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Almost Sure Global Well-posedness for the
Fractional Cubic Schrodinger Equation on
the Torus

Seckin Demirbas

Abstract. In a previous paper, we proved that the 1-d periodic fractional Schrédinger equation
with cubic nonlinearity is locally well-posed in H® for s > 1— a/2 and globally well-posed for
s > 10« — 1/12. In this paper we define an invariant probability measure g on H* for s < a —1/2, so
that for any € > 0 there is a set Q ¢ H® such that y(Q°) < € and the equation is globally well-posed

for initial data in Q2. We see that this fills the gap between the local well-posedness and the global

well-posedness range in an almost sure sense for I’T"‘ <a-— %, ie, o> % in an almost sure sense.

1 Introduction

We consider the cubic periodic fractional Schrédinger equation

W iug+ (-A)*u =ylul*u, xe[0,2n], teR,
’ u(x,0) = up(x) € H([0,27]),

where a € (1/2,1) and y = +1. The equation is called focusing for y = 1 and defocusing

fory=-1

On a real line, this equation arises as a model in the theory of fractional quan-
tum mechanics; see [15]. In [14], Kirkpatrick, Lenzmann, and Staffilani derived it
as a continuum limit of a model for the interaction of quantum particles on lattice
points. Allowing the nearest point interaction gives the usual cubic Schrédinger equa-
tion, whereas allowing long range interactions gives rise to the fractional Schrédinger
equations with paremeter «.

For a = 1, Bourgain [1] proved periodic Strichartz estimates and showed L?* local
and global well-posedness for the cubic Schrédinger equation. In [6], Burq, Gerard,
and Tzvetkov noted that this result is sharp, since the solution operator is not uni-
formly continuous on H* for s < 0.

The fractional Schrédinger equation on the real line was recently studied in [9].
For a € (1/2,1), the equation is less dispersive, so one would not expect to be able
to get local well-posedness on L? level. Indeed, they proved that there is local well-
posedness on H® for s > 1‘7‘” They also showed that the solution operator fails to be
uniformly continuous in time for s < I’T"‘
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In [12], we proved that the periodic fractional equation is locally well-posed in H°,
for s > =% using direct X estimates. Further, we proved a Strichartz estimate of the
form

Sl A\
1 s ee, S 1 f N

teR ™~ xeT

for s > 15%, which also gives local well-posedness for s > 5%, using the methods in
[8,11].

Moreover, we proved in [12] that the defocusing equation is globally well-posed
for s > 101’"2“ , using Bourgain’s high-low frequency decomposition introduced in [2].
This method uses the decomposition of the equation into the evolutions of the high
and the low frequencies of the initial data. Since the low frequency part is smooth,
its evolution is global due to the conservation of the energy. But the same cannot
be said for the high frequency part. To overcome this problem we showed that the
nonlinear evolution of the high frequency part is smoother than the initial data. We
should mention that for a = 1, it coincides with the smoothing estimate for the NLS
that was recently obtained in [13].

After obtaining these local and global well-posedness results, the natural question
that arises is how much we can push the global well-posedness range. For example,
the cubic periodic Schrédinger equation (a = 1) in 1-d is locally well-posed in L?
(see [1]), and with the mass conservation, we know that the equation is globally well-
posed. That is, conservation law on the local well-posedness level may give rise to
global well-posedness. But then one can ask whether we can show that the equation
is globally well-posed whenever it is locally well-posed. Although there are no con-
servation laws on the local well-posedness level, it is not trivial that the statement is
true; we can still make sense of the question in a different way. The idea relies on
the intuition that the set of “bad” initial data, where the solutions of the equation
with those initial data, may have arbitrarily large norm, should be negligible. This ap-
proach of looking at the problem in an “almost sure” sense originated from the work
of Lebowitz, Rose, and Spear [16]. They were trying to understand the general behav-
ior of a system containing a large number of particles by looking at the values of the
observables by taking averages over certain probability distributions containing only
a few parameters instead of looking at the individual initial value problems. With this
in mind, they constructed probability measures on Sobolev spaces and proved some
basic properties of these measures.

