GRAPHS WITH GIVEN GROUP AND GIVEN
GRAPH-THEORETICAL PROPERTIES

GERT SABIDUSSI

1. Introduction. In 1938 Frucht (2) proved the following theorem:

(1.1). THEOREM. Given any finite group G there exist infinitely many non-

1somorphic connected graphs X whose automorphism group is isomorphic to
G.

Later, the same author showed (3) that this theorem still holds, if the words
“‘connected graphs X'’ are replaced by ‘‘connected regular graphs X of degree
3.”" There is, of course, no reason to assume that such graphs play any dis-
tinguished roéle, and that similar theorems do not hold for degrees > 3. In-
.deed it can be shown that (1.1) holds with “connected graphs X'’ replaced
by ‘“‘connected regular graphs X of degree #, where % is any integer > 3.”

It is only natural, then, to investigate whether the property that a graph X
be regular of degree n is the only graph-theoretical property of X which can
be prescribed together with the automorphism group. Consider the following
properties P,;(j = 1,2,3,4) of X:

P;: The connectivity (6) of X is #, where » is an integer > 1.
P,: The chromatic number (1) of X is n, where # is an integer > 2.
P;: X is regular of degree n, where » is an integer > 3.

Py: X is spanned by a graph ¥ homeomorphic to a given connected graph
Y.

Call a graph X fixed-point-free if there is no vertex x of X which is invariant
under all automorphisms of X.
The following theorem contains the main results of this paper:

(1.2) THEOREM. Given a finite group G of order > 1 and an integer j, 1 <j <4,
there exist infinitely many non-homeomorphic connected fixed-point-free graphs
X such that (1) the automorphism group of X is isomorphic to G, and (ii) X has
property P;.

The principal tool in deriving these results is the graph multiplication
““%"" defined in (5). A typical proof of the statements of (1.2) runs as follows:

(a) Construct a connected fixed-point-free prime graph X’ (for a definition
of “prime” (5, (1.3))) whose automorphism group is isomorphic to G.

(b) Construct a connected prime graph X"’ 2z X' with trivial automorphism
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group and certain graph theoretical properties P;/ which are such that the
product X’ X X' has property P,.
(c) Apply (5, Theorem (3.2)), with the result that

The automorphism group of X' X X' is isomorphic to the automorphism
group of X', that is, isomorphic to G.

By a graph X we mean an ordered triple X = (V, E, f), where V and E
are two disjoint sets (the sets of vertices and edges of X), and f is a function
of E into the set V* of unordered pairs of distinct elements of 7 such that if
e* € V* there is at most one e € E with fe = ¢*. To indicate that V and E
are the sets of vertices and edges of a graph X = (V, E, f) we shall write
V =V(X), E= E(X). Edges will be written as unordered pairs of vertices
(indicated by brackets). To describe a graph X it clearly suffices to give the
set V(X) and a certain set E(X) of unordered pairs of elements of V(X).
All graphs considered in this paper are finite.

Let X be a graph. By G(X) we denote the automorphism group of X. We can
consider G(X) as a group of one-one mappings of V(X) onto itself.

2. Definition and properties of the graph product.

(2.1) DEeFINITION: Let X, ¥V be graphs. By the product X X YV of X and ¥V
is meant the following graph Z:

V(Z) = V(X) X V(Y);
[(x,y), (x',9)], where x, x’ € V(X), v,y € V(Y), is an edge of Z if x = x”
and [y,y'] € E(Y), or y = 3" and [x,x'] € E(X).

If we identify isomorphic graphs the multiplication thus defined is clearly
associative and commutative. It has a unit, viz. the graph consisting of a single
vertex and no edge.

(2.2) LEMMA. The product of connected graphs is connected. The product of
any graph by a disconnected graph is disconnected.

(2.3) LEMMA. If X is m-ply connected, and Y is n-ply connected, then X X YV
is (m + n)-ply connected.

Proof. We shall use a theorem of Whitney (6, Theorem 7). X is m-ply
connected implies: Given any pair of distinct vertices x, ¥’ of X there exist
m paths X ; of X such that

V(X)) N V(X)) = {xx'}, j#Ek

Y is n-ply connected means: Given any pair of distinct vertices v, y’ of ¥V
there exist # paths V; of ¥ such that

V(Y]> m V(Yk) = {yv 3"}: ] # k.
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To show: Given any pair of distinct vertices (x,y), (x',3") of Z=X X ¥V
there exist m + n paths Z; of Z such that

V(Z]) m V(Zk) = {(xvy)y (x,:y,)}r ] ?£ k
We have to consider two cases.

