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In this paper, we consider the existence and limiting behaviour of solutions to a
semilinear elliptic equation arising from confined plasma problem in dimension two

—Au = Mk(z)f(u) in D,
u=c on 0D,

ou
— —ds=1
/é)D ov s ’

where D C R? is a smooth bounded domain, v is the outward unit normal to the
boundary 9D, X and I are given constants and ¢ is an unknown constant. Under
some assumptions on f and k, we prove that there exists a family of solutions
concentrating near strict local minimum points of I'(z) = (1/2)h(z, x) —

(1/87) Ink(x) as A — +o0. Here h(z, ) is the Robin function of —A in D. The
prescribed functions f and k can be very general. The result is proved by regarding
k as a measure and using the vorticity method, that is, solving a maximization
problem for vorticity and analysing the asymptotic behaviour of maximizers.
Existence of solutions concentrating near several points is also obtained.
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1. Introduction and main results
In this paper, we consider the 2D plasma problem

—Au=M(z)f(u) in D,
u=-c on 9D, (1.1)
ou '
— —ds =1,
oD 61/
where D C R? is a simply-connected bounded domain with smooth boundary, v is
the outward unit normal to the boundary 8D, A € R™ and I are given constants
and c¢ is an unknown constant. The non-autonomous term & and the nonlinearity f
are two prescribed functions. In the following, we always assume f > 0 on (0, +00)
and f =0 on (—oo, 0).
(© The Author(s), 2024. Published by Cambridge University Press on behalf
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The problem (1.1) arises from a model describing a simplified version of equilib-
rium of a plasma in a cavity (also called the ‘Tokamak machine’), see [13, 35, 36].

Let uy =wifu > 0and uy = 0if w < 0, u— = uy — u. The equilibrium of a plasma
confined in a toroidal cavity is governed by the following equations (see the classical
paper [35])

Lu = Nku_ in D,

U=y on 0D, (1.2)

1 ou
——ds=1
/BD ziov T
where D C H = {z = (x1, x2) | 1 > 0} is a bounded domain, £ = Zle(a/axi)

((1/21)(0/0x;)), v is the outward unit normal to 9D at z, I is a given positive
constant and 7 is an unknown constant. The non-autonomous term k satisfies

0<ko<k(r)<k <oo, we€D.

The sets D, ={z € D |u(xz) <0} and D, ={x € D |u(x) >0} are called the
plasma set and vacuum set, respectively. 9D, is called the free boundary. Indeed,
from a physical point of view, the nonlinear term A\ku_ in (1.2) can be replaced by
Ak f(u) for general f, which is called the constitutive function of the plasma, see
Appendix in [35].

If we simplify the elliptic operator £ in (1.2) to A, one gets a simplified model

Au = Nku_ in D,

U=y on 0D, 1.3
/ %ds—l .
oD 8V '

Note that for a solution u of (1.3), v = —u satisfies (1.1) with f(t) = t; and ¢ = —7.

Existence of solutions to (1.3) and the general problem (1.1) is studied in many
references, see [3, 13, 22, 28, 31, 33, 35] and reference therein. In the case k = 1,
it is well-known in [36] that (1.3) has a solution if and only if A > 0 and

<0, if A< A;; =0, ifA=A;; >0, if A> A,

where A is the first eigenvalue of —A in D with Dirichlet boundary condition.
Moreover, if A € (0, \), where Ay is the second eigenvalue of —A in D, the solution
of (1.3) is unique, see also [7, 29]. For the asymptotic behaviour of solutions to (1.3)
as A tending to infinity, Caffarelli-Friedman [10] first proved the non-uniqueness of
the solutions to (1.3) and showed that the free boundary 0D, is approximately a
circle as A — +o00. Let G(z, y) be the Green function of —A in D with Dirichlet
boundary condition. Then G(z, y) has the decomposition

1
G(Jf,’y) = _% ln|as - y| - h(x7y)7

where —(1/27)In|z —y| is the fundamental solution of —A and the regular
part h(z, y) € C>°(D x D). It is proved in [10] that if there exists O C D with
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mingepo h(z, ) > mingeo h(z, ), then (1.3) has a solution u* for every A suffi-
ciently large, and the corresponding plasma set D,, shrinks to a point 2* € O with
h(xz*, £*) = mingeo h(z, ) as A\ — +o00. This result has been extended to solutions
to (1.3) whose plasma set has several components. Under the assumption that the
homology of € is nontrivial, [13] proved that for every [ > 1 and A sufficiently
large, (1.3) has a solution whose plasma set D,, consists of [ components and con-
centrates near critical points of the Kirchhoff-Routh Hamiltonian as A — 400 by
using the Lyapunov—Schmidt reduction method. The Kirchhoff-Routh Hamiltonian
'H; is defined by (see [23, 27, 30])

Hi(xy, ... @) = 5 Z d;d;G(z;, xj) + Zdz Ty i), (1.4)
1<i# <l
where (x1, ..., 7)) € DY :=D x D x---x D satisfies x; #x; for i#j, and
[ ——
l
di, ..., d; are [ prescribed constants. When D has non-trivial topology, solutions

of (1.1) with f(t) = t%.(p > 1) whose plasma region shrinks down around finitely
many different points have been constructed in [28]. See [4, 5, 8] for more results.
Note that the plasma problem (1.1) with k(z) = 1 also corresponds to the vortic-
ity formulation of 2D steady incompressible Euler equations. In [12], by using the
non-degeneracy of solutions to

~Au=1uf, inR?

and the Lyapunov—Schmidt finite-dimensional reduction method, [12] proved the
existence of solutions of (1.1) with f(¢) =t (p > 1) concentrating near isolated
non-degenerate critical points of H; for A sufficiently large. [14] further proved
the existence and asymptotic behaviour of concentrated solutions of (1.1) with
f(t) =t (p=0) for X sufficiently large by using Lyapunov-Schmidt reduction
method. Compared to [12], results in [14] require more delicate estimates since
the nonlinearity in [14] is not as smooth as it is in [12]. For more results, see, e.g.,
(11, 15-18, 34, 37].

When £ is a function rather than a constant, many references also considered the
existence and asymptotic behaviour of solutions to (1.1), see [19, 24, 25, 32, 38] and
reference therein. [35] first obtained the existence of solutions of (1.3) by considering
minimization of a certain variational problem. For N > 3, Shibata [32] considered
the following equations

—e?Au=k(x)f(u—1), u>0, z€D,
(1.5)
u =0, x € 0D,

where D CRY, &> 0 is small and k(z) is a positive function in D. Under the
assumption that f(t) = ¥ for p € (1, (N +2/N — 2)), the author proved that (1.5)
has a least energy solution concentrating near global maximum points of k as ¢ —
0T. Here the concentration means that the plasma set {z € D | u.(x) > 1} shrinks
to some points as € — 0. This result has been extended to solutions to (1.5) with
general nonlinearities concentrating near several boundary points, see [24]. As for
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the plasma problem (1.1) for N > 3, solutions whose plasma region shrinks down
around finitely many distinct points were constructed in [25]. It is worth mentioning
that, both in [32] and in [24, 25] the total vorticity vanishes rather than tends to
a non-zero constant as ¢ — 0, that is,

Ou,

5 ds—0 ase—0.
op oV

For N = 2, by considering Liouville-type equations

—Au=¢e?K(z)e", in D,
(1.6)
u=0 on 0D,

del Pino et al. [19] proved that solutions of (1.6) have the blow up-concentration
phenomenon, i.e., there exist solutions of (1.6) concentrating near small neighbour-

hoods of critical points {21, ..., Zn,o} of the function
—ZZan(:Ei) + 8mh(x, x;) — Z87rG(mi7mj) (1.7)
i=1 J#i

as € — 0, and the total vorticity of solutions around each z; ¢ tends to a non-zero
constant as € — 0. Note that (1.7) is different from the Kirchhoff-Routh Hamil-
tonian (1.4) since the presence of K. Note also that (1.6) coincides with (1.1) by
letting A = 2 and f(t) = e’. A natural question is, whether there exist solutions u*
to (1.1) with general profile function f, such that the corresponding ‘plasma set’
{x € D | u*(x) > 0} concentrates near several points with diameter tending to 0 as
A — +oo?

In this paper, we will construct solutions to (1.1) concentrating near some
prescribed points with a large class of sub-exponential nonlinearities f. The nonlin-
earity f can either be continuous (e.g., f(t) =t} for some p € (0, +00)) or have a
jump (e.g., f being a Heaviside function), see theorems 1.1 and 1.3. We prove that
for any xo being strict local minimizers of T'(-) defined by (1.8), there exist solu-
tions u* of (1.1), whose ‘plasma set’ {z € D | u*(z) > 0} concentrates near xo as
A — 400 and total vorticity tends to a non-zero prescribed constant I as A — +o0.
The idea is to regard the non-autonomous term k as a measure and to use the
Arnold’s variational method developed by [1, 2, 37]. Note that in [12, 14, 28], the
constitutive function is f(t) =t for p > 0. Thus compared to the classical results,
we can construct concentrated solutions to plasma problem (1.1) with very general
nonlinearity.

Before stating our results, let us first introduce some notations: for every
Lebesgue-measurable set A, B C D, A denotes the closure of A and |A| denotes
the two-dimensional Lebesque measure of A, except when stated otherwise;
dist(A, B) = infyeca yep | —y| denotes the distance between A and B; B, (y)
denotes the open ball of radius r centred at y; x4 denotes the characteristic func-
tion of A € D, namely xa(z) = 1forz € Aand ya(x) =0forx ¢ A; O(1) and o(1)
denote some quantities which remain bounded and go to zero as \ tends to infinity,
respectively; for any function h, supp(h) denotes the support set of h.
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Let k(x) : D — R be a continuous function satisfying
(K). There exist two constants kg, k1 such that
0<ko<k(z)<ki <+4o0, VzeD.

Let us introduce an auxiliary function which will play a crucial role in the study of
the existence of solutions to (1.1). Define

I(x) = %h(m) _ Siﬂ In k(z), (1.8)

where h(z, y) is the regular part of the Green’s function G, and k satisfies the
assumption (). Clearly I'(+) is well-defined in D.

