ON THE LOCATION OF SINGULARITIES OF A CLASS OF
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS
IN FOUR VARIABLES

R. P. GILBERT

1. Introduction. In this paper we shall investigate the singular behaviour
of the solutions to the elliptic equation
™

(1.1) T4[\I/] = ax“ ax“

+ A )xn +C(f)‘1’—0

where 4 (r?), C(r?) are entire functions of the complex variable
r=ux,x, (u=1,23,4).

(Here repeated indices mean the summation convention is used.) The three-
variable analogue 7'3[¥] = 0 has been investigated extensively by Bergman
(3-8) and others (27; 28; 22; 23; 32).

Fundamental to this procedure is the use of an integral operator B[ f] which
maps holomorphic functions of three complex variables onto harmonic functions
of four variables (13-18):

12 HEO =Bl Bif=-is [ [iwnn2E,

u = x1<1 + l) + ixz<1 — —lt) + 063(1 - l) + 1904(l + 1) )
n§ n§ £E 1 £ 1

IX' — X9| < ¢, X = (x1, %2, %3, ¥4), X° is an initial point of definition,
T'?isa 2-cycle. (We frequently take as a 2-cycle the product of a simple contour
C: in the ¢-plane and one, C,, in the y-plane. However, it is possible to extend
our integral operator to the case where we use 2-chains instead.) The operator
B.[f] maps the analytic function,

(1.3) flu,n, 8) = "Z m; Tump W'n"E

onto the harmonic function,

(1.4) HX) = ; m; Tumy H,"" (X)),

where the H,"”(X) are harmonic, homogeneous polynomials of degree » which
are defined by (12),
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n
1=

(1.5) =2, "' X)) =0,1,2,...).

X, 1=0
These polynomials form a complete set with respect to the class of harmonic
functions regular about the origin (12, 13).

Another operator (18), which bears close resemblance to the one Bergman
(3) introduced for the three-variable case, transforms holomorphic functions
of three complex variables into solutions of 7T4[¥] = 0. (Recently, Gilbert
and Howard (19) have extended this operator to the case where we have
p + 2 variables; in other words the operator Q,,.[f] generates solutions to the
partial differential equation 7,42[¥] = 0.)

(16) ¥(X) = Q4

7l
1 dy dé i 27,
el I R LIS o1

B 4 l=1 1 2

where

E(r,t) = exp(— % f Ardr>H(r, t);
0
H(r, t), |t| < 1isa solution of
A7) A — &)Hr — 1@ + DH, + 1t <H T ;’H + BH) =0,

where B = 3r4d, — 24 — 1r24% + C, and H,/rt is continuous at r = ¢t = 0.

Using these operators it is possible to ‘‘transplant’ properties of holomorphic
functions to certain classes of solutions to 7'4[¥] = 0 and O ¥ = 0 respectively.
In particular, as Bergman has done in the three-variable situation (3), we
may obtain results concerning the location of singularities (14; 15; 16) and
information concerning the growth of solutions (19).

In this paper we shall investigate further the location of singularities for
solutions of T4[¥] = 0. This will be done by making use of a recent result by
Bergman (9) extending the Hadamard (21) and Mandelbrojt (25; 26) theorems
(on locations of singularities) to the case of several complex variables. We shall
also employ the (29) and Behnke-Thullen (2) theorems along with the author’s
envelope method (14; 18) to obtain representations for the singularity
manifold.

2. The envelope method for location singularities. In earlier papers
(14; 15) the author proved the following theorems.

THEOREM 2.1. Let H(X) be a harmonic function generated by the integral
operator By[f]. Furthermore, let the singularity manifold of & 'f(u,n, £) be
represented by

{®u,n, &) =SX;9,§ =0}.
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Then, the only possible singularities of H (X) must be contained in the intersection
aS | 8SdI(y) _ }
on T o dn S

where £ = IL(n) is an arbitrary analytic function.

2.1) (X|S =0} N {X

TuEOREM 2.2. Let H(X) be a harmonic function generated as above; further-
more, let the associated holomorphic function be rational, that s, let

_ Pt  PX;n$)
@2) Flum &) = qu,m,8)  QX;n,8)’

where p, q, P, Q are polynomials. Then, the only possible singularities of H(X)
must be contained in the intersection

2.3) {X|Q =0} N {X[0Q/an = 0} N {X[9Q/ 0t = 0}.

