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UNIFORM MAZUR’S INTERSECTION PROPERTY OF BALLS

BY
J. H. M. WHITFIELD AND V. ZIZLER

ABSTRACT. We give a dual characterization of the following uniformi-
zation of the Mazur’s intersection property of balls in a Banach space X:
for every € > 0 there is a K > 0 such that whenever a closed convex set
C C X and a point p € X are such that diam C = 1/e and dist(p,C) = €,
then there is a closed ball B of radius = K with B D C and dist(p,B) =
€/2.

The property (/) of a Banach space X that every closed convex bounded subset C
of X is an intersection of balls was first studied in the context of Banach spaces in [5].
R. R. Phelps found in [6] necessary and also sufficient conditions for the property (/).
Finally the property (/) was characterized in terms of norm density of w*-denting points
of the dual unit ball in the dual unit sphere in [3]. We have been studying a uniformiza-
tion of the property (/), called here (UI), namely the condition that the radius of a ball
separating a convex set from a point depends only on the diameter of C and the distance
of the point to a given set (in the sense stated in Abstract). The main purpose of this
note is to point out that the property (U/) has an interesting dual characterization
(Theorem 1). Propositions 1—3 then relate the property (Ul) to other smoothness
properties of Banach spaces.

The research in this note is based on that in [6] and [3] and Theorem 1 is a uniform
version of Theorem 2.1 in [3] and Lemma 4.1 in [6]. We first encountered the property
(UI) in some renorming problems (cf. e.g. [1], [8]).

The spaces in this note are assumed to be real and balls to be closed. The unit ball
{x € X; || x|| = 1} is denoted by B,, the unit sphere {x € X; || x|| = 1} by §,. Similarly
we define B or S¥ in the case of the dual norm of X*. Generally, a ball with radius
r centered at x € X is denoted by B(x,r). If x € §; C X, then D(x) = {f € B};
f(x) =1} IfACS,, then D(A) = UD(x), x € A. Dist(p, C) means the distance of
a point p to the set C and diam C stands for the diameter of C. If & > 0, then a &-net
T in S, is a subset of S, such that for every s € S, there is a t € T such that || s — ¢||
< 8. The set of all positive integers is denoted by N.

DEFINITION 1. We say that a Banach space X has the uniform Mazur’s intersection
property (UI) if for every € > 0 there is a K > 0 such that whenever a closed convex
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set C C X and a point p € X are such that diam C < 1/e and dist(p,C) = €, then
there is a ball B in X of radius < K such that B D C and dist(p,B) = €/2.

We will need the following definition from [3], [7]
DEFINITION 2. If x €S, C X and €, 8 > 0, then we say that x € M 5 if
fx+ vl +flx =y -2

su
o-pbes Iyl

The following Lemma [ is a quantitative version of Lemma 2.1 in [3].

LEMMA 1. Let x € S|, €, 8 > 0,8 < €/2 < 1/2. Consider the following statements:
() xe M,
(ii) diam{f € B¥, f(x) = | — &} < 2e
(iii) diam{UD(z), z € S, ||z — x| = &} < 2e
(v)x € M, ,
Then (i) implies (ii), (ii) implies (iii) and (iii) implies (iv).

PROOF. A quantitative version of that of Lemma 2.1 in [3].
(1) = (ii). Assume that (ii) fails. Then for everyn € N, thereare f, g € B} with f,(x) =
1 —&,g(x)=1—&and|f — gll > 2 — 1/n. Choose y, € S, such that

(.fn - gn)(yn) > 2e — l/”l
Then
lx + 8y, || + lx = Sy, || = fu(x + 8y,) + g, (x = 8y,) = £ (x) + g.(x) + 3(f,, — .)(y,)
=2 — 28+ 8QRe — 1/n)
llx + 8y,ll + llx — 8y, Il —2

)
This contradicts x € M 5.

Therefore >2—20 —1/n=¢€— 1/nsince § < e/2.

(ii) = (iii). Obvious since (UD(z);z €S, ||z — x| =) C{fE€B¥;f(x) =1 — &}
(ii1) = (iv). It is known (see [3], p. 11I) thatforO < A < 1,y € S, C X,
[x + Ml + lx = Ayl = 2
A

=(f-o»=\f-zgl

for every

fEDx + \y)/|x + Ny|

), & € D((x = \y)/|x — Ay|).
Moreover,

[[(x + A/l + Ayl — xff = 2x
Therefore, by (iii),
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lle + Ayl + e = Ayl -2

= diam{f. ED(z),z € S, ||z — x|| = 8} < 2¢
0<A=d’ A .
fixli=1
Hence

x € M:e.al/z-

THEOREM 1. Let X be a Banach space. Then all the statements listed below are
equivalent:
(i) X has the property (UI).
(ii) For every € > 0 there is a & > 0 such that for every f € S} C X* there is an
XES, CXsuchthatifz €S,,|z— x| <3, then||f. — f|| < € for every f. € D(z).
(iii) For every € > 0 there is a & > O such that if T is a d-net in S, C X and for every
t €T, f, is chosen element of D(t), then {f,, t € T} is an e-net in ST C X*.
(iv) for every € > 0 there is a & > 0 such that for every f € ¥ C X* there is an
x € M such that ||f — f.|| < € for every f, € D(x).

