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Abstract  In this work we provide effective bounds and classification results for rational Q-factorial
Fano varieties with a complexity-one torus action and Picard number 1 depending on the two invariants
dimension and Picard index. This complements earlier work by Hausen et al., where the case of a free
divisor class group of rank 1 was treated.
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1. Statement of the results

The subject of this paper is rational Q-factorial Fano varieties X defined over an alge-
braically closed field K of characteristic 0 (see, for example, [10,14] for classical work).
A more recent focus in this field was toric Fano varieties, where one uses the descrip-
tion in terms of lattice polytopes (see, for example, [2,12,13]). Here, we study the case
where X comes, more generally, with an effective action of a torus T of complexity 1,
i.e. dim X —dim T = 1; by Fano varieties we mean normal projective varieties with ample
anticanonical divisor —K x. We continue the work of [8], where classification results for
the case C1(X) = Z were given. In this paper we study the more general case of Picard
number 1, i.e. we allow torsion in the divisor class group. A first step is Theorem 3.2,
where we provide effective bounds for the number of deformation types of Fano vari-
eties X, as above, with fixed dimension d and Picard index p := [C1(X) : Pic(X)]. As a
consequence, we obtain restricting statements about the number §(d, 1) of different defor-
mation types of Q-factorial d-dimensional Fano varieties with a complexity-one torus
action, Picard number 1 and Picard index p. In the toric situation, d(d, 1) is bounded
above by ,udz. For the non-toric case we get the following asymptotic results.

Theorem 1.1. For fixed d € Z~g, the number §(d, i) is asymptotically bounded above
by u(1+5)”2 for € > 0 arbitrarily small, and, for fixed u € Z~g, it is asymptotically
bounded above by d*% with a constant A depending only on .
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Table 1. [C1(X) : Pic(X)] = 2.

no. R(X) ClI(X) grading dx (X)

>11

[
(]

1 K[T,...,Tu)/(WTE +Ts +Tf) ZOZ/27Z <

il
=i

Table 2. [C1(X) : Pic(X)] = 3.

no. R(X) ClI(X) grading dx u(X)

2 K[Ty,...,Tu)/(NT5 +T5 + T2) Z&Z/3Z G % % é) 1 1

We turn to the classification. Our approach uses the Cox ring R(X), which is defined
by
R(X)= @ I(X,0x(D)).

DeCI(X)

Given this ring, the variety X can be realized as a quotient of an open subset in
Spec(R(X)) by the action of a diagonalizable group.

According to [7, Theorem 1.3], the Cox ring of a normal complete rational variety with
a complexity-one torus action is finitely generated. Furthermore, every such Fano variety
is uniquely determined by its Cox ring (as a Cl(X)-graded ring). In the case of Picard
number 1, the toric varieties of this type correspond to the fake weighted projective spaces
as defined in [11], and the Cox ring is polynomial. In the subsequent theorems we list
non-toric complexity-one Fano varieties with Picard number 1 in the cases where Cl(X)
has non-trivial torsion; for the non-toric results in the case of C1(X) = Z we refer the
reader to [8]. The Cox rings are described in terms of generators and relations, and we
specify the Cl(X)-grading by giving the degrees of the generators. Additionally, we list
the degree of the Fano varieties dx := (—Kx)? and the Gorenstein index ¢(X), i.e. the
smallest positive integer such that «(X)Kx is Cartier.

Theorem 1.2. Let X be a non-toric Fano surface with an effective K*-action, Picard
number 1, non-trivial torsion in the class group and [C1(X) : Pic(X)] < 6. Its Cox ring
is then precisely one of those listed in Tables 1-4, where the parameter A occurring in
the second relation of surface number 7 can be any element of K* \ {1}. Furthermore,
the Cox rings listed in Tables 1—4 are pairwise non-isomorphic as graded rings.

Remark 1.3. Gorenstein surfaces are well known to have ADE-singularities, which
are, in particular, canonical. Consequently, the surfaces numbered 1-5, 7, 9 and 10 are
canonical. Furthermore, in [16] all log terminal del Pezzo K*-surfaces of Gorenstein index
up to 3 are classified. Comparing the surfaces listed in [16, Theorems 4.9, 4.10] with
Table 4 shows that number 11 is not log terminal. The resolution of this surface can be
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Table 3. [C1(X) : Pic(X)] = 4.

