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NORM CONVERGENCE IN ERGODIC THEORY
AND THE BEHAVIOR OF FOURIER TRANSFORMS

JOSEPH ROSENBLATT

ABSTRACT.  The L,-norm convergence of weighted averages ,f in ergodic theory
is equivalent to the pointwise convergence of the Fourier transforms f,. If h(Y) =
limy,_., fin(7), then the behavior of h determines when the L,-norm limit of ji,f is
Jf dm. The nature of such limit functions A is the focus of this article.

Let (X, 3, m) be a probability space and let T be an invertible measure-preserving trans-
formation of (X, 3,m). Let (1) be a sequence of probability measures on Z and define
the operators p,f by

pnf () = 3" pa(k)f (7 x)

kez

for all x € X, and f: X — C. This gives well-defined linear operators from L,(X) to
L,(X), 1 < p < oo; moreover, ||i,||, = 1. The questions treated here are 1) when does
(pnf) converge in Ly-norm for f € L,(X), I < p < 00, and 2) what is the limit function
[ = lim,_ pnf, when it exists?

The first very well-known principle is the following one which characterizes gen-
eral norm convergence in terms of the behavior of the Fourier transforms. The Fourier
transform of the measure (i, is given by

() =3 )Y, fory €T ={z: g =1}
kez
The proof of Theorem 1 uses only a small part of the harmonic analysis which is inherent
in the usual arguments for the Spectral Theorem on normal operators.

THEOREM 1. For (u,f) to converge in L,-norm forallf € L,(X,3,m), | <p < oo,
and all (X, 3, m,T), it is necessary and sufficient that lim,_,, [i,(Y) exists forally € T.

To prove this theorem, we first need a lemma.

LEMMA 2. The sequence (u,f) converges in L,-norm for all f € L,(X,3,m), 1 <
p < 00, if and only if (u,f) converges in Ly-norm for all f € Ly(X, 3, m).

PROOF. Itsuffices to prove only the non-trivial direction of implication above. Since
lpnllp < 1forall p, 1 <p < oo, to prove L,-norm convergence, it suffices to prove L,-
norm convergence on the dense subspace L,(X, 3,m) of L, (X, 3,m). Letf € L(X, 3, m),
and assume (j1,f) converges tof™ in Lo-norm. Some subsequence (ji,,,f) converges a.e. to
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7. Since [|pnfllso < [If]]c0» this shows f* € Loo(X, 3, m). Let (u,,f) be any subsequence.
There is a further subsequence ( fin,, f)converging a.e. tof*. Then by Lebesgue’s bounded
convergence theorem, (tin,,, f) converges in L,-norm to f~ for any p, 1 < p < oo. Hence,
since the L,-norm topology is a metric topology, the full sequence (p1,f) converges in

L,-norm to f™. [

PROOF OF THEOREM 1. Assume (fi,) converges pointwiseon T. Let f € L,(X, 3, m)
and consider the positive definite function p on Z given by p;(k) = (f o 7,f) with ()
being the inner-product in Ly (X, 3, m).

By the Herglotz Theorem, there is a positive regular Borel measure vy on T with
V¢(k) = pr(k) for all k € Z. But then for all finite measures p on Z,

uf 113 = (ufo uf)
=35 wou(O{f o ™, f)

keZ teZ

=33 utou(Opptk — )
keZ teZ

=5 5 w0y [ 3 dvy(n
keZ teZ h

= [1a[>dis.

Hence, form,n > 1,

litnf = 1af 13 = [ Vim0 = ) iy,

But (fi,) is a uniformly bounded sequence of continuous functions on 7 which converges
pointwise on 7. Hence, by Lebesgue’s bounded convergence theorem (/i,) converges in
Lo(T,v). Thus, (p,f) is Ly-norm Cauchy and must converge in Ly-norm.

Conversely, let (X, 3, m,7) be the dynamical system with X = T and m = Ay, the
usual Lebesgue measure on T. Let 7(Y) = 7Y for some ¥y € T. Then if f € L,(T, A7) is
given by f(7) = ¥ fory € T, we see that y,f(Y) = [1,(Y0)f (7). Thus, the convergence of
(unf) in Ly-norm implies the convergence of ([1,,(70)). Since we can vary the choice of
Yo, the Fourier transforms (/1,) converge pointwise on 7. n

REMARK 3. a) Because of the consequence, if (u,) is as in Theorem 1, we will say
it is universally Ly-norm good.

b) See Feller [5], XIXb, for an elementary proof of the Herglotz Theorem.

¢) The von Neumann Mean Ergodic Theorem for a unitary operator U on L,(X) says
that for all f € Ly(X), limy . 3 5, U*f exists in Ly-norm and is the value Py of the
normal projection Py of Ly(X) on the U-invariant functions /. The intrinsic proof that
is usually given for this is to observe that Ly(X) = Iy & clj, span{f — Uf : f € Ly(X)}
where Iy = {f € Ly(X) : Uf = f}. Then the behavior of the averages on the whole
space is obvious. But also the previous argument can be used, only one takes U in place
of f — f o, and each p,f = 1 5% Uf. Since each function k — (U*f,f) is positive
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definite, the norm convergence of the averages + Sy, U* is immediate. But then also,
since the limit function f* = limy_oo #ZQ’:I UXf is clearly U-invariant, it follows that
f* = Pyf forall f € L,(X). Indeed, when f L Iy, any U*f L I, and so f* L Iy too. That
is, f*=0iff L Iy whilef* = fiff € Iy.

