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Donaldson—Thomas type invariants

Markus Reineke

ABSTRACT

A system of functional equations relating the Euler characteristics of moduli spaces of
stable representations of quivers and the Euler characteristics of (Hilbert-scheme-type)
framed versions of quiver moduli is derived. This is applied to wall-crossing formulas
for the Donaldson—-Thomas type invariants of M. Kontsevich and Y. Soibelman, in
particular confirming their integrality.

1. Introduction

In [KSO08], a framework for the definition of Donaldson-Thomas type invariants for Calabi-
Yau categories endowed with a stability structure is developed. One of the key features of this
setup is a wall-crossing formula for these invariants, describing their behavior under a change
of stability structure in terms of a factorization formula for automorphisms of certain Poisson
algebras defined using the Euler form of the category.

In [Reil0], such factorization formulas are interpreted using quiver representations, their
moduli spaces, and Hall algebras. The main result of [Reil0] interprets the factorization formula
in terms of generating series of the Euler characteristic of the smooth models of [ER09], which
can be viewed as Hilbert schemes in the setup of quiver moduli.

In the general framework of [KR00, LeB99], series of moduli spaces of stable representations
of quivers are viewed as the commutative ‘approximations’ to a fictitious non-commutative
geometry of (the path algebras of) quivers. In this framework, the smooth models can be viewed
as Hilbert schemes of points of this non-commutative geometry (for example, in the case of
moduli spaces of semisimple representations of quivers, the smooth models parameterize finite
codimensional left ideals in the path algebra of the quiver, in the same way as the Hilbert schemes
of points of an affine variety parameterize finite codimensional ideals in the coordinate ring of
the variety; see [ER09, §6]). Since path algebras of quivers are of global dimension one, this
setup thus describes aspects of a one-dimensional non-commutative geometry.

The first aim of this paper (after reviewing some facts on quiver moduli in §2) is to develop
a (one-dimensional, non-commutative) analog of the result [Che96] calculating the generating
series of Euler characteristics of Hilbert schemes of points of a threefold X as the x(X)th power
of the MacMahon series (see [BF08, Theorem 4.12]; see also [LP09] and [MNOPO06, Conjecture 1]
for the corresponding statement for Donaldson-Thomas invariants). Namely, we relate the
(generating series of) Euler characteristics of moduli spaces of stable quiver representations

Received 16 June 2009, accepted in final form 15 June 2010, published online 15 February 2011.
2000 Mathematics Subject Classification 16G20 (primary), 14D20 (secondary).

Keywords: quiver moduli, functional equations, wall crossing, Donaldson—Thomas invariants.
This journal is (© Foundation Compositio Mathematica 2011.

https://doi.org/10.1112/50010437X1000521X Published online by Cambridge University Press


http://www.compositio.nl
http://www.ams.org/msc/
http://www.compositio.nl
https://doi.org/10.1112/S0010437X1000521X

M. REINEKE

and Euler characteristics of their smooth models by a coupled system of functional equations;
see Theorem 3.4 and Corollary 3.5. This is achieved using a detailed analysis of a Hilbert—Chow
type morphism from a smooth model to a moduli space of semistable representations, whose
fibres are non-commutative Hilbert schemes (see §3). The explicit cell decompositions for the
latter, constructed in [ER09], yield functional equations for the Euler characteristic.

The second aim is to prove the integrality conjecture [KS08, Conjecture 1] (relative
integrality) for the Donaldson—Thomas type invariants appearing in the wall-crossing formula
of [KS08]; see §5. These numbers arise by a factorization of the generating series of Euler
characteristics as an Euler product (this process can thus be interpreted as fitting a genuinely
non-commutative (one-dimensional) object into a commutative (three-dimensional) framework).
Using the functional equations mentioned above, we can interpret this process as passing to
the compositional inverse of an Euler product, and elementary number-theoretic considerations
in §4 yield the desired integrality property (it should be noted that a similar process appears
in [Sti06] in relating modular forms and instanton expansions). We also confirm a conjectural
formula of [KS08] for diagonal Donaldson-Thomas type invariants using results of [Wei09].

An independent proof of a refined version of the integrality conjecture [KS08, Conjecture 1]
was announced in [KS09].

2. Recollections on quiver moduli

In this section, we fix some notation related to quivers and their representations and collect
information on moduli spaces of stable representations of quivers and some of their variants, like
Hilbert schemes of path algebras and the smooth models of [ER09]. See [Rei08] for an overview
of these moduli spaces and the techniques used to prove some of the results cited below.

2.1 Quivers and their representations

Let @ be a finite quiver, with set of vertices I, and arrows written as «: ¢ — j for ¢, j € I. Denote
by r;; the number of arrows from i € I to j € I in ). A path w of length s in ) starting in a

a2 Qs

vertex i € I and ending in j € I is a sequence i = ig — i1 is = j of arrows. For
each i € I, we formally include an empty path of length 0 starting and ending in ¢; furthermore,
arrows are viewed as paths of length one. A path of positive length starting and ending in the
same vertex is called an oriented cycle in (). For a path w ending in 7 and a path w’ starting in 7,
the concatenation w'w is defined.

Define A = A(Q) = ZI, with elements written in the form d=73,.; dji, and define A* =
AT(Q) = NI C A; elements of AT are called dimension vectors for Q. Occasionally (namely, for
the tree quiver of §2.4 and for the big local quiver of §3.2), we will also use locally finite quivers,
for which the set of vertices is possibly infinite, but with only finitely many arrows between each
pair of vertices. For locally finite quivers, dimension vectors are assumed to be supported on a
finite subquiver.

Introduce a non-symmetric bilinear form (_, _), the Euler form, on A by

<d, €> = Z diei — Z diej

el ai—j

for d,e € A; we thus have (i,j)=0;; —r;;. For a functional © € A* =Homgz(A, Z), called
a stability, define the slope of d € AT\0 as the rational number u(d)=©(d)/dim d, where
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dimd =} ,.; d;. For p € Q, define
Af = {d € A™\0, u(d) = u} U {0}
(a subsemigroup of A*) and Af = A\0.
We consider complex finite dimensional representations M of (), consisting of a tuple of
complex vector spaces M; for ¢ € I and a tuple of C-linear maps M, : M; — M; indexed by the

arrows a : i — j of Q. The dimension vector dim M € AT is defined by (dim M); = dimg M;. The
abelian C-linear category of all such representations is denoted by modc Q.

