p, Tq, T_q,
w, k) =0 is given by

= e, gy = Zel@otin) o —wi(e), k= ke(e),

Tp 5 s

for 0 < ey, g9 <& small enough, and ¢g € R/27Z, ny = 2%, n_ =
odd, whereas ny =0, n_ = % if p+q is even.

— & if P+ s

The proof is based on the implicit function theorem, which is similar to that
theorem 7.2 in [10], and hence is omitted.

4.2. Case 2: p=1

In the case where p = 1, we divide our analysis into three subcases: ¢ =2, ¢ =3
and ¢ > 4. Firstly, we shall treat the case that p + ¢ is even. Note that z, = 7_,,
&y = T_q, then equations dyh(xp,, 2_p, Tq, T_q, w, k) = 0 read

h h

xpa 4—qa 70 e, =0,
9a " Tod" (4.5)
o oh .

Tagy Taatr

By applying S'-action, we assume that z, = z; > 0, where z; € R. Dividing by
x1 the first equation of (4.5), shows that the remaining periodic solutions may be
found by solving

oh oh

20t dmw?‘%q =0, (4.6)
(“)h (“)h
TqF7 5 (9d =0. (4.7

Separating the real and imaginary parts of equation (4.6) gives ah Im(z,) =0. It
follows from theorem 4.1 that %(O, 0, 0, w*, k*) # 0, then we have Im(x,) = 0. So
x4 can be replaced by a real number xo. Then (4.6) and (4.7) can be rewritten as

oh  _Oh 4 o

D + qﬁxl x2 =0,
oh  Oh ;
xQ% -+ %ﬂfl =0.

In the case where p+¢ is odd, the analysis is completely similar,
except that Re(z,) =0, and z; can be replaced by —izs. Then equation
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dyh(zp, ©_p, Tq, T_q, w, k) = 0 can be rewritten as

In summary, equation d,h(xp,, x_p, T4, T—q, w, k) = 0 can be reduced to

O Oh g

9a T9p0™ =0 (48)
oh  oh .

,TCQ% + %xl = O, (49)

where C' = cif p + ¢ is odd and C' = d if p + ¢ is even. Since 5 5" (O 0, 0, w*, k*) #
0, we can solve equation (4.8) for w based on the implicit functlon theorem, and then
substitute this solution for w into (4.9). Thus finding the desired families of periodic
solutions reduces to solving (4.9), where h is the function of 2%, 3, l"liitg, w, k, and
w=w(x?, 23, 27 %2y, k). Hence, (4.9) can be rewritten uniquely as

W (21,20, k) = r(2?, 22, k)xg + s(z?, 23, k)x'li_2 =0, (4.10)

where s(0, 0, k) = 0.

Next, we find solutions to (4.10) by using singularity theory to determine all small
amplitude solutions. For this purpose, we consider the following Taylor expansions
for r and s at (0, 0, k*):

r(u,v, k) =au+biv+---, s(u,v,k)=agu+bv+---,

where u = 22, v = 3. The lowest coefficients of r and s with respect to u and v are
given as follows:

-1
32
* q >
( R (0,0,0,w*, k )) det(Hapaw) G >3,

9*h  Oh

@'ac)\mmw K|

a)p = 2 —1
( a(za (O 0,0,w" k )) [det(Habaw) +2(

=Y
I
o

~1
9%h
by = (0@6 (0 0,0,w*, k* )) det(Habbw),

oh on
oC

—1
°h o 9h oh

The singularity theory has two main theorems that are used to determine the norm
form of W (1, x2, k). The following preliminaries can be found in Chapter 3 in [9].

as = —(0,0,0,w*, k*),
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Let &£, \ denote the space of all functions g : R? — R that are defined and C* on
some neighbourhood of the origin. We shall identify any two functions in &, ) which
are equal as germs. Let T'(g) be the ‘tangent space’ of a germ ¢, which we defined
formally as follows.