Case (1). Given (x,y), (x',y") € V(Z), where x & x’, y £ y'. At most one of
the paths X ; (V) consists of a single edge. In that case let the notation be
so chosen that X,, (V,) is that path. Let

V(X;) = {x, x(gj),xy),...,x’}, i< m;
V(Y = {9y i<mn
Define paths Z;, Z,,1\ of Z as follows:

V(Z) = {(y), ), (x”),y‘z")) @5 y57), ...,

@9, @), (D, j<m—1;
V(Za) = {(x), @79, ..., (), @), ..., @)}
V(Zpii) = {(x), (235, (x(z'”),yé")) S8y,

o' 357, (x'9s "”) NCEDIN E<n—1;
V(Znin) = {(x), (x5, . (x,y) @y, ., N

Case (2). Given (x,v), (x',y) € V(Z), where x # x’. Let y' be any vertex
of V distinct from y. Using the same notation as in case (1), deﬁne Zjy Lo
as follows:

V(Z) = {@y), @& y),..., &)}, 7 < m;
V(Znir) = {(x), (x5), (x(z'”),ygk)) (@5 35°), .
(x 73’2k)) (x ry)} k < n.

In both cases the m 4+ n paths Z;, Z,+\ of Z have the required properties.

(2.4) LEMMA. Let X, Y be graphs of connectivity m and n respectively. If there
isan x € V(X) of degree m, and a y € V(Y) of degree n, then the connectivity
of X X YVism+ n.

Proof. Let V,, V,, Vi, be the sets of those vertices of X, ¥V and X X ¥V
which are joined with x € V(X), vy € V(Y), and (x,y) € V(X X Y) res-
pectively. Then the definition of the graph product implies that

Vew = (Ve X {3 U ({x} X V).
Hence the degree of (x,y) in X X YV is m + n. It follows that every sub-
graph I of X X Y with V(I) = V() is an isthmoid! of orderm + nof X X ¥
(with one component of (X X ¥) — I consisting of the vertex (x,y) alone).
Hence the connectivity of X X YV is < m + n. By (2.3) the connectivity of
X X Yis > m + n, and this proves Lemma (2.4).

1An isthmoid of a graph X is a subgraph I of X such that X — I is disconnected. X — I
is the maximal subgraph X’ of X with V(X’) = V(X) — V(I).
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(2.5) LEMMA. If X and Y are regular of degree m and n respectively, then
X X Y is regular of degree m + n.

The proof of this Lemma is contained in the proof of (2.4).

(2.6) LEMmMA. Let x(X), x(Y), x(X X Y) be the chromatic numbers of X,
YVand X X Y respectively. Then x(X X V) = max (x(X), x(¥)).

Proof. The maximal subgraphs X,, ¥, of X X Y with

V(X,) = V(X) X {3,y € V(Y),
V(Yy) = {x} X V(V),x € V(X),
are isomorphic to X and Y respectively. Hence x(X X Y) > m, where
m = max (x(X), x(Y)). Let ¢x, cy be m-colorings of X and Y respectively
(an m-coloring of X is a function ¢y of V(X) into J,, the group of integers
(mod m), such that [x,x'] € E(X) implies cx(x) # cx(x); likewise for V).
Define a function ¢ of V(X X Y) into J,, by
c(xy) = cx(x) + ex(¥), % € V(X),y € V().
¢ is an m-coloring of X X Y. To show:
[(x,3), (x",9)] € E(X X Y) = c(xy) #= cx',3);
[(x3),(x" 9] € E(X X Y)—x =x',[yy] € E(Y),ory =y, [xx'] € E(X).
It suffices to consider the first case: x = &’ — ¢x(x) = cx(x); [y,9'] € E(Y)
— cy(¥) # ¢y (y'). Hence
c(x,y) = cx(%) + ev(y) # ex(&) + v () = cx’y).
Since ¢ is an m-coloring of X X 7, it follows that x(X X V) < m

(2.7) LEMMA. Let X, Y, Z be connected graphs such that (i) ay (Z) > 2 ao(X)
— 2(a0 = number of vertices); (ii) Z contains a Hamiltonian circuit H; (iii)
Z is spanned by a graph Y homeomorphic to Y with E(Y) N\ E(H) # O

(= the empty set). Then X X Z is spanned by a graph Y homeomorphic to
Y.