The first part of Theorem 1 can of course be proved by directly appealing to the
Spectral Theorem. This has some advantages. For example, let E be the projection-
valued measure associated with the unitary operator Uf = f o7, forf € L»(X,3,m).
If A(Y) = lim,_ f1,(Y) exists for all v, then & is a Borel measurable function and (p,,)
converges to the bounded operator f; h(Y)E(dY) in the strong operator topology.

So the Spectral Theorem shows that if A(Y) = 0 except fory = 1,y € T, then
(1) converges to the normal projection P; = E({1}) onto the 7-invariant functions / in
L,(X, 3,m). However, this can be seen easily also in the style of the proof above because
if I = {f € Ly(X,3,m) : f is T-invariant}, then for any f € I'*, the measure v/ has no
point mass at 1. Indeed, in this case, by Remark 3.c, limy_,~, # yN forf=Pf=0in
Ly-norm. So limy_oy % S8 74(k) = limy_.oo v S8 (f 0 75,f) = 0. But

.1 X
Jm N

1 N 1 N
% == l —_ —kd - l — _kd = ({1}).
K:lVf(k) Nlm N,‘,E:l/TW Vf(V) ./TNlm Nk§:17 z/f(V) 1/_/({ })

Sov;({1}) = 0. Actually, this argument shows v;({1}) = O if and only if f € I'*. Hence,
if f € I', we have

Jim luaf[3 = lim [ |0 dirg)
=v({1}) = 0.

See also Jones, Rosenblatt, Tempelman [6] for extensions of the above arguments to
general (abelian) groups.

More generally, if 4(7) exists and is O except for at most a countable number of values
7, then the same argument will work to identify the limit f* as long as v, has no discrete
part. This is the reason for observing the following.

PROPOSITION 4.  The transformation T is weakly mixing if and only if whenever
f € LyX,8,m), f L 1, then vy has no point masses.

While this is also a well-known principle, there are serveral aspects of this which are
worth pointing out, not the least of which is that the arguments to prove it are typical of
the ones being used here.

First, observe that

LEMMA 5. The measure vy has no point mass at X if and only if
limy—oo % S0, 2p(K)A* = 0.

1, ify=2A\ A -
0, otherwise Then 5 S 0p (N = [ S50 T diy().

S0 limy_oo % S8, P7(k)AX exists and is 76, dv(Y) = v ({A}). .

PROOF. Leté, ) =

REMARK 6. The proof is showing that limy_,, ﬁ PO l?f(k)Ak exists forall A € T.
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Now 7 is weakly mixing if and only if for all f € LyX), [fdn = 0,
limy_o % SV [2¢(k)] = 0. Indeed, the usual definition is that for g,h € Ly(X),
limy oo % S8, [(g07*, h)— f g dm [ hdm| = 0. But functions of the form k — (go7*, )
are linear combinations over C of functions k — (f o7, f) = Vr(k) for suitable f. So the
equivalence of these two definitions is obvious.

However, it is also a fact about sequences (cy) which are bounded that
limy oo 5 24 l] = O if and only if limy_.oo & 53| || = 0. So we have

LEMMA 7. The transformation T is weakly mixing if and only if
limy_.oo & X0 [24(k)|? = O forall f € Ly(X), [f dm = 0.

These remarks give

PROOF  OF PROPOSITION 4. Clearly, if 7 is weakly mixing, then
limsupy oo %] S0, 7()M| < limsupy_., ¥ SN |9pk)| = Oforall f L 1. So by
Lemma 5, vy has no point masses for f L 1.

Conversely, suppose v/ has no point masses for f L 1. Then forall f € L,(X), ff dm =
0, limy_.oo & S8, 77(k)A* = 0 for all A € T. But the reflected measure 7 given by
7/(E) = v;(E™") has #;(k) = v(k) for all k € Z. Hence, forf L 1,

1 N
aim 5 2 [ or

Il
g5

Il
=

Il

5

[ —
™=

2,(k) /T ¥ dvy(7)

J(1im S 740" ()

N—oo Nk:l
=0

because limy_. }lv Ziv | ﬁj-(k)v" = Oforally € T. Thus, if v¢ has no point masses for
f L 1,7 is weakly mixing by Lemma 7. [

It is worth noting here that this elementary argument also easily gives another charac-
terization of weakly mixing transformation; namely, they are transformations with no
non-trivial eigenvalues. First, we need a little more notation. Let A € T and define
E, = {f € Lo(X) : for = \f}. This is the A-eigenspace of 7. Let Ey: Ly(X) — L(X) be
the unitary operator E\f = )\_f o7. Then let Py: Ly(X) — L»(X) be the normal projection
onto the eigenspace E,. The von Neumann Mean Ergodic Theorem as in Remark 3.c
says

PROPOSITION 8. Forall f € Ly(X), limy. .o % SV EXf = Pyf in Ly-norm.

But this easily gives this localized version of Lemma 5.
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PROPOSITION 9. For A\ € T and f € LX), f L ‘E, if and only if
My & SN 2p(K)A = 0.

PROOF. Here & ¥ | 0p(k)AF = & SN | (EAf.f). So limy_oo 3 S0 24 (K)AX exists
and is (P,f,f). Hence, this limit is O if and only if f L E). (]

These corollaries are all immediate consequences of the previous discussion.

COROLLARY 10.  IfA € Tandf € Ly(X), then f L ‘E, if and only if vy has no point
mass at \.

PROOF.  See the proof of Lemma 5. =

COROLLARY 11.  If\ € T, then E, = {0} ifand only iflimy_o, + ¥ | 24(k)AF = 0
forall f € Ly(X).