Define the slope of a non-zero representation M of () as the slope of its dimension vector;
thus, (M) = p(dim M). Call M O-semistable if u(U) < (M) for all non-zero subrepresentations
U of M, and call M ©O-stable if u(U) < pu(M) for all proper non-zero subrepresentations U
of M. Finally, call M ©-polystable if it is isomorphic to a direct sum of stable representations of
the same slope. The full subcategory modg @ of all ©-semistable representations of slope p € Q
is an abelian subcategory, that is, it is closed under extensions, kernels, and cokernels. Its
simple (respectively semisimple) objects are precisely the ©-stable (respectively ©-polystable)
representations of @ of slope pu.

Note that in the case © =0, all representations are semistable, and the stable
(respectively polystable) ones are just the simple ones (respectively semisimple ones).

2.2 Moduli spaces of representations

By [Kin94], for every d € AT, there exists a (typically singular) complex variety Mc?_pSt(Q) whose
points parameterize the isomorphism classes of ©-polystable representations of ) of dimension
vector d. It contains a smooth open subset M(?_St (Q) whose points parameterize the isomorphism
classes of ©-stable representations of @) of dimension vector d.

In the case ©® =0, the variety Ml?fpSt(Q) is affine, parameterizing isomorphism classes
of semisimple representations of ) of dimension vector d; it will be denoted by MSSimp(Q).
This variety always contains a special point 0 corresponding to the semisimple representations
Dicr Eldi, where F; denotes the one-dimensional representation of () concentrated at a vertex
1 € I, and with all arrows represented by zero maps. Note that all MSSimp(Q) reduce to the single
point 0 if Q has no oriented cycles. There exists a projective morphism from MffpSt(Q) to
MFP(Q).

Let n € AT be another dimension vector, and fix complex vector spaces V; of dimension n; for
i€ 1. A pair (M, f) consisting of a semistable representation M of @) of dimension vector d and
a tuple f=(f;: V; = M;) of C-linear maps is called stable in [ER09] if the following condition
holds: if U is a proper subrepresentation of M containing the image of f (in the sense that
fi(Vi) cU; for alli € I), then u(U) < u(M). Two such pairs (M, f), (M’, f') are called equivalent
if there exists an isomorphism ¢ : M — M’ intertwining the additional maps, that is, such that
fl=p;o fiforalliel.

(2

By [ER09], there exists a smooth complex variety Md@n(Q), called a smooth model for
MffpSt(Q), whose points parameterize equivalence classes of stable pairs (M, f) as above. It
admits a projective morphism 7y : Mc?n(Q) — Mc?—pst Q).

In the case of trivial stability, the smooth model (a Hilbert scheme for the path algebra
of Q) Hilby,(Q) := Mc(l)’n(Q) parameterizes arbitrary representations M of @ of dimension
vector d, together with maps f; : V; — M; whose images generate the representation M. We have
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a projective morphism 7 : Hilby,,(Q) — M5¥™(Q). We denote by Hilbgi;p(Q) the inverse image

under 74 of the special point 0 € M;Simp(Q); it parameterizes pairs (M, f) as above, with M being

a nilpotent representation, in the sense that all maps M, o - - - o M, representing oriented cycles

. ol . a2 1o .. .
(3 19 -+« —"> 471 in @ are nilpotent.

We summarize the different moduli spaces in the following diagram.

Mg, (Q) Hilbg,,(Q) <— Hilb} P(Q)

| |

MP™H(Q) —— M7 P (Q) —= MT™(Q)

2.3 Stratifications of moduli spaces

The variety Mc?_pSt(Q) admits the following Luna-type stratification (that is, a finite
decomposition into locally closed subsets) induced by the decomposition types of polystable
representations: let £ = ((d', ..., d*), (m1,...,ms)) be a pair consisting of a tuple of dimension
vectors of the same slope as d and a tuple of non-negative integers, such that d=5>";_, myd".
We call such ¢ a polystable type for d. Analogously to [LP87] in the case of trivial stability, the
set of all polystable representations M such that M =;_; W,"* for pairwise non-isomorphic
stable representations W}, of dimension vector d* forms a locally closed subset of M(?_pSt(Q),
denoted by Mg)_pSt(Q)g and called a Luna stratum of Md@_pSt(Q). Note that the open stratum
Mf_pSt(Q)((d),(l)), corresponding to the polystable type ((d), (1)), is precisely M(?_St(Q).

Following [ALO03], for any polystable type ¢ for d, introduce local quiver data Qg, dg¢, ng
as follows: the quiver Q¢ has vertices i1,...,4s with 0, — (d*,d") arrows from iy to 4; for
k,1=1,...,s. The dimension vector d¢ is defined by (d¢);, =my for k=1,...,s, and the
dimension vector ng¢ is defined by (ng);, =n - d¥, where n-e=>", n;e; for n,e € A. With this
notation, we have the following result (see [ER09]).

THEOREM 2.1. The variety an(Q) admits a stratification (in the sense defined above) by the
locally closed subsets Mé?n(Q)f = ng(Mffpst(Q)g)- Each Mc(l?n(Q)ﬁ admits a fibration (that is,
an étale locally trivial surjection) over the corresponding Luna stratum Mf_pSt(Q)g, whose fibre
is isomorphic to the nilpotent part of the Hilbert scheme for the local quiver Hﬂbgi{l’%&(Qg).

2.4 Cell decomposition of Hilbert schemes

By a cell decomposition of a variety X, we mean a filtration ) = XoC X; C---C X=X by
closed subvarieties such that the complements X3\ X1 are isomorphic to affine spaces.

For every vertex i € I, we construct a (locally finite) tree quiver @; as follows: the vertices
i, of Q; are indexed by the paths w in @ starting in i (including the empty path starting and
ending in 4); there is an arrow i, — i, to the vertex corresponding to the concatenation aw
for every path w from ¢ to j and every arrow «:j — k. Note that (); has a unique source,
corresponding to the empty path. By a subtree T of );, we mean a finite full subquiver which
is closed under taking predecessors. The dimension vector dim 7' € A1 (Q) is defined by setting
(dim T'); as the number of vertices 4, in T' corresponding to paths w ending in j € I. By an
n-forest, we mean a tuple Ty = (T; y)icr k=1,..n; Of subtrees T;j of Q;; its dimension vector is
defined as dim T, = >, .; >t | dim Tj .. The following theorem is proved in [ER09].
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THEOREM 2.2. For all d and n, the Hilbert scheme Hilby (@) admits a cell decomposition,
whose cells are parameterized by the n-forests of dimension vector d.

It follows immediately from this theorem that the FEuler characteristic (all Euler
characteristics refer to singular cohomology with compact support) of the Hilbert scheme
Hilbg (@) can be computed as the number of n-forests of dimension vector d. This allows us to
characterize the generating function of these Euler characteristics by a functional equation. For
all n € AT, we write

FO(t) = 3~ x(Hilbg, (@)1 € Z[[AM],
deA+
where the generating series is considered as an element of the formal power series ring Z[[AT]] =
Z[[t; : i € I]] and monomials in the generators t; are written as t¢ =[[,; t% for d € AT.

