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COEFFICIENT QUIVERS, F;-REPRESENTATIONS, AND EULER
CHARACTERISTICS OF QUIVER GRASSMANNIANS

JATUNG JUN® anpD ALEXANDER SISTKO

Abstract. A quiver representation assigns a vector space to each vertex, and
a linear map to each arrow of a quiver. When one considers the category
Vect(F1) of vector spaces “over Fi” (the field with one element), one obtains
Fi-representations of a quiver. In this paper, we study representations of a
quiver over the field with one element in connection to coefficient quivers. To
be precise, we prove that the category Rep(Q,F1) is equivalent to the (suitably
defined) category of coefficient quivers over Q. This provides a conceptual way
to see Euler characteristics of a class of quiver Grassmannians as the number
of “Fi-rational points” of quiver Grassmannians. We generalize techniques
originally developed for string and band modules to compute the Euler
characteristics of quiver Grassmannians associated with Fi-representations.
These techniques apply to a large class of Fi-representations, which we call
the [F1-representations with finite nice length: we prove sufficient conditions for
an [F;-representation to have finite nice length, and classify such representations
for certain families of quivers. Finally, we explore the Hall algebras associated
with Fi-representations of quivers. We answer the question of how a change in
orientation affects the Hall algebra of nilpotent Fi-representations of a quiver
with bounded representation type. We also discuss Hall algebras associated with
representations with finite nice length, and compute them for certain families
of quivers.

§1. Introduction

Mathematics over the field with one element Fq is a recent area of research that draws
primarily from considerations in algebraic geometry, number theory, and combinatorics.
The term field of characteristic one was originally coined by J. Tits. In [31], Tits observed
that incidence geometries over a finite field F, have a combinatorial counterpart' which
could be interpreted as incidence geometries defined over the field of characteristic one.

In [26], Soulé first introduced the notion of algebraic varieties over the field with one
element (denoted by 1) by taking the functor of points approach, and suggested several
research directions to pursue. Soulé also asked whether or not Chevalley group schemes G
could be defined over F; in such a way as to relate the set G(Fy) of Fi-rational points to
the Weyl group Wg of G. In [3], Connes and Consani provided a positive answer to the
question posed by Soulé. This question was further studied by Lorscheid [19] by using the
algebraic structure of a blueprint (see [18] for blueprints).

One heuristic idea of F1-geometry is that when an algebraic variety X over Z has an -
model Xp,, then the number of Fi-rational points of Xg, should be the Euler characteristic
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562 J. JUN AND A. SISTKO

of X (C).? The heuristic is essentially based on the relation between the counting function of
X (F,) and the Euler characteristic of X (C) for a smooth projective scheme X. For example,
the cardinality of the set of F,-rational points of the Grassmannian Gr(k,n) is given by the
g-binomial coefficients:

n
il ) = 7] (1)
q
and by evaluating (1.1) at ¢ = 1, we obtain

(1) =x(Crm©), (1.2

the Euler characteristic of Gr(k,n)(C).> We refer the reader to [18, §4] for more details.
Quiver Grassmannians are projective varieties whose points parameterize certain
subrepresentations of a given quiver representation. The usual Grassmannians can be
recovered by taking the quiver to have a single vertex and no arrows. In [23], Reineke
showed that any projective variety is a quiver Grassmannian. In particular, the class of
quiver Grassmannians is not just a special class of projective varieties, but they are all
projective varieties. What is more surprising is the result of Ringel [25], which shows that
there exists a single quiver @ (independent of a projective variety) such that for a given
projective variety X, one can find a representation M of () and a dimension vector e such
that X = GreQ (M), the quiver Grassmannian of e-dimensional subrepresentations of M:

Cr@(M) :={N < M | dim(N) = e}.

We refer the reader to [2] for further results.

Let @ be a finite quiver throughout. Lorscheid has proved that if M admits a basis in
which the arrows of @ act via integer matrices, then Gr&(M) admits an Fj-model [18].
If M is a tree module, it can be proved that the Euler characteristic of Gr& (M) counts the
number of Fj-rational points. Cerulli Irelli computes the Euler characteristic of Gr< (M)
when M is a string module in [1]. Haupt extends this work to tree modules, and produces
results of a similar flavor for band modules [7]. For some tree modules and modules over
certain tame quivers, Lorscheid and Weist develop techniques for computing Schubert
decompositions of quiver Grassmannians which can be used to compute their Euler
characteristics [16], [17], [20]-[22]. It is therefore natural to pose the following questions,
following Lorscheid.

QUESTION 1.1 (¢f. [18])

1. If M is such that GrS (M) admits an F1-model, what conditions on M guarantee that the
Euler characteristic of Gr@ (M) counts its number of Fy-rational points?

2. If the number of Fy-rational points of Grg(M) is given by its Fuler characteristic, can
one find an efficient combinatorial formula for computing it?

In this paper, we partially provide an affirmative answer to Question 1.1. We begin with
the Fi-representations of @), first introduced by Szczesny in [27] and studied further by

2 There are several (non-equivalent) definitions for an Fi-model of X and Fi-rational points.
3 Note that for a Chevalley group G and its Weyl group W, the cardinality |W¢| can be computed from
the counting function of G(FFq) at ¢ = 1 after removing zeroes at ¢ = 1.
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the authors in [10] using the coefficient quivers of Ringel [24]. Using the combinatorial
techniques developed in [7], we describe a class of Fi-representations whose associated
quiver Grassmannians admit filtrations by locally closed subsets, each of which is the
fixed point set of a torus action on the previous one, and whose last piece is finite. We
show that this class, which we call the F;i-representations with finite nice length, contains
many of the representations considered in [1], [7] as well as new ones. In addition to
exhibiting new representations, we show that the class of Fy-representations with finite nice
length includes representations whose coefficient quivers have first homology groups with
arbitrarily high rank. Taken together, this demonstrates that the basic techniques of [1],
[7] can be successfully applied to a broad class of representations beyond those previously
considered in the literature.

Szczesny explored several aspects of representation theory over Fy in [11], [28]—[30]. In
particular, he introduced a notion of quiver representations over [F; based on an idea that
vector spaces over 1 are finite pointed sets. To be precise, to define an [Fi-representation
of a quiver @, one may replace vector spaces with finite pointed sets (F;-vector spaces)
and linear maps with pointed functions satisfying an injectivity condition (F;-linear maps).
This defines the category Rep(Q,F1) of Fy-representations of ), which can be considered
as a degenerate combinatorial model of the category Rep(Q,F,). In fact, Szczesny’s main
observation was that the Hall algebra Hg r, of Rep(Q,F1) behaves in some ways like the
specialization at ¢ =1 of the Hall algebra Hgr, of Rep(Q,F,).* This line of ideas was
further pursued with the first named author in [11] to compute the Hall algebra of coherent
sheaves on P? by using its degenerate combinatorial model of monoid schemes.

In our recent work [10], we stratified quivers according to the asymptotic growth of their
indecomposable nilpotent [Fi-representations. To this end, we defined the growth function
Nlg : N — Z>( such that

NIg(n) := #{isoclasses of n-dimensional nilpotent indecomposables in Rep(Q,F)}.

Then we used the growth function to define an order relation among quivers: for two quivers
@ and Q', write Q <, Q' if there exists a natural number C such that NIg = O(NIg opuc)
in big-O notation, where uc is a multiplication function by C. This order relation induces
an equivalence relation =2,;; on quivers as follows:

Qrni Q = Q<1 Q and Q' <n1 Q.
In [10], we proved the following:
THEOREM [10]. LetL,, be the quiver with one vertex and n-loops, and let Q be connected.

(i) Lo,Ly,Ly are not equivalent to each other, and L., ~pi L,, whenever min{m,n} > 2.
(il) @ =ni Lo if and only if Q is a tree quiver.
(

iil) @ =~y L1 if and only if Q is a cycle quiver.
iv) For any quiver @, one has Q <uj L.

When S is a coefficient quiver of (), one naturally obtains a quiver map F : S — @
satisfying some conditions. The class of quiver maps satisfying this condition, called

4 The Hall algebra Hg, can be constructed directly by mimicking the construction of Hgq r,. One may
also directly appeal to the framework of Dyckerhoff and Kapranov [5].
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windings, was studied by Gabriel [6], Crawley-Boevey [4], Krause [15], and Haupt [7]. More
explicitly, a winding is a morphism of quivers F: S — ) consisting of a pair of functions®

Fo: 5 — Qo, Fi1:5 =@
satisfying the following condition:

Fi(a) = Fi(8) implies s(a) # s(8) and ¢(8) #¢(8),

where s(a) (resp. t(«)) is the source (resp. target) of an arrow «. We consider the category
Cg of quivers over a quiver @) as follows: Let Cg be the category whose objects are windings
of quivers F': S — (). A morphism ¢ : (S,F) — (S’,F") is an ordered triple ¢ = (Uy, Dy, )
satisfying some technical conditions, where Uy is a full subquiver of S, Dy, is a full subquiver
of §', and ¢4 : Uy — Dy is a quiver isomorphism. We first upgrade the correspondence
between coefficient quivers and F;-representations in [10] to the categorical equivalence as
follows.

THEOREM A (Proposition 3.7). The categories Rep(Q,F1) and Cq are equivalent. This
restricts to an equivalence between Rep(Q,F1)ni and the full subcategory of Cq whose objects
are windings F : S — Q) with S acyclic.

The above theorem also provides a conceptual framework to compute the Euler
characteristic of a quiver Grassmannian through a base-change functor. To be precise, one
always obtains a representation of () over C from a representation of @) over F; functorially
as follows: a finite pointed set V defines a vector space V¢ whose basis is V' — {0y }. This
induces a functor for quiver representations:

C®r, —: Rep(Q,F1) — Rep(Q,C), M +— Mc.

This functor is always faithful, but generally not full (cf. the example at the end of [15]).

The methods of Cerulli Irelli and Haupt to compute Euler characteristics of quiver
Grassmannians are based on the following idea: that when a projective variety X is equipped
with a torus action admitting a finite number of fixed points, one may compute the Euler
characteristic x(X) of X as the number of fixed points by the torus action. To ensure the
existence of a torus action, Cerulli Irelli introduced a certain condition for string modules.
This idea was generalized by Haupt by introducing a notion of gradings on representations.
We show that Haupt’s definition applies to [Fi-representations of quivers.

For an Fj-representation M of @ and its corresponding winding 'y — @ (from
Theorem A), we define a nice sequence on M to be a collection 0 = (0;);>¢ of functions
9; : (Uar)o — Z satisfying the following two conditions:®

1. 9y is a nice grading.
2. For all i >0, 9; is a (0p,...,0;—1)-nice grading.

See §4 or [7] for the terminology on gradings. If there exists a nice sequence 9 = (0;)i>o on
M with the property that for all distinct x,y € (I'ar)o, 9;(x) # 0;(y) for some i > 0, then
Haupt proves in [7] that the following formula holds for all dimension vectors e:

X8 (Me) = [{N < M | dim(N) = e}, (1.3)

5 For a quiver @, Qo is the vertex set of Q and Q1 is the arrow set of Q.
6 For the precise definition, see Definition 4.1.
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where x9(Mc) is the Buler characteristic of Gr%(Mc). In other words, the Euler
characteristics of the associated quiver Grassmannians can all be computed by counting
F1-subrepresentations of M, which is a combinatorial task. See Proposition 5.2 below
for more details. We say that M has finite nice length in this case: specifically, we say
nice(M) = n if there exists a nice sequence 0 for M such that each pair of vertices in
I'ar can be distinguished by the first n+1 gradings (and nice(M) = oo otherwise). More
generally, if (1.3) holds for all dimension vectors e, we say that M is nice. Our task is then
to identify all nice Fi-representations of a given quiver, or at least the [Fi-representations
with finite nice length.

In Construction 4.12, we generalize notions from [7] to test for the existence of nice
sequences with prescribed properties. To any indecomposable Fi-representation M, we
construct a sequence of finitely generated free abelian groups V](\j[). For each i, we then
define a function

v Xéi)

called the universal i-nice grading on M. The image of v under X is called the i-nice
variable associated with v. The universal i-nice grading is only unique up to translation,
but this is easily dealt with by specifying a basepoint b € (I'ps)o. The name of this function
is justified by the following theorem.

THEOREM B (Theorem 4.19). Let M be an indecomposable Fy-representation of @Q, with
associated winding ¢ :T' — @Q and basepoint b€ T'y. Let 0 = (0;)52, be a nice sequence for M.
Then, for each i, there exists a unique affine map

ev®(9) : VJ(\Z) —7Z

such that 9; = ev(?(9) o X, We write X () :=ev((9) o X and call it the evaluation
of X at 9. Conversely, any such sequence of affine maps defines a nice sequence on M.

As a consequence, we have 0;(u) # 0;(v) for some nice sequence 0 if and only if
X £ x50,

In §5, we apply the machinery of §4 to identify representations with finite nice length.
To begin, we prove several sufficient conditions for M to have finite nice length (see §§4
and 5 for all associated terminology):

THEOREM C (Propositions 5.7 and 5.8). Let () be a quiver and M an indecomposable

1 -representation of () with associated winding ¢ :1T' — Q). Then the following statements
hold:

1. Suppose that M admits a positive or negative nice grading, and that @ has no loops.
If for each a € Q1, O restricts to an injection on the set {s(B) | B € I'1,c(B) = a}, then
nice(M) <1 and M is nice.

2. Suppose that M admits a non-degenerate grading, and that for all a € QQ1, the minimal
subquiver of I' containing the arrows {8 € I'1 | ¢(8) = a} is connected. Then nice(M) < 1.

3. Suppose that N is another indecomposable representation of Q, with associated winding
T = Q. Suppose that ¢(T') and ¢/ (I'") have disjoint arrow sets, and that there exist
vertices u € I'g and v € I'{y with c(u) = (v). If nice(M) < oo and nice(N) < oo, then the
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F1-representation associated with the amalgam ¢y, ¢ : T Uy IV — Q has finite nice
length.

We then exhibit a nontrivial class of representations which satisfy nice(M) < 1. In general,
this class of representations will have nice length 1, and coefficient quivers that are neither
trees nor affine Dynkin quivers of type A. In particular, this class contains representations
different than the cases considered in [1], [7]:

THEOREM D (Proposition 5.9). Let M be a nilpotent Fy-representation of a quiver @
with associated winding c¢: T — Q. Suppose that c=1(a) is connected for all a € Q1, and that
I’ contains a set of Z-linearly independent cycles {X1,..., Xy} with the following properties:

(i)  The cycles [to Hy(c)](X1), ...,[to H1(c)](X,) form a Q-basis for Q®zIm(co Hy(c)),
where vo Hy(c) is as in (4.15).

(ii)  For all i, we can write X; = p; — q;, where p; and q; are directed paths of positive length
in I with common source and target, but no interior vertices in common.

(iii) For each i <n, either c(p;) or c(q;) consists of arrows that do not appear in c(X;) for
J # i, where we consider ¢(X;) as a subquiver of Q.

Then nice(M) <1 and M is nice.

We illustrate the above results with several examples. Furthermore, we patch apparent
gaps in the proofs of Lemmas 6.3 and 6.4 in [7], at least for the case of F;-representations.
We outline the gaps we believe we have uncovered in the Appendix to this article, and
explain how our results resolve them. It should be noted that the class of F1-representations
with finite nice length contains representations which have been previously studied in the
literature, in addition to the new ones described above. Special cases include the following;:
the F;-representations satisfying the conditions of Theorem 1 in [1], which are recovered as
the Fi-representations with nice length 0; the F-representations whose coefficient quiver
is a tree, correcting the proof of [7, Lem. 6.3]; and the F;-representations whose coefficient
quiver is a primitive affine Dynkin quiver of type A, recovering a special case of [7, Lem.
6.4]. These cases cover all Fq-representations with finite nice length when @ is a pseudotree,
but not in general. We summarize these remarks with the following theorem.

THEOREM E (cf. [1, Th. 1], [7, Lems. 6.3 and 6.4]). Let Q be a quiver, and for each
neN, let I ; denote the set of isomorphism classes of finite-dimensional indecomposable,

nilpotent Fy-representations of () with nice length n. Furthermore, let Ig";f’il =Unen 16 ni-
Then the following hold:

1. M€ I(%,nn if and only if M admits a nice grading O that restricts to an injection on

CJT/[l (v), for all v € Q.
2. If the coefficient quiver of M is a tree, then M € Igflﬁl. In general, M & I¢) ;-
3. If the coefficient quiver of M is an affine Dynkin quiver of type A, then M € Ig’c& if and

only if the associated winding cpr : U'pr — Q is primitive. In general, M & I&nil.

If Q is a (not necessarily proper) pseudotree, then every M € Igfneﬂ belongs to at least one of
the three cases described above. If Q =1L,, with n > 2, then Igfil contains 1 -representations

that do not belong to any of the these three cases.