Our first result concerns the existence and asymptotic behaviour of solutions to
(1.1) with the nonlinearity being the Heaviside function, i.e., f(t) = X403

THEOREM 1.1. Suppose that k(-) satisfies (K) and f(t) = X +>0y- Let xo be a strict
local minimizer of T'. Then there exists Ao > 0, such that for any X\ € (A9, +00),
(1.1) has a weak solution pair (u*, ¢) which satisfies the following properties:

(1) the diameter of the plasma set {x € D | u(x) > 0} is of the order O(A~(1/2))
as A — +00.

(2) For any x € {x € D | u*(x) > 0}, x tends to x¢ as X — +o0.

(3) For \ sufficiently large, {x € D | u*(x) = 0} is a C' curve and converges to
a circle as A — 4o00.

(4) There holds

c)‘:—iln/\— k(xo)/ ln*;dy—l-lh(xo,xo)—ko(l),
4m 2r Jp 7RG (©) lz* =yl

(1.9)
where x* is any point of 8BB\/W(O).
REMARK 1.2. We give an example to show the existence of zg. By (1.8),
I'(x) = (1/2)h(x, x) — (1/87) In k(z). Since lim,_,gp h(x, x) = +00, by assumption
(K) one can get the existence of minimum points xg1 € D satisfying I'(zg1) =
mingecp I'(z). Thus from theorem 1.1, there exists a family of solutions u* con-
centrating near minimizers of I'. Note that the limiting location of the plasma set
{x € D | u*(x) > 0} in theorem 1.1 coincides with that in [19] since when choosing
n=11n (1.7), (1.7) is equal to 167 times T.

When f(t) is a continuous function satisfying some growth conditions, one can
also get solutions to (1.1) concentrating near local minimizers of T'. To this end, let
f :R — R be a continuous function satisfying

(f1). f is locally Holder continuous on R\{0}, f(s) =0 for s <0, and f is strictly
increasing in (0, +00);
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(f2). there exists some positive number r¢ € (0, 1) such that

/S f@)ydt <rof(s)s, Vs =0.
0

(fs3). For all 7 > 0,
lim (f(s)e ™) =0.

s——+00

Note that many nonlinearities that frequently appear in nonlinear elliptic equations
satisfy (f1)-(f3), for instance f(s) = s% with p € (0, +00). Our second result is as
follows.

THEOREM 1.3. Suppose that k(-) satisfies (K) and f satisfies (fy)—(f;). Let xq
be a strict local minimizer of I'. Then there exists Ao > 0, such that for any
A€ (Mo, +00), (1.1) has a weak solution (u*, c) which satisfies properties as
follows:

(1) the diameter of the plasma set {x € D | u*(x) > 0} is of the order O(\~(1/?)
as A — +00.

(2) For any z € {zx € D | u*(z) > 0}, x tends to x¢ as A — +oo.

(3) For X\ sufficiently large, {x € D | u*(z) = 0} is a C* curve and converges to
a circle as A — +oo.

(4) There holds
= —Eln/\— —lnk(azo)—i—Ih(xo,xo) C, + o(1). (1.10)
Here C, = (1/27) [po In(1/|z* — /) f(U)(y') dy’, where U is the unique
radial function satisfying
~AU(z) = f(U)(x), =eR?

FU) (@) do =1, (1.11)

R2
and z* is any point of d{x € R? | f(U)(z) = 0}.
REMARK 1.4. We give some examples to show the existence of U in (1.11). If we

choose f(t) = t, which corresponds to the classical confined plasma problem, then
the unique radial C'! solution of (1.11) has the explicit profile

cp1(), |lz| <
U(z) = ) I N
cspi(x)In s, [x| >

where s is a constant such that 1 is the first eigenvalue of —A in B(0) with Dirichlet
boundary condition, ¢; > 0 is the first eigenfunction of —A in B,(0) with ¢1(0) = 1,
¢} is the derivative of ¢, and ¢ is a constant such that ch‘(O) p1dx = I. Note

that U € C*(R?) for any « € (0, 1). For more results, see [9, 24] for example.
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The idea of the proof of theorems 1.1 and 1.3 is the Arnold’s variational principle,
that is, considering maximization of some functional for the vorticity and analysing
asymptotic behaviour of solutions. To this end, we introduce the definition of ‘vor-
ticity’ w = —Aw, which originally comes from the study of the incompressible Euler
equation, see [37]. Then we deduce the vorticity formulation (2.3) of (1.1) and give
an equivalent description of main results, i.e., theorems 2.1 and 2.2. Indeed, we can
generalize (2.3) to equation (2.5), which corresponds to solutions concentrating near
several points. It suffices to prove the existence of solutions to (2.5) concentrating
near strict local minimizers of an auxiliary function I';, i.e., theorems 2.3 and 2.4,
which is a generalized version of theorems 2.1 and 2.2. For the proof of theorem 2.3,
the key is to regard the non-autonomous term k as a measure. Note that because
of the presence of the measure k(z) dx in the energy functional and the admissible
class, the classical computation of vorticity method fails and we must give new
estimates of maximizers, such as the energy F, the Lagrange multiplier p¢, the
diameter and limiting location of the plasma set of w®. For the proof of theorem
2.4, the differences from theorem 2.3 are as follows. First, to show the existence
and profile of maximizers, we introduce another parameter 7. Then we need to
compute the upper bound of the stream function \I'f’T to eliminate the patch part
and show that maximizers are solutions of (2.5), see lemma 4.5. Second, in order
to get asymptotic behaviour of solutions, the limits of w®” and U5 need to be
estimated accurately.

REMARK 1.5. We give some comments about the relation between our results and
results in [12-14, 19, 24, 25, 28|. Note that in [12-14, 28], the term & has to be a
constant and the nonlinearity is f(t) = t&. for p > 0. The key of proof is the use of
the Lyapunov—Schmidt reduction method and the non-degeneracy of solutions to

—Au=1uf, inR? (1.12)

for p > 0. Especially in [14], the nonlinearity f is a Heaviside function and not
differentiable and thus the proof requires very delicate estimates. Compared to
these results, in this paper we can construct solutions of (1.1) with & not a constant
and general nonlinearity f. The key of proof is to use the expansion of Green’s
function G(z, y) to prove the radius of the plasma set, the concentration location
and the order of energy of the solution as A — +oco. Indeed, the advantage of using
Arnold’s variational principle is that we do not need the non-degeneracy of solutions
to (1.12) with f(t) = ! replaced by general f, which is also not known for general f.
The argument adopted here is not affected by this issue and all we need is that the
nonlinear term f satisfies some growth conditions. This is why our result holds for
general f. When choosing f(t) = €', del Pino et al. [19] constructed concentrated
solutions of the equation

—Au=¢?K(z)e", in D; u =0, on D

such that the energy concentrates near small neighbourhoods of points
Tie, -+, Tne as € — 0. These points tend to a critical point of the function defined
by (1.7). When n = 1, the function is T'. Thus to some extent, the limiting behaviour
of solutions in theorems 1.1 and 1.3 coincides with that in [19], and the only differ-
ence between theorems 1.1, 1.3 and results in [19] is the choice of the nonlinearity f.
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Finally, [24, 25] considered solutions of equation (1.5) in the case of N > 3 and k
not a constant. As € — 0, the plasma region of solutions to (1.5) will shrink to
maximiers of k, rather than critical points of I'. Note that the total vorticity van-
ishes as ¢ — 0, that is, [,,,(du./0v)ds — 0 as € — 0. In contrast to these results,
our result holds for N = 2, and the total vorticity tends to a non-zero prescribed
constant I as € — 0. That is one of main differences between our results and results
n [24, 25]. For more related works, see [4-6, 8, 20, 21, 39] for instance.

This paper is organized as follows. In § 2, we deduce the vorticity formulation of
(1.1) and generalize main results to theorems 2.3 and 2.4, respectively. In § 3, we
prove theorem 2.3 by solving a maximization problem of an energy functional for
vorticity over admissible sets and giving asymptotic estimates of maximizers for
sufficiently small. The proof of theorem 2.4 will be shown in § 4.

2. Equivalent problem of (1.1)

We first reduce (1.1) to a dual problem for the vorticity. Let us define the vorticity
w = —Awu. Since u is a constant on 9D, we have

u(x) =G /ny y)dy —p, x€D

for some constant u, where G(z, y) is the Green’s function of —A in D with zero
Dirichlet condition. Taking this into (1.1) we have

w = Ae(x)f(Gw—p) xe€D. (2.1)

Using Green’s formula, the third equation of (1.1) becomes

I= %ds —/ wdzx. (2.2)
p Ov D

Let us define ¢ = A=(1/2) and w = w/k(x). Taking w into (2.1) and (2.2), we get

equations for w

w= 5 F(G(k()w) ), zED,

(2.3)
/ w(x)k(x)de = 1.
D

Note that it is equivalent to solve solution pairs ( A 1) and solution

, ) of (1.
pairs (w®, u¢) of (2.3). Indeed for a solution pair (w¢, ,u €) of (2.3), one can recover
solutions of (1.1) by letting u* = G(k(-)w®) — pf and ¢* = —p°.

For equation (2.3), we get the following equivalent description of theorems 1.1
and 1.3. Note that {z € D | u*(z) > 0} = supp(w®).

THEOREM 2.1. Suppose that k(-) satisfies (K) and f(t) = X+>0y- Let xo be a strict
local minimizer of T'. Then there exists g > 0, such that for any ¢ € (0, €9), (2.3)
has a weak solution pair (w®, pu®) with the following properties:

(1) diam(supp(w®)) = O(e).
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(2) For any z € supp(w®), = tends to xg as e — 0.

(3) For e sufficiently small, d(supp(w®)) is a C' curve and converges to a circle
ase — 07,

(4) There holds

I 1 1
po= o+ k(;O)/ lnmdy—fh(wo,fﬂo)+0(1)a
™ ™ B (0) -
T/7k(z0)

where x* is any point of 3Bm(0).