DEFINITION 4.3. The tangent space to a germ g in &, x consists of all germs of the
form
ag + by + cgx,
where a, b € €, \ and c € Ey.
The tangent space constant theorem states that if T(g 4 tp) = T'(g) for all t €

[0, 1] and p € &, x, then g+ tp is equivalent to g for all ¢ € [0, 1]. The universal
unfolding theorem states that if there exist k& germs pq, -+, pr € &; x such that

5x,>\ = T(g) 2] R{ph e apk}'

Then G(z, \, o) = g+ 2?21 a;p; is a universal unfolding of g. First, we allow a
more general system of coordinate changes:

(21, 22) — (21 X1 (u,v), 22X (u,v) + x‘lj_ZXg(u,v)),

where X5(0, 0) # 0. This change of coordinates preserves the x5 axis. Meanwhile,
when G = 2, we require that X5(0, 0) =0, due to the fact that s(0, 0, 0) =0. Tt
is not difficult to check that these transformations preserve the form of W and
hence can be thought of as operations on the pair (r(u, v), s(u, v)). In the context
of the theory developed in Golubitsky and Schaeffer [9], one finds that T'(WV) is a
module of function pairs in (&, ., My, ), where &, , is the ring of germs of smooth,
real-valued functions in the variables u, v and M, , C &, , is the maximal ideal
generated by functions vanishing at the origin. Following the results in Theorems
18.1-18.3 in [8], this module has the following generators:

(i) when G >4, the generators are (r, s), (u?=2s, vr), (2ury, 2us, + (4 —2)s),
(2ury, + 7, 20s,), (2ul~2s,, 207, + 7).

(ii) when ¢ = 2, the generators are (r, s), (s, vr), (2ury, 2us,), (2vr, +r, 2vs,),
(2uvs,, 2uv?r, + uvr).

(iii) when ¢ =3, the generators are (r,s), (us, vr), (2ury, 2us, +s), (2vr, +
7, 208y), (2usy, 20r, + 1), (2u2s, + us, 2uvr,).

Based on the tangent space constant theorem and the universal unfolding theorem,
we have

LEMMA 4.4.

(i) Assume that ¢ = 4. If a1, b1, as, ba and a1bs — 3byas are nonzero. Then the
bifurcation equation W = 0 is equivalent to the normal form

23xg + exd + kay + 27 =0, (4.11)

where e = £1.
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(ii) Assume that § = 3. If by and x = (2b3 — 9a,bibs + 27b%ay) are nonzero, then

W =0 is equivalent to the normal form
23+ maies + x5 + kry = 0,

where

3&1 b1 — b%

m = 3sgn(x
( ) X2/3

is a modal parameter.

(iii) Assume that ¢ = 2. If ag, by are nonzero, then W =0 is equivalent to the

normal form
ex? 4+ 22 + kxy = 0,

where e = £1.

REMARK 4.5. Note that when ¢ =2 and ¢ > 4, the codimension of T'(W) is one,
and the unfolding parameter is k; when ¢ = 3, the codimension of T'(W) is two, one
is the modal parameter m and the other is k. The detailed proof of lemma 4.4 is

given in § 18 in [8] and hence omitted here.

Now we consider the solutions that may be derived from the normal forms in the
previous lemma. For the case ¢ > 4, equation (4.11) yields the pictures in figures 2
and 3. In the case where ¢ = 3, the pictures of equation (4.12) are similar to figure
2 for all m € R. In the case where ¢ = 2, equation (4.13) is graphed in figures 4

and 5.

THEOREM 4.6. In addition to conditions (H), assume that ¢ > 4 and ay, by, as, by

and a1bs — 3biay are nonzero.

(i) Equation (4.11) with e =1 and k < 0 has three distinct zeros when x1 varies
in some sufficiently small right neighbourhood of 0. Thus, system (1.1) may
have three distinct branches of periodic solutions of form (1.7) as (w, k) varies

in some sufficiently small neighbourhood of (w*, k*).