Case (1) is discussed in Example 5.5. Case (2) is discussed in Corollary 5.18, and case
(3) is discussed in Theorem 5.20. Examples of representations with strictly positive nice
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length are discussed throughout §§4 and 5. The results on pseudotrees follow readily from
Corollary 6.11 and the classification of nilpotent indecomposable Fi-representations for
bounded type given in [10]. Finally, explicit examples for Ly and L3 are computed in §5.

In §6, we turn our attention to the Hall algebras Hg and Hg i1 of Rep(Q,F;) and
Rep(Q,F1)nii. Recall that Hg and Hgni are graded, connected, cocommutative Hopf
algebras: by the Milnor—-Moore theorem, they are isomorphic to the universal enveloping
algebras of their Lie subalgebras of primitive elements. Throughout, we denote the Lie
algebra of Hg nit by ng. Motivated by a question from [27], in §6.1, we study how a change
in the orientation of @) affects Hg ni1. We obtain the following results for quivers of bounded
representation type.

THEOREM F. Let Q) be a quiver, with ng the Lie algebra of primitive elements in Hg nil.
Let Q' be a quiver with the same underlying graph as Q.

1. (Proposition 6.3) If Q and Q" are trees, then ng = ng/ as Lie algebras.
2. (Proposition 6.7) Suppose that Q' is an equioriented affine Dynkin quiver of type A,,.
Then ng is a central extension of ng.

Note that Szczesny computed ng in the case that @ is an equioriented A,, in [27]. Finally,
in §6.2, we construct Hall algebras associated with representations of finite nice length and
identify them in specific instances. Indeed, consider the full subcategories Rep(Q,[F )™
and Rep(Q,F1) of Rep(Q,F1) and Rep(Q,F1)ni whose objects M satisfy nice(M) < oc.
These categories are finitary and proto-exact, and so one can associate Hall algebras H, 5ice
and Hp . We prove the following theorem, which relates H (resp. Hgni) to HY® (resp.

nice

).

Q,nil
THEOREM G (Proposition 6.8). Let @ be a quiver. Then the C-subspaces

1 = ([M] | nice(M) = o0),
Iy = ([M]| M is nilpotent and nice(M) = o)

are Hopf ideals in Hg and Hg v, respectively. We have Hopf algebra isomorphisms Hg /1 =
che and Hg nit/Ini = Hggiffﬂ-

This allows us to identify H, 22151611 in the case that @ is a (not-necessarily proper)
pseudotree. Specific formulas can be found in Corollaries 6.10 and 6.12. We can also give the
following, more conceptual interpretation to our results. We say that an Fi-representation

M is absolutely indecomposable it k @y, M is indecomposable for every algebraically closed
field k.

THEOREM H (Corollaries 6.10-6.12). Let @ be a (not-necessarily proper) pseudotree.
Then the following statements hold.”

1. Let Q be of bounded representation type over Fi. Then Hgﬁﬁl has a generating set that
may be naturally identified with the absolutely indecomposable F1-representations of Q).
2. Let @ be a proper pseudotree with central cycle C. Then Hg’%eﬂ has a generating set
that may be naturally identified with the indecomposable F1-representations M such that

Resc (M) is absolutely indecomposable.

7 See [10, §5.2] for the notion of bounded representation type over F.
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§2. Preliminaries

2.1 Representations of quivers over [,
In this section, we review basic definitions and properties of representations of quivers
over [F;. We first recall the definition of Fi-vector spaces and [Fi-linear maps.

DEFINITION 2.1. The category Vect(Fy) of finite-dimensional vector spaces over [y
consists of the following:

1. Objects are finite pointed sets (V,0y ), called Fi-vector spaces.
2. Morphisms are pointed functions ¢ : V' — W such that ¢[y_,-1(g,,) is an injection,
called IFq-linear maps.

For an Fi-vector space V, the dimension of V, denoted by dimg, (V'), is the number of
nonzero elements of V. In other words, dimg, (V') = |V|—1.

DEFINITION 2.2. Let V and W be Fi-vector spaces.

1. The direct sum V @ W is the following Fy-vector space: VW =V UW/(0y ~ Ow).

2. A unique Fi-linear map 0:V — W sending any element in V to Oy is said to be the
zero map.

3. W is said to be a subspace of V if W is a subset of V' containing Oy and Oy = Oy .

For a subspace W of V, the quotient space V/W is defined as V — (W — {0y }).

5. For an Fj-linear map ¢ : V — W, the kernel (resp. cokernel) of ¢ is defined to be

ker(¢) := ¢ 1 (0w ) (resp. coker(y) := W/p(V)).

DEFINITION 2.3. A quiver @ is a finite directed graph, where we allow multiple arrows
and loops. To be precise, a quiver @ consists of a quadruple @ = (Qo,Q1,s,t) as follows:

-~

1. Qo (resp. Q1) is the finite set of vertices (resp. arrows).
2. s and t are functions

5,61 01— Qo
assigning to each arrow in () its source and target in Qq.

A quiver @ is connected if its underlying undirected graph is connected. A quiver is acyclic if
it does not contain any directed cycles. By a subquiver S of @), we mean a quiver S = (S, S1)
such that S; C Q; for i =0,1.

ExaMPLE 2.4. For a nonnegative integer n, we let L, be the quiver with one vertex
and n loops. L; is called the Jordan quiver.

Throughout this paper, we will simply denote a quiver by ¢ and the underlying
undirected graph of a quiver Q by Q. We will also use the basic terminology of undirected
graphs to (); when we say some graph-theoretic property holds for @), it means that it holds
for Q. For example, when we say @ is a tree, it means that Q is a tree.

DEFINITION 2.5. Let S and @ be quivers.

1. A quiver map F :S — @ consists of a pair of functions

FzSZ—>Q1, ’iZO,l,

https://doi.org/10.1017/nmj.2023.37 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.37

F1-REPRESENTATIONS AND EULER CHARACTERISTICS 569

which satisfy the following conditions: for all o € 7,
s(Fi(a)) = Fo(s(@)), t(Fi(a)) = Fo(t(a)).

2. A quiver map F' is said to be injective (resp. surjective) if and only if Fy and F) are
both injective (resp. surjective).

With the notion of quiver maps, we can identify a subquiver S of @ with the image of
the inclusion map S < . A subquiver § is said to be full if for any u,v € Sy, any arrow «
in 1 such that u = s(a) and v =t(a) (or u=t(«) and v = s(«)) is also in 5.

DEFINITION 2.6. Let Q be a quiver with underlying graph G = Q. Recall that a walk
in G is a sequence of edges w = (ey,...,e4) such that e; and e;;1 share an endpoint. In
other words, it is a sequence of vertices (vy,ve,...,v4,v4+1) together with a specification of
an edge e; between v; and v;41 for all ¢ <d. Let a; be the arrow in @) corresponding to the
edge ¢; of G. Define ¢; = +1 if s(ay;) =v; and t(o;) =v;41, and €; = —1 if s(a;) = v;41 and
t(a;) = v;. Then we will write a walk of @ as follows:

w=aj oy
A path is a directed walk in the sense that all €; have the same sign.

DEFINITION 2.7. Let Q be a quiver with underlying graph Q. Then Q is a 1-simplex,
whose O-simplices can be identified with Qg and whose 1-simplices can be identified with Q1.
We then obtain a chain complex

O%ZQliZQoéo,

where Z(Q); and ZQ) denote the free abelian groups generated by arrows and vertices,
respectively, with 0 defined via the formula 0(a) = t(a) — s(a), for o € Q1. The (integral)
cycle space is defined to be the first homology group H;(Q,Z) = ker(9). Note that the cycle
space is a finitely generated free abelian group, and a basis for H1(Q,Z) is called a (integral)
cycle basis for Q). Note that the cycle space does not depend on the choice of orientation
of Q: indeed, the orientation functions simply as a device for writing elements of ker(9) as
Z-linear combinations of 1-simplices.

ExampLE 2.8. Consider the following quiver:
(%]
N
U1 Vg
v

3

Then, we obtain the following chain complex:

074 %74 o,
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where 0 is given by the following matrix:

1 1 0 0

-1 -1 0
=10 21 0
0 1 1
1
-1
Then, ker(0) is generated by | 1o (o1 —ag — a3 + aug) corresponding to the unique
1

cycle of Q.

DEFINITION 2.9. Let @ be a connected quiver. We say that @ is a pseudotree if
rank(H,(Q,Z)) < 1. If Q is not a tree or an affine Dynkin quiver of type A,, we say
that @) is a proper pseudotree. Any proper pseudotree contains a unique subquiver C that
is an affine Dynkin quiver of type A,: we call C the central cycle of Q.

DEFINITION 2.10. [27, Def. 4.1]. Let @ be a quiver.

1. A representation of ) over F; (or an Fy-representation of @) is the collection of data
V = (V;, fa) consisting of an Fi-vector space V; for each vertex i € Qo and an F;-linear
map fo € Hom(Vj(qa), Vi(a)) for each arrow o € Q1.

2. By a subrepresentation W = (W;,g,) of V= (V;, f,), we mean an [F;-representation
such that each W, is a subspace of V; and g, is a restriction of f,. When W is a
subrepresentation of V, we write W <V.

DEFINITION 2.11 [27, Def. 4.3]. Let @ be a quiver, and let V = (V;,f,) be an
F1-representation of Q.

1. The dimension of V is defined to be the sum of dimensions of V;:
dim(V) = > dimg, (V;).
1€Qo
2. The dimension vector of V is an element of NI@ol;
dim(V) = (dimg, (V;))icq,-

An Fy-representation V = (V;, f,) is nilpotent if there exists a positive integer N such that
V¥V n> N and any path ajas...q, in @ (left-to-right in the order of traversal), one has

fon fan 1+ " fa, =0 (zeromap).

DEFINITION 2.12. Let V= (V;, fo) and W = (W;, g, ) be Fi-representations of a quiver Q.
A morphism ®:V — W is a collection of F;-linear maps {¢; : V; = W, }ieq, making the
following diagram commute:

¢S «
Vi) —— Wia)

Jfa J (2.1)

¢t @
Via) ——— Wia)
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We denote by Rep(Q,F) the category whose objects are Fy-representations of ¢ and whose
morphisms are defined as above. We let Rep(Q,F1)ni1 be the full subcategory of Rep(Q,F)
consisting of nilpotent representations.

We note that each morphism ® € Hom(V, W) has a kernel and cokernel obtained from a
kernel and cokernel at each vertex. Similarly, one obtains the notions of subrepresentations
and quotient representations. We refer the reader to [27, Def. 4.3] for details.

REMARK 2.13. Recall that an FFy-representation V of a quiver @ is indecomposable if V
cannot be written as a nontrivial direct sum of subrepresentations. In [27], Szczesny proves
that the Krull-Schmidt theorem holds for the category Rep(Q,F;). To be precise, any
Fi-representation M can be written uniquely (up to permutation) as a finite direct sum of
indecomposable representations.

Let k be a field and Vect(k) be the category of finite-dimensional vector spaces over k.
Then, one may define “the base change functor” as follows:®

k ®r, — : Vect(F;) — Vect(k), (2.2)

where any Fi-vector space V goes to the vector space whose basis is V' — {0y }.

Note that representations of a quiver can be defined in a more categorical way. Let
@ be a quiver. One can consider a discrete category Q: objects are vertices of () and
morphisms are directed paths. Then, a representation M of ) over F; is nothing but a
functor M : @ — Vect(IFy). In particular, Rep(Q,F;) is equivalent to the functor category
Vect(F1)9. In fact, the same description holds for representations of Q over a field F.
Therefore, from the base-change functor k£ ®p, —, one has the following base-change functor,
which is faithful (but not full in general):

k®]F1 - Rep(Q7Fl) — Rep(ka)7 M — Mk‘ (23)

The base-change functor will be considered in §5 to compute Euler characteristic of quiver
Grassmannians associated with a class of quiver representations.

2.2 Hall algebras for Rep(Q,F;)

There are two (equivalent) ways to construct the Hall algebra Hg of Rep(Q,F;). The
first way is to appeal to some categorical interpretation of [Fi-representations of . As
we mentioned above, Rep(Q,F;) is equivalent to the functor category Vect(F;)<. Since
Vect(Fq) is proto-ezact in the sense of Dyckerhoff and Kapranov [5], where they also
prove that for a small category Z, the functor category C* is proto-exact for a proto-exact
category C. The construction of Hg then follows from a more general construction of Hall
algebras in [5].

The second construction is to mimic the classical construction of the Hall algebra of
representations of ) over F,. To be precise, let Iso(Q)) be the set of isomorphism classes

8 Tom Zaslavsky suggested to use the term “basis functor” as it does not change bases. In Fi-geometry,
the functor was first introduced to define the base change from an algebraic variety over F; to an
algebraic variety over a field. For this reason (to be compatible with already existing convention), we
use “base-change functor.”
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of objects in Rep(Q,F1). The Hall algebra Hg of Rep(Q,F1) has the following underlying
set:

Hg :={f:1s0o(Q) = C| f([M]) =0 for all but finitely many [M].}. (2.4)

For each [M] € Iso(Q), let djp7) be the delta function in Hg supported at [M]. In particular,
we consider Hg as the vector space spanned by {d(ar }a]e1s0(@) Over C. To ease the notation,
we will denote the delta function djp) by [M]. One defines the following multiplication on
the elements in Iso(Q):

M- (N]= Y ) (25)
RelIso(Q)

where ap; = |Aut(M)| and af/[,  is the number of “short exact sequences” of the form:’
0O—+N—=-R—M-—0.

Then, one can easily check the following equality as in the classical case:

R
Ay N

=N{L<R|L~N and R/L~ M}|.

apan
By linearly extending the multiplication (2.5) to Hg, we obtain an associative algebra Hg
over C. Moreover, one may check that Hg is also equipped with the coproduct defined as

follows:
A:Hq— Ho®cHg, A(f)([M],[N]) = f([M & NJ). (2.6)
With (2.5) and (2.6), Szczesny proves various interesting results. We refer the interested

reader to [27, §6] for details.

2.3 Coefficient quivers

Coefficient quivers'’ were first introduced by Ringel [24] as a combinatorial gadget to
study representations of quivers.

Let V= (V;, fo) be a representation of a quiver () over C. We fix a basis B(i) for each
vector space i and let B = |,co B(i), that is, B is a basis for the vector space P,.¢, Vi-
We simply call B a basis for V.

DEFINITION 2.14. The coefficient quiver Q = Q(V, B) is a quiver defined as follows:

1. Qy=B.
2. For every arrow a: v — w of @ and every element z € B(v), if we can write

fa(@) = cpb, be B(w),c £0,
then we draw an arrow from z to b € B(w) in Q, and label it with a.

The coefficient quiver depends on a choice of a basis for a representation V of Q.

9 As in the classical case, by a short exact sequence, we mean that ker = coker.
10 we emphasize that even if we are using the same terminology “coefficient quivers,” our notion of
coefficient quivers is different from that of Ringel.
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ExXaMPLE 2.15.

(o Vg
Q= x lﬁ
vg O

Consider the following representation V of Q:

Vi=C2 Vo,=C, Vz=C2%

1 0 0 0 -1
oo 8 me el

Let us fix bases: By = {ej,ea}, Bo = {1}, and Bs = {e; + ea,e2}. Then, we obtain the
following coefficient quiver.

Vdo%o@’v

Let us change bases: B] = {e; —ea,e2}, Bj =1, and Bf = {e1,e2}. Then, we have the
following coefficient quiver:

§3. The slice category over Q and Rep(Q,F;)

A notion of windings of quivers was first introduced by Crawley-Boevey [4] and Krause
[15] to define morphisms between tree and band modules. Later, Haupt [7, §2.3] generalized
Krause’s definition of windings as follows.'! Let @ and S be quivers. A winding of quivers
F: S — @ is a morphisms of quivers

Fo: 5 = Qo, Fi:5 — @,
satisfying the following two conditions:

1. If o, 8 € Sy with a# 8 and s(«) = s(3), then Fy(a) # F1(8).
2. If a,f € S1 with a # 3 and t(a) = t(5), then Fi(a) # F1(B).

For a winding map F': S — @, it is easy to check that for an S-representation V over a
field k, the pushforward F, (V) is a Q-representation over k.!? In particular, F,(1g) is said
to be a tree module if S is a tree, where 1g is the representation of S assigning k to each

1 Crawley-Boevey considered tree modules and Krause considered tree and band modules, and they have
one more condition. For instance, Krause [15] has an extra condition (W2).
12" See Remark 3.9 for the definition of the pushforward.
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vertex and the identity map to each arrow. The following lemma shows that the same is
true for [Fi-representations.