THEOREM 2.2. Suppose that k() satisfies (K) and f satisfies (f;)—(f3). Let xo be a
strict local minimizer of T. Then there exists g > 0, such that for any € € (0, &¢),
(2.3) has a weak solution pair (w€, o) with the following properties:

(1) diam(supp(w®)) = O(e).
(2) For any z € supp(w®), = tends to xg as e — 0T.

(3) For e sufficiently small, O(supp(w®)) is a C* curve and converges to a circle
as e — 0.

(4) There holds

I 1 I
€= —In—+ -—1Ink(x) — Th(xg,z0) + Cx + o(1),

0_27r e 4w

where C, = (1/27) [, In(1/|z* — ') f(U)()dy', U is the unique radial
function satisfying (1.11) and x* is any point of d{x € R? | f(U)(z) = 0}.

Indeed, to prove theorems 2.1 and 2.2, one can directly consider solutions of (1.1)
concentrating near several distinct points. Let | be an integer and d; € R/{0}(i =
1, ..., 1) bel constants. Let us introduce an auxiliary function I'; which generalizes
the function I" defined by (1.8). Define

l
1
Ci(wr,. ) = Halwn, o m) = o > diInk(x;), (2.4)

i=1

where H; is defined by (1.4). Notice that if I = 1, then the auxiliary function is
().

Let (xo,1, ..., xo;) be a strict local minimizer of I'y, that is, (zo1, ..., o) is
the unique minimizer of T'; over By x --- x Bj. Here B; := Bs(z¢,;) for some § > 0
sufficiently small such that B; C D and B; N Bj = @ for i # j. Consider solution
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pairs (w®, p$)(i =1, ..., 1) of the following equations
sgn(d;
U (G (ko) — pi)xm,, @€ D,

i=1 (2.5)
/ wk(x)de = d;,
B;

where sgn(d;) =1 if d; >0 and sgn(d;) = —1 if d; < 0. f; are [ given functions
and p; are unknown constants. The following result shows that for any strict local
minimizer (2o, ..., o) of I';, there exist solutions of (2.5) concentrating near [
distinct points xg ;.

THEOREM 2.3. Suppose that k satisfies (KC) and fi(t) = x>0y (i =1, ..., 1). Then

for any strict local minimizer (xo1, ..., o) of L'y, there exists eg > 0, such that
for any € € (0, €9), (2.5) has a weak solution pair (w¢, pu$) with the following
properties:

(1) Define w; = wxp,. Then diam(supp(ws)) = O(e).
(2) The support of w§ tends to xo,; as e — 0T, that is,

lim  sup |z —z0,| =0.
e—0+ rEsupp(ws)

(3) For e sufficiently small, O(supp(wf)) is a Ct curve and converges to a circle
ase — 0T,

(4) There holds

;= ‘2 | In= + (;0, ) / In ————dy — |d;|h(w0,:,70,i)
T ™ B e (©) |z =y
1
+sgn(d;) Z d;jG(xo,i,x0,5) + o(1),
Jj=1,j#i

. )
where x* is any point of 8B3m(0).

THEOREM 2.4. Suppose that k(-) satisfies (KC) and f; satisfies (f;) — (fs) (i =
1, ..., 1). Then for any strict local minimizer (zo1, ..., oy) of T, there exists
go > 0, such that for any e € (0, £¢), (2.5) has a weak solution pair (we, of) with the
same properties as those in theorem 2.3. Moreover, of has the following estimates

d; 1 d;
0’;-5 = % In g + % In k‘(xOJ-) — ‘di|h($0,i,$07i)

l
+ Sg’fl(dl) Z de(Io_’“ IOJ) + 01 + 0(1)
j=1,j#i
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Desingularization of an elliptic free-boundary problem 11
Here C; = (1/2m) [ In(1/]z* —¢/|) fi o Us(y') dy', where U; is the unique radial
Sfunction satisfying
—AUj(z) = fi(Ui)(z), = ecR?
{fRz fi(Ui)(z) dz = |di],
and x* is any point of O{x € R* | f; o U;(x) = 0}.

Note that when [ = 1, results in theorems 2.3 and 2.4 reduce to those in theorems
2.1 and 2.2. We will give the proof of theorems 2.3 and 2.4 directly in the following
sections.

3. Proof of theorem 2.3

3.1. Variational problem

In this section, we give the proof of theorem 2.3. We define the energy functional

B) =5 [ [ Gl i) o), (31)

where df(x) = k(x) dx is a measure deduced by the non-autonomous term k. By
the assumption (K), we know that df(x) is equivalent to the two-dimensional
Lebesgue measure dx.

Define a constraint set

!
M.(D) = {w = Zwi € L>*(D)| w; =wxas,,
i=1

0 < sgn(d;)w; < Eig, / w; d0(z) = dz} . (3.2)
Bv

i

The difference between M (D) and the classical results is that we impose the
LY(B;, df(x)) norm of w; to be d;, rather than the L'(B;, dz) norm, which may
cause essential difficulty in proving asymptotic behaviour of solutions.

Consider the maximization problem

(P") sup  E(w).
weEM (D)

To begin with, we show the existence and profile of maximizers of E over M_(D).
PROPOSITION 3.1. There ezists w® € Mc(D), such that E(w®) = supge pm, (py £(@)-

Proof. Since G(-, -) € L'(D x D), we know that E is bounded from above on the
set M (D). Now we choose a maximization sequence {w"} C M. (D) of E, that is,

lim E(w")= sup FEw).
k=400 weM (D)

By direct computations we can prove that M, is a sequentially compact subset of
L?(D) in the weak topology. So we may assume that, up to a subsequence, w"™ — w®
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12 J. Wan
weakly in L?(D) as n — +oo for some w® € M.. So
E(z)w" — k(z)w® in L?(D)weak topology.

By elliptic regularity theory,
Gkw") = / G(z,y)w™ dd(z) — / G(z,y)w® df(x) = G(kw®) in WHP(D)
D D

for any p > 1, from which we deduce that
lim E(w") = E(w°).

n—-+4oo

So w® is a maximizer of E over M.. O

We define wf = w®xp, to be each piece of the maximizer. Then using classical
idea in [37] we can get that the maximizers has the form of (2.5).

PROPOSITION 3.2. Let w® be a maximizer defined as in lemma 3.1. Then

l 1
sgn(di)
W=D Wi =) 22 “X{pr>0}nB, (3.3)
i=1 i=1

where ¥F = sgn(d;)G(kw®) — s and ps are constants dependent on € for i =
1, ..., l. Moreover, for e sufficiently small there holds
where Cy is a negative constant independent of €.
Proof. Let w® be a maximizer. For any w € M., we set

w(s) = w” + s(w—w®), forsel0,1].

Since M. is a convex set, w(,) € M, for any s € [0, 1]. So E(w(,)) < E(w®), which
implies that

O > dE(w(g))
ds

_ / (@ — )G (k) dB(z),
s=0+ D
that is,

/wg(kwg)dG(m)g/weg(kwa)dﬂ(x)
D

D

for any w € M.(D). By the definition of M.(D) and the bathtub principle (see
[26]), we get for any i =1, ...,

1
sgn(d;)G(kw®) = pi on {sgn(di)u)iE = 52} N B,

1
sgn(d;)G(kw®) = pi on {O < sgn(d;)w; < &_2} N By, (35)

sgn(d;)G(kw®) < pi  on{sgn(d;)w; =0} N By,

i
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Desingularization of an elliptic free-boundary problem 13
where 4 is a constant satisfying

=inf{s € R | |{x € B; | sgn(d;)G (kw®) > s}|o < |di|e?}. (3.6)
Notice that [{x € B; | sgn(d;)G(kw®) > s}|o means that the df(z)—measure of the
set {x € B; | sgn(d;)G(kw®) > s}. Thus using (3.5), we get that

1
wi = sgn(di) 5 X{ws>03nB:s

where ¢f = sgn(d;)G(kw®) — u5. So (3.3) is proved.
It remains to prove that pf > Cy for some Cy. In fact for any = € B;,

sgn(d)G (k) () = G(kwS]) () + sgn(di) 3 Glkws)
Jj#i

Zkl\d| max |G(x y)|. (3.7)
JFi

Combining (3.6) with (3.7), we can get (3.4) by letting Co = —3_,, ki[d;]
maXxEBi,yij ‘G(IE, y)| g

REMARK 3.3. Indeed, one can repeat the proof in [37] to prove proposition 3.2.
Without loss of generality, we assume d; > 0. For any z1, zo € L (D) satisfying

supp(z1), supp(z2) C B,
21,22 2 0, a.e. 1nD/ x)dl(z) = /zz(x)dG(x),
1 P (3.8)
z1 =0 in D\{x€D|w(1’)<EQa},
zo=0 inD\{zxe€D|w(z)>a},

where a > 0 is sufficiently small, we define a family of functions ws; = w® +
s(z1 — 2z2), s > 0. Then one can prove that ws € M. (D) for s > 0 sufficiently small.
So dE(ws)/ds|s—g+ < 0, which implies that

/ G(kw®) (z) z1(z) db(z) < / G(kw®) (x) z2(x) dO(x).
D D

From this we get

sup G(kw®) (x) = inf G(kw®) (x).

{z€D|ws(x)<1/e2}NB; {z€D|w*(z)>0}NB;

Define 5 := inf ¢ pjwe (z)>01nB; G(kw®)(x), it is not hard to prove that

&l in B;n{x e D|Gkw®) > us},
€ =0 ae.in BiN{z e D|G(kw®) < us}.

£ €
I
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14 J. Wan

On {z € D |G(kw®) = ps}, by properties of Sobolev space, we have kw® = 0.
Sow® =0ae. in {x € D|G(kw®) = pu}. Thus

1
wi = 22 X{weDIG (k) > 5 0B

So using this method, we can also get the same results as that in proposition 3.2.