Later, Bourgain [3] proved that the Schrodinger equation with power nonlinearity,

iuy — Au=—|ulPu, xe[0,2n], teR,
u(x,0) = up(x) € H([0,27]),

where 4 < p < 6 is locally well-posed in H* with s > 0. But for 0 < s < 1 there is no
conservation law that would easily allow us to extend the local solutions to global ones.
He used the idea of Lebowitz, Rose, and Spear to construct a probability measure, also
known as the Gibbs measure, on H* for s < 1, which is invariant under the solution
flow. Then he showed that for any € > 0, there is global in time H* norm bounds on
the solutions with the initial data in H® up to a set of measure less than ¢; i.e., the
equation is almost surely globally well-posed in H* for 0 < s < 1.
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The idea of the Gibbs measures and almost sure global well-posedness have been
used to prove similar results for different equations by [4, 5, 7,10, 17,18, 20-22] and
many others.

Our main result here is the explicit construction of Gibbs measure for 1-d frac-
tional periodic cubic Schrodinger equation and the proof of almost sure global well-
posedness. More precisely, we define an invariant probability measure y on H®, for
s < & — 3 such that for any € > 0 we can find a set O ¢ H* satisfying 4(Q°) < e and
the solution to the equation (1.1) exists globally for all initial data in Q.

For that, we are going to truncate equation (1.1) and use the idea of invariant mea-
sures on finite dimensional Hamiltonian systems. Namely, if we look at the equation

(12) {iuﬁv + (=)%Y = yPyluPut,

uN(x,0) = Pyuo(x),

where Py is the projection operator onto the first N frequencies, we see that (1.2) is a
finite dimensional Hamiltonian system, with the Hamiltonian

1 —_— p—
Hy(u)(t) = 5 n§N||”|“””(t)|2 N % [T|H§N6mxun(t)|4.

By Liouville’s theorem, we know that the Lebesgue measure [1,,<y dity is invariant
under the Hamiltonian flow. Thus, by the conservation of the Hamiltonian and the
invariance of the Lebesgue measure under the flow, we see that the finite measure,

duy =™ 1 dig,
|n|<N

is invariant under the solution operator; call it S(¢#).
We see that equation (L.1) is an infinite-dimensional Hamiltonian system on the
Fourier side with the Hamiltonian

H(u() = 5 £l 0]+ L[| e 0" = H(u).

We then define the limiting measure y on H* as

— 2 Jp—
dyt = e MO ity = o3 Sl o] =E LIS, w1 g
n n
and show that the measure y is indeed the weak limit of yy.
To construct this measure 4 on appropriate H* spaces, we use the theory of Gauss-
ian measures on Hilbert spaces following Zhidkov’s arguments in [23], and first define

dw = e 120 |n\%7(7)|2 [1di,.

n
Then we show that the measure y is absolutely continuous with respect to the Gaussian
measure w under certain conditions and finish the proof of almost sure global well-
posedness by constructing the set O ¢ H® as stated above. For the second part, we
will mainly use Bourgain’s arguments in [3].
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2 Notation and Preliminaries

Recall that for s > 0, H*(T) is defined as a subspace of L? via the norm
|y = ) X (R [F(R)P,
keZ

where (k) := (1+ k%)% and f(k) = 5= " f(x)e~**dx are the Fourier coefficients
of f. We use (-)* to denote (- )¢ for all ¢ > 0 with implicit constants depending on e.
We denote the linear propogator of the equation as e~**(~)°, which is defined on

the Fourier side as

(e 8" £)(n) = " F(n),
and |V|* is defined as ([V]* f)(n) = |n|* f(n).

When we say equation (1.1) is locally well-posed in H®, we mean that there exist
atime Tywp = Trwp(|uo| m:) such that the solution exists and is unique in X?ﬁw c
C([0, Trwp), H®) and depends continuously on the initial data. We say that the equa-
tion is globally well-posed when Ty p can be taken arbitrarily large. Here, X*¥ denote
the Bourgain spaces, which are defined via the restriction in time, of the norm,

o it(=A)* b/ \s—~
ull oo =€ ull o gy (ry = 17 = 1P (n) B ) 22

and (x) = (1 + |x[*)"?
By Duhamel’s Principle, we know that the smooth solutions of (1.1) satisfy the in-
tegral equation

. o« t . «
u(t,x) = e "By (x) - iyf e DEN 12y (1, x)d .
0

We note that along with the Hamiltonian conservation, the equation enjoys mass con-
servation, namely,

M(u)(0) = [ Ju(t.x) = M()(0).