LEMMA 3.1. Let F: S — Q be a winding map of quivers. For each v € Qq, let M, =
F~1(v)u{0}. For each o € Q1, consider the following function: let v = s(a), w =t(a),

y, if 3B € Sy such that s(B) ==z, t(8) =y, F(8)=a,

(3.1)
0, otherwise.

a: M, — M,, xr—>{

Then, (M,,&)veqy,acq, s an Fy-representation of Q. By abuse of notation, we denote this
Fy-representation of @ by Fi(S).

Proof. We only have to check that & is a well-defined Fi-linear map. In fact, suppose
that we have 8,8 € S; and x € M,, such that s(8) =s(8') =z and F(8) =F(f') =a € Q.
Since F is a winding map, this implies that 8 = ', and hence & is well defined.

Next, suppose that &(z) = a(z) = e # 0. In other words, there exist (8,3, € S1 such that

s(Bz) =z, s(B.)=2z tBs)=e=tB:), F(B)=F(B.)=c

But, again since F' is a winding map, this implies that 8, = 3., showing that x = z. Hence,
& is an Fq-linear map. []

LEMMA 3.2. Let @ be a quiver, and let V= (M,, f,) be an Fy-representation of Q.
Then, there exists a winding map of quivers F': S — @ such that F,.(S)~V.

Proof. This construction is essentially the same as the one given in [10], but we include
it here for completeness. We first define the set of vertices of a quiver S as follows:

So:= | | M,\{0}.

vEQo

For each x,y € Sy, we draw an arrow B, :x — y in S if and only if z € M,,, y € M,, and
there exist o € @1 and f, such that s(a) =v, t(a) =w, and f,(x) =y. Note that if there
is another o’ € Q1 with the same property, then we draw two different arrows 8, and ..

Next, we define a winding map F : S — @ as follows: for each z, € Sy, z, € M, \ {0}
for some v € Qg, we let F(z,) =v. We send each arrow [, € S1 to a. One can easily
check that F' is a quiver map. To check the winding condition, suppose B # Bo € S1 and
$(Ba) = $(Bar). If t(Ba) = t(Bar), then B, # Bo implies F(fy) = a # o/ = F(Ba ), since
there is at most one a-labeled arrow between any two vertices of S. Now, suppose that
t(Ba) # t(Bar). Since t(Ba) = fa(s(Ba)) and t(Ba) = for(s(Bar)), we must have a # o/,
which implies F'(8,) # F(So) again. Hence, the first condition for F' to be a winding has
been verified. The second condition is similar. U

To define the category of quivers over a quiver, we first recall some definitions. Let T
be a full subquiver of S. We say that the Ty is predecessor-closed if the following condition
holds: for any oriented path in S from v to w if w € Ty, then v € T. Analogously Ty is
successor-closed if the following condition holds: for any oriented path in S from v to w, if
v € Ty, then w € Tj.

REMARK 3.3. We caution the reader that the authors use the opposite convention for
successor- and predecessor-closed subsets in [10].
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Let @ be a fixed quiver. Let Cq be the category whose objects are windings of quivers
F:S— Q. A morphism ¢: (S,F) — (S, F’) is an ordered triple ¢ = (Uy,Dy,cy), where:

1. Uy is a full subquiver of S whose vertex set is predecessor-closed,
2. D, is a full subquiver of S" whose vertex set is successor-closed, and
3. ¢4 :Uy — Dy is a quiver isomorphism such that the diagram below commutes.

L{¢—>D¢

F%\ /l% (3.2)

If (S, F) (S',F") and (8", F') — LN (S”,F") are two morphisms in Cg, their composition
(S, F) — oo, (S”, F”) is the ordered triple

Yoo = (Upog, Dyog, Cyop) = <C;1 Uy NDy),cy Uy NDy),cy 0 C¢) : (3.3)

Of course, the composition ¢y o ¢y is understood to be restricted to 0;1 (Uy NDy). Loosely,
one can think of composition as gluing the top of S to the bottom of S’ in a way that respects
the mappings F and F’. One can check C indeed satisfies the axioms of a category.

Let ¢: (S,F) — (S’,F’) be a morphism in Cq. Then, ¢ induces a morphism ¢, : Fi(S) —
F[(S") of Fi-representations of @ as follows: for each v € @, we define the map

(@+)v s Fu(S)o = FL(S)o (3.4)

as

(60)2(@) = {c¢(m), if 2 € Uy NF,(S)., 35)

0, otherwise.

Since ¢y is an isomorphism, clearly (¢, ), is an Fy-linear map. Next, let a € ()1 with v = s(«)
and w = t(«). Suppose first that « & Uy N F,(S),, in particular, (¢«),(x) = 0. Since z € Uy
and Uy is predecessor-closed, we have that &(z) € Uy, where & is a map defined in (3.1).
Hence, in this case, we have

a(Px)v () = (Px)w(x). (3.6)

Now, suppose that x € Uy N F(S), and y = c4(x). If a(y) =0, then a(x) & Uy, since ¢y is
an isomorphism. In particular, (¢.),&(z) =0, and we have (3.6) in this case. Finally, if
a(y) = z, then z € Dy since y € Dy and it is successor-closed. In particular, there exists an
arrow (3 in Dy such that s(5) =y and ¢(3) = z. Since ¢, is an isomorphism, this implies that
a(x) €Uy and (Ps)wa(x) = 2, showing that (3.6) is valid in this case as well. Therefore, the
following diagram commutes and ¢, is indeed a morphism of F;-representations.

(Fu(S))e — 22y (F1(57)).

Ja (3.7)

(S))w — 22y (FI(S"))u

=
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REMARK 3.4. Before we proceed to prove an equivalence between Cg and Rep(Q,Fy),
we remark the following.

1. Our definition for morphisms in Cg generalizes the notion of maps between tree modules
in [4, §2]. We also note that the notion of admissible triple in [15] is similar to our
definition in the sense that to define a morphism ¢ : (S, F') — (S', F'), we first assume
an isomorphism of a subquiver of S and a subquiver of S’ satisfying certain conditions,
whereas in [15], this is done by using “connecting triple” rather than directly identifying
subquivers. For details, see [15, pp. 189-191].

2. The notion of tree modules in [4, 15] is more restrictive than the notion of tree modules
given in [24] due to the “winding” conditions imposed on quiver maps.

LEMMA 3.5. For an object F': S — @ in Cq, we let F(S) be the Fy-representation of Q
as in Lemma 3.1. For a morphism ¢ : (S, F) — (S, F), we let F(¢) be the morphism between
F(S) and,F(S") which we described above. Then, F :Cqo — Rep(Q,F1) defines a functor.

Proof.  One can easily check that an identity map ¢ : (S,F) — (S, F) in Cg maps to the
identity map in Rep(Q,F;) since in this case Uy = Dy = S and ¢, is the identity map.

Next, suppose that ¢ : (S,F) — (S, F’") and ¢ : (S, F') — (S”,F") are two morphisms
in Cg. We want to check that F(¢¢) = F(¢)F(¢). With the same notation as in (3.4) and
(3.5), we only have to show that

(¥9)i)o = (()x)u((@)4)o- (3.8)
But, this is clear from (3.3). 0
LEMMA 3.6. Let S = (S,F),5" = (5',F') be objects in Cq, ¢ : F.(S) — F/(S') a

morphism in Rep(Q,F1), and Uy the full subquiver of S with the vertex set Sy \ ker(¢).
Then, ¢ induces a quiver map f:Uy — S such that f(Uy) is successor-closed.

Proof. This follows from Construction 3.9 and the proof of Lemma 3.10 in [10]. 0

PROPOSITION 3.7. The functor F :Cqo — Rep(Q,F1) is an equivalence of categories.
This restricts to an equivalence between Rep(Q,F1)ni1 and the full subcategory of Cq whose
objects are windings F : S — @ with § acyclic.

Proof. Lemmas 3.2 and 3.5 show that F is an essentially surjective functor, and hence
we only have to prove that F is fully faithful. But this is just Lemma 3.10 of [10].'3 O

In what follows, we often denote the winding corresponding to an Fi-representation M
of a quiver Q by c¢:I'yy — Q. We will simply call I'y; the coefficient quiver of M.
The following example is taken from [7] and is restated in terms of [Fq-representation.

ExAMPLE 3.8 ([7, Exam. 2.5]). Let F': S — @ be an object in Cq described in the
following picture:

F:S= \l/ — Q= le?}fﬁ

V3 *} V3 (kY D”Y

13 An explicit construction showing that the functor is full is recalled in the proof of Lemma 3.6.
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Then, 1g is the following representation of S over a field &:

k k k
1= \c{ /
id
k

— k
id

Note that by definition, Fi(1g) is a tree module, given as follows:

where

0 0 0 00

A=|1|, B=|1], C=1]1 0 0},

0 0 010
Now, we view S as the coefficient quiver of an F;-representation. The F;-representation
V =F,(S) of @ is the following: at each vertex of @), we have

M’U1 = {O?Ul}a M’Uz = {0,1)2}, Mvg = {072}372}3’72}3”}-

F;-linear maps between vertices are given as follows:

d:Mv1—>Mv3, V1 — V3,

B:MD2—>MU3, Vg > Vg,

;)v/ : M'US — Mvgv V3 — V3, V3 > V31, Vg1 > O

One can easily see that Ve = Fi(1g).
Now, we depict the corresponding coefficient quiver I'y for V. First, we consider the
following coloring:

Vi = e, V) = e, V3 =V3 =V3r =@
We let «v in green, 3 in purple, and v in black. Then, the coefficient quiver I'y is as follows:
° °
o ——H e —— e

REMARK 3.9. Let f:S — @ be a quiver map (without winding condition), and let k be
a field. The map f induces a functor (pushforward)

f« :Rep(S,k) = Rep(Q, k) (3.9)
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which we briefly recall here. We refer the reader to [13], [14] for more details. For a
representation V of S over k, the pushforward f.(V) is defined as follows:

V= @ Vu, ve€Qo,  f(V)a= D> Vi BEQ (3.10)
wef~1(v) BEF~1(a)

Recall that by the identity representation 1g of S, we mean a representation of S over k
consisting of one-dimensional vector space at each vertex and identity map at each arrow.
In particular, each quiver map f:S — @ defines a representation of @), namely f.(1g).

Let Dg be the category whose objects are quiver maps f: Q" — @ (without winding
condition) and morphisms are the same as Cq. Then, we have a faithful inclusion functor
1 CQ — DQ.

For each f:S — Q in Dg, we let 1(S) = f.(1g). For a morphism ¢ :.S — S’ in Dg, where
S (resp. S') means f: S — @ (resp. f': 5" — Q). In fact, the same definition as in (3.4) and
(3.5) can be used to define a functor:

1:Dg — Rep(Q,k), (f:5—=Q)— fi(lg).

From the definition, one can easily check that the functor 1 is faithful. To summarize, we
have the following commutative diagram of categories.

%o ——— Rep(Q,Fy)

Yo — Rep(0k) (3.11)

DEFINITION 3.10. Let @ be a quiver. An Fi-representation M is called a tree module
if I'ps is a tree. This is equivalent to M ®p, k = f.(1g) with f: S — @Q a winding and S a
tree. M will be called an F1-band module if the coefficient quiver of M is an affine Dynkin
quiver of type A.

REMARK 3.11. Let M be an Fi-band. Then, I'j; is connected, so M is always
indecomposable as an [Fi-representation. However, since we do not require that the
associated winding map ¢y : I'py — @ is primitive (see Definition 5.19), M ®p, k may be
decomposable. If M is an Fi-band module and cjs is primitive, then M ®p, k is a band
module in the usual sense, but the converse does not generally hold.

84. Gradings on representations

In [1], Cerulli Irelli proved that when a quiver representation over C satisfies certain
conditions,'* then one can compute the Euler characteristics of quiver Grassmannians for
some special classes of quivers in a purely combinatorial way. Later, in [7], Haupt generalized
Cerulli Irelli’s results by introducing the notion of a grading on a representation of (). The
following appear as Definitions 4.1 and 4.2 of [7].

DEFINITION 4.1 (Haupt). Let M be an Fy-representation of @, and let (I',¢) := (I'az,cpr)
denote the associated coefficient quiver. By a grading of M, we mean a map 9 : 1y — Z.

4 To be precise, Cerulli Irelli considered the coefficient quiver of a representation in a fixed basis.
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Suppose that 01,...,0, and 0 are gradings for M. Suppose further that for any two arrows
B,5" €'y, the equalities

8i(s(8)) = di(s(8))yi=1,...,n, (4.1)
9i(4(B)) = D;(t(B))),i =1,...,n, (4.2)
c(8) =c(B') (4.3)
imply
a(t(B)) —(s(B)) = o(t(B")) — A(s(8")). (4.4)

Then, we say that 0 is a nice(d1,...,0,)-grading. A nice O-grading (or nice grading for
short) is a grading such that ¢(3) = ¢(f’) implies (4.4).

REMARK 4.2. Haupt’s original definition applies to representations over fields, where it
is necessary to first specify a basis for M. Since representations over [F; have a unique basis,
the definition above is unambiguous. In other words, a nice grading for an IF;-representation
M is the same thing as a nice grading for M¢ with respect to the basis M \ {0}, and so on.

REMARK 4.3. An Fi-representation M is completely determined by its associated
winding map cps. Hence, we will use the terms “nice grading for M” and “nice grading for
ey i Ty — @7 interchangeably. From Proposition 3.7, if ¢: I' = @) is a winding, then there is
a unique (up to isomorphism) F;-representation of @, call it M, such that (cp,I'as) = (¢,T).
Hence, we can also discuss a nice grading for a general winding, without explicit reference
to its associated representation.

DEFINITION 4.4. Let F': S — @ be a winding, and let 9: Sy — Z be a nice grading. If
B €Sy with F(B) = a, define A2 = 9(t(8)) — 9(s(B)).'* If 9 is understood from context, we
will abbreviate A2 = A,. We say that 0 is:

1. nontrivial if A, # 0 for some a € @,
2. mon-degenerate if A, # 0 for all o € @1, and
3. positive (resp. negative) if A, >0 (resp. Ay < 0) for all a € Q1.

More generally, suppose that 0 is a (91, ...,0,)-nice grading. If 8 € S; with

Fl(ﬂ) =Q, (45)
(01(s(B)),---,0n(s(B))) =s € Z", (4.6)
(O1(H(B)),..0u(t(B))) =t € 27, (4.7)

then we define
A?_ = 0(t(5)) — O(5(5). (45)
As before, when O is understood, we abbreviate Ag,s,t = Ayst. The notions of
nontrivial /non-degenerate/positive /negative (01,...,0,)-nice gradings are defined in the

obvious manner.

15 A2 is well defined since O is a nice grading.
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As in [7], we will be interested in building sequences of nice gradings which have certain
desirable properties. The definition below helps us formalize this process.

DEFINITION 4.5. Let ¢:I' — @@ be a winding. A nice sequence for ¢ is a sequence
0 =(0;)2, of maps I'g — Z such that:

1. Oy is a nice grading.
2. For all i >0, 0; is a (0p,...,0;—1)-nice grading.

Note that any finite sequence {0;}}~, satisfying the conditions above can be extended to a
nice sequence d = {0;}:2; by defining 9; =0 for i > n (such a completion is not unique).

DEFINITION 4.6. Let ¢:I' — @ be a winding, and let (0;) be a nice sequence for c. If
z and y are distinct vertices of I', we say that (0;) distinguishes x and y if there exists an
index ¢ € N (depending on z and y) such that 0;(x) # 0;(y). We say that (0;) distinguishes
vertices if it distinguishes each pair of distinct vertices in I'. Of course, if (0;) distinguishes
vertices and I has finitely many vertices, then there exists an N € N such that for all distinct
z and v, there exists an ¢ < N satisfying 0;(x) # 0;(y).

EXAMPLE 4.7. Let Q =Ly with arrow set Q1 = {a1,a2}. Let M be the Fy-representation
whose coefficient quiver is the following:

o (0% o O

Ty= o . . . .. (4.9)

where the winding c¢: I'y; — @ sends the blue arrows (resp. red arrows) to ay (resp. as).

1. One can easily check that the following is a nice grading dy on I';:

e R Iy I ) (4.10)

where the numbers on the arrows are 9y (t(5)) — 9o(s(5)) for each arrow [ of I'jy.
2. The following is a Og-nice grading d; on M that is not nice:

—1 -1

o1t 3 4, (4.11)
Note that with the grading dp as in (4.10), we only have to consider condition (4.3)
when assigning images to the vertices. When building a dyp-nice grading as in (4.11), no
two arrows satisfy conditions (4.1)—(4.3) simultaneously, so that any integer function on
the vertices is permissible. Note that the nice sequence 9 = (9y,01,0,0,...) distinguishes

vertices.