3.2. Asymptotic analysis

In the following, we give asymptotic estimates of w;. We first give lower bound of
the energy E;(w®) and the Lagrange multiplier pg. Note that since the measure in
(3.1) is k(z) dz, we need to choose test functions properly. Then using the properties
of function In x and the theory of rearrangement function, we get that the diameter
of the plasma set of w® is the order of € and the limiting location is a minimizer of I';.

To simplify the proof , we define the energy functional associated with w;

Ei(w) == %/D G(z,y)wi(x)w;(y) dO(z) db(y) fori=1,...,1 (3.9)

Direct computation shows that

l
Ew) =Y Epw) +0(1) = Ei(w) + E | Y w; | +0(1) Ywe M.(D). (3.10)
k=1 J#i

We first give a rough lower bound of E;(w®).

LEMMA 3.4. Let w® be a maximizer. Then fori=1,...,1
. 1
Ei(w® —In -
(@) > £ = +0(1).

Proof. We choose

!
- sgn(d ) .
W = T2 XBye)e(®0,i) + Z Wi = Zwlia
k=1

k=1,k#i

where t(e) € ((1/2)\/|di]/mk(wo,:), 2+/|di|/mk(z0,)) satisfies fBi wsdl(z) =
Direct calculations show that t(e) exists for ¢ sufficiently small and lim, ¢+ t(e) =

V0dil/mk(zg ;). Then &° € M (D) and E(w®) > E(®F), which implies that

>_f//1n|x—y|w )5 (y) d8() d8(y)

- /D /D ()@ ()3 (y)0() dB(y)

+E (D wi | +0(). (3.11)

JFi
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Desingularization of an elliptic free-boundary problem 15

Since the diameter of supp(@f) is \/(|di|/7k(z0,:))e + o(e), we have
1 . [
i [ [ wle =yl @) do@) o) > i 0. (a2
T™JpJD ™

By the choice of B; we obtain

1 - ~
5 )L [ s s ww)| - o, (313)
pJD
Taking (3.12), (3.13) into (3.11) and using (3.10), we get the desired result. O
Then, one can get the lower bound of Lagrange multipliers p.

LEMMA 3.5. Let w® be a mazimizer and p; be the associated Lagrange multiplier.
Then there holds

T |§ i In -+ O(1). (3.14)
Proof. Let us first prove that
Wm@/@W@mmﬁ—@wm%mzmm. (3.15)
D

Using the definition of B; we get
sgn(d) [ (sgn(a)G0k) = )t d0(a)
= [ (san(@)G (k) = i + Co)l | a0(2) +Cod
< [ (anlddG(hat) = i + Co)slefldo(a) + OC). (310

Define P = (sgn(di)G(kwf) — if + Co)s and Pf = (sgn(di)G(kw?) — pif + Co).

K2

So by (3.4), Pf, Pf € H}(D). On the one hand, we get
/ Prws do(x / |VPf|? dz. (3.17)

On the other hand, by the choice of Cy we have supp(Pf) N B; C supp(ws), which
implies that

| Prltlane) < [ Priwtlane) +ou)

<= P do(z) + O(1)

2
€% Jsupp(w?)

1/2
k _
< = |supp(wf)[/? (/ (Pf)zdff> + O(1).
€ supp(w§)
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16 J. Wan
Using the continuous embedding W11(B;) C L?(B;), we have

| Pristlasia)
D
k _ _
< %|supp(wf)|1/2 (/ P dx—i—/ VPﬂdx) +0(1)
i B;
Ck )
< ot supp(up)| /2 ( /

< 951 supp() [ / Pt do(a)
ko D

Pt dx—i—/ VPﬂd:E) +0(1)
supp(ws)

upp(w§)

Ck
+ SHsupp) [ v e+ o)

supp(ws)

So for ¢ sufficiently small, we get [}, Pf|ws|df(z) < (Ck1/2)|supp(ws)|1/? J,
|VPg|dz 4+ O(1). By Hoélder’s inequality,

Ck
| Prlelaste) < Stsupmter) ( /

1/2
< Cky (/ VP;|2dx> +O(1). (3.18)
D

upp(ws)

upp(w§)

1/2
|V P2 dx) +O(1)

Combining (3.17), (3.18) and (3.16), we get (3.15).
Notice that

2E,(w°) = sgn(d;) /D (sgn(d)G (kw?) — i )wf dO() + |dss.

So using lemma 3.5, we get (3.14). O
By lemma 3.5, one can prove that the diameter of w$ is O(e).
LEMMA 3.6. Let w® be a mazximizer. Then
rie < diam (supp(wi)) < Rie,
where r1, Ry > 0 are constants independent of ¢.

Proof. By the choice of M. (D), we know that ki|supp(wf)| > |d;|e?. This implies
that

diam (supp(ws)) = rie

for some r1 > 0.
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Desingularization of an elliptic free-boundary problem 17

On the other hand, for any x € supp(wf), using (3.3) we have ¥$(z) > 0, which
shows that

——/1n|x—y||w€| ) oy /hxy|w )] dé(y)

+ sgn(d Z G(kws3)

J=1,j#i
1
< —2—/ Infz — ylJof|(y) dOy) + O(1).
T JD

Thus by (3.14), we have

111
ldif 1

or e S —nglnlx—wa [(y) d8(y) + O(1).

From the classical estimates in [37], we get diam(supp(ws)) < Rie for some
Ry > 1. O

We now estimate the limiting location of w as € tends to 0. To begin with, we
define the 0-weighted mass centre of w; as

Xt ::l/xwf(x)dG(x) fori=1,...,1
di Jp

Then X{ € B;. Since B; is compact, we may choose a subsequence of {X;" }2 , (still
denoted by X¢) satisfying

lim ngx € B,.

e—0t
Define the scaled function of wg

sgn(d; _
¢ = 7952 )w§(5x+Xf) x € Dy,

where D, = {x € R? | ex + X{ € D}. Then using the definition of M.(D), we have

0 < ¢ < 1. Moreover, by lemma 3.6 we get that the support set of ({ is contained
in Bg, (0). Using [, w$df(z) = d;, we get

/ k(ex + X9)CF(x) de :/ ] () = |dy]. (3.19)
Br, (0) B;

Since ¢(f is uniformly bounded in LP(Bg, (0)) for any p € [1, +00], then still up to
a subsequence, we may assume that ¢; — ¢ in L? weak topology and L* weak
star topology for some (¥ € L (Bg,(0)) as e — 0. We now calculate the necessary
condition of x{* and the profile of (. To this end, we define a real-valued function

t2
// XBW(O)( )XBW(O)(y) dz dy. (3.20)
Direct calculation shows that Q;(t) = (d?/87)Int + C*, where C* is a universal

constant.
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PROPOSITION 3.7. There holds

l l

Hi(x5, %5, ..., X]) — ;Qi(kz(x;‘)) = min Hy(wr, w2, 0m) - ; Qi(k(x:)).

As a consequence, x;{ = xq; fori=1, ..., 1. Moreover,

¢ S5 (F=
GG XBw/mu/wk(xi*)(O)

in LP topology for any p > 1 as e — 0.
Proof. By proposition 3.2, we know that |w$| is a vortex patch with height 1/&2,
so (7 is a vortex patch with height 1. So the limiting function ¢ is also a vortex
patch with height 1, that is, ¢ = xu~ for some set U* C Bg, (0).

Since k is a C° function and lim,_ g+ X§ = x;, we have

k(ex + Xf) — k(x§) uniformly in Bg, (0),

so by (3.19)
|d;| = lim k(ex 4+ X5)¢E (z) dz = k(x))|U*|. (3.23)

e—01 Bp, (0)

On the one hand, by the definition of F(w®) and lemma 3.6, we get
1<
ey _ _ = €
B =2 [ iz = et @i o) () dotw)

l
) ;Z [ ez @z o) asw)

% T // G, y)w; () ()0(x) O (y)

1<iAj<l
l 1 1
=2 5 |/ ok X5)CE (2)k )¢ () dz d
;47T//ns|x—y (ex + X7)G (@)k(ey + X7)C (y) dudy
= Hy(x1, X3, ...x7) +0(1)
Lo g2 l
:Zdiln,jLZi/ /
— dT ¢ P 47 Br, (0) JBr, (0)

k(ew + X7)CE (@) k(ey + X7)CE (y) dar dy

1
lz —yl

—Hl(Xi,X;,...,Xik) +0(1)
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Desingularization of an elliptic free-boundary problem 19

Since ¢f — ¢ in LP weak topology and k(s + X{) — k(x}) uniformly as ¢ — 0,
we have

J [ mrklen + X0 @hle -+ X2)¢: () dady

2 L ()¢ x 0
X [ G @ @)y + o),

where we have used the LP theory in elliptic equations and the compact embedding
theorem. Thus

E(w) = =1 *-&- dx dy
) ;4” € Bi, (0) BR<0) \x—y| G (@) W)

—HZ(X;(,XZ’ )+O
l d2 1

< —n / /
; T g Bgr, (0) /Bgr, (0)
xIn () (y) dz d

ni
|x—y|XB\/m(°) * XB\/W(O) y)drdy

— Hi(x1,%x5,...,%x7) + o(1)
L2 1

= Z 7;- In g + ZQl(k(XT)) - 'Hl(Xi,XZ7 . ,xi‘) + 0(1) (3.24)

where the second inequality we have used (3.23) and the Riesz’s rearrangement
inequality.

On the other hand, for any z; € B;(i=1, ..., 1), we choose a function &° =
S, @f, where &F is defined by

Of = Sgn(dl)

i o2 By, (e)e(zi)"

Here 7;(¢) € ((1/2)\/|dil/mk(2:), 21/|di]/7k(2;)) is chosen to satisfy ']‘Bi s ()
df(z) = d;. Then direct calculation shows that such 7;(¢) exists for ¢ sufficiently
small and lim. g+ 7(¢) = \/|d;|/mk(z;). By the definition of &, we obtain w® €
M. (D).