COROLLARY 12.  If X € T, then ‘E, = {0} ifand only if for all f € Ly(X), v has no
point mass at \.

THEOREM 13.  Given a transformationT, T is weakly mixing if and only if ‘E, = {0}
Sforall X # 1 and ‘E, consists only of constants.

PROOF.  Assume E, = {0} for all A # 1. Then 1 has no point mass at A # 1.
Butif also f L 1, then 1/, has no point mass at 1 either, by the remarks after the proof of
Theorem 3. So v, has no point mass at all forf L 1. Thus, Proposition4 shows 7 is weakly
mixing. Conversely, assume 7 is weakly mixing. If A # 1 andf € E,, thenf L 1. So by
Proposition 4, v/, has no point masses and limy ., -,:7 YN 0;(k)A* = 0 by Lemma 5. But
f € Ey means 0p(k) = (f o, f) = M|If[3. S0 0 = limy_os 5 8 M[FIEN = [If]]5.
Thus, E, = {0} if X # 1. ]

REMARK 14. a) The differences between this development of Theorem 13, and the
one in Parry [10], Petersen [11], or Walters [14] is that this approach is almost entirely
Fourier analytic, with the Herglotz theorem being the only important tool. The argument
in this form does not even require the machinery of the Spectral Theorem.

b) A more sophisticated version of the previous results would center around the fact
that 7, is weakly almost periodic and has the form a +n where a is almost periodic and n
is weakly almost periodic with mean value for |n| being 0. Then for at most a countable
number of A € T, limy_,, ﬁ Z;‘YJ a(k)Nk # 0, and if (Ay : s > 1) are these values, then
there exists f; € E,, suchthata = ¥°3°, f,. Hence, the eigenspaces Ey, = {0} for A # 1 if
and only if @ = O in every case. The previous arguments are preferred here because they
avoid any discussion of the structure of AP(Z) and the behavior of the unique invariant
mean on the space of weakly almost periodic functions.

The above discussion gave Proposition 4 and Theorem 13 and should make the fol-
lowing two theorems quite clear. But it is also easy to see how this same discussion can
be used to state a more local form of the next proposition.
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PROPOSITION 15.  [fthe lim,—.o, [in(Y) = h(Y) exists and is O for all but a countable
number of values and v has no point masses, then lim, ., ||p.f — ff dm||, = 0.

COROLLARY 16.  [f the lim, ., 1,(Y) = h(Y) exists and is O for all but a countable
number of values, then for any weakly mixing system (X,7), and f € LyX),
limy oo || ptnf — [f dm||2 = 0.

Such aresult as in Corollary 16 is what can be called a norm theorem with the classical
limit. To what degree are such theorems generally available? For example, if we have a
sequence (u,) for which (u,f) converges in L,-norm for all f € L,(X) and all 7, can one
assert anything about the limitf*? There are plenty of examples to show why f* is not the
classical limit in general. For instance, if u, = % Yi—1 6%, then (ﬂ,,(v)) converges for
all 7. However, the limit is not zero for roots of unity. So for some dynamical systems,
namely ones with £, # {0} for A # 1 and a root of unity, there will be f € L,(X) for
which f* # [f dm.

Such examples lead to the following question. First, we need this

DEFINITION 17. The sequence () is dissipative if lim,_., (k) = O for all k. The
sequence is uniformly dissipative if 1im,_., Supyc pa(k) = 0.

It is clear that only averaging sequences (u,) which are dissipative are really mea-
suring some aspects of the long term behavior of (7,). For this reason, this technical
assumption is added here. Note that a characterization of uniform dissipation in terms of
(f1,) 1s given later in Example 23.b. See also Bellow, Jones, and Rosenblatt [ 1] where the
concept of uniform dissipation is used.

QUESTION 18. If (u,) is dissipative and (fi,) converges pointwise on T, is the limit
h necessarily 0 except for countably many values?

If the answer to Question 18 were affirmative, then for weakly mixing systems, the
limit f* would be the classical limit. On the other hand, if not, then for some o > 0,
the set {y € T : |h(Y)| > a} must be uncountable. Since this set is a Borel set, it must
contain a closed perfect set K. But then there is a positive measure 0 # v € M(K) with
no point masses. Such a measure v is v, for some f € L,(X) and some weakly mixing
system. This is seen by using the Gaussian measure space construction. See Schmidt [13]
or Cornfeld et al. [4], 8.2 and 14. Hence, the answer to Question 18 is exactly resolving
whether all dissipative L;-norm good averaging mathods must necessarily converge to
the classical limit. An example given later in this paper in Proposition 33 shows that the
answer to Question 18 is negative.

There are some extremes when the norm limit f* is always the classical limit. Here is
an extension of the result in Blum and Hanson [2].

THEOREM 19.  If () is uniformly dissipative and (X, T) is strongly mixing, then for
allf € Ly(X), 1 < p <00, limy,_x ||ptaf — [f dm||, = 0.

PROOF.  As in Lemma 1, it suffices to prove lim, ., [[unf]l2 = 0 for f € Ly(X),
f L 1. For such f, the assumption that 7 is strongly mixing says that 7r is vanishing at
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00. Hence, for C > 1 fixed,

linf 113 = S sk OO0k — 0)

Keez
=2 +2,

where 3, is the sum over {(k, ) € Z> : |k — ¢| < C} and Y, is the sum over {(k, {) €
Z*: |k — (| > C}.But

(k)pn(€) sup |l/f(9)|

K€z [s|>C
[k—]>C

< sup [74(s)|.
Is|>C

Also,

DS WBE it 5 )

rez
k=t <C

<QC+ DIIFIES. palk) SUpun(S)
keZ

= (2C + D|f||3 sup pn(s).