no. R(X) ClI(X) grading dx (X)
1 1 11
3 K[, Te,T5,81)/(TE+ T2+ T2 7Z&Z/22&1/2Z 1100 2 1
0 1 10
. 11 1 1
4 K[Ty,...,Ta]/(Th T2 + T35 + T¥) Z®LIAZL i330 2 1
) s 1 2 2 1
5 K[Th,..., Ta)/(T?Ty + T2 + T 7. 7,/27 o010 2 1
s e o 2 2 1 3
1 1 1 1 1
2 2
7 K[Tl,...,Ts]/<T/\1$§i?;i;§’> Zoz/2zo7/22 |1 1 0 1 0 1 1
3 : > 0 01 10D
Table 4. [C1(X) : Pic(X)] = 6.
no. R(X) ClI(X) grading dx u(X)
3 3 2 2.2 3 1 2
8 K[Tl,TQ,T3751]/<T1 + T3 +T3> Z@Z/SZ 130 0 3 3
s s 121 1
9 K[T,...,Tu)/(hWT+T5s +1T5) Z&Z/3Z i3 30 2 1
0 31 2 1
0 KT, T/OT+ T+ T zZez2z (7 1 [ 5] 3 1
5 2 8 31 4 1 1
11 K[Ty,...,Ty])/(WT3 +T5 +T5) Z®Z/2Z 1110 3 3

explicitly computed by using the method of toric ambient modification, as demonstrated
in [5, Examples 3.20, 3.21].

Theorem 1.4. Let X be a three-dimensional non-toric Fano variety with an effec-
tive two-torus action, Picard number 1, non-trivial torsion in the class group and
[CI(X) : Pic(X)] = 2. Its Cox ring is then precisely one of those in Table 5, where the
parameter \ occurring in the second relation of 3-fold number 38 can be any element of
K* \ {1}. Furthermore, the Cox rings listed in Table 5 are pairwise non-isomorphic as
graded rings.
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Table 5. [C1(X) : Pic(X)] = 2.

no. R(X) ClI(X) grading dx u(X)
2 2 1 1 1

1 K[Tl, ,,,T4,S1}/<T1T2+T3 +T4> Z@Z/QZ 11100 27 1
3 2 4 1 1 2 1 1

2 K[T1,...,T4,Sl]/<T1T2 + T3 +T4> ZEBZ/QZ 50 1 0 1 8 2
3 2 4 1 1 2 1 1

3 K[Tl,...,T4,S1]/<T1T2 +T3 +T4> ZEBZ/QZ 50 110 8 1
3 2 4 1 1 2 1 1

4 K[Tl,...,T4,Sl]/<T1T2 + 13 +T4> ZEBZ/QZ 90 1 1 1 8 2
5 2 6 1 1 3 1 1

5 K[Tl,...,T4,Sl]/<T1T2 + T3 +T4> Z@Z/QZ -~ - - 1 1
0 0 0 1 1
5 2 6 1 1 3 1 1

6 K[Tl,...,T4,Sl]/<T1T2 +T3 +T4> Z@Z/QZ - - 1 1
0 0 1 0 1
Py 2 3 1 1 3 2 1

7 K[Tl,...,T4,Sl]/<T1T2 + T3 —|—T4> Z@Z/QZ - - 4 1
0 0 1 0 1
2 2 3 1 3 2 1

8 KT, ToSI/IIT+T+1) zez2z (1 1 - 5] 4 1
5 3 2 1 2 3 1

9 K[T1,...,T4,Sl]/<T1T2 + T3 +T4> ZEBZ/ZZ 1100 0 4 2
3 22 5 1 1 1 2

10 KT BT+ BT+ 1) 26222 (o o 1 1 1] § 2
3 22 4 1 1 1 1 1
5 2 rd > 1 1 1 1 3

12 IK[Tl7 ..7T5]/<T1T2 + 15T, —|—T5> Z@Z/QZ 30110 1 1
5 2 rd 2 1 1 1 1 3
2 i 33 2 1 1 1 1 3

14 K[T1, ..,T5]/<T1T2 + 13Ty +T5> Z@Z/QZ 00 1 1 1 1 2
2 rd 3,3 2 1 1 1 1 3
2 rd 5 2 1 1 1 1 3

16 K[Tl, ..,T5]/<T1T2 +T3T4—|—T5> Z@Z/QZ 00 1 1 1 1 2
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Table 5. (cont.) [Cl(X) : Pic(X)] = 2.