Proof. Let X’ be a (connected) spanning tree of X, and let E(X') =
{en, - . .y em_1}, m = ap(X). For each x; € V(X') define E; = {k|x, is incident
with e, e, € E(X")}. Since X’ is a tree, we can assume that x; € V(X’) is of
degree 1 in X’. Let

V(Z) = V() = {z1,...,2},n>2m— 2,
and let the notation be so chosen that
(1> E(H) = {[zlyZZ]y [ZQyZS]y c e ey [Zn—lyzn]y [Znyzl]}r and

(2) [21,22] € E(Y) N E(H). Let H;, Y, be given by
V() = V(Yz> = {xz} X V(Y),
E(Iz[,) = {[(x4,2), (xiyzk)]l[zjrzk] € E(I_f)},
E(Y, = {[(xiyzf)v (xi,zk)]l[zj,zk] € E(Y)}.
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Notice that
iq V(H;) = V(X X Z).
Consider the following subgraph P of X X Z:
V) = Uva) U (), e,

BP) = U EBEH) ~ (@), Gamdllb€ B U

m—1

kgl {[(x<k)y22k—1)y (y(k),sz_l)], [(x(k),zzk)y (y<k)1z2k)]}v
where [x® y®] =¢(k=1,...,m — 1). It can be easily checked that

(1) P is connected, (2) the degree of (x1,21) and (x1,22) in P is 1, (3) the degree
in P of any other vertex of P is 2. Hence P is a path joining (x1,21) and (x1,22),
and containing all vertices of (X X Z) — Y. Now let ¥ be given by

V(7) = V(X X 2),
E() = (E(7) — {[(x12), @az)]}) U E(P).

Then clearly ¥ spans X X Z, and is homeomorphic to Y.

(2.8) LEMMA. Every connected graph X containing a vertex or an edge which
15 nol contained in a 4-circuit of X s prime.

Proof. Suppose X = V¥V X Z, where ay(Y), ao(Z) > 2. Let
(y2) € V(X),y € V(Y),2 € V(2).

Since X is connected, both ¥ and Z are connected; hence by (2.5) the degree
of y in ¥ and the degree of z in Z must be > 1. Let y’, 2’ be vertices joined
with y and z in ¥ and Z respectively. Then the subgraph C of X given by

V() = {(2), (2, (v,), V'.2)},
E(C) = {{(3:2), 2], [(3:2), 2], [(V,2), (V2] [(V12), (0.2)]}

is a 4-circuit of X containing (v,2). The same proof applies to edges.

(2.9) LEMMA. The product of a fixed-point-free graph X by any graph Y is
Sfixed-point-free.

Proof. Let x € V(X). Since X is fixed-point-free, there is a ¢ € G(X)
such that ¢x £ x. Then the function ¢* given by ¢*(x,y) = (¢x,y) is an
automorphism of X X ¥, and ¢*(x,y) # (x,y) for all y € V(Y). Hence
X X Y is fixed-point-free.

(2.10) LEMMA. (5, (3.2)). If X and Y are relatively prime, then G(X X Y)
=~ G(X) X G(Y).

For a definition of “relatively prime’ cf. (5, (1.3)).
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3. Existence of graphs with given group and given graph theoretical
properties. We shall now prove the four theorems stated as Theorem
(1.2). It should be emphasized that the constructions given in this paragraph
are by no means the only possible ones. They have been chosen mainly to
demonstrate the usefulness of graph multiplication.

(3.1) Definition: Let X be a graph without isolated vertices. By X we mean
the graph defined by

(1) V(X) = {(x,e) € V(X)X E(X)|x is incident with e} ;

(2) given (x,e), (x',¢') € V(X), then [(x,¢), (x',¢")] € E(X) if and only if
x=x,e*e,orx#x,e=c¢.

The following properties of X are obvious from the definition.

(3.2) LEMMA. Let X be as in (3.1). (i) If X is connected or cyclically connected,
then so also is X. (ii) If X is regular of degree n > 1, then X is likewise of degree
n. (iii) If no component of X is a circuit, then X and X are not homeomorphic.
If X is an n-circuit, then X is a 2n-circuit. (iv) If X is connected, then X is
prime.

(3.3) LEMMA. Let X be as in (3.1). If X is fixed-point-free and without fixed
edge?, then so also is X. If no component of X is a circuit, then G(X) = G(X).