Hence, we can choose C > 1 such that | 5, | is as small as we like, and then let n — 0o
to get | 3 | as small as we like. Thus, lim, ., || u.f]|5 = 0. .

An immediate corollary of the proof above is that if 7/ is absolutely continuous with
respect to my, then, for (y,) which is uniformly dissipative, lim,_.~, pt,f = 0in Ly-norm.
In fact, the following was shown.

PROPOSITION 20.  If (j1,) is uniformly dissipative and f € L,(X) has 0y vanishing at
09, then lim,_,, pyf = 0 in Ly-norm.

REMARK 21. a) Because there exist singular measures 1 with ¢ Fourier coefficients,
the above applies to a wider class of functions than those for which v is of Lebesgue
type.

b) Notice also that the uniform dissipation assumption is needed above. For example,
if i, = ,, then (u,) is dissipative but || w.f |2 = |If]]2 for all f € Ly(X).

This result suggests some Fourier analytic properties of the levels sets of |h|. To con-
firm this, we first need this lemma.

LEMMA 22, If (1) is uniformly dissipative and h(Y) = lim, ., [1,(Y) exists for all
Y €T, then h(Y) = 0 for a.e. ¥ with respect to Lebesgue measure mr.

PROOF. Choose a subsequence (n,) such that > >> l(sup,\ Ln,, (k)) < oo. If
lim,, o0 f1n, (¥) = O for my a.e. 7, then h(Y) = O for my a.e. ¥ too. But

Jo i O dmr ) = 5, pan, (0 34" diny ()

=3 p, (k)

keZ
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SO fr | fin, (M|> dmr(¥) < supy pi, (k). This means S, |/, (7)|? is integrable with

m=1

respect to my and so the terms £, (Y) — 0 as m — oo for a.e. 7. .

EXAMPLE 23. a)Ifpu, = % 41 Om,, for some fixed sequence (1) in Z*, then (1)
is uniformly dissipative. Also, fi,(7) — 0 as n — oo for my a.e. ¥. This is a well known
fact about sequences (my): for a.e. real number x, (m;x) is uniformly distributed modulo
1; see Kuipers and Niederreiter [8] for a reference. But even though (y1,,) is uniformly
dissipative and lim,_., 1,(7) = 0 for my a.e. 7, h can still fail to exist. An example of
this would be with my, = 2*, a lacunary sequence. However, in general for a uniformly
dissipative sequence (i,), if & fails to exist, then (y,) may not converge a.e. to 0. An
example of this is given in Example 35.

b) It also should be noticed that (yu,) is uniformly dissipative if and only if every
subsequence (ju,,) has a further subsequence (y,, ) for which lim, .., fi,, () exists
for my a.e. 7. Indeed, if (u,) is uniformly dissipative, then this property holds by the
proof of Lemma 22 above. Conversely, if lim, . i,(Y) = 0 mz a.e. ¥ then |u,(k)| =
| fr Y dmr (V)] < fr | fin(7)|dmz(Y) shows supycy pta(k) — 0 as n — oo. Thus, if the
subsequence property holds, then (p,,) is uniformly dissipative. Indeed, otherwise there
is a subsequence (i, ) and 6 > 0 with sup,c, p1,, (k) > 6 for all m > 1; and then some
subsequence of this, (j,, ), is uniformly dissipative by the integration argument. This
would be a contradiction.

So, let us assume that 4 = lim /i, exists pointwise and that (y,,) is uniformly dissipa-
tive. Then h(Y) = 0, my a.e. 7. But also, 4 is a first Baire class function, the pointwise
limit of continuous functions (fi,). So A is continuous at a dense G set of points in 7.
Thus, 4 cannot be non-zero at a point of continuity because 4 = 0 my a.e. and, hence, on
a dense set. Thus, 7 = 0 my a.e. and on a dense Gy set simultaneously. This means that
the level sets {Y € T : |h(Y)| > o} are small sets in two different senses. This is certainly
satisfied by & if A # 0 only countably often, but it also can hold for more general A, as
Proposition 33 shows.

Also, Proposition 20 suggests another way in which the level sets are small.

PROPOSITION 24.  Suppose (u,) is uniformly dissipative and v € M(T), v > 0,
v # 0, withsuppv C {Y € T : liminf,— |i,(Y)| > a}, & > 0. Then ¥ does not vanish
at Q.

PROOF.  In the proof of Proposition 20, it was shown that if © is vanishing at infinity,
then lim,—, [ |/2,(7)|? dv(7) = 0. Indeed,

[P dre) = 3 gtk 0ok~ 0)

hteZ

so the proof there applies with v in place of v;. But now, if suppr C {y € T :
liminf, s | 2,(Y)] > o}, then

lim inf /T (D2 di(y) > /T liminf | ,(7)|? dv(Y)
n—oo o n-—0o0

> a2I|1/||1.
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Since v # 0, this is a contradiction. .

COROLLARY 25.  If () is uniformly dissipative and E C {7 : iminf, . |j1,(7)| >
a} is compact, then any v € M(E), v # 0, has ¥ not vanishing at oo.

PROOE. It is observed by Kormer, in Lindahl & Poulsen [9], p. 153, that if there is
v € M(E), v # 0, with  vanishing at 0o, then there is v € M(E), v # 0, v > 0, with
vanishing at oo. (]

The property of the level sets above is also a property of Helson sets. However, in
Lindahl and Poulson [9] Kormer points out that this property is not equivalent to a set
being a Helson set. It is possible that the level sets above are Helson sets.