In (15) we argued as follows. Since Q(X;n,£) is a polynomial in
X = (x1, x2, X3, X4), 1, and £, then for each fixed n = 2° Q(X;7% &) has a
decomposition of the form

QX;n%8) = [ — Ai(X50)]™ ..o [E — 4K 00)]™,

where the m; (k = 1,2,...,r) are non-negative integers.

The criterium for a multiple pole singularity of the integrand is that there
be an m; > 1, i.e. that dQ/9¢ = 0 for some £ = 4,(X; 7).

For a point X to be a singularity of the harmonic function,

H(X) = B4[F(ur my E)]’

X must correspond to a singularity of the integrand on the domain of integra-
tion which cannot be avoided by continuously deforming the domain of
integration; see (13; 14; 15) for further details. Such points X must be con-
tained in the set of points which correspond to two roots

& = A4:(X;51%, & = 4,(X; 99

coinciding in the &-plane, since in this case a contour C; may be ‘‘pinched”
between £ and £;.

According to the argument used by Hadamard (in his theorem on the
“multiplication of singularities’” (21)) the only instance where it may not be
possible to deform C; in order to avoid a singularity crossing it (as we vary X)
is when two such &; and £; “pinch” C; between them.

Interchanging the roles of 5 and £ and combining this result with that of
Theorem (2.1) we obtain Theorem (2.2), as is shown in (15). An alternative
proof of this theorem may be found in a recent paper by the author with
H. C. Howard (20).

We consider first the class of functions M (€?) which are meromorphic in
finite ©3. As Poincaré (2; 30; 31) has shown, if f € M(@3), then there exist
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two entire functions g, », whose simultaneous zeros are relatively prime, and
such that f = g/h. Furthermore, from the theorems of Behnke-Thullen (2)
and Oka (29) one may prescribe the analytic sets {4, (21, 22, 25) } o—1 on which an
f € M(€?) has pole-like singularities, provided no %, = 0 and a finite number
of the g, vanish in any given region ¥ C €3 Oka showed that it is always
possible to find a meromorphic function having pole-like singularities on a
given set of analytic surfaces provided the holomorphy domain is univalent.
Hence in any finite region we can represent f as the following quotient of
relatively prime entire functions:

ot g
R R

For the sake of simplicity we consider the case where f is a meromorphic
function whose decomposition into a quotient of entire functions (as above)
yields a single relatively prime factor in the denominator. That is, we assume
the B,-associate of H (X) has the form

_ g, 8 _ g™ g5 GiXin HY. .. GXin, HT
@) S ®) =40 = hane) ) :

Now for each fixed X, 6(X; #, £) is an entire holomorphic function of the
two complex variables 5, £ in finite €2 Consequently, by the Weierstrass
preparation theorem (2; 10), we can expand (X, 9, £) in a neighbourhood
N (no, £) about any zero (no, &) = (9o[X], &[X]) in a unique manner, say

(2.5) 0X5n, 8 = (0 — n0)*¥(X;9, H2X; 9, §),

where

YX;m, £) = (E—&)"+ L0 E— )"+ ...+ 4.X;n).

Q(X; 7, §) is regular and nowhere vanishes in 0N, and the 4,;(X; ) are regular
in a neighbourhood of 5y and vanish at 7. (We refer to the term ¥(X; g, &)
as a pseudo-polynomial.) We notice that the “‘constants’ m, k actually vary
with X; however, as can be shown, m(X), £(X) are constant for certain regions
of R¢and only change in value by an integral amount as X passes over certain
distinguished hypersurfaces.

From Theorem 2.1, we realize that H(X) = B[] is regular at X provided

X ¢ X[6X;n, £) = 0} N {X[96/dn + II'(n)96/ 0% = 0},

where II(y) is an arbitrary analytic function of 5. Since, 8 = (n — 70)*?Q,
we have for the first variation of 8 with respect to 7,

(2.6) 5,000 = {9[(n — 70)"¥R]/n + (1 — 70) Tl () [¥e @ + ¥Q]}on.