EXAMPLE 4.8. Let Q = L3 with arrow set Q1 = {1, a2,a3}. In the free group generated
by the arrows of @), set p to be the element

p= 01[0@,043]041_1[043,042](11[03,02]041_1[012,013]'
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Here, [y,8] = vdy~10~! is the usual commutator. We may consider p to be a walk in @,
defining an [Fy-representation M whose coefficient quiver is the following:

[ ]
(0] \L
[07) (04} o o3
[ ] [ ] [ ] (] °
o o o o
[ ] [ ] [ ] [} [ ]
I'y =
]
[04] (05} o3 (0%)
[ ] [ ] [ ] [ J [ ]
o3 (04 o3 (0%
° ° ° e ° (4.12)

Using the notational conventions of the previous example, we can define a nice grading Jy
on M as follows:

+11 100 000 11 10 g1 L0

0 0L 10 10 410 10 IOO&EH

H% 100 101 10 1 00 g 0y

0 19 100 1% 110 20 g L0 0+] (4.13)

We now define a dyp-nice grading which is not itself nice. Informally, the conditions (4.1)—
(4.3) on a Jp-nice grading 0; state that whenever two arrows with the same color start at
the same number and end at the same number, their increments from the source to the
target must be equal. Clearly, all four of the «-colored arrows require the same increment.
However, one can check that each remaining arrow is only required to share an increment
with one other arrow. For instance, the following defines a dy-nice grading 0 :

0
+1
l +1 -1 | 100
] 2 3 4 104
TH
108 —5 107 — "5 106 «— 105 « > 103
Jrll
109 —100 9 —1 8 +1 7 +1

+1

N — A\

(4.14)
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The function 0; still fails to distinguish several pairs of vertices, for instance, the first and
last vertices of the walk. However, note that any function now qualifies as a (Jy,0;)-nice
grading. For instance, there are exactly two arrows that start at 2 and end at 3, but one is
ag-colored and the other is as-colored: it follows that they violate Condition (4.3), so their
increments can be unequal. In particular, we may choose 05 to be an injective integer-valued
function on the vertices of I'p;. Then, do will distinguish each pair of vertices of I'y;, and
so the nice sequence (9y,01,02,0,0,0,...) distinguishes vertices. Note that since dy and 0,
distinguish some pairs of vertices, there are non-injective choices for ds which still produce a
nice sequence distinguishing vertices. However, we will show in Example 5.6 that no choice
of Jy and 0; is enough to distinguish all vertices of I'j;: we say that the nice length of M
is equal to 2.

REMARK 4.9. Let M be an F;-representation of @ and F' = (d;);>0 a nice sequence for
M which is finite, in the sense that there exists an n € N such that §; =0 for all i > n. Let
(0i)i>0 be any other nice sequence for M. Then, we can “weave” (J;) and (0;) together to
create a new nice sequence (0;);>o as follows:

1. 9/=0; for 0 <i<n.
2. 0. =0;_p—1 fori>n.

This is due to the following elementary observation: for any sequence of gradings {y1,...,Vn}
on M and any subset S C {71,...,7,} (possibly empty), an S-nice grading (defined in the
obvious way) is also (71,...,7x,)-nice.

In the following, we construct the universal i-nice gradings of a winding ¢: ' — @) under
which one obtains all nice sequences (Theorem 4.19).

CONSTRUCTION 4.10 (Universal nice grading). Let ¢:I' — @ be an indecomposable
winding (i.e., I is connected), with M the associated F;-representation. Then, we have a
sequence of maps

m(1,2) 29 1,(Q,2) 4 21, (4.15)

where ¢ is the inclusion map.'® Set Vs := G/t(G), where G := ZQ /Im(c0 Hy(c)) = coker(ro
Hi(c)) and t(G) is the torsion subgroup of G. Since G is a finitely generated abelian group,
G/t(Q) is a direct summand of G: by abuse of notation, we will use the coset notation of G
to denote elements of Vj;. Loosely, one can think of the elements of V;; as formal Z-linear
combinations of arrows of ) subject to certain linear equations.

Fix a vertex b € I'y which we call the basepoint. To each vertex v € I'g, we assign an
element X (M), € Vi as follows:

1. If v=0b, then X(M), =0.
2. If v#Db, pick a walk p=af'---af from b to v for €; € {1,—1}. This is possible because
M is indecomposable. Then, set

X(M)y=>_€c(o;)+Im(co Hy(c)).

%

16 The underlying graph of @ is a l-simplex with associated chain complex 0 — ZQ1 LR ZQo — 0, and
H,(Q,Z) = ker(d). Then, ¢ is the inclusion ker(§) C ZQ1.
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Note that X (M), does not depend on the choice of walk. The function
X(M):To—Vu
v X(M),
will be called the universal nice grading on M. The image X (M), of v is the nice variable

associated with v. When there is no chance of confusion, we will denote X (M), simply
as X,.

CONSTRUCTION 4.11 (Iterative step). Let c¢:I' — @ be an indecomposable winding,
with M the associated Fi-representation. Let b € I'g be a basepoint, and let X = X (M) be
the corresponding universal nice grading on M. We define a new quiver QT = QT (M) as
follows. The vertices of QT are

Qg = {(Xu,c(v)) |vETo}.

The arrows of QT are

Qii_ = {(Xs(a)aXt(a)7c(a)) | a € Fl}

To ease notation, we define at := (X, (4), Xi(a),c(@)). Then the source and target of o are
as follows:

5(a+) = (Xs(a),C(S(OZ))),
t(Oé+) = (Xt(a)ac(t(a)))‘
Note that Q% is connected. We have quiver maps
+ —
r‘-QtQ
defined as follows: ¢t is the unique quiver morphism which satisfies ¢t (a) = a™ for all
a €T'y. Since ¢t (a) = ¢ (B) implies ¢(a) = ¢(B), it is clear that ¢ is a winding. Also, note
that ¢ is surjective on arrows, so that any arrow in Q* can be written as o™ for some
a €Ty. Then ¢~ is defined to be the unique quiver morphism satisfying ¢~ (a*) = ¢(«) for
all & € T';. Note that c=c"¢™.
It turns out that ¢~ is also a winding, which we can see as follows. By the surjectivity of

¢ on arrows, it suffices to show that whenever a, 3 € I'y satisfy c(a) = ¢(f) and a™ # 87,
they also satisfy s(a™) # s(87) and t(a™) # t(8T). If s(a™) = s(8T), then

t(a™) = (Xya).c(t(a)))
= (Xs() +cla),c(t(e)))
= (Xs(8) +c(B),c(t(B)))
=t(B7).
In turn, this implies at = (X ), X¢a),cla)) = (Xyp), Xyp),.c(8)) = BT, contrary to
hypothesis. The possibility t(a*) =#(8") can be ruled out in a similar fashion.

CONSTRUCTION 4.12 (Universal i-nice grading). Let w:I' — @ be an indecomposable
winding, with R the corresponding F-representation of Q.!” Let b € I'g be a basepoint, with

1T The change of notation is purely cosmetic, to allow us to think of ¢ and M in Constructions 4.10 and
4.11 as “variables” into which we can plug other windings/representations.
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X = X (R) the universal nice grading of R as in Construction 4.10. Then, Construction 4.11
yields a new indecomposable winding w™ : I' — Q, whose universal nice grading can be
constructed with the same basepoint b. Iterating this process indefinitely yields a sequence
of maps that will play a fundamental role in proving the existence (or non-existence) of nice
sequences distinguishing the vertices of a given Fi-representation. More precisely, consider
the following algorithm:

1. Set 0@ =w, M® =R, Q© =Q, and 7(¥) =idg (the identity quiver morphism of Q).

2. Suppose that for a fixed i € N, an indecomposable winding ¢ : T' — Q) with
corresponding Fq-representation M) has been defined. Apply Construction 4.10 with
c=0® and M = M to define

VY = Vo,
X(R)W .= X (M),
3. Use Construction 4.11 with ¢ =o® and M = M® to define
QU+ .— Q)+,
ot .= )+
7D = 50—
Furthermore, define M+ to be the indecomposable F-representation corresponding

to olith),
4. Replace ¢ with i+ 1 and go back to Step 2.

When no confusion will arise, we abbreviate X (R)(® to X (). The image of v € Ty under
X (@ will be denoted Xl(,z). The function

X1y — VY

is called the universal i-nice grading of R. Note that the universal O-nice grading of R is
simply the universal nice grading of R. To summarize, this algorithm takes the data (w, R,b)
and constructs each of the following (in no particular order):

1. A sequence of finitely generated torsion free abelian groups: V,‘Q),vg),v@), e

2. A function X® : Ty — Vz(%i) for each 7 € N, called the universal i-nice grading of R.

3. A sequence of connected quivers Q@ = Q(®, QM Q®) ... We also define Q- := Q for
what follows below.

4. An indecomposable winding ¢ : T' — Q® for each i € N, with () = w.

5. A winding 79 : Q) — QU~1 for each i € N, satisfying (¥ = 70+ g0+ for all i,

REMARK 4.13. The quiver Q* in Construction 4.11 is adapted directly from the quiver
Q' defined in Proposition 6.1 of [7]. The key difference is that @)’ depends on a specific nice
grading, whereas QT only depends on the universal nice grading defined in Construction
4.10. This means that QT is a general enough object to study the existence of nice gradings
for the associated representation, as we shall see in Theorem 4.19.

REMARK 4.14. Use the notation of Construction 4.12. We have now recursively defined
X QW ¢ T 5 QW, and 7V : QW — QU=Y for all i > 0, assuming that we define
QY :=Q.ForallveTly, acly, and i €N, define v = ¢ (v) and a® = ¢ (a). Then,
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note that for i > 1 and o € Ty, 7 : QW — QU~V satisfies 7V (V) = =1, Then, we
have the following elementary properties:

1. o =700 for all i > 0.

2. c=7W0...7050 for all > 1.

3. The map Hy(r®): Hj(QM,Z) — H(Q~,Z) induces a map V7 — V™ (still
denoted Hy (7)) that satisfies H; (T(i))(Xéi)) = X5 for all v € Ty and i > 1.

4. If a, B €Ty satisfy a®) = B*) for some k > 1, then

c(a) = c(B),
(k1) _ (h-1)
Xow) =Xasp) >

(k—1) o (k—1)
Xita) = Xi(p)

by the definition of Q*). Applying the maps H; (7)) for 0 <i < k implies that

@) _ ()
X = Xs(p)
@) _ (@)
Xita) = X1(p)>

forall 0 <7< k.

ExaMPLE 4.15. Let us compute the i-nice variables for Example 4.7. To begin, let us
label the vertices and arrows of I' :=1"; as follows:

Bi B2 N 47
I'= v, vy V3 V4 Vs

where the coloring map c: I' — Ly is understood to satisfy ¢(3;) = c¢(v;) = o; for all i = 1,2.
We will choose v; as a basepoint throughout. Since IT' is a tree, H1(I',Z) = 0 and V](\E)[) =
Zo @ Zas. Hence, X ig the function

XO .1y Y

(% 0
V2 aq
V3 — o1+ Qo
V4 (€5)
Vs 0

Then, the arrows of Q) are described as follows:

51) = (07a17a1)7
él) = (1,01 + a2, 02),
751) = (2,01 + a2, 01),

’751) = (07012,012).
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Note that o : T'— QM is injective on arrows, so Q1) is the quiver:

oY

(1) (1)

It follows that V](Vll) = Zﬂg) @Zﬂél) @Z’y(l) @Z’yél) >~ 7% and XM is the function

X1y -V

(%] 0

Vs 5(1)

v | M 4 g

v ONPIORING

Us 5(1)4'5(1) (1)_7§1)

A similar description holds for all ¢ > 2. For all such 4, we have V](\f[) = Zﬁ%i) @Zﬂ(l) @Zy(l)
Zwél) >~ 74 and X is the function

X0 1y — Vi)

0
vt 2
V2
s e (l) + 5(%)
Vg (1) ﬁ(%) (1)
Vs ( _ _ (Z)
1 52 1 Y2

It will turn out that such behavior is typical whenever I' is a tree.

ExamMpPLE 4.16. Let @ = Ls, and let M be the representation with the following

coefficient quiver:
V3
2N
= W V2
'\ V
Vi

Here, the winding ¢ : I' — Ly is understood to satisfy ¢(8;) = ¢(vi) = a; for i =1,2. We
)=

choose v; to be the basepoint throughout. Note that Im(:0 Hy(c)) = Z(2a1 — 2a3), and so
V(O) is the torsion-free quotient of gﬁﬁ% = 7@ Zs. Thus, VJ(\S) =7, and we will denote
the generator corresponding to the coset of a; by a.. The 0-nice variables are then described

via the function
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U1 0
V2 (6]
'_>
V3 0
V4 [0
It follows that
ﬁ§1)='y§1)
~
Q(l) = (07.) (aa.)a
~_
5§1):7§1)

where e denotes the unique vertex of Ly. The winding map ¢(!) is given by

U1 (0’ .)
V2 (a7.)
U3 ~ (Oa .) ’
V4 (OL,.)
1

By §1)
Ba By

= (1)
Y1 By
V2 (1)

28V oz88Y

(208" -85"))
by 8, we find that the 1-nice variables are given by

Hence, V](Vlf) is the torsion-free quotient of & 7 @ Zs. Denoting its generator

XMy -y

U1 0
V2 p
V3 — 0
Vg g

We see that for this representation, no new information is obtained from iteration. This
reflects the fact that for any nice grading 0 of M, a O-nice grading is the same as a nice
grading. Note that v; and vs cannot be distinguished by any nice sequence, nor can vs and
vgq. This will turn out to be typical behavior for I' a “non-primitive quiver of type A, (see
Definition 5.19).

DEFINITION 4.17. Let M and N be abelian groups. A function f: M — N is said to be
affine if there exists a z € N such that z — f(x)— z is a group homomorphism. If M = N
and f(z)=x+ z, we say that f is a translation. The translations of M form a group under
composition isomorphic to M.

REMARK 4.18. Assuming that ¢:I" — @ is indecomposable, the variables (X ("))120 are

unique up to translation in V](\i,). Hence, the condition Xq(f) = Xq(,i) does not depend on the
choice of basepoint.
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The following theorem explains the name “universal nice grading” as one obtains any
nice sequence as an evaluation of universal nice gradings. In other words, any nice sequence
0 uniquely factors through universal nice gradings as follows:

To be precise, we prove the following.

THEOREM 4.19. Let M be an indecomposable Fy-representation of Q, and let c: " — Q
be the associated winding with basepoint b. Let 0 = (0;)52, be a nice sequence for M. Then,
for each i, there exists a unique affine map

ev®(9) : VJ(\? —7Z

such that 9; = ev(?(9) o X, We write X (9) := ev(®?(9) o X @) and call it the evaluation
of X at 9.

Proof. We first prove the claim for ¢ = 0. Define a map go : V](\g) — 7Z via the formula
(@) ~ Bo(t(a)) — Bo(s(a)), (4.17)

where a € I'y. We must show that this map is well defined. First, note that dy : I'o — Z
extends uniquely to a group map ZI'g — Z (also denoted dp). Since Jy is a nice grading, we
have a well-defined map gg : ZQ1 — Z defined via the following formulas:

1. go(c(a)) = 0p(t(a)) — Do (s(v)), for all c¢(a) € ¢(I'1).
2. go(B)=0, for all B€ Qq\c(I'y).

If Z:=> Aya is an element of Hq(I',Z), then
0= Xalt(a) —s(a)],
and hence the element (9 H,(c)(Z) = 3 Aac(a) satisfies
3o (Y- Aac(@)) = D~ Aado(c(a))

= Xalo(t(@)) = do(s(a))]

=0 (3 Aalt(@) = ()

=0.
In other words, §og descends to a map on VJ(\E][) and g is well defined.'® We now set

ev( () := go+ 8o (D).

18 Note that any homomorphism f : M — N between abelian groups induces a homomorphism M /t(M) —

N/t(N).
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Let v € T’y with af'--- o' a walk in I" from b to v. Then

do(v) = Bo(b) + Z ¢j[00(t(7)) = do(s(a;))]

= 8y (b) + go Zejc(aj) +Im(:(9 o Hy(c))
= 0o(b) + 9o <X50)>
= [ev(@(9) 0o XO](v),

so we have the desired factorization. To prove uniqueness, suppose a : V](\g) — 7Z is an affine
map such that 9y = ao X (). Then, in particular,

ev©@(9)(0) = Ao (b)
= [ao X©)(b)

=a (X£0)>

=a(0).