3 Almost Sure Global Well-posedness
The main result of this paper is the following theorem.
Theorem 3.1  For I_T“ <s<a- % and € > 0, there exists an invariant probability

measure y on H*® such that equation (1.1) is globally well-posed for any initial data u, €
Q c H® such that u(Q°) < € with

S+
Ju(®)l < (Tog(Z))
€
As we mentioned above, in the proof of this theorem, we first define the finite di-
mensional measures yy, which are invariant under the solution operator of the trun-
cated equation (1.2), and we define y as the weak limit of these measures. But then
we have to show how equation (1.1) and the truncated equation (1.2) are related, so we
have the following lemma.
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Lemma 3.2 Let A € R and ug € H® be such that ||uo||g= < A, and assume that the
solution, uy, of (1.2) satisfies |un(t)||gs < A for t < T. Then equation (1.1) is well-
posed in [0, T, and moreover, for any 5% <'s' < s, we have

[u(t) - uN(t)HHs, < eC1(1+A)CzTNS,_5’

where C; and C, independent of s.
Proof We have that

u(t) —un(t) =
t
e—it(—A)“(uO _PNuO) + 1[ e—i(t—T)(—A)a(|u|2u(T) —PN(|MN|2uN)(T))dT,
0
and, taking the L= ([0, T]; H* ) norms of both sides for b >
L>([0,T],H*) for b > 3, we get

1 s',b
5» since XY c

|lu— “NHL‘X’([O,T],HS’)

t
< || uy — Pyug || e T || f e_i(t_r)(_A)a( lulfu(r) - PN(|uN|2uN)(T))dT‘ oy
0

|ulu — Pylu™Pu™|

/
< |luo = Pyuo | g + (Tewp)' """

< (Tuwe)' ™7 ([ P = Py (juPw)|

+|luo — uo,n | g
<IT+IT+1II

b G

o | P ((JufPu — [uNPu) |

Xs’,h’)

for b’ < 1 such that b + b’ <1.
Term III is easier to estimate

=] ¥ e™(up),| < N**|uols < N* A,
|n|>N

For term I, we first observe that PN( [v|*v) = |[v|*v for v = Pyu, from the convolu-
3
tion property of frequency restriction. Then we write

I< H |ul*u - PN(|V|2V)‘

o+ | Pa (v = Juffu)

| Pr (v = ful*u)]

xs'sb'

= H |u|2u - |v|2v‘
= I] + Iz < 211.

xs'v’ + X'’

Estimating term I; using X*** estimates and local well-posedness theory (see [12,
Lemma 3 and Proposition 5]), we see that

—b-b’ 2
L% (Towe) ™7 (s + vl ) e = vl s
S (Towe)' ™" A% |u - Pyulxos

o < (TLWP)I—b—b'ASNs'—s.

< (TLWP)lihib’Az o — Py uo|
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Thus we get I S (Tywp)'~?~? A>N*"=*. Similarly, for the second term we have
—b-b’ 2
1S (Towe)' ™"l + [ ) 0 = 0 o
S (Towe) ™" A u = V| oo,
and collecting all the terms, we get
HM - uNHXs/,,, < CN* A+ Cz(Tpr)l_b_b AZHM - uNHXs’,b
" CI(TLWP)I—b—b'A3Ns'—s
’ 1 ’
< CAN* ™ + 3 |t —uM|| gs <2CAN®*
for Trwp small enough independent of N, s, and s’. Repeating this argument, since

the implicit constant C can be taken independent of Ty p and N, we see that at any
Trwp time, the norm at most doubles, and thus, at time T we get

= sty | e 5 2700 CAN®™ w0 € (HA° T AN,

which gives the result. u

Now, we define a probability measure on H* using the Hamiltonian. For that we
will mainly follow Zhidkov’s arguments; see [23].