Proof. Given ¢ € G(X) define ¢: V(X) = V(X) by &(x,e) = (¢x, de).
Then clearly ¢ € G(X), and ¢ — ¢ is an isomorphism of G(X) into G(X).

Define an equivalence relation ~ on V(X) by (x,e) ~ (x’,¢’) if and only
if x = x’. Let X be the graph given by

i) VX)) = V(X)/~;

(i) [x,x'] € E(X), where X, X’ € V(X), if and only if there exist (x, e) € X
and (x',¢’) € x’ such that [(x,e), (x',¢")] € E(X).
Then clearly X = X. By p denote the natural projection of V(X) onto V(X).

G(X) preserves the relation ~. Let (x1,e;) ~ (x2,e2), so that x; = x5, and
let ¢ € G(X). Put ¢(xse;) = (x/,e)) (2 =1,2). To show that x,/ = x.
(x1,€1) ~ (x9,€2) = (x1,€1) = (xa,9) or € = [(x1,€1), (x2,62)] € E(X). Hence
(x1/,e1)) = (xo',es), and hence x,’ = x,/, or € = [(x,e1), (x2,es")] € E(X).
In the latter case either

(1) x/ = xo, er # e, or

(2) xl’ = DCQI, 31/ = 62,.
We have to show that (2) leads to a contradiction. Assume (2). It is easily
seen that then there is no 3-circuit of X containing ¢. Hence there is no 3-
circuit of X containing e. Therefore x; = x is of degree 2 in X, which in turn
implies that (x;e;) (4 = 1,2) are of degree 2 in X. Since no component of X
is a circuit, no component of X is a circuit (cf. (3.2) (ii), (iii)). Hence X
contains a vertex

(y1.e4,)
2An edge e of X is fixed, if g¢ = e for all $ € G(X).
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and a path P with
V(‘P) = {(ylreil)) ceey (ynyein)}’ E(P) = {61, ceey en—l}y

such that
(o) On-1,€1a-1) = (x1,e1),  (Ymw) = (x2,€2);
(8) (yiea)

is of degree # 2 in X;
() (yrs€ir)

is of degree 2 in X for all & # 1.
We show that

n=2m41, e, = € Yo = Yor+1, k< m.
For the proof notice Ehat (y,e) € V(X) and y € V(X) are always of the
same degree. ¢ € E(X) implies
(a) V1= Yz € F iy
or
(b) Y1 # Y, €0 = €4y
(a) is impossible because
(ye4) and (yz,€1),
and hence y; and s, have different degrees. Hence (b) must hold. e; € E(X)

implies

(c) Vo = Y3, €1, F €y,
or

(d) Yo # Y3, €5 = €45

Suppose (d) holds. Then (b) and (d) imply
€y = €13 = €43
which is incident with y1, ., ¥5. Two of these vertices must be equal: (b) and
(d) imply v, = y;. But then
(yvea) = (¥se4),
so that
(y2,€1,)

is of degree 1, a contradiction. Hence (c) must hold. The rest of the assertion
follows in a similar way by induction. We shall express the fact that » = 2m
+ 1 by saying that the ‘“‘distance’ of € from

(yu.eq)

is odd. Since € and ¢ are similar under , there is a vertex

(Zl»en)

and a path 0, similar under ¢ to
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(ylreil)

and P respectively, and such that (a), (8), (v) are satisfied with respect to
€¢’. By the same argument as above it then follows that the distance of ¢’ from

(Zheh)

is even. But this contradicts the similarity of € and €.
Given § € G(X) define

¥: V(X) - V(X) by ¢x = py(xe),

where (x,e) € p~'x, x € V(X). Since § preserves equivalence, ¢ is in G(X),
and k: G(X) — G(X) given by hf = ¢ is a homomorphism. Consider

Ker i = {${J(x,e) ~ (x,0)}.
Let e = [x,y] € E(X). Then [(x,e), (v,e)] € E(X). For ¢ ¢ Ker & put
l;(xye) = (xlvel)y J/(y,e) = (3’1,62)-

Then x = x1,y = y1, and [(x1,e1), (y1,e2)] € E(X). Hence

(1) x1 = y1, €1 # €9, OT

(2) %1 # y1, e1 = €2 = [w,¥1].
(1) is impossible since it implies x = y; (2) implies e; = e = ¢, so that
J(x,e) = (x,e). Hence Ker 2 = 1, and % is an isomorphism.

The assertion about fixed vertices and edges follows from the fact that
é given by &(x,e) = (¢x,¢e) is in G(X).