In other words, go = ev(?)(9) — 9y(b) and f :=a — dy(b) are both group homomorphisms.
Pick a € I'; and let p=af' - -« denote a walk from b to s(a) in I'. Then, po is a walk
from b to t(«) in I" and

go(e(a)) = Bp(#(a)) = Do(s(c)
= [g0 (252)) + 20| = [g0 (X)) +20(0)]

)
s Xs(a>>

It follows that a = ev(®)(9). Thus, the claim holds for i = 0. Now, suppose that i > 0, and
that the result has been proved for all j < i. Since 9y is a nice grading for 0(®) = ¢, we may
also assume by induction that J; is a nice grading for o) for all 0 < j < i. Under these
assumptions, we claim that d; induces a nice grading on o). Suppose that a, 5 € I'; are
given such that o = ¢ (a) = () (8) = ). Then, by definition of Q(?), we must have

(i—-1) (i—1)
Xow) =Xap)

(i—-1) (i—1)
Xita) =Xi(p) -
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By Remark 4.14, this also implies

() €))
Xs(a) = Xs(8)
©)) ()
Xitay = Xipy

for all 0 < j < 4. By induction, for all 0 < j < ¢, there exists a unique affine map ev(j)(Q) :
Vj(é) — 7 satisfying 9; = ev()(9) 0o X(). In particular we must have

0;(s()) = ev(@)(X{)))
=ev a)(X(” )
= 9;(s(8)),
for all 0 < j <. Similarly, 0;(¢t(«)) = 0;(¢(5)) for all 0 < j < i as well. Since c¢(a) = ¢(3) as
well, the assumption that 0; is a (Jp,...,0;—1)-nice grading implies that
9i(t()) = Di(s(a)) = 95(t(B)) — Di(s(B)),
from which it follows that 8; is a nice grading for ¢(?). By the base case, there exists a

unique affine map ev(®(9) : V](\g)( ) L satisfying 9; = ev(¥)(9) o X (M ). Since V( D= V](S[)( )

and X = X(M®) by Construction 4.12, the result now follows from induction. 0

(
(

The proof above readily implies the following:

COROLLARY 4.20. Let M be an indecomposable F1-representation of Q, and let c:T'— @
be the associated winding with basepoint b. Let (0;);>0 be a nice sequence for M. Then, for
each i, 9; is a nice grading for @ : T — Q.

REMARK 4.21. We can view a nice grading as a certain integer-valued function on the
arrows of (). Indeed, a nice grading on M is the same thing as a nice sequence 9 = (9;)i>0
with 9; =0 for all 4 > 0. By Theorem 4.19, a nice grading on M is then an affine map
I Vj(\g) — Z. Writing f = g+ z with z an integer and ¢ : Vj(\g) — 7 a group homomorphism,
the map g can be identified with a group homomorphism Z@); — Z that vanishes on
Im(co Hyi(c)). If by,...,b; is a cycle basis for Hi(I',Z), then a map Z@Q; — Z vanishes
on Im(vo Hy(c)) if and only if it vanishes on [0 Hq(c)](b;) for each i. Finally, any such
homomorphism comes from a unique function Q1 — Z.

COROLLARY 4.22. Let c:I' — @Q be an indecomposable winding with associated repre-
sentation M. Let X denote the universal i-nice grading of M. Then, for any two w,z € Iy,
there exists a nice sequence distinguishing w and z if and only if Xq(ﬁ) %+ Xz(l) for some 1.

Proof. By Theorem 4.19, a nice sequence 0 is equivalent to a collection of affine maps
E;:=evW(9): V](\ﬁ[) — Z. Write E; = h; +x;, where h; : V](\? — Z is a group homomorphism
and z; € Z. The ith map will distinguish w and z if and only if Ei(XfUi)) # Ei(Xgi));
hence, 0 # E;(X$) — Ey(X) = hy( X)) = ha (X)) = hy(X 5 — X7, This implies that
Xl(f ) # X E“. Conversely, assume that Xq(ui ) +X éi) . Since VJ(\? is a finitely generated torsion-
free abelian group, it is free abelian and hence has a basis {b1,...,b,,}. If b} : V(l) — 7 is
the homomorphism defined by b} (b;) = d;;, then X0 # x9 imphes b3 (Xq(f)) # b;'f(Xgi)) for
some j. Setting E; =b; and Ej, =0 for all £ #0, {Ej }r>0 is a collection of affine maps which
induce a nice sequence distinguishing w and z. O
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85. Euler characteristics of quiver Grassmannians

5.1 Nice representations

Our reason for considering nice sequences for Fq-representations is that, under certain
circumstances, they allow us to combinatorially compute the Euler characteristics of
associated quiver Grassmannians. In this section, we introduce the notion of a mnice
Fi-representation of . If M is a nice F;i-representation, then the Euler characteristic of
Grg(M(c), the quiver Grassmannian associated with the C-representation Mc of Q,'” can be
computed as the number of e-dimensional subrepresentations of M. This is a combinatorial
task, since M is a finite set. We prove several sufficient conditions for M to be nice:
more precisely, we prove sufficient conditions for the existence of a nice sequence on M
distinguishing vertices. We formalize this idea with the nice length of a representation,
which we use to construct new Hopf algebras from Hg and Hg ni in §6.2. We conclude
this subsection with several examples of nice representations, including a family of nice
representations for () =L, whose cycle spaces can have arbitrarily high rank. Previously in
the literature, only tree modules, band modules, and representations of nice length 0 had
been explicitly considered. The above discussion motivates the following definition.

DEFINITION 5.1. Let M be an Fi-representation of () with associated winding

CMZFM—>Q.

We say that M is nice if the following equation holds, for all dimension vectors e < dim(M):

Xe(Mc) =[{N < M | dim(N) = e}/, (5.1)
where yeo(Mc) is the Euler characteristic of Gr&(Mc).

In what follows, we will simply denote Gr&(Mc) by Gre(Mc) whenever there is no
possible confusion.

In Lemma 1 of [1], Cerulli Irelli shows that a nice grading on a string module M induces
an algebraic action of C* on Gre(M) for each dimension vector e. Writing M = €D, o, Mi,
this action has finitely many fixed points when the grading distinguishes the basis elements
of M; for each i, in which case the number of fixed points equals xo(M). In Theorem 1.1
of [7], Haupt generalizes this result to arbitrary representations and gradings. As a special
case, Lemma 4.11 and Corollary 5.2 of [7] show how (0y,...,0;)-nice gradings distinguishing
basis elements can be used to compute Euler characteristics of quiver Grassmannians by
counting fixed points of the induced torus actions. Haupt then applies these results to tree
and band modules. The proposition below is essentially a restatement of the result on Euler
characteristics from [7]. We include a proof for the convenience of the reader.

PROPOSITION 5.2 [7]. Let M be an Fy-representation of Q, and let O be a nice sequence
for M which distinguishes vertices. Then, M is a nice representation.

19" Recall that M is the C-representation of ( obtained from M via “base change” as in (2.2) and (2.3).
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Proof. Note that I'j; can be considered as a coefficient quiver of M¢ in the sense of

Ringel [24] with a choice of a basis as follows:*"

B= || B,  B(v)=M\{0}. (5.2)

vEQo

Since d distinguishes vertices, there exists an n € N such that for all z,y € (I'pr)0, 0i(x) #
0;(y) for some ¢ < n. In particular, the elements of M¢ which are d;-homogeneous (as in
[7, p. 756]) for all i <n are precisely the scalar multiples of elements in the set B.

Now, it follows from [7, Th. 1.1] that for all e < dim(M), Gre(Mc) has the same Euler
characteristic as the locally closed subset

X ={N € Gre(Mc) | N has a 9;-homogeneous basis for all i <n.}. (5.3)

From the aforementioned correspondence between elements of Mc which are 0;-
homogeneous and the scalar multiples of elements in B, any N as in (5.3) must have a basis
By C B. It is then easy to check that the span of By defines a C-representation if and only
if By is an Fy-representation of @.?! Hence, X is a finite set with [{N < M | dim(N) = e}|
elements, and so M is nice. U

For an [Fi-representation M of () and its subrepresentation /N, one can define the quotient
M /N by using the quotient of F1-vector spaces in Definition 2.2. By a subquotient, we mean
a quotient of a subrepresentation of M. The following is straightforward.

PRrROPOSITION 5.3. Let M be an Fq-representation of @ with associated winding cpy :
Iy — Q. Let M'/N' denote a subquotient of M with associated winding cyp/n:. If ey
admits a non-degenerate, positive or negative (9, .. .,0,)-nice grading, then so does cyp /-

Proof. 1t follows from [10, Lem. 3.12] that the coefficient quiver of M'/N’ is a subquiver
of I'y;. Hence, any non-degenerate/positive/negative (Jy,...,0,)-nice grading on M will
restrict to one on M’/N’. U

DEFINITION 5.4. Let M be an Fi-representation of @ with coefficient quiver I' := 1"y,
and winding map ¢ := cjps. Recall from Definition 4.6 that a nice sequence (9;) for M
distinguishes vertices if for each distinct x,y € I'g, there exists an i € N for which 0;(z) #
0i(y). We say that M has finite nice length if there exists a nice sequence (9;) for M which
distinguishes vertices in finitely many steps, in the sense that there exists an N € N such
that for all distinct x,y € I'g, 0;(z) # 0;(y) for some i < N. If M has finite nice length, the
nice length of M is the smallest nonnegative integer n such that there exists a nice sequence
0 = (0;)$2, for which the truncated sequence (0y,...,0,) distinguishes vertices. We write
nice(M) = n in this case, and nice(M) = oo if M does not have finite nice length.

The following properties are clear from the definition (and Proposition 5.2):

1. If nice(M) < oo, then M is nice.
2. If M is an Fy-representation of @, then nice(M’/N) < nice(M) for any subquotient
M'/N of M. In particular, if nice(M) < oo, then nice(M’/N) < co.

20 GQee 8§2.3 for the definition of coefficient quivers by Ringel.
21 This essentially follows from the fact that fo(Bx) C BU{0} for all a € Q.
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EXAMPLE 5.5. Let M be an Fi-representation of (), with I' :=I')y and ¢ := cp.
In Theorem 1 of [1], Cerulli Irelli considers a map d: Ty — Z which satisfies the two
conditions:

(D1) For all v € Qo, the function d restricts to an injection on ¢~!(v).
(D2) The function d is a nice grading on M.

If such a d exists, then certainly nice(M) < 1, say by Proposition 6.1 of [7]. In fact, we
claim nice(M) = 0. To do this, we must find an injective nice grading of M. First, note that
if f:Qo— Z is any function, then f induces a nice grading f*:1'g — Z via the formula
f*(v) = f(c(v)). It is straightforward to check that d+ f* still satisfies (D1) and (D2). Pick
an ordering vy, ..., v, of Qo, and for each i =0,...,m, set B; := ¢~ (v;). Define a function
f: Qo — 7Z as follows:

f(v;) =2 max (|d(u) —d(v)|+1),i=0,...,m.

u,vElg

Setting 0 := d+ f* yields a nice grading of M that distinguishes any two vertices of
B;, for i =0,...,m. If uw € B; and v € B; with i < j, a straightforward computation
reveals that 0(v) —0(u) > 1. Hence, 0 distinguishes all vertices of I" and nice(M) = 0,
as claimed. Conversely, any representation M with nice length 0 admits a grading that
satisfies (D1) and (D2). Hence, we may identify such F;-representations as those with nice
length 0.

EXAMPLE 5.6. In light of Corollary 4.22, the computation in Example 4.15 shows that
the string module described in Example 4.7 has nice length 1. Similarly, one can show that
the string module described in Example 4.8 has nice length 2. Indeed, consider the vertices
a,b,...,i defined as follows:

a
all
b

(0 (04} 04 [07]
) [ ] [} C
[05) [0/ o o
e [ ] L] X d
(0] l
o3 [2%] o3 [2%]
f ° ° ° g
[04] (0%) [04] (0%)
i . o o h (5.4)

Fixing a as a basepoint, we have

X0 = X = x0 = x = x =0,

X =x0=x" =X =q.
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The quiver Q) is given as follows:

a1+ ag+ag

o1+ ag T~ o1+ as

Qo D~ Qs

a9 + Qg

Here, each vertex is labeled by its O-nice variable, T and D are considered as elements of
H,(QW,7Z) with the clockwise orientation, and \ is an arrow of Q*). We now have Xc(bl) =
xM=0,xM=x xP =241, XV =1, xIV =7+ D, X{ =X+T+D, X;V =2+ D,
and X }(Ll) = D. Since XC(Ll) = Xi(l), it follows that the nice length of this representation is at

least 2. Since the nice sequence (9y,01,02,0,0,...) described in Example 4.8 distinguishes
vertices, the nice length of this representation is exactly 2.

Let ¢: ' = @ be a winding and « € Q1. In the following, it will be convenient to endow
¢ () with the structure of a subquiver. We let ¢~!(a) mean the arrow-induced subquiver
of T whose set of arrows is {8 € I'; | ¢(8) = a} and whose vertex set consists of the sources
and targets of those f.

PROPOSITION 5.7. Let M be an Fi-representation of Q, and let cpr : 'y — @Q denote
the associated winding. Let O be a nice grading on M. Then, the following hold:

1. If O is positive or negative, then M is nilpotent.

2. Suppose that O is positive or negative, and that Q has no loops. If for each o € Q1, O
restricts to an injection on the set {s(8) | B € (U'nr)1,cm(B) = a}, then nice(M) <1 and
M is nice.

3. If 9 is non-degenerate and cy} () is connected for all a € Qy, then nice(M) <1 and M
is nice.

Proof. For (1) and (2), we only prove the case that 0 is positive, as the negative case is
similar.
(1) Suppose that f;--- 4 is an oriented cycle in I'j; with v := s(51) =t(B4). Then,

d
I(v) = ZAgM(m) +0(v),
i=1
which implies Z?Zl AfM( 8 = 0, contradicting the positivity of 0. It follows that I'j; is
acyclic, so M is nilpotent.
(2) For each a € @1, let S, denote the subquiver of I'j; whose vertex set is (I'ys)o and
whose arrow set is A, :={f € (I'm)1 | ¢(8) = a}. Since @ has no loops, for each a € Q1,
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the connected components of S, are isolated vertices or arrows. Combining this with the
assumption that d restricts to an injection on {s(8) | 8 € A}, it follows that for any two
arrows [3,7 € A,, we have 9(s()) # 9(s(7y)). Then, Conditions (4.1) and (4.3) can never
hold simultaneously, and so any grading is a O-nice grading. In particular, any injective
function 04 : (I'ar)o — Z is a O-nice grading. Then (9,0:,0,0,0...) is a nice sequence for M
distinguishing vertices and hence nice(M) < 1.

(3) Since ¢, () is connected, it must be an oriented path of length > 0. Tt follows from
the non-degeneracy of 9 that for any two vertices v,w € ¢y} (), d(v) # d(w). Then, there
is an injective d-nice grading on M, and hence nice(M) < 1. 0

Let ¢:T'—= Q and ¢ : I" — @ be two winding maps. Suppose that v € I'y and v' € I'j)
satisfy ¢(v) = ¢/(v'). Then, one can define the amalgam I'U,.,» I’ and associated quiver
map clUyy € Ty IV — Q?2. Note that if ¢(I'1) Ne(T)) = 0, then cl,~, ¢ is again
a winding. The next proposition shows how nice sequences behave with respect to such
amalgams.

PROPOSITION 5.8. Let M and N be Fy-representations of @ with cpr: I'ny — Q and
ey Ty — @ their associated windings. Suppose that cp(T'pr) and en(Tn) have disjoint
arrow sets, and that there are vertices u € (I'pr)o and v € (I'n)o with cpr(u) =cen(v). Let A
denote the Fi-representation of Q) associated with the amalgam cprUymy : s U 'y — Q.
If nice(M) < 0o and nice(N) < 0o, then nice(A) < oo and A is nice.

Proof. We will write I'y4 = I'py Uy~ I'n to ease notation. Choose the points u, v, and
u =1 as basepoints for M, N, and A. Let X, Y and Z( denote the i-nice variables
(defined in Construction 4.12) for M, N, and A. Let Bj; and By be the cycle bases of I'y,
and 'y associated with any two spanning trees containing the vertices u and v, respectively.
Then, By; UBx can be considered as a cycle basis for I'4. Since ¢(I'js) and ¢(I'y) have no
arrows in common, the inclusions I'y; < I'y and I'y — I'4 induce a sequence of group
isomorphisms
y@ L7 D ) (5.6)
satisfying f(i)(Zq(Ui)) = X whenever w € (T'ar)o and f(i)(Zq(,Ji)) =Y whenever w € (T'n)o-
Since any two vertices of I'y; can be distinguished by a nice sequence for M, it follows that
they can be distinguished by a nice sequence for A as well. Similarly, any two vertices of I'y
and can be distinguished by a nice sequence for A. By Remark 4.9, one may begin any nice
sequence for A with the (finitely many) gradings necessary to distinguish these vertices.
Hence, it only remains to show that a vertex w € (I'pr)o can be distinguished from a vertex
z € ('y)o by a nice sequence for A. By Corollary 4.22, this is equivalent to showing that
Zl(,f) - Z;i) # 0 for some 4. If qui) —Zgi) =0 for all 4, then f(i>(ij) —Zéi)) = Xfui) —Yz(i) =0
for all ¢ as well. But this would imply that Xff) and Yz(i) were both 0 for all ¢ from
the decomposition (5.6). But then w cannot be distinguished from u and z cannot be
distinguished from v, a contradiction. Hence, Zq(ui ) _ Z,gi) = 0 for some i, which concludes the
proof. 0

In general, determining the Fi-representations of ¢ which admit a positive grading is a
subtle problem. Below, we describe a family of representations which admit positive and

22 For more details, see [10, Def. 3.4].

https://doi.org/10.1017/nmj.2023.37 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.37

596 J. JUN AND A. SISTKO

injective nice gradings. In particular, such representations are nice. These representations
are interesting because they are defined by windings ¢: I' — @, where H;(I',Z) can have
arbitrarily large rank. The main results of [7] explicitly depend on I" being a tree or a band.