no. R(X) ClI(X) grading dx (X)
2 i 5 2 1 1 1 3

17 K[D,. . BT+ T+ T3) 282/22 |5 ;1 o 5 1) 1 2
) 111 1 1

18 K[, . T/(OG+ BT+ T8) ZeZ/22 |5 5 1 1 1) 27 2
) 111 11

19 K[Tl,...7T5]/<T1T2+T3T4+T5> Z@Z/QZ 50110 27 1
) 0 s 111 1 1

20 KT T)/(NTE+TIE+T8) ZOZ2Z |, 1 5 1 o) 12 1
5 s 111 1 1

21 K[, TN+ DI+ T) ZOZ/2Z [ [ o o o) 2 2
5 5 111 1 1

2 KT, TG+ BT+ 1) Z2e2/22 | o 1 1 o) 2 1
5 s o 11 1 1 2

2 K[, GYNT+ T+ TE) Z0Z/22 | o 1 1 o) 8 2
5 s o 1 1 1 1 2

24 K[Th,...,Ts5)/(TWT5 + 1317 +15) ZBZL/2Z 00111 8 2
s s 111 1 3

25 KT, T)/(NT+ DI +T8) ZOZ2Z | o 1 1 5) L 1
5 s 1 1 1 1 3

26 KT, /(O + BT +13) 2e2/22 (5 5 1 1 1) ! 2
5 33 2 11 1 1 3

21 K[, . T/(OTE+ BT+ 1) ZZ/2Z |, 5 1 1 5) 1 1
s s oo 1 1 1 1 3

28 KTi,.. TN+ T+ 18) 20222 |5 5 1 7 1) L 2
o o o 111 2 1

29 K[Th,....BY/(DTE+TE+T) ZOZ/2Z | o 1 1 o) 8 2
s oo 111 2 1

30 K[Th,....T)/(NDIE+ TR+ 1) ZOZ2Z |5 o 5 1 1) ° 1
o o o 111 2 1

31 KT, T/ (OWLTE+ T+ 1) Zez/22 |, o ;1 1) 8 1
PR 1 1 1 3 1

32 K[T,...T)/(NDTE+ TR+ T8) ZOZ2Z |, o 1 1 o) L 1
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Table 5. (cont.) [C1(X) : Pic(X)] = 2.

no. R(X) Cl(X) grading dx u(X)
4 2 6 1 1 1 3 1
88 KIT...T/(DDLI+T+15) Z0Z/22 (i o 1 o 1 11
s o s 111 3 1
34 K[Ti,...,Ts|/(WVI5T5 + T +15) Z®Z/2Z 510 1 0 1 1
os o s 111 3 1
s e o 111 2 3
36  K[Tn,...,Ts)/(WTsTs + T +15) ZDZ/2Z 10100 4 1
PR 111 2 3

TV + TsTy + T2, 11 1 1 11
38 K[Tl,...,Tﬁ]/</\1T32T4+3T§+TZZ> YASYAPYA <_ oo _> 16 2

Let X be a normal complete rational variety coming with a complexity-one torus
action of T. Consider the T-invariant open subset X consisting of all points z € X
having finite isotropy group. According to [15, Corollary 3] there exists a geometric
quotient q: Xo — Xo/T such that X,/T is irreducible and normal but possibly not
separated. The property of the orbit space Xo/T being separated is reflected in the
Cox ring relations by the condition that each monomial depends on only one variable,
e.g. surface number 3 in Theorem 1.2 (see [7, Theorem 1.2]). Geometrically, this means
that every orbit is contained in the closure of either exactly one maximal orbit or of
infinitely many maximal orbits. For such varieties we have the following general finiteness
statement.

Theorem 1.5. The number of d-dimensional normal complete rational varieties of
Picard number 1 with a complexity-one torus action of T' and Picard index p, such that
Xo/T is separated, is finite.

2. Description of the Cox ring

We briefly recall from [6] a construction of Q-factorial normal rational projective varieties
with a complexity-one torus action. Here, we specialize to the case of Picard number 1;
the details are given in [6, Proposition 2.4].

Construction 2.1. For r > 1, consider a sequence A = (ay,...,a,) of pairwise
linearly independent vectors in K2, a sequence n = (ng,...,n,) of positive integers, a
non-negative integer m and a family L = (l;;) of positive integers, where 0 < ¢ < r and
1< j < n; Set

R(A,n, L,m) :=K[T;;, Sk]/ {90, -, gr—2),
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where the T;; are indexed by 0 < ¢ < 7, 1 < ng, the Sy by 1 < k < m and the

<
relations g; are defined as follows. Set T} := T/ - T;:" and

ini

det Qi Qi1 @42
gi:=dae Tl,- le‘+1 Tli+2 :
[ i+1 i+2

Define n := ng+---+n, and let K := Z@® K" be an abelian group with torsion part K.
Suppose that R(A,n, L, m) is positively K-graded via

degT;; = w;; € K, degSy = ux € K,

Le. wij,up € Z>o ® K*, and that any n+m — 1 of these degrees generate K as a group.
The K-grading defines a diagonal action of H := Spec K[K] on K"*™. By construction,

X :=V(gi; 0<i<r—2)=SpecR(A,n, L,m)

is invariant under this H-action. The open set K"*™\ {0} allows for a geometric quotient
of this H-action, which is denoted by p: K"*™\ {0} — Z, where the toric variety Z is a
fake weighted projective space. Furthermore, we get a geometric quotient p: X > X of
the embedded open subset X := X \ {0}:

X —— K\ {0}

Pk

X——7Z
The quotient space X := X JH is a Q-factorial normal projective variety of dimension
dim(X)=n+m—r.