EXAMPLE 26. Here is a construction of a closed perfect set E as above. Let w, =
L 6y Then &,(Y) — 1 for all ¥ which are 2™ roots of unity for some m > 0.
Choose p) = wy, and two points vy # V2 with 4,(7;) > %,i = 1,2. Then choose
two disjoint open arcs Iy, I1; with vy; € I}; such that |i,(y)| > % forally € I, Ul,.
Inductively assume pi, ..., i1, have been chosen so that for each i, there are 2' points
Yij,j = 1,...,2, and 2’ pairwise disjoint arcs, I;;,j = 1,...,2", with ¥; € I;;. Assume
also the usual Cantor type nesting that /21 U Ly 0 C Iy fork = 1,...,2/. Now
choose piyy from (wy) and Vpsi,15 ..., Yy om0 such that foreach k = 1,00, 2", ¥, 241,
Vns12k € Lo and | st Vas1.0)| > % fori = 2k— 1, 2k. Then choose /41 ,,j = 1,...,2"!,
pairwise disjoint open arcs with "V, ; € Ipyriand Ly ox— 1 Ul ok C gk = 1,...,2"%

el

If these arcs are small enough, then |, ()| > % forally € Ui, In+1,. This completes

i=1

the induction. Let £ = N2, Uf;, I;. Then E is a closed perfect set and |/i,(Y)| > 3 for
ally € E and n > 1. This provides a construction of (u,,) and E as in Proposition 24.

It might be appropriate now to point out that the essential ingredient of the above

construction was that the measures (w,) have liminf,_, |&,(Y)| = 1 for a dense set of

v € T. It follows that (dz,,(W)) does not converge for some 7.

PROPOSITION 27.  Suppose ¢,: T — C are continuous and (p,) is pointwise con-
vergent to 0 on a dense set Dy, and limsup,_., |¢.(Y)| = a > 0 for all ¥ on a dense set
D,. Then there is a dense Gs set on which (p,) does not converge.

PROOF. Consider Ly = Uy Mo, {Y € T ¢ JonM] < §}. Each {y € T :

n=11 lm=n
[em(V)] < §}is closed and so is -, {Y € T : |pm(7)| < §}. This intersection has no
interior since lim sup | (Y)| > « on some dense set D;. Hence, L, is first category and
L{ is a dense G; set. For any v € Lf, [om(7)] > % for infinitely many m.

By a similar argument the set L, = ;2 oo, {7 € T : [pm(V)| > §}is a first
category set because Dy is disjoint from each ;2 {Y € T: [p,n(7)| > §}. Hence, LS is
also a dense Gj set and for any v € LS, [omM)| < % for infinitely many m. But then on
the dense Gy set, L{ N L5, (lap,,,|) and (¢,,) do not converge. .

COROLLARY 28.  Suppose (i1,) is uniformly dissipative and liminf,_,, | i,(Y)| > «,
for some o > 0, for ally € D, where D is dense in a non-trivial arc I C T. Then on a
dense Ggs subset of I, (;2,,(7 )) does not converge.
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PROOF.  Without loss of generality, we can replace (u,) by a subsequence as in the
proof of Lemma 21 where (ﬂ,,(ﬁ’)) converges to 0 for my a.e. 7. Then let ¢, = fi, and
use the proof of Proposition 27 on /, instead of on all of 7. ]

REMARK 29. This proposition shows that if ((1,) does converge everywhere to 4 and
(i) is uniformly dissipative, then the level sets of || cannot be dense in any non-trivial
arc. This is further information on how small these level sets must be.

Unfortunately, it does not seem to be clear whether Corollary 28 holds for the usual
Cesaro averages of a lacunary sequence (n;). By numerical properties, it does for any
(ny) of the form b, b = 2,3,.... It also does if ng,; /ng > A > 1 and ) is sufficiently

large, depending on «. See Rosenblatt [12]. But it is not clear in general. For this reason,
we would like to point out

PROPOSITION 30.  For any Sidon set E C Z and any dissipative sequence (ii,) of
probabilty measures on E, there exists Y € T such that lim,_, [i,(Y) does not exist.

PROOF.  Without loss of generality, replace (y,) by a subsequence which is essen-
tially disjointly supported. That is, if 6 > O is fixed, then there are pairwise disjoint set
(E,) in E with pu,(E,) > 1 — 6. Choose a measure v € M(T) with P(k) = ay, for all
k € U2, E,. If we assume |a;| < 1 for all k, then we can take ||v||; < C, the Sidon
constant of E. Assume lim,_,, [1,(Y) = h(7) exists for all ¥ € T. Then

J ) dv ) = 3 uath) [ 5+ v

= 3 tk)ag + e
k€E,
where |en| S N’H(Z \ E’l) ||V||]'
If a; is constantly b, for k € E,, |b,| < 1, this gives | Jr fn(7) dv(Y) — bypn(Ey)| <

. 0, neven
6C. But then if b, = {1’ 1 odd

| fr i dv(Y)] > 1 — & — 6C for n odd. Hence, for small enough §, we see that
limy, o J7 12 (Y) dv(7) fails to exist. But if lim, o, fi,(7) = h(Y)exists forall ¥ € T, then
also lim, .o J7 fi,(Y) dv(7Y) must exist by Lebesgue’s Bounded Convergence Theorem. m

, this gives | f7 i,(Y) dv(Y)] < 6C for n even and

COROLLARY 31.  If(n) is lacunary, then there exists Y such that lim, ., % Py Y
fails to exist.