%

PROPOSITION 2.3. The series F(™) (t) are the uniquely determined elements of Z[[A"]] satisfying
the following functional equations:

(1) for allm € AT, we have F(t) = [Licr FO(t)m;
(2) for allic I, we have FO)(t) =1+t; [e: FO (tyria.

Proof. Comparing coefficients of t? on both sides of the first identity, we see that the first claim
reduces to the definition of n-forests. With the same method, the second identity reduces to the

existence of a bijection between subtrees of ); of dimension vector d and tuples (7} i) je Lk=1,..r:;
of subtrees T of ; such that Zje 7 7,;21 dim T} = d —i. Such a bijection is provided, by
definition of the trees @;, by grafting the subtrees T} ; to a common root ¢ to obtain any subtree

of QQ; exactly once. O

Remark. In the special case of a quiver with a single vertex and a number of loops, this functional
equation is derived in [Rei05].

3. Functional equation for X(Ml?,n(Q)) and the big local quiver

3.1 Preparations

We prepare the derivation of functional equations by two preliminary results.

PROPOSITION 3.1. For all d,n € A*, we have y(Hilb}'"(Q)) = x(Hilbg,.(Q)).

Proof. We adopt an argument used in [CV04]. There is a natural C*-action on representations
of @ by rescaling the maps representing the arrows by a common factor. This action induces
actions on Hilby,(Q) and M;™P(Q), for which the map mg: Hilby,(Q) — M¥™(Q) is
equivariant. Moreover, there exists a unique fixed point for the action of C* on MSSimp(Q), namely
the point 0, to which all points of M;Simp(Q) attract, in the sense that lim;_.ot- M =0 for all
M € M$™P(Q). Therefore, all points of Hilby,(Q) admit a well-defined limit in the projective
variety ;' (0) :Hilbgj}f(Q). For each connected component C' of Hilbgg}p(Q), we have its
attractor Ac consisting of all points of Hilbg ,,(Q) whose limit belongs to C. By the Bialynicki-
Birula theorem [Bia73], the attractors Ac are affine fibrations over the components C.
Consequently, the Euler characteristics of Hilbg,,(Q) and of Hilbg%’(@) coincide. O
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Next, we calculate the Euler characteristics of certain strata of symmetric products of a
variety. Denote by P the set of all partitions. For A in P, denote by my(A) the multiplicity of k
in A, that is, the number of indices [ such that \; = k. For a variety X, we denote by S™(X)
its nth symmetric power, that is, the quotient of X™ by the natural action of the symmetric
group Y,. The product variety X™ admits a stratification by strata X}, where I = (I, ..., Iy)
is a decomposition of {1, ..., n} into pairwise disjoint subsets. Namely, X} is defined as the set
of ordered tuples (x1, ..., z,) such that z; = x; if and only if k, [ belong to the same subset I;.
Obviously, X7 is isomorphic to X% the open subset of X* of ordered k-tuples of pairwise different
points in X.

Any I as above induces a partition \(I) of n, with parts being the cardinalities of the subsets
I; forming I. The image of X} under the quotient map ¢: X" — S"(X) depends only on the
partition A = A(I) and is denoted by Sy (X). The inverse image under ¢ of SY(X) is precisely
the union of the strata X} such that A(1) = A. Moreover, the fibre of g over a point in S{(X) is
finite of cardinality n!/A1!. .. Asl. The number of decompositions I such that A(I) = A equals

n! 1

Ml TLme(W)Y

An easy induction shows that the Euler characteristic of X™ equals

X
KOO = 1)+ () =t 1) =t (),
We have thus proved the following lemma.

LEMMA 3.2. For all partitions A of n of length s, we have

300 = (Y5

3.2 The big local quiver

Now we fix quiver data @), ©, p1, n as before, and associate to it a locally finite quiver, called the
big local quiver Q, as follows: the vertices i(q ) of Q are indexed by pairs (d, k) in ’A+ x N. The
number of arrows from the vertex iy to i(a ) is given as dqq - o — (d, d). For a function
l: ’A+ — N, we define Ql as the full subquiver of Q supported on the set of vertices i(q ) for
CZG’A+ and 1 <k <I(d).

We define dimension vectors n for the various quivers @l by ﬁi< ag =N d. The product

Y=1]] dent Yoo of infinite symmetric groups acts on the vertices of () by permutation
(Ue)eeAj[i(dk) = i(d,0.(k)); this restricts to an action of the subgroup ¥; = Hde’Aj Yi(q) of ¥ on Q.

For a polystable type & = ((d', ..., d®%), (m1, ..., ms)) as above, we can view the local quiver
Q)¢ as the quiver @55 just defined, where the function l¢ is given by defining l¢(d) as the number of
indices 1 <t < s such that d = d*. The dimension vector d¢ for Q¢ can then be viewed as a dimen-
sion vector Jg for @15. This dimension vector can be made unique by assuming that its entries

(Jg)z‘(d 5 for every fixed d € A}, form a partition, that is, (dg)

i Y=z (df)i(dl (@ Lherefore,
we call dimension vectors d of Ql partitive if d,< oy 22 d; for all d € AJr the set of all

partitive dimension vectors for Q (respectively @;) is denoted by A(Q)> (respectlvely AQ))?).

Y(d,1(d))
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We have a natural specialization map v : A(@l)+ — A:[ given by v(i(q)) = d. It is well-defined,
since, by assumption, dimension vectors for the (possibly infinite) quiver @l have finite support.

We consider the generating function
RP(t)= Y x(Hibz (@)D e Z[[Af]],
deAt(Qu)
the specialization of the generating function F7(t) € Z[[A(Q;)*]] for the quiver Q; with respect

to the map v. By the natural ¥;-symmetry of Q;, we have R(Z(d k))( t) = Rl(i(d’k/))(t) for all d €A}
and all 1<k, k' <I(d). We denote this series by R[ ]( t). Applying Proposition 2.3 and the

definition of @);, we get
H d (n-

de’hf
and
Rt =1+t Rty ] R (t)~(dartte), (1)

eG’A+
For a function [ : ’Aj — N with finite support, we call a dimension vector for @l faithful if all its

entries are non-zero, and we denote by A(@l)Jer the set of all such dimension vectors. Define
RUW= 30 (il (@)D e Z[A]).
deA+(Qy)++
Using again the symmetry of @l, we see that
(d)
SN EF R @
VA —N deA}
where the sum ranges over all functions I’ with finite support.