It has divisor class group Cl(X) = K, Cox ring R(X) = R(4,n, L,m) and a complexity-
one torus action. This torus is given by the stabilizer of X under the action of the maximal
torus Tz of Z.

Note that, if there is an index 0 < ¢ < r such that [;; = 1 and n; = 1, there is at
least one relation containing a linear term. In this case the ring is isomorphic to the
polynomial ring that we get if we omit the relations of this type. Consequently, we may
always assume that [;;n; # 1.

Remark 2.2. Varieties with complexity-one action, as formulated in Construction 2.1,
can be considered as a generalized version of well-formed complete intersections in
weighted projective spaces, in the sense of [9].

According to [6, Theorem 1.5], every Q-factorial normal complete rational variety X
with a complexity-one torus action and Picard number 1 has a Cox ring R(X) that is
isomorphic as a graded ring to some K-graded algebra R(A,n, L, m) with K = Cl(X).

We collect some geometric properties of the varieties X just constructed. Every element
w € K =Z@®K? can be written as w = w®+w?, where w® € Z and w* € K*. Furthermore,

https://doi.org/10.1017/50013091513000710 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000710

744 E. Herppich

every T = (Z;;, k) € X C K" defines a point z € X by x := p(Z); the points T € X
are called Cox coordinates of z. We define the set of all weights corresponding to a
non-zero coordinate of T by

Wz = {wi;; Zi; # 0} U {up; Ty # 0}

Moreover, let Cl(X,x) denote the local divisor class group in z, i.e. the group of all
divisor classes that are principal near x.

Proposition 2.3. Let X be a Q-factorial complete normal variety with complexity-
one torus action and Picard number 1, as formulated in Construction 2.1, and set
~i := deg(g;), 0 < @ < r. The following statements then hold.

(i) For any & € X, the local divisor class group CI(X, ) of z := p(Z) is finite and
ged(w; w € W3) always divides the order of the group.

(ii) The Picard group Pic(X) is free and the Picard index is given by
[CI(X) : Pic(X)] = lemgex (ged(w”; w € Wi))|CL(X)Y).

In particular, |C1(X)!| is a divisor of [C1(X) : Pic(X)] and we have that |Cl(X)!| <
(CI(X) : Pie(X)].

(iii) For the anticanonical class —Kx € Cl(X) and its self-intersection number dx =
(—Kx)?, one has

*KX *Zzww +Zuk*2’yz»

=0 j=1
r ,yo A0
dx—< w4+ u %) r-
;; ! Z " ZZ; IT:- OH] 1“’ Hk 1uk|01( )

(iv) The variety X is Fano if and only if the following inequality holds:

(r — 1)deg(go)° Zdeggz <Zzwlj+zuk

=0 j=1

Proof. Let Z(i,j) (respectively, Z(k)) be a point in X having the ijth (respectively,
(n-+k)th) entry 1 and all other entries 0. With Z := K"\ {0}, we obtain a commutative
diagram:

X—7Z

ZI

X——7

where the induced map embeds X into a toric variety Z such that C1(X) = Cl(Z) and
Pic(X) = Pic(Z) holds (see [1, Corollary I11.3.1.7]). By choice, Z(i, j) (respectively, Z(k))
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is a toric fixed point. Consequently, the Picard group Pic(Z), and also Pic(X), is free [3,
Theorem VII 2.16]. According to [4, Corollary 4.9], we obtain that

Pic(X) = ﬂ (w; we Wz) = ﬂ (w®; w e Wg),
zeX zeX

where the last equality follows from the fact that Pic(X) is free. This proves assertions (i)
and (ii). The remaining statements are special cases of [4, Proposition 4.15 and Corol-
lary 4.16]. The self-intersection number can be easily computed by using toric intersection
theory in the ambient toric variety (cf. [1, Construction IIT 3.3.4]). O

Corollary 2.4. Let X be a Q-factorial complete normal variety with complexity-one
torus action and Picard number 1. If X is locally factorial, then the divisor class group
Cl(X) is free.

The following example shows that one can use Proposition 2.3 (iv) to create series of
Fano varieties by altering the torsion part of the divisor class group CI(X).

Example 2.5. Set lg1 = 7, lpo = 1, 11 = 5 and ly; = 2, as well as wgl =1, w82 =3,
wy; = 2 and wY; = 5. According to Construction 2.1, these data define one single Cox
ring relation of the form go = T, To2 + 17, + T3 . Since we have that

wgl + w82 + w(fl + wgl =11>10= deg(go)o,

one can use these data to create Cox rings of Fano varieties. We provide some possible
Cl(X)-gradings, given by the matrices Q;, defining del Pezzo K*-surfaces with fixed
grading in the free part of the divisor class group and varying torsion part of the class
group Cl(X)*:

Q1:(1 3 2 5), Cl(X,) = Z;

Q2<(1) 2 % f) Cl(X,) = Z & Z/3Z;
Qs—@ 02 2) Cl(Xs) = Z & Z/9L;
Q4:<é i’ ; 2) CU(X,) = 2@ Z/11Z;
QSZGJ g 1%1 g) Cl(Xs) = Z & Z/13Z;
Q6—<é i 1?5 1?), CI(Xe) = Z & Z/17Z.