3.1 Construction of the Measure on H*

First we fix the notation that we will use for the rest of the paper. Let F = (-A)*™* on
H?*. We see that F has the orthonormal eigenfunctions e, = ¢'"*/(n)* in H*® with the
eigenvalues |n|** 2. We also denote u, = (u, e, ) gs.

Definition 3.3 A set M c H* is called cylindrical if there exists an integer k > 1such
that,

M= {u eH’: [u,k,...,u_z,u_l,ul,uz,...,uk] € D},
for a Borel set D c Rk,
We denote by A the algebra containing all such cylindrical sets. Then we define the

additive normalized measure w on the algebra A as follows. For M c A, cylindrical,

k s k
L e e A

n|=1 |n|=1
By the definition of the cylindrical sets, we see that the minimal o-algebra A con-

taining A is the Borel o-algebra; see [23]. Although the measure is additive by defi-
nition, it does not necessarily follow that it is countably additive.
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Theorem 3.4  The Gaussian measure w is countably additive on A if and only if
Y a7 < oo, ie, s<a— 3.
Proof (cf. [23]) Let ¥, |n]|*72% < co. We first show that for any € > 0, there exists a
compact set K. ¢ H® with w(M) < e for any cylindrical set M such that M n K, = &.

Let b, = |n|¢ such that a = ¥, |n|*72%*¢ < co. Then for an arbitrary R > 0, take
the cylindrical sets of the form

M= {u €H: [Uu_g,...,U_p,U_1,Uy,...,Ux] € D, where Z |n|eu >R2}
|n[=1

Then we see that

a—2s k
w(M) = (21)* 1T |n|* f DAl gy
Zﬁ | Infu2>R2 ‘

\n =1 n|=1

<Cayt e [ 8 (M)t mhabi et 1 g,

|n|=1 |n|=1

<R E|”|2S 20+é _ aR—Z.
n

Here, to pass to the third line we used integration by parts with

_1|p[pe-2s

|2¢x 25 ne 2

and dg=-|n “ndy,,.

~u,
J = s

Then, for R > \/g, we have w(M) <e.

Hence, if we take K, = {u € H* : 3, |n|*u < R?}, we get the desired compact set.

Now let Ay > A; > -+ 2 A, D --- be a sequence of cylindrical sets in H* such
that N;,_; A, = &. Then for any € > 0, there exists closed cylindrical sets C,, ¢ A,
for all m such that w(A,,/C,,) < €272 Let D,, = N}, Cx. Then w(A,,/Dy) <
w(Uj~,(Ax/Ck)) < €/2. Let E,y = Dy, 0 K, p; then E,,’s are compact with E,,, ¢ A,
and w(A,,/En) < €. Since N,y Apm = @, N Em = @, and since (E,,) is a nested
sequence of compact sets, we see that E,, = & for all m > m, for some mg € N.

Hence, w(A,) < w(Ep) + € < € for all m > mg. Thus, w(A,,) — 0, ie, wis
countably additive.

For the converse, assume w is countably additive and also ),
s > a — 5. Then consider two cases.

|n|*72% = oo, i,

CaseI: (s < «). In this case we see that |n|*72% < 1for any n. Consider the cylindrical
sets of the form,

Mk:{u€H5:| zk: (Ui)—/\k| <2\/E},
|n|=1

|25—2¢x.

where Ay = Z|kn|=l |n
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Then we have

w(Mg) = w( {ue | él(ui) )| 22vA))

(Zha(2) M)
< L.