Let c: ’A;f — Z be a function with arbitrary integer values (in contrast to the function [

(n)

considered so far). We can extend the definition of the series R; ’(t) to this case using the

previous identity. We thus define a formal series R (t) by
c(d)\ o)
= 3 I ()
VAN den)
the sum running again over functions with finite support.

Similarly to the above, we have series RY ]( t) as special cases of the series R (t).

LEMMA 3.3. The series RS (t) are given by the functional equations
= [ Rd@@ e
de/A)f

and
Rty =1+ R T Ri(t)~ it

+
ec’Ay;
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Proof. For a function c¢ as above, it is easy to see that there exist unique series Pc[d} (t) for all
d € A} fulfilling the equations

Pt =141 Py T[ Pl )~ (deree),
eE’A"’

since these functional equations define recursions determining the coefficients of the series. These
coefficients depend polynomially on the values ¢(d) € Z. The same holds for the coefficients of

the series R ]( t) by definition. Now the equality P (t) = Ll (t) holds for all functions ¢ with
values in N by (1) and (2); thus, it has to hold for arbitrary c¢. The same argument applies to

the series P\ (t) defined by
PO = T R e,
de'Af

proving the lemma. O

3.3 Functional equation for X(Md@,n(Q))

We can now consider the generating function of the Euler characteristics of arbitrary smooth
models, using the big local quiver notation of §3.2.

In particular, to a polystable type £ of a dimension vector d € A+, we have associated a
partitive dimension vector p for Q (respectively for a large enough QZ)' we denote the stratum
by M(i@_pSt(Q)g by Mf_pSt(Q)p. With the above notation, we have

My P Q)= TT sl (M9~ (@)).

de'A

by definition of Mc?_pSt(Q)g. Theorem 2.1 can now be rephrased as stating that M (Q) admits a

stratification indexed by partitive dimension vectors p € A(@)Jr such that v(p) = d. Each stratum
is a locally trivial fibration over Mf_pSt(Q)p, with fibre isomorphic to Hllbmlp(Q) We thus have,
using Lemma 3.2 for the second equality,

X(MZ,(@Q Zx M7 7P(Q)p) - X(HIlbIP(Q))
M@—st Q - nilp

the sum running over all partitive dimension vectors p for @ such that v(p) = d.

Considering the generating function Q,(Ln) (t) € Z[[A}]] of the Euler characteristics of the
smooth models Mgn(Q), we thus have

QM) = > x(M, (@)t

deAf

©—st ' B
Z H (Hk e (p(d))! l(p<d)>'(X(]\l4(i)(d)§Q))>) 'X(Hﬂb;jlﬁp(Q))tV(p).

peA«m>dem+
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Sorting by lengths of the partitions, this can be rewritten as
M@—St . .
2 2l (@) (a0 @) ) -amngzi@nes,
peAB))> deni “T R k(P

the first sum ranging over all functions [ : ’A:{ — N. We want to extend the range of summation

in the inner sum to arbitrary dimension vectors for each @l without changing the sum. By
the ¥;-symmetry of Q;, we can do this by incorporating a factor which counts the number of
derangements of a given partitive dimension vector p into arbitrary faithful dimension vectors.
This number is precisely

this factor being already present in the previous sum. Thus, this sum equals
M@ st . . ~
> X I, ) e,
n
AL =N deA(Q))++ deA)

the inner sum now running over all faithful dimension vectors for @l. Using Proposition 3.1
and the notation of § 3.2, this equals

> I ( Q”)’J%E”’(t)ﬂ&%
LAY —N deAf

for the function c:’A} — Z defined by c(d) = X(MC?_St(Q)). By Lemma 3.3, we arrive at the
following result.

THEOREM 3.4. Defining series R4 (t) € Z[[A]] by the functional equations

g +] by
R[d}( =1+ 4. R[d] H R 6] —(d,e)-x (Me@’“(Q))’
ee’AJr
the generating function Q(n) t) of Euler characteristics of smooth models is given by
o
At = 3 x(MEQ) = T R @1,
deAf de’Af

To make the nature of these functional equations more transparent, we will define a slight
variant of the generating functions. By the theorem, we have Q(n)( t) =1ler Q(i)( t)". This
suggests the definition Qg])( t) =1licr Q# ()" for an arbitrary linear functional n € A*,
that Qén')(t) = Q,(f) (t) for all n € AT, where n- denotes the functional with value n-d on d.
In particular, we consider Sﬁd) (t) = Q;“d”»(t) for d e A}

COROLLARY 3.5. The series S,Sd) (t) for d € ’A:[ are given by the functional equations

S (4) = H (1- 5% (t))<d,e>-x(M?’“(Q)).

+
e€/Aj;
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Proof. By the definitions and Theorem 3.4, we have
S () = H Rl (t)*<d,e>-x(M?’“(Q))_

n
+
ec’/A};

The functional equation in Theorem 3.4 can be restated as

~1
R (1) = <1_te I R[fl(t)—<e,f>~x<Mﬁ’S%Q))) ;

feny
thus,
_ -1
RE(t) = (1 —t2sE(t) .
Substituting this in the factorization of Sff(t) yields the desired equation. O

3.4 Application to wall-crossing formulas

We apply the results of the previous sections to the setup of [Reil0]. We assume that @ is a
quiver without oriented cycles; thus, we can order the vertices as I = {i1,...,4,} in such a way
that k > [ provided there exists an arrow i — 4;. We also choose a stability © for Q.

Denote by {_, _} the skew symmetrization of (., _); thus, {d,e}=(d,e) — (e, d). Define
bij = {Z,j} for i,7 € 1.

We consider the formal power series ring B = Q[[AT]] = Q|[[z; : i € I]] with topological basis

zt = [Licr xfz for d € AT. The algebra B becomes a Poisson algebra via the Poisson bracket

{x;, z;} = bjjzx; fori,jel.
Define Poisson automorphisms 7; of B by
Ti(zj) = ;- (14 ;)9
for all ¢, 5 € I.

We study a factorization property in the group Aut(B) of Poisson automorphisms of B
involving a descending product H;Q indexed by rational numbers, which is indeed well defined
(see [Reil0]). The index p plays the role of slopes of representations; thus, the product depends
on the choice of the stability ©. The main result of [Reil0] is the following theorem.

THEOREM 3.6. In the group Aut(B), we have a factorization
Torr o, = I T
HeQ
where
T,(a%) = - Q- (@)

Here Qfﬁ) (z) = Hiel(zdeA; x(Mi)i(Q))xd)"(i) denotes the specialization of the series Q;(f') (t)
from the variables t; to the variables x;.