Note that in this situation not every group of the form Z & Z/kZ, k € Nsg, can be
realized as a divisor class group.
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In Example 2.5 the numbers ¢; := ged(l;1,...,lin,) are pairwise coprime, namely,
¢y =1, ¢, =2 and ¢3 = 5. This allows for the case C1(X7) = Z (see [8, Theorem 1.9]). If
the numbers ¢; are not pairwise coprime, then there is always non-trivial torsion in the
divisor class group, as the following lemma shows.

Lemma 2.6. Set ¢; := gcd(li1, ..., lin,). All numbers ged(¢;,£;), 0 < i # j <, then
divide |C1(X)"| and the Picard index p. In particular, this holds for lem;;(ged(¢;, ;).

Proof. According to [6, Theorem 1.5], the divisor class group Cl(X) is isomorphic to
Z"t™ /im(P*) where P* is dual to P: Z"T™ — Z"+™~1 given by a matrix of the form

g Iy 0 0

P = . : . . . ,
Iy 0 - 1. 0
do dy - d, d

with l; = (Lio, . - -, lin; ) and some integral block matrices d; and d’. Consequently, |C1(X)!|
is the product of all elementary divisors of P, which implies that ged({y,¢;) divides
|C1(X)!|. By an elementary row transformation, we obtain the analogous result for
ged (£, £;) where 0 < 4, j < r, i # j. Since |Cl(X)!| divides the Picard index pu, the
assertion follows. O

Remark 2.7. One can even prove that lemog;<r([];x; ged(4, ¢;)) divides |C1(X)*|
(see, for example, surface number 3 in Table 3).

3. Effective bounds

First we consider the case ng = - -- = n,, = 1, which means that each relation g; of the Cox
ring R(X) depends only on three variables. We then have n = r 4+ 1 and, consequently,
m = d— 1. Furthermore, we may write 7T; instead of T;; and w; instead of w;1, etc. In this
setting, we obtain the following bounds for the numbers of possible varieties X (Fano or
not).

Proposition 3.1. For any pair (d, u) € Zz>0 there are, up to deformation equivalence,
only a finite number of complete d-dimensional varieties with Picard number 1, Picard
index [C1(X) : Pic(X)] = p and Cox ring of the form

K[T{), Y A P Sm]/<OZZTZI1 + Oli+1/11ili_+11 + Ck7;+2Til_1:r22; 0<i<r— 2>
In this situation we have r < u + £(u) — 1, where &(u) denotes the number of primes

smaller than p. Moreover, for w? € Z~qo and ug € Z~o, where 0 < i <r, 1 <k <m, and
the exponents l;, one has
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Proof. Consider the total coordinate space X C K"*+™ and the quotient p: X — X,
as well as the points (k) € X having (r + k)th coordinate 1 and all other coordinates 0.
Set z(k) := p(Z(k)). Then, u) divides the order of the local class group Cl(X,z(k)). In
particular, we have that ug < W

For each 0 < i < r, fix a point (i) = (Jo,---,%r,0,...,0) in X such that 7 = 0 and
g; # 0 for i # j, and set y; := p(7(7)). We then obtain that

ged(wy, j # i) | |CUX, y(0))].

By Lemma 2.6 we have that lemjz,(ged(l;,1;)) | |CI(X)!|. Now consider I} such that
l; = lemjzi(ged(li, 1;))l;. The homogeneity condition l;wy = ljw§ then gives Ij | w§ for
all j # 4, and, consequently, I} | ged(wf, j # 4). Since I; = Ijlem;x;(ged(ls, 1)), we can
conclude that I; < p by using the formula

[C1(X) : Pic(X)] = lemge x (ged(w®; w € W))|CHX)Y|

of Proposition 2.3 (ii). Since the I are pairwise coprime, we obtain I{,---1. | v° and
Iy~ 1| p, where 7° := deg(go)® = l;w?. From ;u? = ljw? we deduce that

0 0 0 0 0
o WO W0 Wiy ged(wg, .. wy_q) B
i =5 =9 U YA 0y S H
i wy - Wy ged(wg, ..., wy)

where 1 < 7; < p. In particular, the last fraction is smaller than p. All in all, this gives

us
W0 — w ged(wl, w?) '.'ng(w8,~-vwg—2) gcd(u) w®_,)
07 ged(w, w)) ged(w, wl, wl)  ged(wf, ..., wd_,) SO
< Mr—lu
:ur.