_1xk 2a-2s 2 k
e zz\n\=1\"| [tn] H du,,

- A |n|=1
1 [ k 2\ 2 k 5 2\ —1 5K (e, 2 k
=— Youp) =2( X up) A+ Ag)e 2 Emnlt el T gy
4Mx RZ"((\m:l ') (|n\:1 ) k) =

1 k _4q
- m((/\i+2‘z [l 74) = 20 Ak + A7)

n|=1

1 Z|kn\=1 |n|4s—4tx 1
L—o——< =

2 A 2

where to pass from the third line to the fourth line we used integration by parts again.
Since A — o0 as k — oo, there exist balls B, _, m(O) of arbitrarily large radii with

(B N2 \/}Tk(O)) < w(M{) < 3, which contradicts with the countably additivity of

>

w
w.
Case 2: (s > «). In this case, for each n > 1, consider the cylindrical set
My ={ueH :|u| <k, |i|=12,...,a¢},

where ay > 0 is an integer. Then by a change of variables, we have

ak k‘nluis 1 2 k 1 2 ag
w(My) = (2m) ™% f e 2l dy,) < | (2n)™! f e M dx| )
) = @my ([ ) <[em [ ]
since s > a. By choosing a; large enough, we can take w(Mj) < 2757 for each k
and that ay — oo as k — oco. Then UR2; My = H® and w(H®) = 1, since H' is a
cylindrical set with full measure. But then w(Up2, My) < Y32, w(My) < 3, which is
a contradiction. Hence, the theorem follows. |
Now we define the sequence of finite dimensional measures (wy ) as follows: For
any fixed k > 1, we take the o-algebra, A, of cylindrical sets in H® of the form M, =
{ueH* : [u_g,...,u_a,t_1,U,...,u;] € D} for some Borel set D c R?. Then

w(My) = () T fnfe [ et Sl ol ] gy,
|n|=1 D |n|=1
Hence we get the sequence of finite-dimensional countably additive measures wy on
the g-algebra /. We can also extend these measures to the o-algebra A in H¥, by
setting
wi(A) =wi(AnH;), forAcedA,

where H = span(e_g,...,e_y,e1,...,ex), since An Hy is a Borel subset of Hj, for
A € A; see [23].

The following proposition answers the immediate question as to whether or not
the infinite dimensional Gaussian measure w and the finite measures wy, are related.
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1

Proposition 3.5  The sequence wy converge weakly to the measurew on H* fors < a—

as k — oo.

Proof (cf. [23]) First, recall that a sequence of measures v, is said to converge to
a measure v weakly on H* if and only if for any continuous bounded functional ¢
on H®,

[ #dvn(n) > [ g(wdo(u).

Also recall that for any € > 0, if we take K, ¢ H* as in the Theorem 3.4, we see that
w(K¢) > 1 - ¢, and moreover, w, (K;) >1— ¢ for all n > 1. Now let ¢ be an arbitrary
continuous bounded functional on H* with B = sup, . ¢(u). Then for any € > 0
there exists § = §(¢) > 0 such that

(31)  |¢(u)—¢(v)| <e forany u € K. and v € H° satisfying |u —v| g < 6.

For any m, call K,, = K, n H5,. Then by the definition of the measures w,, on A, we
see that

(3.2) | fH (u)dwy (1) - [K B(u)dwn(u)| < eB,
for any m > 1. Define

S S L S 8 . 8
Kpe={veH :v=vi+v,, vyeH,, vy eH,, |va]m < > dist(vy, Kp) < E}
Then K, c K, ¢ for all sufficiently large m’s. Thus, for m large enough
(3.3) | fH ¢(u)dw () - fK $(u)dwin(u)] < eB.

We now define the measure w;, on (H3,)* as follows:
For a cylindrical set

ML = {u € (Hin)l : [u—m—k) e Um0 U1 Umsls Uma2s - - um+k:| € F})

where F c R2¥ is a Borel set, and

k - k
wa (M) = @)™ T e [l e Bl T g,
F

|n|=m+1 [n|=m+1

Then we see that w;, is a probability measure on (H3,)* and w = w,, ® wy,,.
Thus, we get

[ sdw) = [ dwi(un) B+ 13wy, (1),
Kum,e Um€EKm,e ufneK,L",E(um)
where K, () = Kpen{ueH :u=uy+y,ye(H;,)"}. Then by (3.1),
Jo pdw= [ dwnGon) [ () - )
+ 9 (utm)ewh (1)
< Ce+ /umeKm,e O (tm) AW (Um)

for C independent of m and e.
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Hence,
(3.4) f (u)dw(u) - f (it )dwp (1) < Ce.
Kn,e Um €K e
Therefore, combining (3.2), (3.3), and (3.4), we get the result. [ |