For E(&°), similarly as calculations in (3.24), we obtain
=——Z//1n|x—y|w ()5 (y) d6() dB(y)
-3 ; [ neaz@azo asw)
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l
= Z d—ZQ ]né + ZQl(k(zz)) —Hi(z1,...,21) +o(1). (3.25)

By E(w®) > E(&°), (3.24) and (3.25), we get
l l
D Qi(k(x})) — Hi(x3, x5, .., x7) = Y Qi(k(2:)) — Hu(21,...,21) Vzi € By,
=1 1=1

Thus we get (3.21). Notice that H;(z1, z2, ..., 27) — 22:1 Qi(k(x;)) =T (21, xa,
, 1) + Cf, where CJ is a universal constant. Then by the assumption that
(0,1, -- -, Toy) is a strict local minimizer of I';, we get x} = ¢ ;.
It suffices to prove (3.22). Indeed by (3.24) we have

e %c:mc:(y) da dy

// d; |/wk(x*> (x)XB,/\di\/Ter;f)(O)

Using strict Rearrangement inequality (see theorem 3.9, [26]), there exists a
7 . Notice that both the centre
XB,/\dm/wai*)(O)

translation 7 such that 7((F) =
of ¢ and the centre of B ‘d’_l/wk(x.*)(O) are the origin, we get 7 = id, namely,

G = XB\/\du/wuxi*)(o)' )
Finally, by (3.19) we have [ ) k(ez + X§)((F(2))? dz = |d;|, which implies
1

(y) dx dy.

that
1/p
, |d:i]
1 Ellrp = = ¢l 7p.
Jim 160 = (s ) =17l
Using the strict convexity of LP norm, we finish the proof. |

REMARK 3.8. By proposition 3.7, we know that E(w®) has the following expansion

BE(w°) :Z 4 *ln 7+ZQ (20.4)) — Hi(x0.1, %02, - - -, To1) + o(1).
Direct consequence of lemma 3.6 and proposition 3.7 is that the support set of
w$ is contained in B; for ¢ sufficiently small.
COROLLARY 3.9. For € sufficiently small, there holds
supp(wi) C CB;, foranyi=1,...,l.

Moreover, by proposition 3.7, we can repeat the classical result in [37] to show the
boundary of supp(C5) is a C* curve and converges to the boundary of supp((F)
(which is a circle) in C' sense as e — 0%, see lemma 4.10 for a detailed proof.
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As a corollary of lemmas 3.4, 3.5, 3.6 and proposition 3.7, one can get the order
of the functional F;(w®) and constants pg.

LEMMA 3.10. For € sufficiently small, there holds

Ei(wa) = ﬁ In 1 + Qz(k(.ﬁo z)) — d—?h(x()z Zo ) + 0(1) (326)
4T € ’ 2 e ’
/’Lz‘? _ ‘;l;‘ 1n§ + w/ In |£C*1— dy — |di|h(x0,i7$0,i)
B rat7rteg 7 (0) yl
l
+sgn(di) Y d;Glwg,w0,) + o(1), (3.27)
J=1,j#i

where x* is any point of OB i /mk (o _)(0).

Proof. Using (3.24), one can immediately get (3.26). For (3.27), notice that
for any = € dsupp(ws), p§ = sgn(d;) [, G(x, y)w®(y) d(y). So by lemma 3.6 and
proposition 3.7,

ﬁ=wmeGmwﬁ@M@

1 1
=—/ﬁw——wﬁ@wmm—/humwmmw@
2m B; |$—Z/| B;
+ sgn(di) Z de(l‘oﬂ', xo,j) + 0(1)
JFi
— 5 [ T E W] 46() — [dsl Ao, m0,)
- o’ B n |x o y| wi Yy Yy T xO,Zaxo,l
+sgn(di) Y d;G(wo.i,70,5) + o(1). (3.28)
JFi

Let = ex’ + X§, then 2’ € supp(¢f). By the definition of (f, we get

1 1
— [ In ——|wi(y)|do(y
o [, el o)
1 1 7
:f/ In————k(ey' + X)) dy/
2 Jpp 0 €l =
|di] . 1 1

1 _
2 . € + 2T Br, (0) n |.%'/ _ yl| (E:y + A5 )Cz (y ) Y ( )

By proposition 3.7 and the continuity of k, we have
1 / 1 -
oy In ———k(ey' + X7)¢G (y) dy'
27 Br, (0) |2/ — 3| o

k(zo,;) / 1 ,
= — In — dy’ + o(1), 3.30

2
Nicavczermis
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where z* is any point of 9B ERIETEn .)(0). Taking (3.29), (3.30) into (3.28), we
get (3.27). O

3.3. Proof of theorem 2.3

Proof. By proposition 3.2, we know that w® has the form

- _ N sgnldi)

W= Z 2 XG(kws)—pus >0} nB;°

i=1

By lemma 3.6, we have diam(supp(w$)) = O(g). Moreover, by lemmas 3.6, 3.7 and
the assumption that (xq1, ..., Zo,) is the strict local minimizer of I';, the support
set of w§ tends to xg,; as € — 07, namely,

=0.

lim sup |z — o,
e—0+ z€supp(ws)

By proposition 3.7 and lemma 3.10, we get (3)(4) in theorem 2.3. The proof of
theorem 2.3 is thus complete. O

3.4. Proof of theorems 1.1 and 2.1

Proof. Let [ =1 and dy = I in theorem 2.3, we get theorem 2.1. Let A = 1/¢2 and

ur = uf, ¢ = —puf, we get theorem 1.1. O

4. Proof of theorem 2.4

Since proof of theorem 2.4 is similar to that of theorem 2.3 , we only emphasize the
differences here, see proposition 4.7, lemmas 4.9, 4.10, 4.12 and 4.13.

By assumption (f2), we know that lims_, i f(s) = +oco. Moreover, direct
computation shows that (f3) is equivalent to

(f2)'. there exists ¢; € (0, 1) such that

F(s) = 815 f7(s)

for any s > 0. Here f~!(s) =0 if t <0 and f~!(s) be the inverse function of f if
t>0. Let F(s) = [; f~(t)dt.

Notice that f~! is nonnegative increasing continuous and F is a convex C!
function.

Define Fy(s) = [ f; '(t)dt (i =1, ..., 1). Our idea is to consider the maximiza-
tion problem

(P7) & ):weﬁéﬁmg(w),

where
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and the set

r

!
N.r(D) = {w = Zwk € L*(D) | wp =wxn,, 0<sgn(di)w; < =
k=1

/DwidG(x):di, izl,...,m}. (4.2)

Here T'>1 is a constant to be determined later. Note that the only difference
between N r(D) and M. (D) defined by (3.2) is the presence of parameter T
However, we will show that this is a technical trick and it will not affect the final
results.

4.1. Variational problem

Similarly as proof of propositions 3.1 and 3.2, we first get the existence and profile
of maximizers of the functional £(w) over N r(D).

LEMMA 4.1. There exists w>" € Nz 7(D), such that £(w*T) = supgep. () E(@)-
Proof. The proof is similar to that of proposition 3.1. So we omit it here. (|
Then we can get the profile of a maximizer w®” as follows.

LEMMA 4.2. Let w7 be a mazimizer defined as in lemma 4.1. Then

l
1 T
T e, T
W =) sgn(d:) <€2fi(1/’z‘ X (o<t <1130, +52X{w§’T>f;1<T>}mBi>v
i=1

(4.3)
where 57 = sgn(d;)G(kw®T) — 07, and o> are Lagrange multipliers dependent
one fori=1, ..., 1. Moreover, for e sufficiently small there holds

0T > _fT) — Co, (4.4

where Cy > 0 is some constant independent of e, T'.
Proof. For each w € N r, we choose test functions

W(s) = woT 4 s(w—w=T), forse[0,1].
Since w®T is a maximizer, we get &(w(s)) < E(w(o)), which implies that
(d€(w(s)))/ds|s=o+ <0, that is,

l

/Dw (g(kws’T) - Zfi_l(sgn(di)Ewa’T)sgn(di)> do(x)

l

< /DwE’T (g(kwe’T) - Zfl-1(sgn(di)52wf’T)sgn(di)> dé(z)

i=1
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for all w € N 7. Using the bathtub principle, we obtain

T
sgn(d;)G (k™) = 7 (sgn(di)e®wi ™) = 0" on {Sgn(di)wf’T = 52} N B;,

T
sgn(d;)G(kw™T) — £ (sgn(d;)e wf’T) = af’T on {0 < sgn(di)wig’T < eQ} N By,

sgn(di)G(kw™") = f7 (sgn(di)e’wi™) < of" on{sgn(di)wi” = 0} N By,

K2

(4.5)

T . e
where af is a constant satisfying

3

_ d;|e?
ot —int {s € R |fo € B sgn(@)6(™T) — £ sgnld)e®l ) > sl < 14,

Define @Z;f’T = sgn(d;)G(kwsT) — of’T, then by (4.5) one has

i

e, T 1 e, T T
wi = sgn(dl) <52f1(’l/11 )X{0<wf’T<f l(T)}ﬂBi + ?X{wf'TZfi_l(T)}ﬂBi . (47)

So we get (4.3).
It remains to prove that af’T > —f71(T) — Cy. For any = € B;,

sgn(d)G (k™) (x) — 7 (sgn(di)e*w] ™) (x)
> — Z |d;] max  G(z,y) — fi {(T). (4.8)

rEB;,ycB;
i#i y=T

Choose Cy =}, ; |dj| maxzep, yep; G(z, y). Combining (4.6) and (4.8), we get
(4.4). O

4.2. Asymptotic analysis of ws7T

For simplicity, we define functionals of w € N 1

1 1
&) =5 [ Gl () (@) 0ly) ~ % [ Flsgn(d)e?w:) da.
D D
Direct calculation shows that

l

Ew) =) &w)+0(1) (4.9)

i=1

for any w € N 1. Here O(1) is uniformly bounded about ¢ and T'. First we give a
rough lower bound of & (w® 7).