Let ® € Aut(A) be the map induced on dimension vectors by the inverse Auslander—Reiten
translation; @ is a Coxeter element of the corresponding Weyl group determined by the property

(®(d), €) = —(e, d).

952

https://doi.org/10.1112/50010437X1000521X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1000521X

COHOMOLOGY OF QUIVER MODULI

Then we have
{7? d} = <_(1d + ®)d, -)

and thus, using Corollary 3.5, we have the following corollary.

COROLLARY 3.7. The automorphisms T, of Theorem 3.6 can be written as

T“(xd) _ l’d . S/Sid+q>)d($).

4. Duality for Euler products

This section is independent of the others; in particular, none of the notation referring to quivers
and their moduli spaces is used.

Let F(t) € Z[[t]] be a formal power series with constant term F'(0) = 1. Then we can write
F(t) as an Euler product

Ft)=[J0 - (=t)) " (3)
i1
for a; € Q (note the sign convention, which is essential in the following; see the example at the

end of this section). We can also characterize F'(t) as the unique solution of a functional equation
of the form

F(t) =] = F(6)")™ (4)
i1
for b; € Q; see the remark below for the proof.

The main result of this section is the following.

THEOREM 4.1. In the above notation, we have b; € Z for all i > 1 if and only if a; € Z for all
i>=1.

Remark. Writing H (t) = —tF'(t), we have, by a straightforward calculation,
H(t)=—t[J(1 - (=)™
i>1
and

t=—H(t) [ - (—H(®)) ™.
i>1
This means that H(t) is the compositional inverse of the series
—t [ - (=)~
i>1

This shows that the series F'(t) can be characterized by a functional equation of the form (4) for
unique b;, and it shows the symmetry of the statement in the theorem. Thus, we only have to
prove integrality of the a; given integrality of the b;.

As the first step towards the proof of the theorem, we will derive an explicit formula for the
a; in terms of the b; by applying Lagrange inversion to the functional equation (4). We use
the following version of Lagrange inversion.
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LEMMA 4.2. Suppose that power series F(t), G(t) € Z[[t]] with G(0) # 0 are related by F(t) =
G(tF(t)). Then, for all k, d € Z, we have
(k+d)[t) F(t)" = K[t G ()",
where [t?]F(t) denotes the t?-coefficient of the series F(t).

Proof. Apply [Sta99, Theorem 5.4.2] using the notation f(t) =¢F(t) and d =n — k. O

For n > 1, we denote by L,, the set of sequences 1= (1, g, . . .) of non-negative integers such
that ) . il; =n, and by L the union of all L,,. For 1 € L, we write |I| =n if 1 € L.

LEMMA 4.3. For alld € N and all ¢; € Z for i > 1, we have
L G +1;—1
oo =3 (), ?
i>1 leLy i>1 t

the sum ranging over all partitions \ of d.

Proof. For c € Z, we have

and therefore

T = [T ()

i>1 i>1 1,20

—e Y (e

l1,l2,...20 >1

—e I ()

leL i>1

and the lemma follows. O

Remark. Here and in the following, we make frequent use of binomial coefficients (‘Z) foracZ

using (—a +bb - 1) _ 1y <Z> @

Using these preparations, we can state the desired formula relating the coefficients a; and b;.
ProrosiTION 4.4. With the above notation, we have, for all d > 1,
1b;e
Pag=3 " Mo(d/e)(—1)¢ S (~D)Z LT (™ 7
ag =) Mo(d/e)(=1)° > (-1) H L) (7)
eld leLe i>1

where the first sum ranges over all divisors of d, and Mo denotes the number-theoretic Moebius
function.

Proof. We apply Lemma 4.2 to the functional equation (4) using

G(t) =[] —t)™

i1
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and get
( + )t [T~ (=) 7ok = kfp) T2 — gy, ®)
121 i>1

Lemma 4.3 allows us to write the left-hand side of (8) as

(k+ d)( Z H(zalk—kl—l)

leLy i>1

and the right-hand side of (8) as

kz H( k:-l—d li—1>.

leLy i1

We use (6) and substitute & by X to rewrite (8) as

XY OS] (ibi()int d)> (xS ] <za1X+l - 1) )

1eLy i>1 €Ly i>1

Both sides behaving polynomially in X, equality for all X € Z thus implies equality of the
polynomials. We want to compare the linear X-terms (the constant terms being 0) of both sides.

Note the following property.

(“F) (e )

The polynomial has constant X-coefficient , and the polynomial (

has linear X-coefficient a/c.

Applying this, we see that the left-hand side of (9) has linear X-coefficient
s s ()
leLy =1

To analyze the linear X-coefficient of the right-hand side of (9), note first that the constant

X-coeflicient of each product
ia; X +1; — 1
H (za —;— ) (10)

i>1
equals zero. Its linear X-term is non-zero only if exactly one factor appears, that is, if there is
only one non-zero entry [; in 1. In this case, we have [; = d/i and i is a divisor of d. Thus, the

product (10) reduces to
ia; X +dfi—1
(")
having linear X-coefficient (ia;)/(d/i) =i%a;/d by the above. We conclude that the linear
X-coefficient of the right-hand side of (9) equals

)
( Z iQai.
ild

Comparison of both linear X-coefficients thus yields

S 0= (1) S (DS (Zl;d>

ild €Ly i>1
After Moebius inversion, we arrive at the claimed formula (7). O
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To prove integrality of the ag given integrality of all b;, we thus have to prove that the right-
hand side of (7) is divisible by d?. This can be tested on the prime divisors of d. Denoting by
m(d) = mp(d) = max{m : p"|d}
the multiplicity of a prime p as a divisor of d, we thus have to prove divisibility by p?™e(d)
of the right-hand side of (7) for all primes p. We prepare this proof by stating certain
divisibility /congruence properties of binomial coefficients.

LEMMA 4.5. Let p be a prime. For a,b € Z and b > 0, we have

(B)

Proof. By a result of Kummer (see, for example, [Gra97]), the exact power of p dividing (Z)
equals the number of ‘carries’ when subtracting b from a in base p, at least when a > 0. This can

be generalized to a € Z using
—a , a (a+b
=(-1)"—— . 11
(5)-cras () )

The lemma follows. O

max(myp(a)—=mp(b),0)

p

LEMMA 4.6. Let p be a prime, and define g, =0,1,2 provided that p=2, p=3, p>5,
respectively. Assume that pla,b for integers a, b with b>0. Define n as —1 if p=2 and
b=2=a—bmod 4, and as 1 otherwise. Then

(§)=r() i

< myfa) +my(0) + =)+ (7)) =

b/p
(5)=(5/a) moas

Proof. The general statement (usually [Ges83, Gra97] attributed to Jacobsthal and co-
workers [BSFTALJ52]) is proved in [Ges83, Theorem 2.2|, with the assumption a >0 there
removed by (11). For the congruence modulo 4, we calculate as in the proof of [Ges83,

Theorem 2.2)
(‘;) _ (Z@ ﬁ(l 4 2(a—b)/i) = <Zg> (1 +2(a—b) ij 1/¢>

i=1 i=1
2ti 2ti

for

In the case p = 2, we also have

_ (Z@u +(a—b)(b/2)?) mod 4.