REMARK 32
A good question is whether there is a constant o > 0,
independent of A = infy>ngy/m, such that for all v in a dense set in T,

liminf, oo %l i1 Y| > a. The previous corollary does not come close to answering
this. See Rosenblatt [12] for an ergodic theoretic application of the above, when it holds.
It is perhaps now clearer what are the properties of the level sets of lim inf, . | x| Ques-
‘tion 18 is asking whether these properties are consistent with the existence of
lim,, o s () for all v. The following answers this basic question.
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PROPOSITION 33.  There exists a uniformly dissipative (11,) of symmetric probability
measures on Z with [i,(7) > 0 and decreasing everywhere to a limit h(Y) > 0 such that
h(Y) > % on some closed perfect set.

COROLLARY 34.  There is a uniformly dissipative sequence (j.,) which gives opera-
tors ,f converging in Ly-norm for all f € Ly(X) and all (X, 3, m,T), but for which there
also exists a weakly mixing (X, 3, m,T) such that for some f € Ly(X), lim, .~ ptnf #
[fdm.

PROOF OF PROPOSITION 33. Let (p,) be an increasing sequence of whole numbers.
Let wy = $(80 +6p,)" * (60 +8p,) = 360+ 36p, + 56_p,. Let py = wy - - - w,,. We claim
that for any rapidly increasing (p,), this sequence (j1,) is the one that we want.

First, w, is symmetric and w,(Y) = |19,,(V)|2 where v,, = %(60+6,,”). Also, [v,(M)] <1
since v, is a probability measure. So, p, is symmetric foreach n > 1, and 0 < fi,,; <
fi, < 1. Hence, lim, ., fi,(7) exists forall ¥ € T.

Second, we can choose p, inductively so that sup;c; pins1(k) < %supkd (k).
Hence, sup,c, ptn(k) decreases to O geometrically. This only requires p,,1 > 2355, px
so that the supports of fi,, 6p,., * pn, and 6, * u, are pairwise disjoint.

To keep the limit 4 large on a Cantor set, we inductively choose p, as follows. Notice
that 7, (7) = 1 if v is a p,throot of unity. Choose p; so that /i;(v) > % forally € I1,Ul},,
where [,; are two pairwise disjoint open arcs. Inductively assume py,...,p, have been
chosen so that f,(v) > % forall ¥ € I,j,j = 1,...,2", where the open arcs {;; : k =
1,...,n,j =1,...,2} are nested as in Example 26. Then for any sufficiently large p,.;,
the appropriate new level of arcs I, ; exist. Consequently, the limit 4 will have h(Y) > %
forally € NZ, U,z,l I;j, which is a closed perfect set.

|

REMARK 35. a) The analogy with a Riesz product construction of the above is in-
teresting. The idea of making (/1,) non-increasing is very useful because it is hard to get
pointwise convergence otherwise. Indeed, it remains an open problem to construct a se-
quence (my) such that the measures y, = % Yk Om, has lim,_, [1,(Y) = h(7) existing
everywhere, but A(Y) # 0 more than countably often.

b) In the construction of Proposition 33, one can arrange for 2(7) > 1 — ¢ for all ) in
a closed perfect set by the same argument, no matter what ¢ > 0 is given.

¢) The construction also can easily give lim,_,, ¥ = 1 for all v € NZ, sz;, 1.
But then the weakly mixing 7 constructed in Corollary 34 will be rigid because for all
f € Ly(X), lim, .o {f o 7, f) will be ||f]]3.

PROOF OF COROLLARY 34. Take the construction of (u,) as in Proposition 33 and
let E be a closed perfect set on which h(Y) > Lfory € E Letv € M), v > 0,
v # 0, be any regular Borel measure with no point masses. Since p(k) = P(k) is positive
definite, there exists a unitary operator V on a Hilbert space H and a cyclic vector w for
Vin it such that (VAw, w) = p(k) for all k € Z. As in Schmidt [13] or Cornfeld et al. [4],
the Gaussian action of Z on a Gaussian probability space (X, 3,m) arising from V is a
weakly mixing action by the ergodic invertible transformation 7 corresponding to 1 € Z.
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Butif f € Ly(X, 3, m), such that (f o7, f) = (VEw,w) = p(k), then [fdm = 0 and f* =
1My, o0 pnf satisfies [[f*)|2 = limy—so f7 [2aM|* dv(Y) = frh*dv(Y) > $(T) > 0, so
fr# Ifdm. .

It should be remarked that the existence of the above example says something inter-
esting about probability measures on the Bohr compactification 5Z of Z. Generally, if
(un) is a sequence of probability measures on Z, such that lim,—... 1,(Y) = h(7Y) exists
for all v € T, then (u,) converges in the w*-topology of M(3Z). Let B be the unit ball of
M(BZ). Then this w*-topology is not metric on B, and there is no point € B which has
a (relative to B) local basis which is countable. Nonetheless, there are measures 1 € B,
1 > 0, with i = h which is not zero uncountably often such that u is a w*-limit of a
sequence (11,). This is despite the highly non-metric nature of the local topology for such
a .

Hopefully, the example above exhibits how complex the limit operator f* =
lim, o, pnf can be even for weakly mixing systems. This construction is actually eas-
ier to achieve if one only wants the local convergence of (u,f) in some weakly mixing
system.