LEMMA 4.3. Let w®T be a mazimizer. Then fori=1, ...,1
e, T d7,2 1
(W) = LIn-+0(1). (4.10)
4T ¢
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Proof. We choose a function @57 = (sgn(d;)/e> )IXByoye(wo,) t 2o jpi & jT

S @0T. Here t(e) € ((1/2) Wil [mk(z0,:), 24/|di| /mk(z0,)) satisfies [, @ oo
db(z) = d;. Direct calculations shows that ¢(e) exists for e sufficiently small and

lim, o+ t(e) = \/|di|/mk(z0:). Then &=T € N r(D). Notice that

= [ Ftsgntanas Ty aot) < 5 FE0) / a6(z) = Fi(1)/ds]

Bi(e)e (®0,i)
2

D
1 ~eT/ \~eT di . 1
f/ G(z,y)o;" (z)w;" (y)do(x)do(y) = -+ 1In— + O(1),
2 D 47'(' g

so we get E(WST) > (d /4m) In(1/e) + 32, Ei(w™T) + O(1). By E(w=T) > £(@=T)
and (4.9), we get (4.10). O

Then we give the lower bound of Lagrange multiplier Jf’T

LEMMA 4.4. Let w®" be a mazimizer. Then for ¢ sufficiently small there holds

oo > - 'j;' Ine — |1 — 28, | f7 1(T) — O(1). (4.11)

Proof. By the definition of &; and assumption (f3)’, we get
28 (w=T) = / wf’Tg(kwf’T)dG(x)—é / Fy(sgn(di)e*ws ™) db(x)
D D
< [ TG T) — sgn(d)or ™) o)
~ 25, / w1 (sgn(d)2w ™) dB(a) + |l T
= / |wST| (sgn(di)g(k’wg’T) T f;l(T)) do(z)
(w3 T1=%)
(1=25) / W T (2wt T ) d0(a) + |l T
< / W] (wiT = 7NT) = Co) - db()
(lw$T1=5) ( ) +
+1dil|1 = 201 | £;71(T) + |dilos" + Coldy], (4.12)

where v©7 = sgn(d))G(kwsT) — o7
To estimate the first term of the last line of (4.12), we define Wf’T =

@ = f71T) = Co)y and W = (sgn(di)G (k™) — 05" — f71(T) = Co)s.
Using (4.4), we have W7, WS € HY(D).
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On the one hand,

/ wo T weT do(x) / VT2 da. (4.13)

On the other hand, by (4.3), we get supp(W:") N B; C {|wS”| = T/e2}, which
implies that

/\wET|WETd9 /|wET|W6Td9( )+ 0(1)

_ e, T
= / . |w;
{lwy " |=T/<?}

Using the Sobolev imbedding W (B;) C L?(B;), we get
[ T do)
D

T
<= / WweT d6(z) + O(1)
9 e, T 2
{lwi* ™ |=T/e%}

r_ T 1z T T
lwi | = Wit de + VW |da | +O(1)

7 |1/2 )
<CRWT) =% / sgn(d)wS T W da
i 2 i i
€ {lwf " =T/<}

cT T T
|w;” |:*2
13

So by the fact that |{|wS"|=A/e?}| = O(¢?) and Holder’s inequality, for e
sufficiently small we get

/ we T WET do(a)
D

e, T

(z) +O(1).

cT
\572

1/2 -
/ ) VW de 4+ O(1).
{lwp " |=T/e}

cT 7\ |"* .
X o {|W?T| = 2} / |VWZE7T|d$+O(1)
€ < {lw; " 1=T/e%}
cr T i
< — {Iw?’TI = 2}’ / VW T Pde ) +0(1)
< < {lw; " |=T/e?}
1/2
< Cld;] (/ |VW§’T|2da:> +0(1). (4.14)
{lw; T1=T/<}
Combining (4.13) and (4.14), we get [} lwS T Wt df(x) = O(1), which implies
that
/ w W do(z) = 0(1). (4.15)
{lw; T |=T/e%}
Taking (4.15) into (4.12) and using lemma 4.3, we get (4.11). O
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Using assumptions (f1)—(f3) and the rearrangement inequality, one can get the

upper bound of ql)f’T. As a result, we show that the vortex patch part of wf’T indeed
vanishes by choosing T" sufficiently large.

LEMMA 4.5. Let w1 be a mazimizer as in lemma 4.1. Then

i

Hw?THL”(Bi) <1 - 261|fi*1( )+ =

InT + O(1). (4.16)

As a consequence, one can choose T' = Ty sufficiently large such that
{7 ™ = £ (To)} N Bi| =0,

and so wf’To has the form
w; = Sgn( ) fz(z/}E TO)X{¢fwT0 >0}NB;" (417)

Proof. For any x € B;, using the definition of z/)f’T and the rearrangement inequality

YT (2) = sgn(di)G(kw™T)(z) — o
1
S — n
2 Jp  |x—yl

Wi I(y) dyf(y) — of" + O(1)

kT
gzl 2/ ln—dyfa 1o
mes JB raer- () |yl
|| |di|
=-—1 InT — 1).
o ne A T oW

Thus using lemma 4.4, we obtain

il 4 o),
47

Y @) <1 — 26| f7H(T) +

It follows from assumption (f3) that for each ag >0, lims_, o fi(s)e™%% =0,
which implies that lim_ o 7f71(s) —Ins = +oco. Thus we can choose T =T,
sufficiently large such that

(11 =2 )7 (1) > Sy 1 o),

that is, |1 — 26, £, (To) + (|ds] /47) In Ty + O(1) < f;7(Ty). Thus we have [{¢57 >
~1(T)} N B;| = 0. Using lemma 4.2, we get (4.17).

In the following, we shall abbreviate (N g, (D);u}f’T"7 fTO,wg Toy as
(NE(D);wf;af;z/Jf) for i =1, ..., 1. By lemma 4.5, we know that any maximizer
w® of the maximization problem (P*) has the form of (2.5).

Similarly as lemma 3.6, we can get the diameter of supp(w$) is of the order O(e).
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LEMMA 4.6. Let w® be a maximizer. Then for € sufficiently small, there holds
e < diam (supp(w?)) < Rie (4.18)
for some 0 < 71 < Ry independent of ¢.

Proof. Since |wf| < Tp/e? and [, widf(z) = d;, we get |supp(wf)| > Ce?, which
implies that diam(supp(ws)) = 71e for some 71 > 0. B

Similarly as the proof of lemma 3.6, one can get the existence of Ry > 1 such
that

diam (supp(w$)) < Rye. O

Finally, we analyse the limiting location of w§ as ¢ — 0%, which is the most
important part in our construction. To this end we define the centre of w; by

X ::i/xwf(x)de(x) Vi=1,...,L
di Jp

Since B; is compact, we may choose a subsequence { X715, (still denoted by X¥)

satisfying
lim X7 =2z} € B,
e—0T
Define the scaled functions
& (x) = sgn(d;)e®ws(ex + XF) z € D.. (4.19)

Here D, = {x € R? | ez + X¢ € D}.
By lemma 4.6, we know that the support set of £ is contained in Bg (0). Notice

that
;| = / i (2) dO(z) = / k(ex + X2)eE (z) da, (4.20)
B; Bél (0)
which implies that
lim &(z)de = il (4.21)
e=0% JBg (0) k()

Since Hff”,;oo(BRl o)) < Tp, & is uniformly bounded in LP(Bg, (0)) for any p €
[1, +00]. So up to a subsequence, we may assume that & — £ in LP weak topology
as ¢ — 0. By the definition of X{ and (4.19), one can get

/ €l (z)de = lim x&5 () dr = 0.
B, (0) e=0% I B, (0)

Since w® is a maximizer of £, using lemma 4.6 we can get the necessary condition
of z}.
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PROPOSITION 4.7. There holds

a2 L
My}, o) —Z SN = i P anm) = 3 )
(4.22)
As a consequence, T} = xg,; fori=1,..., 1.

Proof. On the one hand, using lemma 4.6 and the definition of =}, we get
1 £ € d72
5/ [ Mot @t )0() 400) = Ghiat.a?) +o(1),
> [ cesi@sswoe dw = 3 ddiGata) + o)

1<i#5<I 1<i#5<l

By the definition of &, we have

- / / In |z — ylwf (2)wf (y) dO(z) dO(y)

” *+4WA2AQ |x_ 1€ (@) W)hk(ex + Xk(ey + X7) o dy.

Since supp(&;) € Bg, (0) and |[£ ]|z~ < Tp, we obtain

—7//1n|x—y|w (z)w; (y) dO(x) dO(y)
47r 5 /]R?/Rz

For the term involving F;, we have

1
52 D

()& (y) de dy + o(1). (4.23)

Rlsgn(@)tun)a0@) = [ FE)@ker + X)) do

= k(a) [ Fi€D) da+ o).

Taking those into the definition of £, we get

l l

Zd2 1 Z /RQ/RZ

=1 =1

(2)&5 (y) dz dy

_Hl(x;...,x;‘)—Zk(xi)/Rg Fi(&5)(z) dz + o(1). (4.24)

i=1

On the other hand, for any z; € B;(i =1, ..., 1), we choose test functions &° =
St @F, where Qf is defined by

~E Sgn(di) € )
o=t (o)
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((1/2)\/k(x7)/k(z:), 24/k(z)/k(z;)) is chosen to satisfy fBi W (z) do(z) =
d By (4 20) and (4 21), one can prove that such 7;(¢) exists for ¢ sufficiently small
and 7;(e) = /(k(z})/k(z;)) + o(1). Now we calculate the energy expansion of w°.
It is not hard to prove that

l
32 [ Mm@t

D> /ny &5 (4)0(x) do(y)

1<175]§l

= _Hl(zlv .. .72’[) + 0(1)

Similar as (4.23), we get

_—//ln|x—y|w @5 (y) dO(x) dO(y)
= 4; n Ti(ls)s - Tl /R /R

Taking 7;(e) = /(k(x})/k(z;)) + o(1) into (4.25) we obtain

()& (y)dedy +o(1). (4.25)

,7//1n|x—y|w &5 () O () dO ()

1 2
& In f—i-d—llnk:(zl)
v 9

L

For the term involving F;, we get

dlk()

4 8w

()& (y) de dy + o(1).