Analogously, we get the boundedness for all w?. Now let ¢ be the number of I that are
greater than 1. Since all I}, 0 < i < r, are coprime, ¢ is bounded by &(u), the number of
primes smaller than p. To avoid the toric case we assume that [; # 1 for all 0 < i < 7.
Consequently, if I/ = 1, then there exists at least one 0 < j < r such that ged(l;, ;) > 1.
Since ged(l;,1;) divides p, we get r +1 — ¢ < p as a rough bound. All in all, we get that
r+l=r4+1-—qg+q<p+E&u). O

Proof of Theorem 1.5. Let X be a variety as in Theorem 1.5. Each monomial of
the Cox ring relations then depends on only one variable, i.e. n; = 1 for 0 < i < r (see [7,
Theorem 1.2] for details). Consequently, Proposition 3.1 provides bounds for the discrete
data, such as the non-torsion parts of the weights w?j and uY, the exponents /;; and the
number of Cox ring relations 7. Since |C1(X)*| < p holds, the number of possibilities for
the torsion part of the grading is also restricted, which implies the assertion. O

Theorem 3.2. Let X be a Fano variety with complexity-one torus action as introduced
in Construction 2.1. Fix the dimension d = dim(X) = m + n + r and the Picard index
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= [Cl(X) : Pic(X)]. The number of Cox ring relations r, the free part of the degree of

the relations 4", the weights wy;, uy, and the exponents IY;, where 0 <i <7, 1 <j <n;

and 1 < k < m, are then bounded. In particular, one obtains the following effective
bounds. We have

up <p for1<k<m and |CI(X)| < p.

Moreover, the handling of the remaining data can be organized into five cases, where
&(x) denotes the number of primes smaller than x.

(i) Suppose that r = 0,1 holds. Then, n +m < d + 1 holds and one has the bounds
w?jg,u for0<i<randl<j<n,
and the Picard index is given by
ud; 0<i<r, 1<j<ng, 1<k <m)|CIX)Y.

= lem(uf,

(ii) Suppose that r > 2 and ng = 1 hold. Then, r < p+&(p) — 1, n = r+ 1 and
m = d — 1 hold, and one has that

w?lglf, lip|p for0<i<r, yogur+17

and the Picard index is given by

W= lcm(gcdi(wgl; i g),ub; 0<i<r, 1< k<m)|ClIX).

(iii) Suppose that r > 2 and ng > ny = 1 hold. We may then assume that l11 > -+ >
l;1 2 2, we have r < p+ £(6du) — 1 and ng + m = d and the bounds
wgl, e ,wgno < W, lo1, .., lon, < 6dp, +° < 6dp,

wd) < 2dpu, w9y < 3du, w1y < 6dp for1 <i<r,
and the Picard index is given by

= lem(wg;, ged(wiy, ..., w)),ups 1< j <np, 1<k <m)|CLUX).

(iv) Suppose that nqy > no = 1 holds. We may then assume that Iy > -+ > 1,1 = 2, we
have r < p+&(2(d+ 1)) — 1 and ng + ny + m = d + 1 and the bounds

w?jg,u fori=0,1and1<j < ny, w9y < (d+ 1),
'yo,w?j,lij <2(d+1)p for0<i<randl<j<n,

and the Picard index is given by

p=lem(wl,ul; 0<i<1, 1< <n, 1<k<m)|CUX)

17
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(v) Suppose that ny > 1 holds, and let s be the maximal number with ng > 1. We may
then assume that lg111 > -+ > 1,1 22, wehave s < d, r < p+&((d+2)p)+d—1
andno—i—---—i—ns—i—m:d—i—s and the bounds

wjgu for0<i<s, 7 < (d+2)p,
<

w?jJ” (d4+2)p for0<i<randl<j<n,

and the Picard index is given by

wlugy 0<i<s, 1<) <ny, 1<k<m)|CYX).

= lem(
Note that assertions (i) and (ii) do not require the Fano condition.

The remaining part of this section is devoted to the proofs of the main statements of
this paper. To prove Theorem 3.2 we need the following essential lemma.

Lemma 3.3. Consider the ring K[T;;; 0 < ¢ <2, 1<j<n[S1,...,S]/(g), where
ng = n1 = ng > 1 holds, and let K be a ﬁn1te1y generated abelian group of the form
K = Z ® K! with torsion part Kt. Suppose that g 1's homogeneous with respect to the
K-grading of K[ ”,Sk] given by degTZ] = w; = w ; +wj; € K with w . € Z~g, and
degSy =: up, = ud +ul € K with u) € Z~o, and asburne that

deg(g <ZZw”+Zu
i=0 j=1

Let € Z~1, assume that ww < w whenever n; > 1, 1 < j < n;, and that u) < p for
< k < m, and set d := ng +n1 + ne +m — 2. Depending on the shape of g, one obtains
the following bounds.