PRrROPOSITION 5.9. Let M be a nilpotent Fi-representation of Q) with associated
winding cpr. Suppose that c]T/Il(a) is connected for all o € Q1, and that I'p; contains a
set of Z-linearly independent cycles {X1,...,X,} with the following properties:

(i)  The cycles [vo Hy(cpm)|(X1), ... [to Hi(em)][(Xy) form a Q-basis for Q ®zIm(co
Hy(cenr)), where vo Hy(cpy) is as in (4.15).

(ii)  For all i, we can write X; = p; —q;, where p; and q; are directed paths of positive length
wn I'py with common source and target, but no interior vertices in common.

(iii) For eachi<n, either car(p;) orcar(q;) consists of arrows that do not appear in car(X;)
for j # i, where we consider cyr(X;) as a subquiver of Q.

Then, nice(M) <1 and M is nice.

Proof. For each i, write p; = ag) aéi_) and ¢; ﬂ() el , where the ay) and ﬁ](.i)

are arrows in I'p;. For each i =1,...,n, we let Y; = [to Hy(cpr)](X;). To begin, note that
Property (i) implies that {Y7,...,Y,,} generates a full-rank subgroup of Im(co Hy(cps)). This
means that for any « € Im(vo Hy(car)), there exists a positive integer m such that mzx is
a Z-linear combination of {Y7,...,Y,}. But by Remark 4.21, a nice grading on M may be
viewed as a function ()1 — Z whose induced group homomorphism Z@); — Z factors through
Im(co Hi(cpr)). Let A: Q1 — Z be any function such that the induced map (also denoted
A) satisfies A(Y;) =0 for all 7. Then, in particular, 0 = A(mz) = mA(x); hence, A(z) =
since m is positive. It now follows from Property (ii) that a nice grading on M is a map
A : Q1 — Z satisfying

ZA (e ZA ﬁ() foralli=1,....n

We now prove the claim by induction on n. If n =1, then defining A(ag-l)) =e; for all j <d;,
A(B](.l)) =d, for all j <ej, and A(a) =1 otherwise yields such a map. This A is a positive
nice grading, so that since cA_Jl () is connected for all « € @1, M is nice by Proposition 5.7.
Now, suppose the claim holds for all k¥ < n. By induction, we can define a map

A U (em(Xi))1 — N\ {0}

<n

such that
d;
NG ) Z m(B9)), for all i < n. (5.7)
=1 =1

By multiplying d,,, we have the following;:

d;
ZdnA’(c Zd A'( B( )Y), for all i < n. (5.8)
j=1

23 When considered as elements of Hy (I, 7).

https://doi.org/10.1017/nmj.2023.37 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.37

F1-REPRESENTATIONS AND EULER CHARACTERISTICS 597
Define the map A to be the scalar multiple A = d,,A’:

A (enr(X))1 = NV{0},  enr(al) s dnA (ear(ah)). (5.9)

<n

After possibly relabeling p,, and ¢,,, we may assume via Property (iii) that cys(p,) contains
no arrows in cpr(X;) for j < n. Furthermore, since ¢, (a) is connected for all a € Q1,
Property (i) implies that cps(py,) and ¢pr(gy,) have no arrows in common. Then, the condition
that A extends to a nice grading on I'j; is precisely the requirement that there exist
integers

o Alear(al™) for k=1,...d,,
. A(CM(B,(CH))), whenever CM(B,(Cn)) not an arrow in ¢y (X;) with i <n,

such that
S Alen Z () (5.10)

We construct such a A as follows: first, for any cps( ,(gn)) which are not arrows in ¢(X;)
(i <n), define A(car( ,gn))) = d,,. Then, the right-hand side of (5.10) is a positive integer
divisible by d,,. Define

Alear(al™)) ZA (BS™)), for all j =1,...,dn.
Finally, define A(«) =1 for any remaining arrows a € Q1. Then, A is a positive grading on
M, so that nice(M) <1 by Proposition 5.7. 0
We now illustrate this result with some examples.

ExXAMPLE 5.10. Let @Q =L3. For the sake of illustration, let {c,3,v} denote the arrow
set of L. Then, the representation M with coefficient quiver

o % Lo % .o

R AT
N ey PN

satisfies the hypotheses of Proposition 5.9 with

I'y=
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and

.%.
X, = % y
B
e — > @

Here, we interpret the cycles clockwise so that [co Hyi(cp)](X1) =2y —35 and [to
Hi(em)](X2) =2(a—B). We exclude the cycle

since [to Hy(cp)]|(Y) =4(a—B) =2[o Hi(cpr)](X2). Note that the one-dimensional subrep-
resentations of M are precisely the sinks of I'j;. The two-dimensional subrepresentations
are either a direct sum of two simples or indecomposable: the indecomposables are
parameterized by sets of the form {s,t}, where s and t are vertices of I'y/, ¢ is a sink,
and there is exists an arrow s <t in I'p;. Tt follows that x1(Mc) = 2 and x2(Mc) = 4.
Similar considerations allows one to compute the remaining FEuler characteristics.

ExamMpPLE 5.11. Let @ = Lo, the quiver with one vertex and two loops. We will let
(L2)1 ={a1, a2}, with ag-colored arrows appearing in blue and as-colored arrows appearing
in red. An Fq-representation M of @) will be called a 2-strand representation if there exists a

9% d-matrix X = ( 0 M2 0 T )With entries in Z~q such that I'y; can be described

nl n2 Y nd
as follows:

/
N\

my

__“
=

3
\N/\ v\
E/
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where each colored arrow above represents an oriented path of length m; (resp. n;), and an
arrow with no label is allowed to be of arbitrary length. Up to translations, a nice grading
on M is a pair (A1,As) € Z? satisfying

m; A1 =n;Ao, foralli=1,...,d.

Using Proposition 5.9, it follows that M admits a positive grading if and only if rank(X) =1.
Indeed, if rank(X) = 1, then the columns of X are Q-linear multiples of each other and
Q®Im(roHi(epmr)) = Q(niaz —maaq). In this case, we only need

°
X1:m1g )”1
[

to satisfy the hypotheses of Proposition 5.9. Note that Condition (iii) is vacuous since n = 1.
If rank(X) > 1, then there exist two columns ( Tgl ) and ( "1 ) of X that are linearly
i

nj
independent over Q. In particular,

det( M My )z—det( My )7&0.
—n; —Nny n; ny

Then, m;A; =n; Ay and m;A; = n;A, implies

which has only the trivial solution At = 0 .
A, 0

The following are more explicit examples.

EXAMPLE 5.12. Let M be a representation M = (Mo, f1,f2) of Lo, where My =

{0,1,2,3},
HhCZ e Df
such that
H) =2, fi(2)=3, f(3)=0,
and

L1)=2 f(2)=3, f(3)=0.

Then, I'j; can be described as follows (f; is in blue and f; is in red):
1
o
o
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Then, Mc is a representation of Ly over C given as follows:

Alc (CS Dsz

where

00
A=A,=4=1|1 0
0 1

o O O

So, in this case, Gr (Mc) consists of the lines of C? invariant under the linear transformation
0

A. One can easily see that this set consists only of the line spanned by the vector [0]. It
1

follows that x1(Mc)=1. On the other hand, following the notation in Example 5.11, M is

a 2-strand representation in Rep(LLo, ), with associated matrix

11
X = )
i
It follows from the discussion in Example 5.11 that M is nice, in particular, we have
x1(Mc)={N <M |dim(N)=1}|=1. (5.11)

When e = 2, one may obtain xe(Mc) =1 from the duality in C (or applying the same
matrix computation as in the case for d =1). This is also clear as follows:

Ya(Me) = [{N < M | dim(N) = 2}| = 1. (5.12)

ExaMPLE 5.13. Let M be a representation M = (Mo, f1,f2) of Lo, where My =
{0,1,2,3} such that

A1) =3, A(2)=hHB) =0,

and

L1)=2 f(2)=3, f(3)=0.

Then, I'y; can be described as follows (f; is in blue and f5 is in red):

1 \
< 2
3 /
Then, Mc is a representation of Ly over C given as follows:

M C D,
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where
0 00 000
Ay=10 0 0], A;=1|[1 0 0
100 010
0
Again, in this case, Gr1(Mc¢) consists only of the line spanned by the vector [0]. It follows
1

that x1(Mc) = 1. On the other hand, M is a 2-strand representation with associated matrix

1
X = [2] |
It follows from Example 5.11 that M is nice, and we have
x1(Mc)={N <M |dim(N) =1} =1. (5.13)

The following example illustrates how our gluing procedure in Proposition 5.8 creates a
nice grading.

EXAMPLE 5.14. Let Q = L4, the quiver with one vertex and four loops. We will write
Q1 ={a1,a2,as3,a4}. Consider the 2-strand representation

/\
M:\/

By the discussion above, there is a nice sequence 0 distinguishing its vertices. For instance,
if we define 9y as

then any map (I'y7)p — Z is a Jp-nice grading. Hence, we can take 0 (v;) =1 for all i <4,
and set 0; =0 for all j > 1.
Now, define N to be the string representation

N =

Note that any vector (A1,As, Az, Ay) € Z* induces a nice grading on N, but no choice
distinguishes v} and vf. Nevertheless, there is a nice sequence §’ for N which distinguishes
its vertices. For instance, we can set

03 Oy 03 oy

PR 372 0
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so that any map (I'y)g — Z is a 0)-nice grading. As before, set 9](v;) =1 for i <5 and
9; =0 for j > 1.
We can glue M and N by identifying v; = v] to obtain another representation A:

/ [04] / Ol / 3 / Oy /
(vi =}) V2 V3 Yy Vs
>
vV 1%
A= 2 3
%9
\ w

Proposition 5.8 ensures that A admits a nice sequence which distinguishes vertices.

5.2 Low-dimensional niceness results

In this subsection, we give new proofs of results first published in [1], [7]. These new
proofs fix apparent gaps in the proofs of Lemmas 6.3 and 6.4 of [7] (see the Appendix at
the end of this article for more details). In particular, we show that an F;-representation
M of @ is nice if Iy is either a tree or a (primitive) affine Dynkin quiver of type A,. We
then apply these results to classify the representations of finite nice length when @ is a
pseudotree.

REMARK 5.15. Let M be an [F1-representation of (). Suppose that S C I'ys is a subquiver
that is a deformation retract, and let N denote the representation induced by the restriction
of cps to S. Then, 'y =S, Hi(I'ny,Z) = Hi(T'p,Z), and we can find a cycle basis for I'y
which is also a cycle basis for I'y;. In other words, Hy(I'y,Z) and Hy(I'ps,7Z) correspond to
the same subgroup of ZQ;. It follows that there is a commutative diagram

H\(Tn,Z) —2— H\(Ta,Z)
J/¢N L?SM (5'14)

7Q) ——— 7Q,

where 1) is an isomorphism, ¢ = ¢1 0 Hi(cpr), and ¢ty = 1o 0 Hy(cn), where ¢1 (resp. to) is
the inclusion of the image of Hy(cpr) (resp. Hi(cwn)) into ZQq. This allows us to identify
coker (110 Hy(cpr)) with coker(uo0 Hy(cn)), which in turn allows us to identify nice gradings
of M with nice gradings of N. We will make such identifications freely throughout this text.

Recall that any winding c¢: I' = @ can be considered as a certain coloring of I', where I’y
(resp. I'1) is colored by Qg (resp. @1). In what follows, we interchangeably use the terms
colored quivers and coefficient quivers.

LEMMA 5.16. Let cy,...,¢p be a basis for Hi(T'pr). Suppose that v is a vertex of Ty
that lies in none of the cycles c1,...,cm. Let Ty \{v} denote the colored subquiver of T'ps
obtained by deleting v and all arrows incident to it. Then, I'pr admits a nontrivial (resp.
non-degenerate, positive, negative) grading if and only if T'pr\ {v} does.

Proof. Since I'j; \ {v} is a deformation retract of I'y;, this directly follows from Remark
5.15. 0
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LEMMA 5.17. Letc:T'— @Q be a winding with I' a Dynkin quiver of type A,,, and let M
denote the associated representation. Pick a basepoint b € I'g. Then, there exists an N such
that for alli> N:

1. The universal i-nice grading X : Ty — V](\f[) 18 1njective.
2. If the distance from v to b is d, then Xi(,z) s a linear combination of d distinct elements
of Q(ll) with nonzero coefficients.

In particular, from Corollary 4.22, nice(M) < oo and M is nice.

Proof. Write T' = af'---a;"~] throughout. We start by proving the following claim: if
there is no such N such that (1) holds for all ¢ > N, then I" contains distinct arrows 3,y € I'y
with ¢(8) = c(y) and either s(8) = s() or t(8) =t(7), contradicting the assumption that c is
a winding. The cases n = 2,3 can be verified through direct computation. Suppose the claim
holds for all £ < n. If no such N exists, then Corollary 4.22 implies that there exist vertices
u,v € I'g such that X&i) = qui) for all i. Indeed, Xl(f) #* Xﬁi) implies X£i+1) =+ quiﬂ) since
Hl(T(i“))(XyH)) =X for all z €Ty (see Remark 4.14). If {u,v} # {s(af"),t(a;" )},
then the claim follows from induction, so without loss of generality assume u = s(aj") and
v = t(a;"_’f). By Remark 4.18, we may assume b = u so that Xz(f) = qui) =0 for all 3.
Since I' is simply connected as a topological space, V](\f[) is contained in ZQgi) for each i.
Furthermore,

0= Xéi) = en_la(i) 1 +X;i) en—1

n- (an—l )

This implies that there exists a 7 < n— 1 such that the following equations hold for all i:
€j+€n—1= 0, (515)
ol =all) ). (5.16)

Indeed, for each i, it is clear that a j depending on i exists. To prove that j can be chosen
independently of 4, for each j <n—1,let S; ={i e N| (5.15) and (5.16) hold for ay) }. By
the pigeonhole principle, S; must be unbounded for a fixed j. But then, (5.16) implies that
agi/) = agfl)l for all i <1, again using Remark 4.14. It follows that S; is an unbounded,
successor-closed subset of the poset (N, <), and so S; = N. Having established the existence
of such a j, the definition of Q" implies
(B _ @
Xm%—&@:w

€n—1

1) contains the desired
subquiver by the induction hypothesis. Hence, Claim (1) holds, since ¢: ' - @ is a
winding. So, choose an N’ such that X is injective for all i > N’. Then, by construction,
oW . 5 TN+ will be injective on arrows. Hence, Claims (1) and (2) will hold for
N=N'+1. 0

which in turn implies that the subwalk from s(a;j ) to s(a

The following corollary confirms the truth of [7, Lem. 6.3]. See the Appendix at the end
of this article for a discussion of the original proof.

COROLLARY 5.18 (cf. Lemma 6.3 of [7]). Let ¢c:T' — Q be a winding with associated
representation M. Suppose that T is a tree. Then, nice(M) < oo and M is nice.
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Proof. Suppose that no nice sequence distinguishes z,y € I'g. Let p denote the unique
walk of minimal length from z to ¥y, and select x as the basepoint. Since I' is retractable,
Remark 5.15 implies that the i-nice variables of vertices in p are the same for ¢ and the
restricted representation c|,, for all ¢ > 0. In other words, the restricted representation
clp 1 p — Q cannot distinguish z and y, contradicting Lemma 5.17. O

DEFINITION 5.19. Let ¢:I' = @ be a winding with ' an affine Dynkin quiver of type
A,,. Write T = ' .- 5%, where s(85") = t(85%). If the cycle ¢(T) is primitive (in the sense
that c(I') = ¢(B1)% ---¢(B4)% # ¢* for a cycle ¢ of @ with k> 1), then we say that c is
primitive. We make a similar definition for a cycle in a general winding.

The following lemma confirms the truth of [7, Lem. 6.4] in the case of an F;-
representation. See the Appendix at the end of this article for a discussion of the original
proof.

THEOREM 5.20 (cf. Lemma 6.4 of [7]). Let ¢:I' = Q be a winding with ' an
affine Dynkin quiver of type A,,. Let M be the associated F1-representation of Q). Then,
nice(M) < oo if and only if ¢ is primitive.

