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On Kleiman—Piene’s question for Gauss maps

Satoru Fukasawa

ABSTRACT

We study the product of a Fermat hypersurface X} 4 XPT =0 c P withn >3
and P!, embedded in P?"*! by Segre embedding where p > 0 is the characteristic of the
base field. This smooth variety is nonreflexive and has Gauss map which is an embedding.
This gives a negative answer to the following Kleiman—Piene question in any positive
characteristic: does the separability of the Gauss map imply reflexivity? The only known
smooth examples, which give a negative answer, are given by Kaji in characteristic 2.

1. Introduction

Let X ¢ P be a smooth projective variety of dimension n, CX be the conormal variety {(z, H) €
X xPV* | T,X CH} C XX PN, where T, X is the projective embedded tangent space at a point
z, with the natural projection ps : CX — PN*, and let X* = p2(CX) be its dual. The Gauss map ~
on X is the morphism from X to the Grassmannian G(n, N) = G*(N —n—1, N) which assigns to a
point = € X the projective tangent space T, X € G(n, N), or its dual (T, X)* € G*(N —n—1,N).
Now we study v : X — G*(N —n — 1, N). We have the diagram

/

CX —=Ix) X
| o
X ——7(X)

where I(y) = {(E,H) € v(X) xPN" | H € E} C v(X) x PY" and +/(z, H) = ((T,X)*, H). Then,
Kleiman and Piene raised the following question.

Question [KP91, pp. 108-109]. Is I, x) — X* separable?

If dimy(X) = 1, then it is known that I x) — X™ is always separable [Fuk05, Kaj92].

Nonreflexive projective varieties with separable Gauss maps give a negative answer. (X is called
reflexive if CX — X* is separable [Kle86].) In characteristic 2, the first such varieties were found
by Kaji [Kaj03]. He studied Segre varieties (i.e. products of projective spaces embedded by Segre
embeddings) and their duals. He proved that some odd-dimensional Segre varieties, for example
P! x P! x P!, are not reflexive in characteristic 2 and have Gauss maps that are embeddings. If
we do not need the smoothness of X, then the present author already found nonreflexive varieties
with birational Gauss maps in any positive characteristic [Fuk].

In this paper we study the product of a Fermat hypersurface Xg“ 4+ + XPT =0 c P" and
P!, embedded in P?"*! by Segre embedding where p > 0 is the characteristic of the base field.
This smooth variety, call it X, has a Gauss map which is an embedding and inseparable morphism

Lxy — X* when n > 3. Consequently, X is nonreflexive if n > 3. The author thinks that this

Received 13 January 2006, accepted in final form 4 April 2006.

2000 Mathematics Subject Classification 14N05.

Keywords: conormal variety, dual variety, Fermat hypersurface, Gauss map, reflexivity.
This journal is © Foundation Compositio Mathematica 2006.

https://doi.org/10.1112/50010437X06002211 Published online by Cambridge University Press


http://www.compositio.nl
http://www.ams.org/msc/
http://www.compositio.nl
https://doi.org/10.1112/S0010437X06002211

S. Fukasawa

is the first smooth example, in characteristic p > 2 or of even dimension, which gives a negative
answer to the Kleiman—Piene’s question.

We work over an algebraically closed field K of characteristic p > 0. Varieties are integral
algebraic schemes over K. Here [v] € PV denotes the point of PV corresponding to the equivalence
class of v € ANT1\ 0.

2. Product of a Fermat hypersurface and the projective line

Let Y C P with n > 3 be a Fermat hypersurface given by X2t +...4+ X5 = 0,and X = Y xP! C

P2"*! embedded by Segre embedding. Let (1 : 2y : --- : ,) be an affine coordinates of Y and (1 : u)
be of P!, then X is (the closure of) the image of f: Y x P1 — P2+l (1 .2y i) x (11 )
(Tiag:-or i@y :u:xy:xu: - xpu). We take xq, ..., 2,1 as a system of local coordinates of
Y (i.e. the function field K (Y") is separable algebraic over K(z1,...,x,—1)). The projective tangent
space at f(z1,...,2p,u) is spanned by the n + 1 row vectors of the following matrices:
1 =1 ... xp_1 u T, TIU ... Tp_1U Tyl
oxy, Oxy,
o 1 ... 0 0 — e 0 —
81‘1 “ 81‘1 “
: : . : : ~ (Iny1 A)
oxy, Oxy,
0O 0 ... 1 0 0o ...
0xp_1 “ 0xp—1 B
0O 0 ... 0 1 0 1 ... Tp_1 Tn,
where I,,41 is the (n + 1) x (n 4+ 1) unit matrix and
n—1 n—1
ox ox
Ty — 81’: Tj —T1U —Tp_1U  — Z aT:xju
Jj=1 j=1
o0xy, oxy,
— U .. 0 —
8.%“ 8xn
0 .. U
01 Oxp—1
0 ... Tp—1 Tn
We also have
den _ %5
(%zj :L‘ﬁ

for j = 1,...,n — 1. These imply that the Gauss map on X is an embedding. Calculation of
the dual vector space shows that v(X) C G*(n,2n + 1) is locally represented by the matrix
B = (—tA In+1). Let p; be the (i + 1)th row vector of B for 0 < i < n. By using a local
trivialization, I,x) — X* is generically identified with the morphism g : ¥y x Al x P" — X*;
(X1, ey mp) X (W)X (tg -+ ty) = [topo+- - - +tnpn] where Y is an affine locus of Y with XX, # 0.
The affine lifting is § : Yo x Al x A"l — 5(\*; (1, ) X (u) X (to, ..., tn) — topo + -+ + tnpn
where X* is the affine cone of X*. By easy computation, we have

dg oz,
833]- < J + "8:J:j >u
where u = %(u,0,...,0,—1,0,...,0). This implies that the rank of the differential of g is n + 2,

and hence drops when n > 3. We can easily check that X* is a hypersurface, hence I,(x) — X" is
inseparable when n > 3.
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