£2

1 /D Fi(sgn(d;)e2of) do(z) — /B . Fi(€5) (@ h(Fs(e)ea’ + 2)7(e)? da’

(@) [ P(€) ) da+ o)

Taking those into the definition of £(&°), we get

d2 2 2

!

1 d; d;
E < —1In f—l——llnk(z,) — Ink(z])
p 8m

s / @E( )dzdy>

My, / FL(€5) (@) dr + o(1). (4.26)
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Since £(w®) = (&%), by (4.24) and (4.26) we get

Lo Lo
Z—’lnkz(mf)—?’(;(f{,.. Z—Zlnk zi) — Hi(z1,...,2) V2 € B;.
i=1 8 i=1 s
Thus we get (4.22). By the assumption that (xo;1, ..., zo;) is a strict local
minimizer of I';, we have z} = x¢ ;. U

REMARK 4.8. By lemma 4.6 and proposition 4.7, we get for ¢ sufficiently small,
supp(wi) C CB;, Vi=1,...,1l.

Using lemma 4.6 and proposition 4.7, we can further get the accurate estimates
of £ and of. To this end, we define the scaled functions of 1; by

Ve (x) = (sgn(d;)G(kw®) — o7)(ex + Xf) x € (B;)e.

Here (B;). = {x € R? | ex + X € B;}. By lemma 4.2 and remark 4.8, we have

supp(&7) = supp((¥5)+) C Bg, (0).
It follows from (4.17) that U$ satisfies

& (x) = fi(¥5)(x) = € (Bi)e. (4.27)
Thus by the definition of U and £, we get
— AV (z) = sgn(d;)e?k(ex + XF)wi (ex + XF)
= k(ex + X5)E5 (@) = k(ex + XO) f:(05) (). (4.28)

By (4.21) and (4.27), we have

. . |di
lim f:(U)(x)dz = lim &(z)de = —. (4.29)
0% /By (0) e=0% By, (0) k(z})
Let ¥¥ be the unique radial function satisfying
AW (x) = k(@) f(U])(x) @€ R
] | (4.30)
(W dx = .
[ @ ar = o

Then W (z) = U;(k(z})'/?z), where U; is the unique radial function satisfying

( ) fz( Ui)(z) r € R?,

We first show that & is a radial function. Denote éf the radially symmetric decreas-
ing Lebesque rearrangement function of £5. Up to a subsequence we may assume
that £ — & weakly in LP(Bg, (0)) as ¢ — 0.
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LEMMA 4.9. There holds

& =¢.
So & is a radially symmetric function.

Proof. On the one hand, by the Riesz’s rearrangement inequality, we have

1
/ / In —— ()€ () da dy
Bg, (0) JBg, (0) |z -y

1 - -
<[] m @i e
Bg,(0) /Bg, (0) |z — 1y

which implies that

1 * *
/ / In ¢ (2)€! (y) do dy
Bp, (0) /Bg, (0) |z -yl
1 - -
< / / In ——& (@) (y) do dy. (4.32)
Bp, (0) / Bg, (0) |z -y

On the other hand, let @° = &5 + Ej 1j2i W5 € Ne(D) satisfying

Sgn(di)g_e (iz;f) if 2 € Bp, (X),

() = g2
0 if © € D\Bp, (X),

where ¢(¢) is a constant such that fBi wf df(x) = d;. Then ¢(e) = 1 + o(1). Similarly
as the proof of proposition 4.7, we get

d? 1
Ew) == (2)€5 (y) dard
() et /BR(O)/BR(O |$—y\€()£()xy

dz
- h(a}, 2] deG )

Jj=1,j#i

1/BiFi(sgn(di)é‘wa)dG(m)+5 > Wi | +o(1),

2
€ .
J=1,j7#i

. 1 d? 1 -, -
(@) =—"*In- —Z/ / In S(z)&5 (y) ded
(@) =4 15 Jo 0 Jon o) |x_y‘€( )& (y) dz dy

d2
_2Z 271 deG Ly, j)

j=1,j#1

!
— — | Fi(sgn(d;)e*@5) do(z) + & Z wj | +o(1),

Bi j=1.5#i
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and
iz/ 3 (sgn(d;)e*ws) db(z) = 512/3 Fi(sgn(d;)e*@f) do(z) + o(1).

Since £(w°) < £(w®), we conclude that

1
/ / In —— €5 (2)€5 () d dy
Bg, (0) /Bg, (0) |z —y|

1 - -
> / / In — & (2)é (y) e dy + o(1),
Bg, (0) /Bg, (0) |z —y|

which implies that

/BR (0) /BR ©) |$—y| & (@0)& (y) de dy

> In & (2)&; (y) da dy.
/BRI(O) /BRI(O) |x*y|

Thus the equality holds in (4.32). By the strict Riesz’s rearrangement inequality
(see theorem 3.9, [26]), there exists a translation 7 such that 7¢ = £. Since

/ x&f (z)de = / zéf(z) dr =0,
Bg, (0) Bg, (0)

we get £ = é,* O

LEMMA 4.10. There holds as € — 0,
Ve — UF in CL.(R?).

As a consequence, for e sufficiently small, O(supp(&5)) = {x € B, (0) | ¥§(x) = 0}
is a C' curve and converges to the circle {x € Bg (0) | U¥(z) =0} ase — 0.

Proof. For any R > Ry, notice that £ is uniformly bounded in L>(Bag(0)). Thus,
by (4.28) and classical elliptic estimates, W¢ is uniformly bounded in W27 (Bx(0))
for every 1 < p < 4+oc0. By the Sobolev embedding theorem, we may conclude that
¢ is compact in C1*(Bg(0)) for every 0 < a < 1. Then up to a subsequence we
may assume V¢ — U in C1%(Bg(0)). By (4.28) and (4.29), ¥ satisfies

—AV = k(z))& = k(2 f:(¥) = € RY

f s = g

By lemma 4.9, £ is a radial function. Using the Green’s function representation,

U is also radial. By the uniqueness of radial solutions of (4.30), we have U = U7,
By the strong maximum principle, one can show that for any = € {z € Bz, (0) |

U¥(z) =0}, [VPI(x)] #0. Thus by the implicit function theorem, we get that
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for ¢ sufficiently small, {x € By (0) | ¥5(z) =0} is a C* curve and converges to
{z € B, (0) | ¥;(x) = 0} in C" sense as € — 0. O

As a corollary, we have £&§ — & in LP topology as ¢ — 0.
COROLLARY 4.11. For any p > 1, there holds as € — 0
& — & = fi(¥]) in Ly, (R?).
Proof. Using (4.27) and lemma 4.10, one can immediately get the result. O

Using lemma 4.10 and corollary 4.11, we can get the asymptotic expansion of the

energy &(w$) as follows

LEMMA 4.12. There holds

E(wf) = 17+Z unkxm — Hy(xo1,---,201) + Co+o(1), (4.33)

1= 1

where Co = (1/47) S4_ [on Jro In(1/ |z — y|) fi 0 Us(2) f; 0 Ui(y) dady — S, oo
F;o fioU;(z)dz is a constant independent of .

Proof. The proof is based on the proof of proposition 4.7. By (4.24), we have
! 1
d 1 .’L‘o Z
N LH RS

—Hl(l'o’l,...,l'o’l) —Zk(l’oyl)/ z(&f)( )de'f‘O(l) (434)

i—1 R?

(x)€; (y) dz dy

By lemma 4.10 and corollary 4.11, we obtain

k(xo,)? 1
W/RZ/RJ%— £ (2)€5 (y) dady

— x01 B By ) )

k:(xo,i)/Rz Fi(€5)(2) da = k(xo,i)Az Fio f; oW (z)dz + o(1).

Taking those into (4.34), we have

21 k(w,)? 1
ey — 2 : Zin = 2 52 1 o ¥ o Pk
5(w ) 477_ € — 47_[_ /]RZ /]Rz n‘x_y|flo z(x)flo l(y)dl’dy

l
_ Hl(mo’l, R Io’l) — Zk(l’oﬂ) /]R2 Fio f;o \Ifj(l') dz + 0(1) (435)

i=1
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However, by the definition of ¥} and (4.31), we get

k(wo,i)? / / 1
’ In ;o Ui (x)fioW:(y)dxd
> el N _y|f (@) f. (y) dzdy

i=1

l
—Zk(m)/ Fjo f;oU¥(z)da

47T Z/Rz /]RZ
l d2
Z é Ink(zo,:) + Co, (4.36)

i=1

Us(2) f; 0 Us(y) de dy — /FOonU() v

where Cy = (1/47) S0_ [on Jro n(1/ ]2 — y[) fi 0 Us(2) f; 0 Us(y) dardy — S5, [oo Fio
fioUi(x)dx is a constant dependent of f;. Taking (4.36) into (4.35), we get the
result. O

Moreover, one can get the order of the functional &;(w®) and constants of as
follows

LEMMA 4.13. For € sufficiently small, there holds

oo A2l d? 2
&-(w ) = In — + In k(.’to z) - —h(xo,i,xo,i) —+ Cl + O(].), (437)
47 8w 2
O'»E = M hl |d | 1 ki(.%‘o z) |di|h($0,ia$0,i)

¢ 27 E
I

—+ sgn(dl) Z de(xO,iaxO,j) + CQ + 0(1), (438)
j:1:j¢i
where Cy = (1/47) [go Joo n(1/|z —y|) fi 0 Us(x) fi o Ui(y) dedy — [go Fio fio
Ui(z)dz, Cy= (1/2r) [z In(1/|z* —¢/|) fioUi(y')dy’, and x* is any point of
o{x e R?* | fioU;(z) = 0}.