(ii) Fquation (4.11) with e =1 and k > 0 has only one zero. Thus, system (1.1)
may have only one branch of periodic solution of form (1.7) as (w, k) varies

in some sufficiently small neighbourhood of (w*, k*).

(iii) Fquation (4.11) with e = —1 and k <0 has only one zero when 1 varies
in some sufficiently small right neighbourhood of 0. Thus, system (1.1) may
have one branch of periodic solutions of form (1.7) as (w, k) varies in some

sufficiently small neighbourhood of (w*, k*).

(iv) Equation (4.11) with e = —1 and k > 0 has three distinct zeros. Thus, system
(1.1) may have three distinct branches of periodic solutions of form (1.7) as

(w, k) varies in some sufficiently small neighbourhood of (w*, k*).

https://doi.org/10.1017/prm.2023.130 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.130

Branching patterns of wave trains in mass-in-mass lattices

°
0
-
%
S
S
o <
o —~
o ©
T ~—
£
o
&
m ) - ) S ) — 0 Y 0
i = S [ — T
T [ H
A
IS}
E
&
—
W
=
R
F 18 o
3
Il
)]
< 8
0
% +
Bl 1o x .~
£ Qo 2
o = =
5
L B W
N +
>
NH
- =]
— ) © < o~ =) o~ < © ) E] o
o o o (=] = (=] o ' o=
A B S e
: :
&
(o]
[
— =
=)
&0
X
3
0
[ 1o
°
0
-
%
S
S
™ | 4o x
3 —
o] ©
T ~—
£
o
&
0
[ 1o
T
e e = W e & = ©  w
° e =S ©° R A
A

https://doi.org/10.1017/prm.2023.130 Published online by Cambridge University Press

21


https://doi.org/10.1017/prm.2023.130

L. Zhang and S. Guo

22

‘G=bpue [—=3Uyum () = pT + fiy + m@m + @N& uoryenbsy ¢ aInsig

(q)

- 80 90 ¥0 ¢0 0 ¢o0-  ¥0- 90~ 80- g0
- 80-
80 90-

190~

170~
0~
20 20

10 < 10 <

{20 lzo

170

70
90

g0 190

3 80

0= mx; m.o+m>|> X

0= mx; m.oumi X

https://doi.org/10.1017/prm.2023.130 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.130

Branching patterns of wave trains in mass-in-mass lattices

3
°
v
2
«
2| =" =
N+ N~—
“
.
3
.
- w o = w © o = © @ =1
s e =S ° R A
A
—
L 4
3
°

Ry
b

Figure 4. Equation ex? + y2 + ky = 0 with e

H 4@

3

.

- o © = « o© & = © « -1

s e = ° S T 9 %
A

t 4

3
°
v
2
«

I °" =
N+ S~—

“
.

3

.

- o © = « © o = © = =1

s e =S ©° A S
A

https://doi.org/10.1017/prm.2023.130 Published online by Cambridge University Press

23


https://doi.org/10.1017/prm.2023.130

24 L. Zhang and S. Guo

x2+y2—0.3 y=0 x2+y2+0‘3 y=0

0

0.25

-0.05

0.2

> 0.15

> -0.15

0.1

0.05 -0.25

0 . . ) f . . . . h f .
-02 -015 -01 -0.05 0 005 01 015 02 -02 -015 -01 -0.05 0 005 01 015 02
X X

(a) (b)

Figure 5. Equation ex? + y2 + ky =0 with e = 1.

In the case where ¢ = 3, the bifurcation pictures are essentially the same to those
in the case where ¢ > 4 and € = 1. Thus, the results are similar and hence is omitted.

THEOREM 4.7. Under assumptions (H), assume that ¢=2 and asg, ba are
nonzero.