One way to see this is as follows. Let p, = %22:1 dy. As we have observed in
Example 26, there is a closed perfect set £ such that | i, ()| > % forally € E. In general
though, there is no subsequence of (i,) such that (ﬁ,,(v)) converges everywhere; see
Proposition 27 and Rosenblatt [12]. But we can localize to a metric space and fix this.
Indeed, some subnet (u,_ ) of (u,) does have limy fi,,(7) = h(Y) exists forall v € T.
Take a weakly mixing system (X, 3, m,T) given by some continuous non-zero positive
measure v on E. Then the associated space L,(X) is necessarily a separable Banach space
in such constructions. The operators (f,,) converge in the strong operator topology on
Ly (X).

But this is a metric topology. Hence, there is actually a sequence (wy), given by (i, ),
such that (wf) converges in Ly-norm for all f € L,(X). The choice of v guarantees
f* # [fdm for some f € L,(X). The sequence here (wy) is a subsequence of (i,). Its
defect is that it cannot be universally L;-norm good, but is only L,-norm good, with a
non-classical limit, in this particular weakly mixing system.

Moreover, the behavior of some (1,,) on a particular L(X) does not predict its global
behavior unless L,(X) contains all possible eigenspaces ‘E,, A € T. Indeed, for separable
spaces L(X), this would never be enough as the following shows.

PROPOSITION 36.  Given a separable probability space (X, 3,m), and an ergodic
transformation T, there exists a uniformly dissipative sequence (i,) such that
limy, oo pinf = [fdm in Ly-norm for all f € Ly(X), but () is not good for Ly-norm
convergence for some other ergodic dynamical system.

PROOF.  Suppose (f;) is a sequence which is dense in {1}* C Ly(X). This exists by
the separability hypothesis. Write each vy = vy, as vl + 12 where v! << my, and the
measure-theoretic support Es of /2 is my measure zero. Let E = |J°, E;. Then E is a
Lebesgue null set. To prove the theorem it suffices to construct (y1,) with ,(Y) — O a.e.
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¥ and fi,(Y) — O forally € E\ {1}, but 2,(7¢) does not converge for some Y of infinite
order. Indeed, then

linfill3 = 3 pnpa(O){f 0 71

kteZ

= > n(O)pa(Ovsk — )

klez
= [ 1P dvi)
= / |a(N|* dvi(7) +/ |gnM|? dv*(v) — 0 asn— oo
Jr T
for all s > 1. It follows easily that lim,_,., pt,f = [f dm in L-norm for all f € Lr(X).

To do the above, choose Yo € T\ {1} of infinite order with 7o ¢ E and v,' ¢ E.
Then let K, be an open arc about 7V and let L, = 75'1(,,. Assume K, is symmetric
about Y so that L,j' = L,. Choose L, NK,, = 0 and mp(K,) — 0 as n — o0 too. Let
pn = cn(lg, + 1) * (IK;I +1;,) withe, > 0. If h, = 1k, + 1, then ¢, = ¢,h, * h).
Let ¢, = h, x . We have ¢, > 0. But also, v, € Ly(T) * L(T) so {, € £,(Z) and
thus Ygez Un(k) < 00. Choose ¢, s0 that Yz can(k) = Thez $n(h) = 1. This makes
wn = $H, a probability measure on Z. Actually, if 0,(Y) = Yz wa(k)YX, then O,(1) = 1
and @, (1) = pu(1) = cpPu(l) = cu Jr |hn|2 dmr.Soc, = ’”T(KA)‘lH"T(Ln) = 2,,171(K',)~

These calculations show that

B00") = E00) = € [ huI(1g "N dimr(0)

> e [ 1,015, () dX.

But we chose Y¢L,, = K, and so we have @,,(Val) > %r((’;(—)) = % However, for all values
of Y € T,Y € {1,%.,7% '}, &x(Y") = Gu(Y) = cuhn x h () = O for n sufficiently large
because supp h, and supp(~h,,) will be disjoint. Since Yo and 7, ' are notin E, &,(v) — 0
asn— oo forally € E\ {1}. Clearly also &,(Y) — 0 my ae. .

Now, let (u,) be the sequence (w,) above intertwined with any other sequence of
probability measure (w/,) with lim, ., &/ (Y) = O for ally € T\ {1}. Then (u,) is not
universally L;-norm good, but will be L;-norm good for the L, space of the particular
dynamical system above. =

REMARK 37. a) The same argument as above can be carried out simultaneously for
any given sequence of separable dynamical systems. This is by way of emphasizing
again the essentially non-metric nature of (y,) being universally L>-norm good as in
Theorem 1.

b) It would be interesting to carry out the above construction with i, of the form
% Yi_; 6m, for some sequence (my). That is, given £ C T, a Lebesgue null set, can we
construct (n;) which is not universally L;-norm good, but such that E is contained in the
setof ¥ € Tsuch that 1 Y4 v — 0 asn — oo

¢) It is probably also possible to prove Proposition 36 with a sequence (y,) such that
no subsequence of it is universally L,-norm good.
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The same technique as was used in the proof of Proposition 36 can be used to give an
example relevant to Lemma 22.

EXAMPLE 38. There exists a uniformly dissipative sequence () such that (4,) does
not tend to 0 a.e. To see this, we construct p, like in Proposition 36 but with Y, variable.
Indeed fix ¢, = # and an open symmetric arc L, about 1 with my(L,,) = &,,. Fix ¥
such that Y~'L,, ML, = (. Then let ¢, = cyuhm * b}, where hy, = 1,1, + 17, and ¢y,
is a normalizing constant. Let p,, = @,,. We showed p,, is a probability measure and
ﬂm(Vi') > % So there is an open symmetric arc E,, about 1 such that for all A € Y*'E,,,
Lm(X) > %. This arc has a length which can be chosen independently of .