Proof. (==) Suppose that c is not primitive. Then, there exists a cycle ¢ = aj'---aj’
in @ such that ¢(I') = ¢* for some k > 1. Since c¢: ' — @Q factors through the inclusion
q — @, we may assume without loss of generality that ¢ = Q). Then, c: ' — @Q corresponds
to wrapping around the cycle gk-times. In other words, we may write

€d €d
I'= 511 12 51d 21 2d " Pkd>

where f3;; € I'y satisfies ¢(8;;) = «; for all 4 and j. Note that ¢(85] --- 854) =c(B51) -+ -c(Bi5) =
q for all ¢ < k. Pick b = s(f]]) as basepoint. Note that Im(LoHl( )) is generated by

c(I") = kq € ZQ,. Tt follows that ¢ is torsion in ZQ:/Im(co Hi(c)), and so ¢ =0 as an
element of Vz(\/[) From this, it follows that

J
x© L,
#557) ;E e
for all i <k and j < d. In particular, X((; ;) Xt((; for all j < d. Note that ') can then
(%3 1]
be identified with ¢, and o) :T'— T')) is the map which wraps around gk-times. Repeating

the above argument for each s > 0, we see that Xt((s; ;) Xt((s; for all s. It follows that for
iJ 1]

each i <k, there is no nice sequence for M distinguishing the vertices {t(ﬁfjj )j=1,...,d}.

( <= ) Suppose that c is primitive, but no nice sequence distinguishes the vertices
u,v € I'g. Let p and ¢ be the two walks (considered as subquivers) in I' from u to wv.
Suppose that p=af'---af and ¢! = Bo... 8% and that £(p) < £(q), where £(p) and £(q)
are the lengths of p and ¢, respectively. Without loss of generality, we may assume that u
and v are chosen minimal, in the sense that if the distance between u’ and v’ is strictly
less than ¢(p), then there is a nice sequence which distinguishes v’ and v’. We first claim
that there must exist an i such that X" = X{", but X" {X(i) X(i)} for all interior
vertices w € pg. In particular, one has {X( R | w e qo} z {X( 2 |z € pg} Indeed, to prove
the claim, assume by way of contradiction that { X @ |w e qo} C {X | 2 € po}. We may
further assume that Xq()i) = Xff) =0. Consider the variables in ¢~ = 1 . 5:} starting with
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the vertex t(3%1): this vertex is adjacent to s(3%') = v, whose i-nice variable is x$ =o.
The only two vertices in p that are adjacent to vertices whose ¢-nice variables are 0, are

€1 24 x(2) () @  _ x@®
t(af') and s(af): by Fi-linearity?* X' H(501) # Xs(a;d)’ so we must have X 250 = Xt(ajl)'
In particular, this forces 0(511) = c(ai'). We can proceed in this fashion for all vertices

—1: given any vertex of ¢~!, there is exactly one way to choose a variable for it from

of q
{X | z € po} which does not contradict [Fy-linearity. Thus, we are forced to conclude that
c(q71) = ¢(p)™ for some m, contradicting primitivity. Hence, there must exist some w € qo

such that X_ ¢ {Xéi) | z € po}, in particular,
(X0 [w ey 2 {X | 2 € po} (5.17)

as we wished to show.

Now, we construct a nice sequence distinguishing v and v by using (5.17) which would
give us a contradiction. Let T be the tree quiver obtained from I' by splitting v into two
separate vertices A and p (we will say that p goes from u to A and ¢ goes from u to p).
There is a winding map ¢: T — I' which maps \,p — v and acts as the identity on the
remaining vertices. This map induces a bijection on arrows, so we identify 77 with I'y. For
each 1, let Yz(i) denote the 0O-nice variables on the representation (¥ oé: T — Q) with u as
basepoint. Note that Yz(i) is a coset representative for X E()) for all ¢ and 2. We verify this

for the vertices in p: the argument for vertices in ¢ is similar. If z = t(a;j ), then

J
Y = Zeka,(;) +Im (L(i) o Hy (W oE))
k=1

- Zekak )ezr)/(0)=zr?,

since T is a tree and hence induces the zero map on homology (note again that we write
¢(ay) = ay, since ¢ induces a bijection on arrows). Of course, the walk from u to é(z) in T
is just af'---aj so that

J
X0 =Y a0l + 1 (100 (o)
k=1

as claimed. On the other hand, for each z € pg (resp. z € qp), the variable Yz(i) may be
identified with the i-nice variable for é(z) with respect to the restricted winding ¢|, with
basepoint ¢(u) = u (resp. ¢ |, with basepoint u). By Lemma 5.17, there exists an i’ such
that the Y (@) are injective on pg and qg, and such that Yz( ") is a sum of ¢ distinct elements
of Qgi/), where ¢ is the distance from u to z in 7' (which is the same as the distance from
u to &(z) in T'). Since the arrows of Q) are determined by the nice variables X ) with
j <4, and since {Xl(ui) g0} & {Xz(i) | z € po}, it follows that YP(NH) contains an arrow of
QWN+1 that does not appear in Y;NH), where N = max{i,7'}. In other words, YP(NH) and
Y;NH) are linearly independent in QQ§N+1). If

(A7Y2(i)) N yz(i) ‘A

24 From which we do not allow subquivers of the form e =5 e <= e or <~ ¢ —» o, with o € Q1.
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denotes the usual pairing
Q1) x " » @
induced by QSNH) and its dual basis,?® then the Q-linear map
(QQgN-i—l))* _>Q2
A~ < Yx\(NH) a )
N+1
 ZRRRN
has rank 2, and so it intersects the diagonal of Q2 nontrivially. In other words, there is a
A # 0 such that

VD [y D 0

If necessary, we can replace A with a suitably large integral multiple to assume that A is
an integer vector. In turn, this implies the existence of a nice sequence 9 such that

On+1(0) = On 1 () + Y3 T |,
a contradiction! U

If @ is a pseudotree with central cycle C, and M is an indecomposable F1-representation
of @, then the restriction Resc(M) of M to C is also indecomposable (see [10]). Since
indecomposables for C are either (extended) Dynkin quivers of type A,, or A, it follows
from a straightforward argument that I'j; is a pseudotree. Hence, it makes sense to talk
about the central cycle of I'j; (if it has one).

COROLLARY 5.21. Let Q be a pseudotree, and let c:I'— Q be a winding with associated
representation M. Then, nice(M) < oo if and only if the central cycle of T'py is primitive.

Proof. If T is a tree or of type A, there is nothing to show, so we may assume that T
is a proper pseudotree with central cycle C. First, suppose that C is primitive and hence
Resc (M) has finite nice length by Theorem 5.20. Note that I' may be obtained by gluing
a tree (possibly trivial) to each vertex of C, and that these trees have no arrow colors
in common with each other or with C. Since tree representations have finite nice length
by Corollary 5.18, the result now follows from Proposition 5.8. The converse is clear from
Theorem 5.20. 0

§6. Hall algebras arising from [F;-representations

6.1 Hall algebras and coefficient quivers

In [27], Szczesny discussed the following problem: given a finite graph G and two
orientations @ and Q' of G, compare Rep(Q,F;) and Rep(Q’,F;). Note that one cannot
appeal to reflection functors, since the usual definition does not make sense over Fi. An
alternate strategy would be to compare the associated Hall algebras Hg and Hg/, or their
nilpotent variants Hg nii and Hgr ni. Since the Milnor-Moore theorem applies to these

25 More explicitly: if Q is any quiver, then Qi is a basis for QQ; and the dual basis for (QQ1)* is
{Xa | @€ Q1}, where xa(8) =bap forall B€ Q1. HY => yaa € QQ1 and A =3 zaxa € (QQ1)™, then
Yia=AY) =3, 5%ysxa(B).
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Hopf algebras, one could even compare their Lie subalgebras of primitive elements. In this
section, we study the Lie algebra ng of H¢ i when Q is a tree or affine Dynkin diagram of
type A,,. Such quivers are precisely the ones of bounded representation type over Fy [10].
We show that ng =ng when @ and Q" are different orientations of a tree T, and that if @
is acyclic of type A, then ng is a central extension of the equioriented quiver of type A,.
Explicit descriptions of Hg nii for all @) of type A,, can then be deduced: previously, only
the equioriented case had been described in the literature.

DEFINITION 6.1. Let T be an undirected tree, and let @ be a quiver with Q =T Let St
denote the set of nonempty connected subgraphs of T, and let ny denote the free C-vector
space on St.

It was shown in [27, Th. 5] that indecomposable F;-representations of @) are in bijective
correspondence with Sp. Hence, the underlying vector space of ng?° may be identified
with np. Let the following

[-,']Q My @np —nr

denote the Lie bracket of ng, considered as a Lie bracket on nyp.

The set St is a poset under the subgraph relation, that is, for 77,715 € Sr17 < Ty if
and only if T} is a subgraph of T5. Since T is a tree, any two elements S,5’ € St have a
supremum, which we denote by SV .S’.?" Indeed, SV S’ may be characterized as the full
subgraph whose vertex set consists of Sy US|, along with all vertices in the paths joining
an element of Sy to Sj.

Of course, the nonempty connected subquivers of @) are in bijective correspondence with
the elements of Sy. By an abuse of notation, we will let S denote the @-representation
corresponding to S € Sy and we will write I's = S, identifying the coefficient quiver
simultaneously with S and the subquiver of @ it determines. Note that if (SV.S")g = SoLI S|,
then SV S’ is obtained by adding exactly one new edge connecting a vertex of S to a vertex
of §’.

DEFINITION 6.2. Suppose that (SVS")g = SoUS). Then, we write SV .S =85 = S’
if SV .S’, considered as a subquiver of @, is obtained by adding an a-colored arrow with
s(a) € Sp and t(a) € S), where a € Q. We define S = S’ analogously. We write Sa.S’ to
mean either S = S’ or S <= 5.

Note that [S, 5o # 0 if and only if SV.S’ = SaS’ for some o € Q1 (see [10, Lem. 3.12(3)]).
More specifically, we can write

S,8")q =SSV S,
where ug g € C is defined via the formula

+1, ifS\/S’:SiS’forsomeate,
ug’s,: ~1, ifSVvS =S8+« S for some a € Q,

0, otherwise.

26 As mentioned above, ng is the Lie subalgebra of the Hall algebra Hg nii = Hg consisting of primitive
elements.

27 Elements of Sy do not always have an infimum since @ € Sr. If T is not a tree, there may not be a
unique least upper bound for S and S’.
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PROPOSITION 6.3. Let QQ and Q' be different orientations of a tree T. Then, there is an
isomorphism ng — ng.

Proof. Let r,(Q) denote the quiver that is obtained from @ by reversing the direction
of the arrow a. Then, Q' =174, -+ 7o, (Q), where aq,...,ap are the arrows of @ that have
a different orientation than @Q’. The result will therefore follow if we can show ng =n, ()
for any a € (J1, and so without loss of generality we assume that there is an « for which
Q' =714(Q). Define € : Sp — {£1} via the formula

{+1, if a ¢ S,

S pu—
6( ) -1, ifaed;.

Here, we identify o with its corresponding (undirected) edge in T. We claim that the C-
linear automorphism ¢ : np — np defined via the formula

S €(S)S

induces an isomorphism ng — ng/. On the one hand,

6(15,5q) = ¢ (25 5V )
=e(SVS g SVS'.

On the other,

[6(5), #(S")@r = €(S)e(5)[S, 5]
= e(S)e(S )T s SV S'.

Hence, we will be done if we can show

SV S o = e($)e(S s (6.1)

for all S, S’ € Sr. Note that ug ¢ = 01if and only if ,ugs/ =0, so we may assume that neither
are zero. There are then two cases to consider:

Case 1: Suppose SV S = SBS’ for some 3 # a. Then, SVS =5 By 8" in Q if and only
if SvS' =S8 in @, and SV =8 < S in Q if and only if SVS' =S < S in Q.
Hence, Ng,S' = Ng,,s' and (6.1) reduces to €(SV S") = €(S)e(S’). But since SV S =538,
a € (SVS); if and only if «v is in exactly one of S or S’. The relation €(SV S") = ¢€(S)e(S")
now readily follows.

Case 2: Suppose SV S’ = SaS’. Then, SVS' =8 % 8 in Q if and only if SV.S' =85 <~ 8’
in@Q',and SVS' =S5+« 8 in Q if and only if SVS' =55 5" in Q. Hence, Mg,s” = —ugls,
and (6.1) reduces to €(SV S’") = —¢(S)e(S”). But €(S) =¢(S") =41 and ¢(SV S’) = —1 for
SV S =Sas’, so the equality is clear.

We have proved that (6.1) holds for all S and S/, so ¢ is indeed an isomorphism of Lie
algebras. O

REMARK 6.4. Szczesny proved in [27, Th. 8] that there is a surjective map U(ny) — Hg
when @ is a tree, and provides an example to show that this map is in general not injective.
Here, ny denotes the positive part of the symmetric Kac-Moody algebra associated with Q.
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Set g:=gl,,(C) and let g = g[t,t!]@® Cc be the associated affine algebra. The bracket of
g is given by the formula

[t y@t"] = [2,y] @™ + tr(2y)ndn, _mc.

Then, g admits a triangular decomposition g =a_ @b, Gay, where a_ =t~ gl (C)[t~1]®
N_, b, =D, ®Cc, a; =tgl,(C)[t]® N4+, and N_, D,, N; denote the upper triangular,
diagonal, and lower triangular matrices in gl,(C), respectively.

Recall that if @ is a type A, quiver, with vertices oriented cyclically as 1,...,n,%® then its
nilpotent indecomposables are described through two families: Ij4 ;) and I;, where 1<i<n
and d > 1. If @ is equioriented, then only the first family yields nilpotent representations.
Ij44 is an n-dimensional string module, corresponding~ to wrapping a walk of length
n—1 around @ starting at the vertex i. For @ acyclic, I; is a dn-dimensional F;-band,*’
corresponding to a closed loop around () which wraps around d times. For further details,
we refer the reader to [10, Constructions 5.10 and 5.11]. Here is an example.

EXAMPLE 6.5. Consider the following acyclic quiver of type As:

2N

V3 gy 2
Then, as in [10, Construction 5.10], we have Ijg 3y = { M, M2, M3}, where
My ={k|1<k<8k=1-3+1(mod3)} ={2,5,8)}.
Similarly, My = {3,6} and M5 = {1,4,7}. The coefficient quiver is as follows:

(04} (0] (0%) o3

| ) 32 .4 5 %N, 2.7.% 3

The coefficient quiver of I is as follows:

o)

6y \3

1

The following lemma is due to Szczesny [27]. We recall it here for convenience.
LEMMA 6.6. Let @ be the equioriented Dynkin quiver of type A,. Then, ng = ay.

Proof. Let {E;;}; j<n denote the standard basis for g. Then, as in [27, §11], a direct
computation verifies that the map

28 Note that our terminology is slightly different from that of [27], where A, is required to have n+ 1
vertices.

29 Technically, only the thin representation I yields a band in the traditional sense. See Definition 3.10.
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Prap —ng
Ei; @t™ = Ijj_itmn,i
is an isomorphism of Lie algebras. O

We now turn to a discussion of type A, quivers with acyclic orientations. If Q is such
a quiver, then its indecomposable F1-representations are Ij4; and I, where 1 <i <n and
d > 1. Note that any short exact sequence 0 > N - F — M — 0 with N or M isomorphic
to some I necessarily splits. This means that the elements [I,] are all central in ng. As the
proposition below shows, we can obtain ng from a; via a central extension.

For the proposition below, we will use §’s to denote indicator functions on subsets
of {(,j) | 1 <14,j <n}. Subsets that are defined by equations will be denoted by those
equations, for example, 6;=;(modn) is the indicator function for the set {(7,7) |7 = j(modn)}.
When n is understood from context, we will just write ¢ = j. The indicator function for the
subset {(i,7), (j,7)} will be denoted by the standard Kronecker notation d; ;.

Let Q = ai(l)-‘-a;(fl_l) be an acyclic quiver of type A,,. Furthermore, let (i,7,q) and
(k,l1,5) be two elements of N® such that 1 <1i,j,k,l <n, either i <j or ¢ >0, and either
k <1l or s> 0. Then, the representations Ij;_;ygn and Ijj_g4sn k) are well defined. One
can compute the following identity in H¢, where we have set d:= (j+1) — (i+k)+ (g+s)n
to ease notation:

Uj—itqn,il] " Hi—ktsn k)] = Lji—ktsn,k] D Lj—itqn,i)l +05,k0e(i—1),1L]d,q]
+0i,10e(1-1),—1 L [d k)] + 05,106,106 —1),10e(1=1),—1 (@ + 8) [Ig4s)-

This immediately implies the following computation in ng:

(=it an,it)s = sersnpal] = 85, (Oe(g—1),1 = Se(—1),-1) 0]
4031 (8eq—1),—1 = Oet—1),1) Ua,x]
+ 65,6000 (Oe(k—1)10e(—1),—1 = Oc(1—1),10e(k—1),—1) (7 + 8) [Tg+5]
=6jk€(J = D)L [a,q] — Giae(l = 1)[Lax]]
+ 05 k0i10e(h—1),—e(1—1) €k — 1) (q+ 5) g 4]-
We are now ready to identify ng in the acyclic case.