Since V¥ is a pseudo-polynomial in £, the necessary and sufficient condition for
a double root ¢ = £,[X; 5] to exist is that ¥; vanish for some £, say §,. In
order for the integral in the representation H(X) = B4[f] to exist we must
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exclude second-order poles of the integrand coinciding with the domain of
integration (15).) However, in order for 6 = (y — 70)*¥Q to vanish for
¢ = §,[X; 7] and all 9 in the neighbourhood of 79, we must have ¥[X; 9, £,] = 0.
These two facts imply that 90[X; 9, £]/9¢ = 0, which, in turn, for II(§) an
arbitrary analytic function, implies that 90[X; 9, £]/d7 = 0. By interchanging
the roles played by 7, £ in (2.5) and proceeding in the above manner we find
that a double y-root also implies that 6; = 8, = 0. This conclusion leads us to
the following extensions of Theorems 2.1 and 2.2.

THEOREM 2.3. Let H(X) be a harmonic function generated by the operator
B.[f], where f(u,n, £) is a meromorphic function with a decomposition into a
quotient of entire functions of the type (2.4). Then H(X) is regular provided that

@27 X ¢ X[6X;n, £ =0} N {X]o6/0t = 0} N {X|90/dn = 0}.

THEOREM 2.4. Let ¥(X) = Qu[f] be a solution of the partial differential
equation T V] = 0, where the coefficients A(r?), C(r?) of T¥] are entire.
Furthermore, let f(u, 7, £) be as above a meromorphic function in finite €. Then
W (X) s regular provided that X is not contained in the intersection (2.7).

3. Bergman’s extension of the Hadamard-Mandelbrojt criteria. In a
recent paper, Bergman (9) extended the Hadamard-Mandelbrojt theorems
concerning the number and location of the singularities of analytic functions
of a single complex variable to the case of functions of two complex variables.
His results may be modified to the case of three complex variables which we
discuss later in this work.

Using Bergman's results, it is possible to obtain the analytic sets, which
form the singularity manifold of meromorphic function of two complex
variables. For instance, if

o0 e}

(3.1) f(z1,20) = ZO ZO Ay 2125,
= y==
then we may obtain as the singular sets

(32) UI“’ = {(21, Z2)I Izll = Py(a), arg 2; = d)w(a);a = 22/21}'

The p,(a) explid,.(a)] are the singular points of F.(z1) = f(z1, @z1) for each
fixed value of «; here we have ordered the singular points of each circle
p = p(a) such that ¢,,,(a) < ¢,,441(a). For the case where there is only one
singular point of F,(z;) in and on the circle p = p(a) we have the following
representation given by (9):

1/N:|

N
2
Z Ap—p,x &
%=0

(3.4) é(a) = cos '[RT(0, )],

(3.3) p(a) = lim sup [

—00
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where

(3.5) R(h,a) = 1in13 sup [ldy (B, )|"™], B >0,

(3.6) teth) = 35 | (V)tan( > oy “)].

k=

and Rt (0, ) is the right-hand derivative
+r — 1 —1(: YN __
(3.7) RY(0,@) = lim [h (hr}rvx_)?p}dN(h, x)| 1)] .

Following Bergman (9), we can determine the number of singular sets, U,,2
Hence, it is possible to determine the representation for each singular set by
subtracting successively the ‘‘meromorphic part” of f(2i, 25), and considering
two functions G(2i, 22), H (21, 32) equivalent if their difference has at most
a removable singularity in finite €% We assume, therefore, in the following
that the sets U,,? are known.

Since the singularities of a holomorphic function of two complex variables
lie on an analytic set, the function ¥(a) = j(a)e®@ (where o = 2,/2;) must
be, with the exception of a ‘‘thin set’” in €!, an analytic function of « (1).
Consequently, with the exception of such a thin set, we may represent the
singularity manifold of f(z1, 2) in the form

38) U= 2}; 2; { (21, 22) |21 = ¥, (22/21) = p,(22/21) explidu,(22/21)]}.