All constructions in this paragraph are based on the following theorem:

(3.4) THEOREM. Given a finite group G of order > 1, there exist infinitely many
non-homeomorphic cyclically connected fixed-point-free prime graphs X; con-
taining no fixed edge, and such that G(X;) = G.

Proof. By (3, Theorem 4.1) there exists at least one such graph, X;. By
induction, let X,.; = X;, ¢ > 1. Then by (3.2) and (3.3) all X, have the
required properties. Since X is regular of degree 3, no X, is a circuit.

(3.5) THEOREM. Given a finite group G of order > 1 and a positive integer n,
there exist infinitely many non-homeomorphic fixed-point-free graphs X of
connectivity n whose automorphism group is isomorphic to G.

Proof. Given any graph X denote the connectivity of X by ¢(X). For
n = 1, (3.5) has been proved in (2, §2). We can therefore assume that n > 2.

Case (1). n = 2. Let X’ be a graph with the properties stated in (3.4).
In particular, ¢(X’) > 2. By subdividing each edge e of X’ by a vertex x,
we obtain a graph X with ¢(X) = 2. X is prime, since no circuit of X is of
order < 6 (cf. (2.8)). Since X’ is not a circuit, G(X) X GX') = G. X is
fixed-point-free because X’ is fixed-point-free and contains no fixed edge.
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Case (2): m > 3. Let Yy, B > 1, be the graph given by
V(Yy) = {0,1,...,%k+ 5},
E(Yy) = {[0,1], [0,2], [2,3], [0,4], [4,5],..., [k + 4, &+ 5]}.

Then (i) 1 is a vertex of degree 1 of V,; (ii) ¢(V,) = 1; (ili) G(Y,) = 1;
(iv) Y, and Y} are relatively prime if 2 = k’. It follows from (2.4) that

V™ =¥V, X...X Y,

is a graph of connectivity m, and from (2.10) that G(Y™) = 1. By (2.5),
(1,...,1)1s a vertex of degree m of Y™,

Let X be as in case (1). Then X and Y® 2 5 > 3, are relatively prime,
and satisfy the hypotheses of (2,4). Hence ¢(X X Y™ 2) = 5, and by (2.10),

GX X Y™ P)~G(X) X G(Y" ) ~G.
By (2.9), X X Y is fixed-point-free.

(3.6) THEOREM. Given a finite group G of order > 1 and an integer n > 2,
there exist infinitely many non-homeomorphic connected fixed-point-free graphs
X of chromatic number n whose automorphism group is isomorphic to G.

Proof. Case (1): n = 2. Let X be as in (3.5), case (1). Every circuit of X
is of even order; hence by a well-known theorem (4, p. 170), x(X) = 2.

Case (2). n > 3. Let P, 2 =1,...,n, be the graph with
V(P) = {ps,...,pd4, E(Py) = {pppsal,i=1,...,i—1}.
Consider the complete z-graph C®™. Denote its vertices by x, ..., x,. Identify
the vertex x; of C™ with the vertex p; of P;, 4 =1,...,n. The graph C,

so obtained is prime (since it is connected, and contains vertices which do
not belong to any 4-circuit of C,), has chromatic number x(C,) = %, and
G(C,) = 1.

Let X be as in case (1). Then by (2.10), G(X X C,) = G, by (2.9), X X C,
is fixed-point-free; and by (2.6), x(X X C,) = =.

(3.7) THEOREM. Given a finite group G of order > 1 and an integer n > 3,
there exist infinitely many non-homeomorphic connected fixed-point-free graphs X
which are regular of degree n, and whose automorphism group is isomorphic to
G.

Proof. For n = 3 part of (3.7) has been proved in (3). The proof given here
for n > 4 is patterned after that of (3, Theorem 4.1).

We first show that there exists an infinite sequence of cyclically connected
non-isomorphic prime graphs Vi, Y, ..., which are regular of degree 3,
and for which G(Y,) = 1(z = 1,2,...). By (3, Theorem 2.3) there exists at
least one such graph Y;. By induction, let ¥;,; = ¥, ¢ > 1. Then by (3.2),
(3.3) the Y,'s have the required properties.
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Let X be a fixed-point-free graph of degree #n which is relatively prime to
Yy, ..., Y, and such that G(X) = G, where G is a given finite group of
order > 1. By (2.9),

Wy=X XY  X... XY,

is fixed-point-free, and by (2.10), G(W,) = G. By (2.5), W, is regular of
degree n + 3k. Hence (3.7) is proved if we show the following: There exist
infinitely many non-isomorphic connected fixed-point-free graphs X ;™
(j = 1,2,...), which are regular of degree n = 3,4,5, relatively prime to all
Y, and such that G(X ;™) = G for all ;.