PROPOSITION 6.7. Let Q be a Dynkin quiver of type A,. Define Zg <ng be the zero
ideal when Q is equioriented, and the central ideal spanned by {[14] | d > 1} otherwise. Then,
there is an isomorphism ng/Zg = at. In particular, ng is a central extension of aj.

Proof. Write Q = ai(l) X 'a;(fl_l) with €(i) = 1. The equioriented case is already proved

by Szczesny (Lemma 6.6). So, we may assume that {e(i) |1 <i<n—1} is not a proper
subset of {—1,+1}. Let (4,7,q) and (k,[,s) be two elements of N* such that 1 <1i,j,k,l <n,
either + < j or ¢ > 0, and either k <[ or s > 0. Then, the representations I;_; gy, and
Iji_k4-sn,k) are well defined. From the discussion above, we have

[G—itan,i)s Ha—tsnpg) ] = 050€(i — 1) [Tiaq] — 01.06(0— D Taag] + Mirjays(estos) Hars), (6.2)

where the coefficient A(; j ¢):(k,1,s) 15 given by the formula

AGigia):(kils) = 05,600,010k —1),—e(1—1)€(k — 1) (g + 5). (6.3)
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Then, we define a map g : ay — ng/Zg by the formula
Eij@tt— €(j — DIjj—itqni + Zq- (6.4)

(6.2) immediately implies that 1) is a Lie algebra morphism. Showing that it is a bijection
is essentially the same as in Lemma 6.6. 0

6.2 The Hall algebra of representations with finite nice length

In this section, we associate a Hall algebra H, 5ice (resp. H, 8‘;&) to the category of (resp.
nilpotent) F;-representations M of () with nice(M ) < co. We then relate these Hall algebras
to Hg and Hg ni- A description of H, g’fﬂ when @ is a (not-necessarily proper) pseudotree
is obtained. In this case, the representations M with nice(M) < oo are related to absolutely
indecomposable Fi-representations of quivers with bounded representation type over F;.
Absolutely indecomposable Fi-representations remain mysterious for general ), and will
be the subject of a future article.

Recall from §5 that if nice(M) < oo, then any subquotient S of M also satisfies
nice(S) < oo. It follows that the full subcategory Rep(Q,F1)™ (resp. Rep(Q,F1)"i) of
representations (resp. nilpotent representations) of finite nice length is finitary and proto-
exact. Therefore, we can associate with it a Hall algebra H, gce (resp. H, 51cneﬂ)

It is easy to describe Hp* and HpyS) in terms of Hg and Hg nil, respectively.

PROPOSITION 6.8. Let @ be a fized quiver. Then, the ideal of Hg (resp. Hg i)
generated by representations with infinite nice length is a Hopf ideal, and we have
isomorphisms of Hopf algebras:

HE*® = He /([M) | nice(M) = o),

Hélzififn = Hgni/([M] | nice(M) = o0).

Proof. Set I = ([M] | nice(M) = o0) C Hg, the ideal generated by representations with
infinite nice length. Note that any element in I can be written as a C-linear combination of
isomorphism classes [M] with nice(M) = oo. This follows from the fact that for any short
exact sequence

0— My — My — Mg —0

in Rep(Q,F1), nice(M;) = oo or nice(M3) = oo implies nice(Mz) = oo. Hence, I is the vector
space with basis given by {[M] |nice(M) = oo}. Given [M] € I, we may write A([M]) as

A(M))= > [Ale[B]
(A.B)EDs (M)

where Dy(M) = {(A,B) € Is0(Q)? | M =2 A® B}. But M & A® B if and only if I'y; can
be written as the disjoint union of I'y and I'g. Then, nice(M) = oo implies that either
nice(A) = oo or nice(B) = oo, and hence

A(M]) = Z [Al@[Ble I®Hg+Ho®1.
(A,B)eDs(M)

It follows that I is a coideal of Hg. To show that [ is invariant under the antipode, simply
note that S([M]) is a sum of products of the form [M;]---[My], where M = My & --- & Mj,.
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Then, [M] € I implies that [M;] € I for at least one index 4, and hence S([M]) € I as well.
It follows that I is a Hopf ideal, so that H¢/I is a Hopf algebra.

There is a C-linear isomorphism H@® — Hq/I defined by [M]— [M]+I. This is an
algebra morphism, since a short exact sequence in Rep(Q,[F1)™ is the same as a short
exact sequence

0— M, — My — Ms—0

with nice(M;) < oo for all 7. It is also a coalgebra morphism, since the direct sum
decompositions of M in Rep(Q,F1)™® are exactly the direct sum decompositions of M in
Rep(Q,TF,). Hence, we have the desired isomorphism H gCe = Hg/I. The proof for nilpotent
representations is similar. U

The results from [27] and §6.1 above allow us to compute Hgﬁfﬂ when @ has bounded
representation type over F1.%" In this case, indecomposable representations in Rep(Q,F;)
are precisely the absolutely indecomposable representations which we define below.

nice
nil

DEFINITION 6.9. Let @ be a quiver, and let M be an F;-representation of ). We say
that M is absolutely indecomposable if M ®p, k is indecomposable for any algebraically
closed field k.

If k£ is a field and @ is a quiver, a k-representation M of @ is said to be thin if the
components of the dimension vector dim(M) are either 0 or 1. We have an analogous
definition for Fi-representations of Q. If S is a subquiver of @), then one obtains a thin
representation 1g by taking k at each vertex of S, the identity map k — k at each arrow of
S, and zero spaces and maps at the remaining vertices and arrows. Of course, 1g is a scalar
extension of an [Fi-representation which we also call 1g. A straightforward computation
reveals that Endpg(1ls) = k¢, where c is the number of connected components of S. It
follows that 1g is indecomposable if and only if S is connected.

Recall from [10] that if Q is an acyclic quiver of type A,, then the indecomposable
representations are either string modules Ij4,), whose coefficient quivers are oriented line
graphs, or F1-bands I, whose coefficient quivers are of type Agn (for d > 1).

COROLLARY 6.10. Let @ be a connected quiver of bounded representation type, and let
M be an indecomposable nilpotent Fy-representation of Q). Then, nice(M) < oo if and only
if M is absolutely indecomposable. Furthermore, exactly one of the following holds:

1. @ is a tree. In this case, Hgﬁﬁl = che =Hgnn=Hg.

2. Q is equioriented of type A,,. In this case, Hgfn‘h = Hg nil-

3. Q is acyclic of type A,,. In this case, ([Ig)| d>1) = ([M] | nice(M) = c0) and Hgﬁfﬂ =
Hye® = Ho /()| d>1).

Proof. Let k be an algebraically closed field, and let M be an indecomposable nilpotent
Fy-representation of . In cases (1) and (2), I'ys is a tree and so nice(M) < oo by
Corollary 5.18. Since I'js is a tree, M ®p, k is a tree module and indecomposable [6].
In case (3), nice(If4;) < oo and I}, is absolutely indecomposable for all d by the same
argument. Hence, it only remains to determine which of the I; are of finite nice length. For

30 We proved in [10, Th. 5.3] that when @ is connected, @ has bounded representation type over Fy if
and only if @ is either a tree or type A,.
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d=1, I is isomorphic to the thin representation 1g: then nice(I~ 1) < oo and I is absolutely
indecomposable since @ is connected. For d > 1, nice(I;) = oo by Corollary 5.20 and it is
straightforward to verify that I; ®p, k is decomposable. The claim now follows. 0

COROLLARY 6.11. Let Q be a connected proper pseudotree with central cycle C. Let M
be an indecomposable nilpotent F1-representation of Q). Then, the following are equivalent:

1. nice(M) < cc.
2. M is a thin module or a tree module.
3. Resc (M) is absolutely indecomposable.

In particular, all M with nice(M) < co are absolutely indecomposable.

Proof. Clearly, (2)= (1). To prove (1)= (3), first note that the coefficient quiver of
Resc (M) is a coefficient subquiver of I"y/, so nice(M) < oo implies nice(Resc (M) < co. The
result then follows from Corollary 6.10. To prove (3)=(2), note that Resc (M) absolutely
indecomposable implies that Resc(M) is a tree module or I;. Then, either M is a tree
module or thin, as we wished to show. U

COROLLARY 6.12. Let @ be a connected proper pseudotree with central cycle C. Then,
Hall algebra che is described as follows:

,nil
1. If Cis equioriented, then Hg,cneﬂ = Hg nil-
2. If C is not equioriented, then Hg,‘;fﬂ = chc = Hq/([M]| Resc(M) = Iz,d > 1).
Proof. 1If C is equioriented, then every nilpotent indecomposable F;-representation is
a tree module. If C is not equioriented, then @ is acyclic and the claim follows from

Corollary 6.11(3). 0

Let @@ be a connected proper pseudotree. Then, an absolutely indecomposable Fi-
representation does not necessarily have finite nice length as the following example
illustrates.

ExaMPLE 6.13. Let @ be the following proper pseudotree:
[e3
Q=5_ 2t ——u.
B

Let M be the Fi-representation of () with the following coefficient quiver:
s
N
Ty, = t t
N
s

A routine calculation shows that M} is indecomposable for any algebraically closed field k.
Hence, M is absolutely indecomposable, but nice(M) = oo by Corollary 6.11.

Y
— Uu

Let IF, denote the finite field with ¢ elements. For a quiver ¢ and dimension vector d,
there are finitely many isomorphism classes of d-dimensional, absolutely indecomposable -
representations of ). One can then associate a function Ag(d,q) which counts the isoclasses
in each dimension. It is shown in [12] that Ag(d,q) is a polynomial in ¢ with integer
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coefficients. These functions are shown to satisfy important combinatorial identities in [9],
and the behavior of Ar, (d,q) at ¢ =1 is described via tree modules®! in [8], [14].

It is natural to ask how much of this theory carries over to [Fi-representations. Certainly,
there are finitely many isomorphism classes of absolutely indecomposable, d-dimensional
[Fy-representations of (). One can then define a counting function Ag(d) analogous to that
of Ag(d,q). Two questions immediately become apparent.

QUESTION 6.1. How can one characterize the absolutely indecomposable Fy-
representations of a given quiver Q¢

QUESTION 6.2. How can one compute Ag(d) for a given quiver Q¥

One would hope that absolutely indecomposable F;-representations of @ could be used
to interpret the numbers Ag(d,1). However, no obvious relationship exists between Ag(d)
and Ag(d,1). This leads us to the following question.

QUESTION 6.3. Let @ be a quiver. Does there exist a finitary category Fq and a faithful
functor F : Rep(Q,F1) = Fqg with the following properties?

1. For each field k, there is a functor G, : Fo — Rep(Q, k) such that the following diagram
commutes:

Rep(Q,F1) —F— Fq

a
k@wl\) lk

Rep(Q, k)

2. For any dimension vector d, there is a suitable notion of an absolutely indecomposable,
d-dimensional object in Fgq.

3. There are finitely many absolutely indecomposable objects in Fg for each «, and the
associated counting function is precisely Ag(d,1).

For instance, one might ask whether 7y could be obtained by suitably modifying the
category Cq described in §3. These questions will be the topic of a future paper.

§A. The Proofs of Lemmas 6.3 and 6.4 of [7]

In Lemmas 6.3 and 6.4 of [7], Haupt asserts that Equation (5.1) holds for tree and band
modules. Unfortunately, we have reason to believe that Haupt’s original proofs of these two
lemmas contain significant mistakes, although the statements themselves are ultimately
true.??> We outline our concerns with each result below, and then discuss how our results
address these concerns. We have no reason to doubt the validity of any other result in [7].
In particular, the authors still believe the geometric material preceding these results to be
sound.

A.1 Gaps in the original proof of [7, Lem. 6.3]
Haupt’s proof of Lemma 6.3 begins with the following language: “By Proposition 6.1 it is
enough to treat the cases when Fj : .Sy — Qg is surjective and not injective. If ¢,5 € Sy exist

31 Using a broader notion of tree modules than the one considered in this paper.
32 At least for [F1-representations, which is the concern of the present work. We note that Lemma 6.4 is
stated for band modules, which are not always defined over Fj.
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with Fy (i) = Fo(j) and i # j, we construct a nice grading 0 of F,(1g) such that 9(i) # 9(j).”
However, Example 4.7 shows that this statement cannot be taken literally: any nice grading
on M fails to distinguish the first and last vertices. This is not surprising, as nice(M) = 1.
It would be necessary to first find a nice grading dy on M, and then construct a Jdy-nice
grading which distinguishes 4 and j.

Proceeding with the argument, Haupt defines S’ to be a “minimal connected subquiver
such that there exist 4,7 € S|, with Fy(i) = Fo(j) and i # j.” Note that Haupt has changed
the meaning of ¢ and j from the previous paragraph: in terms of Example 4.7, the candidates
for S” would be any of the four arrows. He then constructs a nice grading distinguishing the
endpoints of this S’. This grading is analogous to the nice grading in Equation (4.10), which
takes different values at adjacent vertices. This still leaves the problem of distinguishing
the endpoints of S’ when it is not “minimal” in the sense of this proof, since “minimality”
is unconnected to the size of |Sy| —|Qo|.

To complete Haupt’s argument, we would need to assume that the result has been proved
in the case when a type A Dynkin subquiver contains k vertices lying in a single fiber of
the winding, and then prove that it holds when the subquiver contains k + 1 vertices lying
in a single fiber. However, Haupt’s argument breaks down at this stage: specifically, the
line where Haupt writes “...so for all 1 < k <[ the equation F(s1) # Fi(sx) holds” would
no longer be valid (consider the first and third arrows of Example 4.7). Note that Haupt
does not attempt to move to 1-nice gradings (the construction in [7, Prop. 6.1]), as we do
in Example 4.7. Also, note that the quiver Haupt calls S’ is unrelated to the construction
of Q" in [7, Prop. 6.1]. We are left to conclude that the original proof presented in [7, Lem.
6.3] is incomplete.

A.2 Gaps in the original proof of [7, Lem. 6.4]

Haupt attempts to demonstrate that if F': S — @ is a winding with S an affine Dynkin
quiver of type A,, and that none of the nice gradings 9(*? distinguish a minimal pair of
vertices lying in a single fiber of Fj, then F' cannot be primitive. This claim appears to be
false. Consider the acyclic, primitive winding of L5 whose coefficient quiver is given by:

o — e ——e

The condition for an integer-valued map on the vertices of this quiver to be a nice grading
is simply A, =0, so the source and target of each y-colored arrow must have the same image
under any nice grading. In particular, the source and target of any y-colored arrow on the
bottom oriented path correspond to a minimal pair ¢ and 7 that cannot be distinguished.
This again requires us to at least consider 1-nice gradings, which is not done in |7, Lem. 6.4].
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Proceeding with the argument, Haupt asserts that “exp(Fi(sk)) = €mp(Fi(sm)) for all
k,m € Sy with F(sx) = F(sy,)” and uses this to conclude that S is not primitive. However,
this statement is false for the v-colored arrows in the above example. For instance, if we
traverse the cycle in the clockwise direction, the expression eyxp(Fi(sx)) is —5 for the -
colored arrow on top, and +5 for any ~-colored arrow on the bottom. Again, we are forced
to conclude that the original proof in [7, Lem. 6.4] is incomplete.

A.3 Patches to the gaps of [7, Lems. 6.3 and 6.4]

A common issue with [7, Lems. 6.3 and 6.4] is that at some point in the middle of the
argument, it is necessary to switch from the winding S — @ to the winding S — Q' described
by [7, Prop. 6.1]. Indeed, Example 4.7 and the Fy-band in the previous subsection both have
finite nice length, as one could see from iterating once.*® Unfortunately, Haupt only invokes
Proposition 6.1 at the start of each proof, to reduce to the case of distinguishing ¢, € Sy
with F'(i) = F(j). Furthermore, Haupt’s construction depends on a choice of grading, and
there are many unhelpful choices (e.g., constant functions are always nice gradings).

The material we develop in §§4 and 5 of this article is meant to address these exact issues.
Indeed, nice sequences, i-nice variables, universal i-nice gradings, and nice length all show
how one can iterate the construction of [7, Prop. 6.1] in a logically coherent and efficient
fashion. The proofs of Lemma 5.17, Corollary 5.18, and Theorem 5.20 in this article are
different from Haupt’s proofs in that the use of i-nice variables allows us to systematically
switch between windings as many times as is necessary to avoid the errors outlined above.
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