The term (a — b)(b/2)? is congruent to 1 mod 4 except when b/2 is odd and a/2 is even, in which
case it is congruent to —1 mod 4. But, in this case, (Zg) is even by Lemma 4.5. O

From the previous two lemmas, we derive divisibility /congruence properties of the product
of binomial coefficients appearing in (7).
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LEMMA 4.7. Let p be a prime dividing e > 0. If1 € Q. is not divisible by p (that is, some entry I;
is not divisible by p), we have
z'bie
1 ( l; >

=1

p2m(e)

Proof. To shorten notation, we write m = my(e). Lemma 4.5 yields
ibie .
l; )

Z max(m + m(i) —m(l;), 0) > 2m (12)
3:1;7#0

provided that some /; # 0 is not divisible by p. Let ip be an index such that m(l;,) = 0.

pmax(m+m(i) —m(l;),0)

we thus have to prove that

Let mg be the minimum over all m(i) + m(l;). Since e =), il;, we can distinguish two cases:
either mg =m (case 1), or mg < m and the minimum is obtained at least twice (case 2). For
case 1 we have, in particular, m(ig) > m; thus,

max(m + m(ig) — m(li,), 0) = 2m,
and (12) follows.

For case 2, let i1, i3 be two different indices where the minimum my is obtained. For s =1, 2,
we have m + m(is) —m(l;,) > 0, since, otherwise,

m >mg=m(l;,) + m(is) =m(l;,) >m+mis),

a contradiction. Again we distinguish two cases: first, assume that iy coincides with, say, i;. Then
we can estimate

> " max(m + m(i) — m(l;), 0) > max(m + m(io) — m(li,), 0) + max(m + m(iz) — m(ls,), 0)
3:1;7#0
= 2m + mg + m(iz) — m(li,) = 2m + 2m(iz) = 2m,

and (12) follows. Second, assume that ig differs from 41, i2. As in the previous case, we can

estimate
Z max(m + m(i) —m(l;), 0) = 3m + m(ig) + m(i1) + m(iz) — m(l;,) — m(l,)
2:1; 70
> 2m 4+ m — mg + 2m(i1) + 2m(iz) = 2m,
and (12) follows again. O

LEMMA 4.8. Let p be a prime dividing e > 0. If 1 = pl’ is an element of L. divisible by p (that
is, each l; = pl; is divisible by p), then

11 (Z‘bﬁ) = (~1)E DD ] <"bi;/ p) mod p¥"# (), (13)

i>1 li i>1 i

Proof. So, assume that 1 =pl’, and denote again m = m(e). Applying the general congruence of
Lemma 4.6 to a non-trivial (that is, I; # 0) factor of the left-hand side of (13), we get

ibie\ _ [ibe/p -
() =n(iy) s
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where the sign 7; is —1 only in the case p =2, [;/2 odd, ib;e/2 — [;/2 odd, and

ri = m(ibe) + m(l;) + m(ibje — l;) + m(zl;;ép) — Uy
= m(e) +m(i) +m(l;) + min(m(e) + m(i), m(l;))
T max(me) +m(i) — m(h), 0) — gy
=2m+2m(i) + m(l;) — pp. (14)
Suppose first that p > 3. Then r; > 2m using m(l;) > 1 and p, < 1. The sign in (13) vanishes due
to the even factor p — 1, and 7; = 1. The congruence (13) follows.

Next, assume that p =2 and m > 2. Then the estimate (14) only assures congruence of the
binomial coefficients mod 22™~! in the case i and l;/2 are odd; thus,

ibe ibe/2 9
= i 2 m7
(lz‘> <l/2)+5 od

where ¢; € {0, 22™~1}, non-triviality only being possible if i and I;/2 are odd. Then

(%) =TT(n(1) =)

() XTI (is) w0

i>1 i1 j#i

since all multiple products of the ¢; vanish mod 2?". For the same reason, we only have to
consider summands in (15) for which €; # 0 and each factor

(i)

is odd. Since m > 2, this can only happen (using Lemma 4.5) in the case m(l;) = m(j) + m for
all j # ¢ such that [; # 0. But then
2m’€ — Z jlj = ili,

il £0
a contradiction to the assumptions m(il;) =1 (by &; # 0) and m > 2. Thus, we have proved that

1) T(52) o

i1 i>1 i>1

and we have to compare the sign [[, 7; = (—1)" to the sign of (13). Using m > 2, we have

u=|{i>1:10;/2 odd, ibje/2 — 1;/2 odd}|
=|{i>1:1;/2 odd}|.

The sign in (13) equals
(_1)6/2-"—21 li/2’

and we are done.

Finally, consider the case p =2 and m = 1. Then the statement on congruences mod 4 of

Lemma 4.6 yields
z'bie - ibi€/2
H(} >:H<W> mod 4,

i>1 v i>1
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and again we only have to consider the sign. The sign in (13) equals

(_1)1+Zi li/2‘

We have e/2 =73, il;/2; thus, the sum } _o; [;/2 is odd. Suppose that }; l;/2 is even (the only
case in which the sign of (13) potentially differs from 1). Then }_,; [;/2 is odd. Thus, there exists
an even index ¢ with /;/2 odd. In this case, the binomial coefficient

li/2
is even, and the sign is irrelevant mod 4. O

With these preparations, we can finish the following.

Proof of Theorem 4.1. Assume that p is a prime such that m = m(d) = mp(d) > 1. The divisors e
of d for which Mo(d/e) is non-zero fulfill m(e) = m(d) or m(e) =m(d) — 1, that is, they are of
the form e or e/p for a divisor e of d such that m(e) = m(d). We can thus split the right-hand
side of (7) into the following difference:

S Mod/e) (-1 3 (-)EH ] (3)

)

eld:m(e)=m(d) leL, i>1
e T ibie/p
SR CCCISID SR | [ (16)
eld:m(e)=m(d) VeL.,, i>1 ?