(i) Suppose that g = 1T ~-~Tl°"° +mT + T with ng > 1 and coefficients
1; € K* holds. If we have l1; > 121 > 2 and ged(li1,121) | i, then we have

wfy < 2dp,  wh < 3dp, Iz, 121, deg(9)® < 6dp.
If we have 111 = l31 > 2, then we have

I, wiy, a1, why, deg(g)? < p.

(i) Suppose that g = 1oTpg" T 4 m T -~-Tl1"1 + o83 with ny > 1 and coef-

OYL()

ficients n; € K* holds, and we have la; > 2. Then we have
why < (d+1)u, deg(g)” < 2(d + 1)p.

Proof. We prove (i). Set ¢ := (ng + m)u = dp for short. Using the homogeneity of g
and the assumed inequality, we then obtain that

lwdy, = lywd, = deg(g)° < ZZU}” + Zu c+wd; +wd.
=0 j=1
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First look at the case l17 > lo; > 2. Putting this into the above inequalities, we arrive
at 2w} < ¢+ w9y and wY; < ¢+ wh;. We conclude that wf; < 2¢ and w§; < 3c.

Consequently, we obtain that
0 0 0 _
deg(g)® < ¢+ w; +wy; < 6¢ = 6dpu.

If we have l;; = lg;, the homogeneity condition lj;w; = lp;wd; gives us wl; = wY;.
Thus, we have that ged(w;, wd;) = wf; = w9, | p and, by assumption, ged(l11,l21) =
loy = l11 | p. Consequently, I11, w9, lo1, w$;, deg(g)° < p.

We prove (ii). Here we set ¢ := (ng + n1 + m)p = (d + 1)p. The assumed inequality
then gives that

1 n; m
loyw$, = deg(g)? < Z Z w?j + Zu? +wd, < c+wdy.
i=1

i=0 j=1

Since we assumed that ly; > 2, we can conclude that w§; < c. This in turn gives us

deg(g)? < 2e. O

Proof of Theorem 3.2. As before, we denote by X C K" the total coordinate
space, and we consider the quotient p: X = X.

We first discuss the case when X is a toric variety. The Cox ring is then a polynomial
ring, R(X) = K[S1, ..., Sm]. For each 1 < k < m, consider the point Z(k) € X having kth
coordinate 1 and all other coordinates 0, and set z(k) := p(Z(k)). By Proposition 2.3,
the order of the local class group Cl(X,z(k)) is then divisible by ul. Together with
Proposition 2.3 (i) we get u) < p for 1 < k < m and |CI(X)!| < u, which settles
assertion (i).

We now treat the non-toric case, which means that r > 2. Note that we have n > 3.
The case ng = 1 is covered in Proposition 3.1, which proves assertion (ii). Hence, we are
left with ng > 1. For every ¢ with n; > 1 and every 1 < j < n;, there exists the point
z(i,j) € X with ij-coordinate T;; equal to 1 and all other coordinates equal to 0, and,
thus, we have the point x(%,7) := p(Z(i,j)) € X. Moreover, for every 1 < k < m, we
have the point Z(k) € X having the k-coordinate Sj equal to 1 and all other coordinates
equal to 0; we set (k) := p(Z(k)). Proposition 2.3 provides the bounds

wy; <p, up <p o form;>1,0<i<r, 1<j<n;, 1<k<m. (3.1)

Let 0 < s < 7 be the maximal number with ng > 1. Then g,_s is the last polynomial
such that each of its three monomials depends on more than one variable. For any ¢t > s,
we have the ‘cut ring’

Rt = K[Ej, Sk]/<907 e agt72>a

where 0 <7 < t,1 <j <n;, 1 <k < m and the relations ¢g; depend on only three
variables when i > s holds. For the free part of the degree +° of the relations we have
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that

(t =17+ (r—t)y°
= (t— 1)')’ + g1, 1wt+1,1 +o lrlw?l

<ZZw”+Zu

(r—1)y"

=0 j=1
Uz m
_ 0 0 0 0
= § E :wij+wt+1,1+"'+wrl+§ Ui -
i=0 j=1 i=1

Note that the inequality is derived from the Fano condition of Proposition 2.3 (iv). Since

liawY > w? holds, in particular, for t + 1 < i < 7, we derive from this the inequality
! <(zzww+z 0). 52
=0 j=1