Proof. Similarly as the proof of lemma 4.12, one can immediately get

d2 1 &2 d2
Ei(ws) =L 1 - + 871 In k?(xo z) — ?Zh(.ro,i,l‘oﬂ‘)

e //szRz z — floU( )fioUi(y) dz dy

R2
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For (4.38), notice that for any x € d(supp(ws)), of = sgn(d;) [, G( (y)do(y),
which implies that
7f = o [ W E )] d6) — [dilh(zo.i 0.0
i — A T W — G4 0,75 L0,
2r Jp, |z —yl
1
+ sgn(d Z d;G(x0,,x0,5) + o(1). (4.39)

Jj=1g#i

Let x = ex’ + X¢, then 2/ € 8(supp(£5)). So

1 1

— In —|wf de

%/ﬂnu_ﬁ%@n<m

ldil 11 Lol . ,

k(ey + X5)&(y') d 4.40
=5 | 27 i 0 AP (ey' + X7)& (v') dy (4.40)
By lemma 4.10 and the continuity of &k, we have
1 N
o n———k(ey' + X7)& () dy'
27 Bg, (0) |z" — | (
/ﬂ(fvo 1) / 1 ’ /
e e R A
1 k(l‘o 1)% / /
= — T fioUi(y)d 1
o Jea =y V) W o)
o) + i/ n—fioUi(y) dy + o(1) (4.41)
Amr ’ 21 Jr2 |zt — ¢ ’

where * is any point of 0{x € R? | f; o U;(z) = 0}. Taking (4.40), (4.41) into (4.39),
we get (4.38). O

4.3. Proof of theorem 2.4

Proof. The proof is similar to the proof of theorem 2.3. By lemma 4.5, we know
that w® has the form

l
Z )X{w€>0}mB )

where 9§ = sgn(d;)G(kw®) — of for some o5 € R. By lemma 4.6, diam(supp(w$)) =

O(e).
Moreover, by proposition 4.7, the support set of wf tends to zg,; as € — 0T,
namely
lim sup |z — x| =
e—0+ zEsupp(ws)
By lemmas 4.10 and 4.13, we get (3)(4) in theorem 2.4. The proof of theorem 2.4
is thus complete. O
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4.4. Proof of theorems 1.3 and 2.2

Proof. Let | =1 and dy = I in theorem 2.4, we get theorem 2.2. Let A = 1/ and
A

u = uf, ¢ = —pf, we get theorem 1.3. (|
Acknowledgements

The author would like to thank the anonymous referee for his/her helpful comments
and detailed correction of the paper. J. Wan was supported by NNSF of China (No.
12101045 and 12271539).

Conflict of interest
On behalf of all authors, the corresponding author states that there is no conflict
of interest.

Data
All data generated or analysed during this study are included in this published
article and its supplementary information files.

References

1 V. I. Arnol’d. Conditions for nonlinear stability of stationary plane curvilinear flows of an
ideal fluid. Soviet Math. Doklady 162 (1965), 773-777. [Translation of Dokl. Akad. Nauk
SSSR, 162 (1965), 975-998].

2 V. 1. Arnol’d. On an a priori estimate in the theory of hydrodynamic stability. Amer. Math.
Soc. Transl. 79 (1969), 267-269. [Translation of Izv. Vyssh. Uchebn. Zaved. Mat., 5 (1966),

3-5.]

3 C. Bandle and R. P. Sperb. Qualitative behavior and bounds in a nonlinear plasma problem.
SIAM J. Math. Anal. 14 (1983), 142-151.

4 D. Bartolucci and A. Jevnikar. On the uniqueness and monotonicity of solutions of free
boundary problems. J. Differ. Equ. 306 (2022), 152-188.

5 D. Bartolucci and A. Jevnikar. New universal estimates for free boundary problems arising

in plasma physics. Proc. Amer. Math. Soc. 150 (2022), 673-686.

6 T. Bartsch, A. Pistoia and T. Weth. N-vortex equilibria for ideal fluids in bounded planar
domains and new nodal solutions of the sinh-Poisson and the Lane-Emden-Fowler equations.
Commaun. Math. Phys. 297 (2010), 653-686.

7 H. Berestycki and H. Brezis. Sur certains problémes de frontiére libre. C. R. Acad. Sci.
Paris 283 (1976), 1091-1094.

8 H. Berestycki and H. Brezis. On a free boundary problem arising in plasma physics.
Nonlinear Anal. 4 (1980), 415-436.

9 H. Berestycki and P. L. Lions. Nonlinear scalar field equations I. Arch. Ration. Mech. Anal.
82 (1983), 313-346.

10 L. A. Caffarelli and A. Friedman. Asymptotic estimates for the plasma problem. Duke Math.
J. 47 (1980), 705-742.

11 D. Cao, Y. Guo, S. Peng and S. Yan. Local uniqueness for vortex patch problem in
incompressible planar steady flow. J. Math. Pures Appl. 131 (2019), 251-289.

12 D. Cao, Z. Liu and J. Wei. Regularization of point vortices for the Euler equation in
dimension two. Arch. Ration. Mech. Anal. 212 (2014), 179-217.

13 D. Cao, S. Peng and S. Yan. Multiplicity of solutions for the plasma problem in two
dimensions. Adv. Math. 225 (2010), 2741-2785.

14 D. Cao, S. Peng and S. Yan. Planar vortex patch problem in incompressible steady flow.
Adv. Math. 270 (2015), 263-301.

15 D. Cao, J. Wan, G. Wang and W. Zhan. Asymptotic behaviour of global vortex rings.
Nonlinearity 35 (2022), 3680-3705.

https://doi.org/10.1017/prm.2024.48 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.48

38

16
17
18
19
20
21
22

23
24

25
26
27
28
29
30
31
32
33
34
35
36
37
38

39

J. Wan

D. Cao, J. Wan and W. Zhan. Desingularization of vortex rings in 3 dimensional Euler
flows. J. Differ. Equ. 270 (2021), 1258-1297.

D. Cao, G. Wang and W. Zhan. Desingularization of vortices for 2D steady Euler flows via
the vorticity method. STAM J. Math. Anal. 52 (2020), 5363-5388.

J. Dévila, M. del Pino, M. Musso and J. Wei. Gluing methods for vortex dynamics in Euler
flows. Arch. Ration. Mech. Anal. 235 (2020), 1467-1530.

M. del Pino, M. Kowalczyk and M. Musso. Singular limits in Liouville-type equations. Calc.
Var. Partial Differ. Equ. 24 (2005), 47-81.

S. de Valeriola and J. Van Schaftingen. Desingularization of vortex rings and shallow water
vortices by semilinear elliptic problem. Arch. Ration. Mech. Anal. 210 (2013), 409-450.
P. Esposito, M. Musso and A. Pistoia. Concentrating solutions for a planar elliptic problem
involving nonlinearities with large exponent. J. Differ. Equ. 227 (2006), 29-68.

F. Flucher and J. Wei. Asymptotic shape and location of small cores in elliptic free-boundary
problems. Math. Z. 228 (1998), 638-703.

G. Kirchhoff. Vorlesungen dber mathematische physik (Leipzig: Teubner, 1876).

Y. Liand S. Peng. Multiple solutions for an elliptic problem related to vortex pairs. J. Differ.
Equ. 250 (2011), 3448-3472.

Y. Li and S. Peng. Multi-peak solutions to two types of free boundary problems. Calc. Var.
Partial Differ. Equ. 54 (2015), 163-182.

E. H. Lieb and M. Loss, Analysis, 2nd edn. Graduate Studies in Mathematics, Vol. 14
(Providence, RI: American Mathematical Society, 2001).

C. C. Lin. On the motion of vortices in two dimension - I. Existence of the Kirchhoff-Routh
function. Proc. Natl. Acad. Sci. USA 27 (1941), 570-575.

Z. Liu. Multiple solutions for a free boundary problem arising in plasma physics. Proc. Roy.
Soc. Edinburgh Sect. A 144 (2014), 965-990.

J. P. Puel. Sur un probléme de valuer propre non linéaire et de frontiere libre. C. R. Acad.
Sci. Paris 284 (1977), 861-863.

E. J. Routh. Some applications of conjugate functions. Proc. Lond. Math. Soc. 12 (1881),
73-89.

D. Schaeffer. Non-uniqueness in the equilibrium shape of a confined plasma. Commun.
Partial Differ. Equ. 2 (1977), 587-600.

M. Shibata. Asymptotic shape of a least energy solution to an elliptic free-boundary problem
with nonautonomous nonlinearity. Asymptot. Anal. 31 (2002), 1-42.

M. Shibata. Asymptotic shape of a solution for the plasma problem in higher dimensional
spaces. Commun. Pure Appl. Anal. 2 (2003), 259-275.

D. Smets and J. Van Schaftingen. Desingularization of vortices for the Euler equation. Arch.
Ration. Mech. Anal. 198 (2010), 869-925.

R. Temam. A nonlinear eigenvalue problem: the shape at equilibrium of a confined plasma.
Arch. Ration. Mech. Anal. 60 (1975), 51-73.

R. Temam. Remarks on a free boundary value problem arising in plasma physics. Commun.
Partial Differ. Equ. 2 (1977), 563-585.

B. Turkington. On steady vortex flow in two dimensions. I, II. Commun. Partial Differ.
Equ. 8 (1983), 999-1030, 1031-1071.

J. Wei. Multiple condensations for a nonlinear elliptic equation with sub-critical growth
and critical behaviour. Proc. Edinb. Math. Soc. 44 (2001), 631-660.

J. Wei, D. Ye and F. Zhou. Bubbling solutions for an anisotropic Emden-Fowler equation.
Calc. Var. Partial Differ. Equ. 28 (2007), 217-247.

https://doi.org/10.1017/prm.2024.48 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.48

	1 Introduction and main results
	2 Equivalent problem of ([eqn1]1.1)
	3 Proof of theorem [st8]2.3
	3.1 Variational problem
	3.2 Asymptotic analysis
	3.3 Proof of theorem [st8]2.3
	3.4 Proof of theorems [st1]1.1 and [st6]2.1

	4 Proof of theorem [st9]2.4
	4.1 Variational problem
	4.2 Asymptotic analysis of ,T
	4.3 Proof of theorem [st9]2.4
	4.4 Proof of theorems [st3]1.3 and [st7]2.2

	References