This representation of the singular sets may be used to compute the possible
singular points of certain classes of harmonic functions whose B,-associates
can be written as double series; for instance, those of the form
(3.9) Flym, &) =22 2 auw(un®) (""",

p=0

where k, [ are constants. In this case, one may represent the singularity
manifold of (3.9) as

kel kel
. — * % __ ZLE_) l: (’L‘é)] —
(38.10) S X, &) =tV +9Z + £2* + ¥ p”<uné exp| 1®,, i) | = 0,
where the notation
Y = X1 + ’iOC2, Y* = X1 — ix2, Z = X3 + ix4, Z* = — (x;; - ix4)

is introduced in (24). Combining this observation with Theorem 2.3 we obtain
the following result.

TuaeorEM 3.1. Let H(X) = Bu[f] be a harmonic function of four variables
with an associate of the form (3.9). Then H(X) is regular at all points X not
included in the intersections
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{X[Su = 0} N {X]3S,,/9n = 0} N {X[3S,,/08 = 0}
where S,, 1s given by (3.10).

It is clear that this result has a simple extension to solutions of T4[¥] = 0,
and also to other By-associates, which may be represented as formal, double
power-series.

We mention that in the case where f(u, 7, £) is a function of just one complex
variable, we may use the original Hadamard—Mandelbrojt criteria to obtain
the following result.

THEOREM 3.2. Let H(X) be a harmonic function of four variables defined by a
series representation

(3.11) HX) = Z anHmnpn_Hc'an(X)v
n=0

where m, p, k, q, 1 are constants, such that p, ¢ < m. Furthermore, if

lim (_l_7_> =0, l, = ﬁ;n—an(p)ll/",

J->c0 lj—l N0
where
a, Apt1 cee Quyp
Ant1 Onte2 ceo Onipyr
D,® = ,

Anyp Qpipt1 oo Quizp

then in general the only singularities of H(X) lie on two-dimensional algebraic
manifolds.

The B,-associate of (3.11) is

(3.12) ]?(u’ mE) = Z an umnnpn+k£qn+l.
n=0

We consider the simplest form of an associate of this type since it will be clear
from this case what the more general situation is. We suppose that

)

(3.13) flu,n,8) =2 an(un®)s"E" = F(unt)n"t’,

n=0

where F(v) has singularities at the points @, = p,e%»(» = 1,2,...) (which we
can locate by the ordinary Hadamard—Mandelbrojt criteria). (A necessary and
sufficient condition for F(unf) to be meromorphic is that
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In this case all of the finite singularities are isolated and we may consider the
associated singularities of H(X) separately (21; 25; 4; also 13).). Here, the
singularity manifold of the integrand may be represented as

(3.14) 2 {SV(X;TIME) =gtV +9Z + 8 + Y—O(,,=0}.

Consequently, Theorem 2.3 implies that H(X) is regular at those points not
contained in the set >, {YV* — 22* — o,V = 0}, which may be written as
the sum of spheres,

(3.15) 25, [{(x1 — 3 Rea,)? + (x2 + 3 Ima,)? + x37 + x4* = |o,/2/?}
N {x; Ima, + x2 Re o, = 0}].

For the associate (3.12) the singularity manifold may be represented as
208X, &) = EY + nZ + 2% + TH)" — a, gm0 = 0},
It is clear that in general one obtains upon eliminating #, £ from
S, =0, aS,/dn = 0, aS,/9t =0

a two-dimensional algebraic manifold. This proves our result.

There are a number of other generalizations of the Hadamard approach
to the coefficient problem for solutions to T4[¥] = 0, and for harmonic functions
with expansions of the form (3.11). These are similar to the results obtained by
S. Bergman for the case of harmonic functions of three variables (7; 8; 9).

4. The general coefficient problem for harmonic functions of four
variables. Let H(X) be an arbitrary harmonic function of four variables
regular about the origin with the expansion

Lol n
(4.1) HX) = nZ;) m;oanmpHnm”’O(), X[ <.
The ‘‘general” coefficient problem is the determination of the singularities
of H(X) in terms of the coefficients {a@,n,}. It is possible for us to approach this
problem by using a three-variable analogue of Bergman’s theorem in connection
with our Theorem 2.3. We proceed as follows.