Let G = {7}, and let X;® be the graph given in (3, Theorem 4.1). V(X,®)
={x,/,7<m v € G}, where m = 2h + 4, E(X,®) as given in (3, p. 374),
by quadratic forms. Define X;@, X, as follows:

V(X\®) = V(X{P) U {y/,j < m, 7€ G},
EX:") = E@X®) U ey 971 G < m), [vf, 95l G <m — 1),
Wi Y] G <+ 1) 317 Yirel, [Vars yn'],
7€ G};
V(X1 ¥) = V) U {37 (G <m), 7€ G,
E(Xl(s)) = E(le) U {7 271, [y 2571 G < m), [z, 2544]
(G<m—=1),[z,2nsml G<h+1),[2, 5a3], [8h12, 20 ], 7€ G}
It is easily checked that X,™ (# = 4,5) is of degree n, and that if ¢ €
G(X ™), and

¢x170 = xl"'o

for some 7o € G, then ¢x;,7 = x,7, ¢y,7 = ¥,;7, ¢pz,7 = 2,7, for j < m and 7 € G.
An argument similar to that in (3) then shows that G(X ™) =< G(n = 3,4,5).

By induction, let X,;,® = X,® (j > 1, n = 3,4,5). Then by (3.2), (3.3),
X ;+1™ is prime, regular of degree n, fixed-point-free, and

CX ™) 2GX, ™) =G, i> 1
Clearly X ;™ and Y, are non-isomorphic for 7,7 = 1,2,...,and n = 3,4,5;
hence the X ;™ are relatively prime to the YV, and this is what we set out to

prove.

(3.8) THEOREM. Let YV be a connected graph, and let G be a finite group of
order > 1. Then there exist infinitely many non-homeomorphic fixed-point-free
graphs X such that (1) G(X) = G, and (ii) X is spanned by a graph ¥ homeo-
morphic to Y.

Proof. Let V(Y) = {y1,...,v,. Take a spanning tree T of Y. Let e, be
an edge of T incident with y;. Subdivide e; by a new vertex z;. Let T4, Y; be
the graphs obtained by this subdivision from T and Y respectively. Let
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e2 be an edge of T incident with y,. Subdivide e, by a new vertex 2, obtaining
graphs T, Y. Continuing this process we finally obtain a graph Y, with

V(YT) = {3’1,21,3’2,22, ceey ynzr}y [yiyzi] € E(Y,), 1< 7.
Define H, Y, Z by

V@) = V(F) = V(Z) = V(¥) U l_J{y e vy

E(H> =EVU {[ylvzl]r [Zlvy2]r [y2:22]1 ey [zr—lvyf]r [yrrzr]r [Zryyl]}y
E(Y) = EU E(Y,), E(Z) = E(H) U E(Y,),
where
E = L_J {[yiyyil]r [yilvyﬂ]y ceey [yisi—lyyis,‘]y [yisiyzi]}y
s1, ..., S, being positive integers to be chosen as specified below. Clearly ¥

spans Z and is homeomorphic to Y. H is a Hamiltonian circuit of Z, and
E(H) N\ E(Y) # O. In Z each z, is of degree 3. Let P; be that path of H
which joins z; and z;41, and contains y,;1 (subscripts to be taken modulo 7).
All vertices of P; except 2;, 2,41, and possibly y,;; are of degree 2 in Z. Let the
s; be so chosen that (1) s; > a, where a is a given positive integer, and (2)
ao(Pir1) > ao(Py) > ao(P), for e =1,...,r — 1, and all paths P of Z not
containing a vertex y,;. It follows from (2) that Z is prime (since no y,; belongs
to a 4-circuit of Z), and that G(Z) = 1.

Given a finite group G of order > 1, let X be a graph with the properties
stated in (3.4), and let Z be the graph constructed above with a = 2a¢(X) — 2.
Then X, Y, Z satisfy the hypotheses of (2.7), and it follows that X X Z
is spanned by a graph ¥ homeomorphic to Y. By (2.9), X X Z is fixed-point-
free. X and Z are non-isomorphic, and since both graphs are prime, G(X X Z)
~G(X) =G
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