Now consider a summand of the first sum of (16) corresponding to a sequence 1€ L. If 1 is
not divisible by p, then Lemma 4.7 shows that the summand is divisible by p?™€) = p2m(d),
If 1 = pl’ is divisible by p, then Lemma 4.8 shows that the summand is congruent mod p2m(d) o
the summand of the second sum of (16) corresponding to the sequence 1. In other words, the
difference of the two sums in (16) vanishes mod p?™d) proving the theorem. O

For the application to the integrality of certain Donaldson—Thomas type invariants in the
following section, we need a slight generalization of Theorem 4.1. We treat this case separately,
although a second inspection of the proofs leading to Theorem 4.1 is necessary to avoid additional
complications in the notation used so far.

THEOREM 4.9. Let F(t) € Z][[t]] be a power series with F(0) = 1. For N € Z, write
F(t) =]~ (=)~
i1
for a; € Q. We can characterize F(t) as the solution to a functional equation of the form
F(t) =]~ F@)™))™
i>1

for unique b; € Q. Under these assumptions, we have b; € Z for all 1 > 1 if and only if a; € Z for
all 1 > 1.

Proof. The argument used in the remark following Theorem 4.1, using the power series H(t) =
t(—F(t))V, shows existence and uniqueness of the b;, as well as the symmetry of the statement of
Theorem 4.9. Application of Proposition 4.4 to G(t) = F(t)" yields the following explicit formula
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for all d > 1:

— 5 oMot/ S o= I (Y)). (17)

eld 1€L, i>1
Now any summand of (17) is divisible by N; thus, the denominator N in (17) cancels. Next,
note that none of our arguments (Lemmas 4.7 and 4.8) for the proof of Theorem 4.1 uses any
divisibility properties of the b;; thus, these arguments are valid when replacing b; by Nb;, yielding
an additional divisibility by N.
The only additional difficulty is the sign in the statement of Lemma 4.8, which now reads
(—1) P~ D(Ne/p+35 1)

Repeating the sign considerations in the proof of Lemma 4.8, we see that we can concentrate on
the case p =2 and m(e) = 1, where the sign now reads

(—1)NH2:l/2,

The argument of the proof of Lemma 4.8 is still valid in the case N is odd. On the other hand,
if N is even, we can choose an index ¢ such that [;/2 is odd, and Lemma 4.5 shows that the

binomial coefficient
N ibie / 2
( li/2 )
is even, the sign thus being again irrelevant mod 4. O

Ezample. We consider the example b; =0 for all i >2 and denote b=b;. Then F(t) is the
solution to the functional equation

F(t)=(1—tF@N),

and we want to factor F'(t) as

The formula (17) gives
1 Nbe
- _ 1\(N+1)e
= 575 %Mo(d/e)( 1) ( . )
In particular, we have a; = (—1)V*1b and
=1b(2Nb - 1+ (-1)V),

and we see that the choice of signs is essential for the integrality of the ag given by Theorem 4.9.

The particular case N =1, b= —1 gives a factorization (3) for the generating function

1—+/1—4t

Flt)=—F—-—

2t
of Catalan numbers with
2e — 1
ag = dz% ¢ Mo( d/e)( . ),
e

which is (up to signs) sequence A131868 in [Slo].
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More generally, in the case N =m —1>1, b= —1, the series F(t) is the generating series
of Euler characteristics of Hilbert schemes for the quiver with a single vertex and m loops by
Proposition 2.3.

5. Integrality of Donaldson—Thomas invariants

We specialize the results of §3 to the generalized Kronecker quiver K,, with set of vertices
I'={i,j} and m arrows from j to i. Choose the generators x = —z; and y = —x; of B; then
By, = Q[[z, y]] with Poisson bracket {z,y} =maxy. For a,b€ Z with a,b>0 and a +b>1, we

define a Poisson automorphism Tégf) of B by
m) [ a1 — (~1)mabgayy b,
ob Ty = (1= (=1)mabatytyme,
as in [KS08, 1.4]. More generally, for an arbitrary series F'(t) € Z[[t]] with F'(0) =1, we define as
in [GPS10, 0.1]

s [ aF (),
a,b,F(t) * Yy yF(xayb)ma'

Note that the automorphisms Té?) for fixed slope a/b commute; thus,
(m)\d; _ n(m)
[T = Topr (18)
i1

for
F(t) =T - (—1)mereyiyics
i>1

We can now use our main results (Theorems 4.9 and 3.6) to confirm [KS08, Conjecture 1].

THEOREM 5.1. Writing

rpny = T e,

b/a decreasing

we have d(a, b, m) € Z for all a, b, m.

Remark. In the setup of [KSO08]|, the integers d(a, b, m) play the role of wall-crossing Donaldson—
Thomas type invariants, that is, they describe the behavior of the Donaldson—-Thomas type
invariants of [KS08] under a change of stability. The above theorem therefore proves the relative
integrality of these invariants, that is, preservation of integrality under change of stability.

Proof. We choose the stability © = j* (in fact, the only non-trivial stability; see [Rei08, 5.1]). By
Theorem 3.6, we have a factorization

s =11y = [ T, (19)

where

T, = - Q- @),
Given p € Q, we write u = b/(a + b) for coprime non-negative a, b € Z and choose integers ¢ and d
such that ac + bd = 1. We have thus A:[ = Nt/ for the dimension vector f with components f; = a
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and f; =b, and n - f =1 for n with components n; = ¢ and n; = d. Defining

Gu(t) = QW (1)°QY (1) € Z[[A ),
the proof of [Reil0, Theorem 6.1] shows that

Gu(t)"=QP (1) and Gu(t)"=Q ().
Similarly to Corollary 3.5, we can find a functional equation for G,(t). We denote x,(k) =

(M(C;)m th)( Kn)) for k=1 and N = —{((a, b), (a,b)) = mab — a® — b? and apply the first formula

of Theorem 3.4:
Gult) = QD) QP (1) = QP (1)

= T R gyt
k>1

_ H R[kf qu

k>1

Applying the second formula of Theorem 3.4, this yields

Gu(t) = H <1 — thf H Rl (t)kleu(l)>

k>1 I>1

= [T~ ™) .

>1

—lXu(l)

Thus, the series G, (¢) fulfills the functional equation

Gu(t) = [T = W Guy™)F) . (20)

k>1
By Theorem 4.9, G,(t) admits a factorization
Gu(t) = [T = (=))Ne)Fyketn® (21)
k>1
for d,,(k) € Z for all k > 1.
Defining F,(t) € Z[[t]] by F,((—1)*""/) = G,,(t), we have

(m)
T =T, (22)

(the sign appearing due to the convention x = —x;, y = —x;) and

F,(t) = H(1 —((—1)NFatbpkykdu(k)

k>1

— H(l _ ((_1)mabt)k)kdu(k)'

k>1
By (18) and (22), this yields

T, =TT, .
k>1

Together with the factorization (19), this yields the factorization claimed in the theorem, with
d(ka, kb, m) =d, (k). O
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Using a result of Weist, we can also confirm a conjecture in [KS08, 1.4] concerning the diagonal
term of the factorization in Theorem 5.1.