Now, we show that the measure y is absolutely continuous with respect to the
Gaussian measure w. Recall that

N a—s 2 einx
duy = (2m)™N T [n|* ez Zmiax |1 an (O] =3 fo S G5 OF g

|n|=1
[T du,

1<|n|<N

Lol Spen s un(D () NN Y s~ 3 Soqen (125 [un (O
= ¢ 4TI ZlnisN (n) (27-[) H |n| e~ 2 Zo<nsN n duo
|n]=1

[T du,,

1<|n|<N

and thus, yy is a weighted Gaussian measure.
For the defocusing NLS, since

P < [P (fucor)’,

_1 efnx 4 1), |4
[ ¢ fr 12 G (0] dugy S f el duy < C
ugeC

ugeC

we have

uniformly in N. Thus, instead of working with the full measure yy it is enough to
work with the measure wy, which is also known as the Wiener measure.
For the focusing NLS, though, we do not have an a priori control over the weight

et Jo 1 Zuen e un (D' We can overcome this problem by using a lemma of Lebovitz et
al. (see[16]), which applies an L? cut-off to the set of initial data.

Lemma 3.6 e3 )| Ty einxml4)({|\u|mg3} € L'(dwy) uniformly in N for all B <
00,

Proof (cf. [21])

% le n|<N ei"xm 4
fe I Xl oz dw
} f ei) [Euaman Oy cmydw

N —_—
v Ilnlz:le""‘un(f)l“SK)

o X emu @)
2 f e X{lul 2 <Bydw
i=0

| zzv: einxmléle(ziK,ziHK])
[nl=1

hd i+ N o —— i
<edK Lyl ‘K)“W({ | S e u, (0] > 2K, ul 12 <B}).
i=0

|nl=1
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Now to estimate the second term on the right hand side, choose N, dyadic, to be
specified later. Now call N; = Ny.2 and let a; be such that 3°; a; = % Then

w({lzs > K o < BY) < E w({IPquenglze > aik}).

and since we have
1
IPgnpeniytllzs S N{ [ Pypapeny 2,

by the Sobolev embessing, we see that

w({(luo > Kl < BY) < 3 w( {IPojers s > a:K)
OZOZ w( {| Pyjnpuniy el 12 2 aiN; %K})

1
Letting a; = CN{N; € and Ny such that K » N B, i.e, No » K*B™*, we get,

w({(Julse> Kl <B) < Sw({( 2 1@P) 2N K}

|n|~N;

1 > aiN;%JrsK} ) i

P24
™3
S
—
—~
—~~
™
B
B
=

and by the estimation of the tail of the Gaussian measure, (cf. (3.6)), we have

| 24, (2a-2s)+25—1 20-1-2¢

({(”uHL4 > K, Hu”Lz <B}) sy e’Z“iN,-

i=1 i=

K2 ot st N K2
<>e

—_

© 2“-% (2a-1-2¢)i 2 _1p2aRYs
<3 e iNy P2RTETVRE KON,

_%K2+4(2u——)32 4s

Collecting terms, we obtain

/‘”“'X{uun cepydw <ot

oo i+1 7\ 4 i - 2+4(2a—1) Ho-8
% +Ze%(2'+K) e_%(ZIK) e=3)p «

% Oy ({(Julpe > 2K, Jule < BY)

o

< 00,

(=]

since a > %, which proves the lemma. ]

Moreover, observe that for |[u];2 < B, we get |uo]* < Zn <n> < B%. Hence, L? cut
off also restricts ug to the ball {u € C : |ug| < B}, uniformly in N. Therefore, com-
bining these two results, we get that the measure yy is a weighted Gaussian measure
with weight being uniformly in L' with respect to the Gaussian measure.