(i) Equation (4.13) with e =1 and k # 0 has two zeros when x1 varies in some
sufficiently small right neighbourhood of 0. This means that system (1.1) may
have two branches of periodic solutions of form (1.7) as (w, k) varies in some
sufficiently small neighbourhood of (w*, k*).

(ii) Fquation (4.13) with € = —1 has two distinct zeros when 1 varies in a suffi-
ciently small right neighbourhood of 0. Thus, system (1.1) may have two distinct
branches of periodic solutions of form (1.7) as (w, k) varies in some sufficiently
small neighbourhood of (w*, k*).

We remark that the change of the sign of k£ may affect the number of branches of
solutions for the norm forms in the case where ¢ > 4. This means that the number
of branches of bichromatic wave trains may change as k goes across k* for system
(1.1) under the assumptions of theorem 4.6. However, the bichromatic wave trains
in theorem 1.2 are always unique up to a phase shift as k£ goes across k*.

5. Discussion

By means of Lyapunov—Schmidt reduction and singularity theory, we obtain the
small-amplitude solutions near equilibria in nonresonance and p:qg resonance,
respectively. In particular, the monochromatic and bichromatic wave trains per-
sist near © = 0 in the nonresonance case and the resonance case p : ¢ where ¢ is not
an integer multiple of p. Namely, the wave trains of the MiM lattice shadows that
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of the corresponding monatomic FPU lattice under the nondegeneracy conditions.
In addition, we show the multiplicity of bichromatic wave trains in the resonance
case p : q, where ¢ is an integer multiple of p.

Notice that k£ must be nonzero in the resonance case. In other words, when £* = 0
and w* > 0, system (1.1) only admits the monochromatic wave trains of form (1.6).
Moreover, system (1.1) also has the following solution:

Uj(t) = —py(t) + vy,
{uj (t) = y(t) + v, (5-1)

where y(t) is a periodic function and v € R. Substituting of (5.1) into (1.1), we
obtain the following equation for y(¢):

() + K (; + 1) y(t) =0. (5.2)

Notice that the parameter v do not enter in (5.2) because (1.1) is invariant under
the transformation

Uj(t) — Uj(t) +vj,  uj(t) — u;(t) +vj.

Since k > 0, p > 0, equation (5.2) has the general solutions:

—clcos” t—|—czsm1/ —|—1

for any c1, co € R. Tt is easy to see that solution (5.1) belongs to solutions (1.4)
with k& = 0. Therefore, the nonlinear MiM lattice (1.1) sustains binary oscillations
of arbitrarily large amplitudes.

Now, we conclude this paper with some remarks. Note that the discussions in
the resonance case p : ¢ where ¢ is not an integer multiple of p in § 4 need the non-
degeneracy condition (i) in theorem 4.1. If the nondegeneracy condition (i) does
not hold, that is, the curves w = g4 (k, p) and w = g+ (k, ¢) are tangent to each
other at the point (k*, w*), then it becomes more complicated and challenging
to study the existence and multiplicity of bichromatic wave trains. Furthermore,
there may be three distinct integers p < ¢ < r and w* > 0 and k* € (0, 1/2] such
that w* = g4 (k*, p), w* = g+ (k*, q), w* = g+ (k*, r) and w* # g4 (k*, n) for all
n € Zso \ {p, q, r}. Then the kernel K becomes six-dimensional. It would be more
interesting to investigate the existence and multiplicity of trichomatic wave trains.

For diatomic chains and MiM lattice, generic solitary waves are expected to be
nonlocal, and the existence of such solutions has been proved only for certain asymp-
totic limits, summarized in [24]. However, numerical and asymptotic results suggest
that for a countable collection of antiresonance values of the system’s parameter,
there are genuine solitary waves. There are a lot of research on wave trains and soli-
tary waves of monatomic FPU chains ([6, 7, 12, 18, 19, 23]) and diatomic chains
([21, 22]) with variational approaches. We expect that the variational approaches
can also be extended to deal with the MiM lattice.
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