THEOREM 5.2. For all k > 1, we have

, m — 1)2; —
d(k,k,m):@;Mo(k/i)(—l)mzﬂ(( 12 1).

Proof. By [Wei09, 6.2], we have X(Mgd_St(Km)):O for d>2, whereas the moduli space
Ml(?l_St(Km) is isomorphic to P! In the notation of (20) and (21) above, we can apply the

example at the end of the previous section with b = —m and N =m — 2 and arrive at the claimed
formula. O
ACKNOWLEDGEMENTS

I would like to thank T. Bridgeland, V. Jovovic, S. Mozgovoy, Y. Soibelman, H. Thomas,
V. Toledano-Laredo, and T. Weist for interesting discussions concerning this work.

REFERENCES

ALO03 J. Adriaenssens and L. Le Bruyn, Local quivers and stable representations, Comm. Algebra
31 (2003), 1777-1797.

BF08 K. Behrend and B. Fantechi, Symmetric obstruction theories and Hilbert schemes of points
on threefolds, Algebra Number Theory 2 (2008), 313—-345.

Bia73 A. Bialynicki-Birula, Some theorems on actions of algebraic groups, Ann. of Math. (2) 98

(1973), 480-497.

BSFTALJ52 V. Brun, J. O. Stubban, J. E. Fjeldstad, R. Tambs Lyche, K. E. Aubert, W. Ljunggren and

Che96

Ccvo4

ER09

Ges83

Gra97

GPS10

Kin94

KRO00

E. Jacobsthal, On the divisibility of the difference between two binomial coefficients, in Den

11te skandinaviske matematikerkongress, Trondheim, 1949 (Johan Grundt Tanums Forlag,
Oslo, 1952), 42-54.

J. Cheah, On the cohomology of Hilbert schemes of points, J. Algebraic Geom. 5 (1996),
479-511.

W. Crawley-Boevey and M. Van den Bergh, Absolutely indecomposable representations and
Kac—Moody Lie algebras. With an appendiz by Hiraku Nakajima, Invent. Math. 155 (2004),
537-559.

J. Engel and M. Reineke, Smooth models of quiver moduli, Math. Z. 262 (2009), 817-848,
arXiv:0706.4306.

I. M. Gessel, Some congruences for generalized Fuler numbers, Canad. J. Math. 35 (1983),
687-709.

A. Granville, Arithmetic properties of binomial coefficients I: binomial coefficients modulo
prime powers, Canad. Math. Soc. Conf. Proc. 20 (1997), 253-275.

M. Gross, R. Pandharipande and B. Siebert, The tropical vertex, Duke Math. J. 153 (2010),
297-362.

A. D. King, Moduli of representations of finite dimensional algebras, Q. J. Math. Oxford
45 (1994), 515-530.

M. Kontsevich and A. L. Rosenberg, Noncommutative smooth spaces, in The Gelfand
mathematical seminars, 1996-1999, Gelfand Mathematical Seminars (Birkhauser, Boston,
2000), 85-108.

963

https://doi.org/10.1112/50010437X1000521X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1000521X

KS08

KS09

LeB99

LPpP87

LP09

MNOPO06

Rei05

Rei08

ReilO

Slo
Sta99

Sti06

Wei09

M. REINEKE

M. Kontsevich and Y. Soibelman, Stability structures, Donaldson—Thomas invariants and
cluster transformations, Preprint (2008), arXiv:0811:2435.

M. Kontsevich and Y. Soibelman, Motivic Donaldson—Thomas invariants: summary of
results, Preprint (2009), arXiv:0910.4315.

L. Le Bruyn, Noncommutative compact manifolds constructed from quivers, AMA Algebra
Montp. Announc. (1999), 5, Paper 1.

L. Le Bruyn and C. Procesi, Etale local structure of matrix invariants and concomitants, in
Algebraic groups Utrecht 1986, Lecture Notes in Mathematics, vol. 1271 (Springer, Berlin,
1987), 143-175.

M. Levine and R. Pandharipande, Algebraic cobordism revisited, Invent. Math. 276 (2009),
63-130.

D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande, Gromov—Witten theory and
Donaldson—Thomas theory, I, Compositio Math. 142 (2006), 1263-1285.

M. Reineke, Cohomology of non-commutative Hilbert schemes, Algebr. Represent. Theory
8 (2005), 541-561, math.AG/0306185.

M. Reineke, Moduli of representations of quivers, in Trends in representation theory of
algebras, EMS Series of Congress Reports, ed. A. Skowronski (EMS Publishing House,
Zurich, 2008).

M. Reineke, Poisson automorphisms and quiver moduli, J. Inst. Math. Jussieu 9 (2010),
653-667.

N. J. A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org.

R. P. Stanley, Enumerative combinatorics, Vol. 2, Cambridge Studies in Advanced
Mathematics, vol. 62 (Cambridge University Press, Cambridge, 1999).

J. Stienstra, Mahler measure variations, Fisenstein series and instanton expansions, in
Mirror symmetry V, AMS/IP Studies in Advanced Mathematics Series, vol. 38 eds
N. Yui, S.-T. Yau and J. D. Lewis (American Mathematical Society, Providence, RI, 2006),
139-150.

T. Weist, Localization in quiver moduli spaces, Preprint (2009), arXiv:0903.5442.

Markus Reineke reineke@math.uni-wuppertal.de
Fachbereich C — Mathematik, Bergische Universitdt Wuppertal, D-42097 Wuppertal, Germany

964

https://doi.org/10.1112/50010437X1000521X Published online by Cambridge University Press


http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
http://oeis.org
https://doi.org/10.1112/S0010437X1000521X

	1 Introduction
	2 Recollections on quiver moduli
	2.1 Quivers and their representations
	2.2 Moduli spaces of representations
	2.3 Stratifications of moduli spaces
	2.4 Cell decomposition of Hilbert schemes

	3 Functional equation for χ (Md,nΘ (Q)) and the big local quiver
	3.1 Preparations
	3.2 The big local quiver
	3.3 Functional equation for χ (Md,nΘ (Q))
	3.4 Application to wall-crossing formulas

	4 Duality for Euler products
	5 Integrality of Donaldson--Thomas invariants
	Acknowledgements
	References