To obtain the bounds in assertions (iii) and (iv), we consider the cut ring R; with ¢t = 2
and apply Lemma 3.3 and Proposition 2.3; note that we have d = ng + ny + ngo +
m — 2 for the dimension d = dim(X) and that l3; > 2 due to the fact that X is non-
toric. The bounds w?,l;; < 6du for 3 < i < r in assertion (iii) follow from 7° < 6du.
Similarly, wf;,l;; < 2(d 4+ 1)p for 0 < i < 7, 1 < j < n; in assertion (iv) follow from
7% < 2(d 4 1)u. We still have to prove the restriction for the number of relations, which
means bounding r. Recall from Lemma 2.6 the definition ¢; := ged(l;1, ..., L, ), and set
4; = lemogjzicr(ged(4i, ¢5))0;. Then £, ..., ¢, are coprime. For ¢ > 1, we have n; = 1.
Thus, analogously to the proof of Proposition 3.1, we get that r+1=7r+1—-¢g+¢q <
p~+E&(6dw), where g is the number of ¢} that are greater than 1 and satisfy n; = 1. For the
bound in assertion (iv), the same argument yields r+1=r+1—q+q < p+£(2(d+1)u).

To obtain the bounds in assertion (v), we consider the cut ring R; with ¢ = s. Using
n; =1 for i > ¢+ 1 and applying the inequalities (3.1) and (3.2), we can derive an upper
bound for the degree of the relation as follows:

o (mo+--F+m+mp (d+t)u
7 < =
t—1 t—1

< (d+2)p.

We have that w”lw < 7% for any 0 < i < r and any 1 < j < ny, which implies that
all w ;and [;; are bounded by (d + 2)p. Since ng,...,ns—1 > 1 holds, the number s is
bounded by s =2s — (s — 1) — 1 < d. Consequently, we obtain that

r+l=r+l-s—q+s+q<p+&(d+2)p)+d,

where ¢ is defined as above.

Finally, we have to express the Picard index g in terms of the free part of the
weights w”, u? and the torsion part Cl(X), as claimed in the assertions. This is a
direct application of the formula of Proposition 2.3. O
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Proof of Theorem 1.1. Theorem 3.2 provides bounds for the exponents and the
number of relations, as well as for the free part of the weights and the torsion part
of CI(X). Since we have that |C1(X)!| < u, the possibilities for the torsion part of the
weights are also restricted. One computes that the number 6(d, ) of different deformation
types is bounded above by

MMQ +3u+£(u)2+£(6du)+5d(6dﬂ) 2u+2¢(6dp)+3d—2

which leads to the results of Theorem 1.1. O

Proof of Theorems 1.2 and 1.4. For fixed d and g, Theorem 3.2 bounds the

%> up belonging to Fano varieties. We identify all these
constellations by a computer-based algorithm. Since |C1(X)!| < p holds, there are only

number of possible data l;;, w

a finite number of possibilities for the torsion part of the weights that we have to check.
By this procedure we obtain Tables 1-5.

We claim that no two of the listed Cox rings describe varieties that are isomorphic to
each other. Two minimal systems of homogeneous generators of the Cox ring contain (up
to reordering) the same free parts of generator degrees w%, ug € Z. Consequently, they
are invariant under isomorphy. Furthermore, the exponents [;; > 1 represent the orders
of all finite non-trivial isotropy groups of one-codimensional orbits of the action 7" on X
(see [7, Theorem 1.3]). Moreover, since none of the listed Cox rings is polynomial the
varieties are all non-toric. This implies that every complexity-one action is maximal and,
consequently, can be assigned to a maximal torus in Aut(X). Note that Aut(X) is also
acting effectively on X. Since the maximal tori of Aut(X) are all conjugated, the varieties
with complexity-one torus action are isomorphic if and only if they are T-equivariantly
isomorphic. Thus, running through the exponents /;; we see that no two of the varieties
listed in Theorem 1.2 are isomorphic.

In the case of Theorem 1.4 there is some more work to do. There are no isomorphic
3-folds varying only in the torsion part of the weights; see, for example, the numbers 2, 3
and 4. In these cases, comparing the torsion parts of the gradings shows that it is not
possible to install a C1(X)-graded ring isomorphism between the Cox rings of two different
3-folds.

As an example we consider the 3-folds 2 and 3: let D5 be a prime divisor, representing
deg(Tz) € CI(X), and let E; be a prime divisor, representing deg(S1) € Cl(X). Then,
Dy, has isotropy group of order I3 = 3 and E; has infinite isotropy. In the case of 3-fold 2
the term Dy — F4 represents a non-trivial torsion element, whereas in the case of 3-fold 3
it is the zero element in C1(X). Thus, these two varieties are not isomorphic. Analogously,
we proceed with all other cases to finally obtain Table 5.

Finally, we apply [4, Corollary 4.9] to compute the Gorenstein index ¢(X) for all listed
varieties, i.e. we have to find the smallest integer ((X) such that «(X)Kx is contained in
all local divisor class groups Cl1(X, x) (see also Proposition 2.3). O
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