By the construction of the Gaussian measure, we see that for any compact set E ¢
H*,wehave wy(EnHjy) - w(E). Thus, using the result above we get yy(EnHy,) —

u(E).
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Proof of Theorem 3.1 For the proof of the theorem and the invariance of the mea-
sure y, we follow Bourgain’s arguments in [3]. First, for any € we will construct the
sets Qn C H® such that pn(Q$;) < eand,

s (ros()"

For that, we fix a large time T and let [~ Trwp, Trwp] be the local well-posedness
interval for equation (1.1). Then consider the set

(3.5) [uM ()|

ok = {u e Hy : |lullg= <K},

where, again, Hy, = span{e, : |n| < N}. We see that

N s N
@6) wa((@)) =@y [ [ e TRl T gy,
|n|=1 .. |n|=1
{ueHy | ul gs >K}
= (271)_% II_VI |n‘a_s f e_%ZINM:ll"‘za_ZSI”nIZ INI du
In|=1 [n|=1

{”EH;;:ZMKN |un|?>K2}

N
N _1gN 2
=(2n)"? f e”2 T T dy,.
[val? Inl=t
{Zinjen (ny2e-7s >K2}

_N

N
S(ZT[) 2 67% Zﬁ\=1|vn\2 1 dv,

|n|=1
{z|n|SN [va[>>K2}

:(271)_%ffrZN_le_%’zdrdSZN
K

Son

:(277)_¥/frrZN_Ze_e(’_E)_%ez e 1= drds,
[ S —
K <C

Son

S(Zﬂ)%ffre’%("e)zdrdsm
K

San
S (277)7g / [(r—e)e’%(”e)zdrdsm < o3 (K¢)’ S e ik
Sy K

2
for e small enough. Thus, uy ((QX)¢) g e71K
Since py is invariant under the solution operator, Sy of the truncated equation, if
we define the set,

__T
QY = QN SF Q) nSFE(QF) n---n s " (QF),

QY satisfies the property pun((Qy)°) < szp un ((Q5)9) < TK%e 1K since the
local well-posedness interval [-Trwp, Trwp] depends uniformly on the H® norm

of the initial data. Thus, if we pick K = ((4 + 20) log(%))% for € small, we get
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un ((Q%)°) <€, and by the construction of the set Q}; we have

T\ 2
N
u t s S lO - >
()] 5 (tog (<) )
for all |¢| < T. Moreover, if we take T; = 2/ and €j= ﬁ, and construct Q ;’s, we see
that Qy = ﬂ}’:l Qy,j satisfies (3.5).
Also by Lemma 3.2, we see that for any s’ < s, we have

1
2

Ju(t) [ < 24 < Co( 1og(§)) .

Again by taking an increasing sequence of times, we get

(O < Co(10g (2111

€

Hence, if we intersect this result with an increasing sequence of s < « — 1, and taking
Q = Ny Qn where (Qy)s are defined as above with uy(Qfy) < 55, we get that
u(Q) < e and that the solutions to equation (1.1) has the norm growth bound

(o) < 1og( 1))

for initial data ug € Q. Moreover, interpolating this bound with ||u(#) |2 = |uol 12,
we have
1+ |¢]

Ju(t)l < ¢(1og( 1)),

which proves Theorem 3.1. ]

3.2 Invariance of g Under the Solution Flow

Let K be a compact set and B, denote the € ball in H®. Let S be the flow map for equa-
tion (1.1) and let Sy be the flow map for equation (1.2). Then by the weak convergence
of the measure

#(S(K) + Bo) = lim pux((S(K) + Be) 1 Hy, ).

Also, by the uniform convergence of the solutions of (1.2) to (1.1) in H* for any s; < s,
we get Sy(PyK) c S(K) + By, for N > Nj sufficiently large. Then for €; small
enough,

Sn((K +Be,) nHy) © Sn(PyK) + B/, € S(K) + Be.
Hence,
un(Sn((K+Be)nHy)) <un(S(K)+Be),
and by the invariance of yy, we get
un( (K +Be) nHY) < un(S(K) + Be),
and letting N — oo, by the convergence of the measures uy to y,

u(K) < u(K + B,) < p(S(K) + Be),
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which say, by the arbitrariness of ¢, that y(K) < u(S(K)). By the time reversibil-
ity, we also have the inverse inequality and, thus u(K) = u(S(K)), which gives the
invariance of y under the solution operator.
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