Let & be the space of three complex variables €%. Then through each point
(219, 22°, 22°) € S (except 0) there passes a unique ‘‘pair of analytic planes,”

(4-2) sB“)(a) = {22 = 0621}, %(4)([3) = {23 = »821},

Re a > 0,Re 8 > 0, where a = 2,°/2,°, 8 = 2;°/2,°. We introduce next the
two-dimensional intersection P® (a, B) = LW (a) N P#(B), which is a com-
plex linear manifold (of complex dimension 1). Following Bergman (9) we
require that the origin of & coincide with the origin of B® («a, 8) and that the
positive x-axis is that part of B2(a, 8) M {y1 = 0} on which x, > 0. Hence,
we may introduce polar co-ordinates p(e, 8), ¢ (a, 8) in each “plane’” PP (e, B),
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and associate in this manner each point of & with the three complex numbers

a’ 6) pel¢‘

Let
(4'3) f(zlr 22, 23) = ZO ZO 20 Quve 21“22’,230

p= y= o=
and let F, s(z;) be defined by
(4.4) F.5(21) = f(z1, az1, Bz1) = ZO Z Z Quve 2070787
p=0 v=0 o=0
© N N
= Z 21 ( Z AN— (et uyy & B >
N=0 ptr=0
After Bergman, we introduce certain functions
1/N
(4.5) ple, B) = IIIE sup ': Z AN—(utv) u,v & ‘8’ :l ’
-0 ptv=0

(4.6) dy(h;a,B) = Z (N>p( B8)n" L< D ANtk B > h >0,

- 520
4.7) R(h;a, B) = lim sup [|dy(h; o, 8)|""],
Noowo
and finally the right-hand derivative of R(%; @, 8) with respect to % at 0,
) R (0- _ —1/1 . uN _ .
4.8) 0;a,B) l;_r:%Jr [h (hr;}%smup[dN(h, a, B)| 1)]

It is possible, then, to obtain a three-variable analogue of Bergman's lemma
concerning the domain of regularity of f(zi, 22, 23). The proof differs from
Bergman’s in that one ‘“‘pulls a bi-cylinder away’’ from a boundary point
instead of a disk before proceeding to employ Hartogs’ theorem. The reader
is referred to the original paper of Bergman (9).

Lemma 4.1. Let f(z1, 22, 25) be a holomorphic function of three complex
variables with a Taylor expansion (4.3). Furthermore, for each (co, Bo) let there
exist a neighbourhood N*(ao, Bo) = N2(ag) X N2(Bo) and an h > 0, such that

pla+ BIRY(0;0,8) +h — 1] >8>0, forevery (o, 8) € N(ao, Bo)-

Then f(z21, 22, 23) 1s regular in {\J 15, where

L= {lz1| < p(, 8),]e] < =, 8] < =
{lza] = p(e, B), |9| < @(e, B), o] < = B8] < =},
®(e, B) = lim inf [cos™'R*'(0; a1, a2)|.

ala
azf

In the same way as in Section III, one may obtain representations for the
four-dimensional singular sets U*:

s _ _o (2 E)_ (2= 2 z) |\
@.9) Ul = {(Zl’ 22, 20) |21 = \I,"”<zl’zl> - p"<z1’z1> [ ¢“”<zl zl>]f'
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Here ¥,,(e, B) is a holomorphic function of the two complex variables «, 8
with the exception of certain points on a thin set in €2. Then again using
Theorem 2.3 we obtain a general representation theorem for the possible
singularities of an arbitrary harmonic function of four variables.

THEOREM 4.2. Let H(X) be an arbitrary harmonic function of four variables
regular about the origin, with the representation

HX) = i ioanmzanm’p(X)-

n=0 m,p=

Then the only possible singularities of H(X) lie on the intersections
(v =1,2,...)

(410)  {X[S0X;n, &) = u — py(me ", b explig (qu ™, £u71)] = 0}

N {X|8S,,/dn = 0} N {X|8S,./0¢ = 0}.
COROLLARY 4.3. The solution of T4[¥] = 0 (where A, C are entire) that has the

representation
\I/(X) = z:o Z Oanmp \I/nm,p(X):
n=0 m,p=
where
+1
v, "(X) = E(r, hH,"?(X[1 — £'])dt,
—1

may be singular only on the sets (4.10).
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