Now, with ¢,, fixed, choose 7, ...,7Vy, such that for each i, WFIL,,, N L, = 0, but
U?fj”l YiE, U Uf.\i”l Vi’lEm covers as much of T\ L,, as is otherwise possible. The set that
can be covered this way is T \ I,, where Ly is an open symmetric arc about | with
mp(Ly) < dép,. Arrange (;L(f,,,,%) i=1,...,N,,m> l) in a lexicographical ordering
(). Then for all ¥ # 1, for co many n, |fi,(7)| > %. So (fi,) does not converge to 0
for any v € T. The sequence (u,) is uniformly dissipative through. This can be seen
by applying Lemma 22 directly of course. But for any probability measure p, pu(k) =
Ir ﬂ(v)vk dm(7Y). So, in this case, one can calculate that if u, = p(e,,7;), for some
m>landi=1,...,N,, then

sup /Ln(k) < / Cli * h:;, dmr
kezZ T

|
2em

| 2
P m 1 = 2¢,,.
o ([T h dm,) ¢

As a final counterpoint to the previous results, we should discuss some examples of
classes of measures (u,) for which the limit function is necessarily not zero at most
countably often. First, let us make this definition.

| /T By % 7, dimy

Il

DEFINITION 39. A bounded sequence u = (uy) is Hartman almost periodic if for all
Y€ T, limy, oo 1 0w = hy(7) exists.

This concept is discussed briefly in Kahane [7] where Corollary 42 is stated. It is clear
that if (my) is a sequence in Z*, m; <mp < m3y < ---,and lim, #—{"LZM exists and
is not zero, then the indicator sequence (i) of (m;) is Hartman almost periodic if and
only if lim, ., % g Y™ exists for all v € T. It turns out that for such sequences, or
weighted sequences, generally the limit functions are not zero at most countably often.
First here is an elementary fact that we will use.

LEMMA 40.  The sequence (ny) has lower density liminf, ., Mmem =iy, ) if and

n

only if sup,; =+ < 00.

PROOFE.  If sup, -, ’”7 < C,thenm, < Cnforalln > 1.So if m, > M then Cn > M.
Hence, the first n, say ng, with m,, > M has ny > % That is, #{m, < M} =ng — 1 >
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[%] > %1 — 1. Thus, #{'"—"MSAL} > % — % and lim infy—.o0 ﬁm;’;—M} > % Conversely, if
liminfy_o @XE—M} > § > 0, then for sufficiently large M, #{m, < my} = N > %mN.
This means, 5 < % for N large, and hence supy~; 5 < 00. m

The following theorem and its proof are due to M. Boshernitzan whom the author
wishes to thank for letting it be included here. The author previously only was able to
give a more difficult proof that the set in question is countable.

THEOREM 41.  If (uy) is bounded, then for all & > 0, Es = {y € T
liminf, oo 1| 0, wY*| > 6} is finite.

PROOF.  Suppose Vi, ..., Yy are distinct elements withy; € Es fori = 1,..., M.
Then fori # j,i,j = 1,...,M,lim, . 1 S}_, ¥f7¥ = 0. Consider the finite-dimensional
subspace H of KEO(Z") spanned by the sequences (u; : kK > 1) and (Wff k> 1), fori =
I,...,M. By choosing a suitable subsequence (n,), we can arrange for
lim,_ nl ZZLI uﬂf-‘ to exist for all { = 1,...,M, and simultaneously for
limy 00 nis 0 | lug|? to exist. This allows us to define a complex inner-product (-, -) in
Hby (a,b) = lim, o ;- S5, axby, foralla,b € H,a = (g 1k > 1),b = (b : k > 1).
This makes H a Hilbert space.

Now by Bessel’s inequality, with ¥, = (Wﬁ-‘ k>D,i=1,...,M,

ny _
>

k=1

Mo 2
M& <5 lim —

=157 Ry

Hence, M < (sup;., |uc|?) /6. This proves that M is bounded by a constant independent
of the choice of vy, ...,V and hence that Ej is finite. n

COROLLARY 42.  If (uy) is bounded Hartman almost periodic sequence, then the

limit function h(77) = lim,,_,, 1

. k=1 w Yk is not zero at most countably often.

COROLLARY 43.  If (my) has positive lower density, then for all § > 0, E; = {7 €
T liminf, oo 1| S0, Y| > 6} is finite.

PROOF. Because of Lemma 40, (m,,/n) is bounded. Let (1) be the indicator function
of (m,). then for my < n < my,,,

|
- 17P8%

Il

v
—
e
bt
~
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Hence, {Y € T : liminf;_ .., %| Sk_ym ) > 6} c {y €T : liminf, %I S wk >

£0} if C = sup,., ™. Thus by Theorem 41, this result holds. .

COROLLARY 44.  Suppose (m,) is a universally Ly-norm good sequence with positive
lower density. Then for all weakly mixing dynamical systems (X, 3,m,7), if f € Lo(X),
then lim,_., ,‘—, Yo fom™ = [fdmin Ly-norm.

PROOF. By Corollary 43, and Corollary 16, this is proved. n

REMARK 45. See Boshernitzan [3] for many closely related theorems about se-
quences (n;) for which the limit function A(Y) = lim,_. %] YR, Y] is not zero at most
countably often. It is observed there, and is essentially the point of Corollary 43, that for

such (ny), if v € M(T) is continuous, then lim,_, ﬁ Yi_, [2(np)| = 0. Also, an interest-

ing characterization of when (#;) has this property is given in [3] in terms of the behavior
of subsequences of the sequence of averages % Y Y
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