ProoF. (i) = (if) A quantitative version of the proof of Lemma 4.1 in [6]. Let
€ € (0, 1) be given. Choose K > 0 from (i) for /4. Then follow the Phelps’ proof of
Lemma 4.1 in [6]. We only need to show that § = 8(¢, f) obtained for various /' € S¥
in the Phelps’ proof all have (for our fixed € > 0) a lower bound 8§ = €8(K + 1))
So, let f € S* be given. Denote by D = B, N f'(0) and pick a u € S, such that
fw) > 1 — €/2. Let ' = (e/2)u. Then dist(u/, f~'(0)) = f(') > (e/2)(1 — €/2)
= ¢/4. By (i), there is a ball B(=N,(z) in the Phelps’ notation) centered at z € X with
radius r such that r < K, B O D and dist(«/, B) = €/8. Let w be the intersection of
the line segment [z, u’] with the boundary of B and C be the convex hull of B U {u}.
Let / be the distance of ¥’ to B(h = €/8). Then simple homothety argument shows that
if / is a line connecting «’ with a boundary point of B, then dist(w, /) > rh(r + h)"".
Since /8 < h < 1 we have rh(r + h)™' = e(8(r + 1))7'; 8 is then obtained in the
Phelps’ proof by taking

S=r"rhr+h)y "= e8r + 1) '=e8K + 1) "
(ii) = (iii). obvious.

(iii) = (ii). If (ii) does not hold, then there is an € > 0 such that for every & > 0 there
is an fy € S such that for every x € S, C X there is an z, € §, with ||z, — x|| = &
and f. € D(z,) such that ||f; — f. | = €. Pick foreveryx €S, C X suchaz, and f. .
Then {z,; x € §,} forms a 23 net in S, but {f. ; x € S,} does not form an e-net in S
So then (iii) does not hold.

(ii) = (iv). Let € > 0 be given. Choose & > 0, & < €/32 for €/16 by (ii). Then for
every f € ST choose again by (ii) an x € S, such that if |z — x|| = 8, z € S, then
If- = fll < €/16 for every f. € D(z). Therefore then diam{D(z); ||z — x[| = 8,z € §,}
< €/4. Then, by Lemma |, x € M/, 5» C M 5,,. Hence (iv) holds.

(iv) = (i). Based on the main idea in [5]. See also [6], [3]. Clearly, it is enough to show
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that for every € > 0 there is a K > 0 such that if C is a closed convex subset of X such
that dist(0, C) = € and diam C = |/e, then there is a ball B of radius = K with
B C C and dist(0,B) = €/2. Given € > 0, denote by L = €/2 + 1/€ and choose a
d € (0, 1) by (iv) for €/(4L). Finally put K = L /5. We will show that if C is a closed
convex set in X with diam C = 1/e and dist(0, C) = e, then there is a ball B with radius
= K and dist(0,B) = €/2. 1If C N (X\B(0,L)) # @, then pick a ¢ € C N (X\B(0, L))
and observe that B(c, 1/€) D C, dist(0,B(c,1/e) = €¢/2and 1 /e = K. If C C B(0, L),
choose, by a standard separation theorem, an f € S such that inf f(C) = €. By (iv),

there is an x € M/, 5 such that for every f, € D(x), we have
If = £l < e/aL)
Choose f, € D(x). Consider the family of balls:
B, = B(\M(€/2)x, (A — 1)(€/2)), A > 1

Since dist(0, B,) = €/2 for every A > 1, it is enough to show that if A, = 2L /(€d), then
B,, D C. For, then the radius of By, = L/8 = K. Suppose the contrary, i.e. that

C N (X\B,,) # ¥ and choose a z € C N (X\B, ). Put y = 2(\je) 'z.
Then

et ol e =yl =2l vl =1 Io(e/2x = 2] = Note/2)

[yl [yl [z
lx + v =1 (N — 1)(€/2) — No(€/2)
= +
(M [l

=L/ = €/2l2]
= fi/lzh = /2|
=f/lzl = /200" = Ml = £
= ¢/|zll = (/2| — e/4L)
= €/(2L) — €/(4L) = €/(4L)

(the last inequality because | z|| = L). However,

Iv]l = 2v0) 2] = 2N 0e) 'L = B
and therefore
X ¢ M 415, a contradiction showing that B, D C.

Theorem 1 is proved.

We finish the paper with two propositions showing the relationship of the property
(UI) to other smoothness properties of Banach spaces. First, based on [6], [3] is the

following.

PROPOSITION 1. Let X be a Banach space. Consider the following properties of X

(i) X* is uniformly convex.
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(ii) X has the property (UI).

(iii) X has the property (I).

(iv) The set of all extreme points of the dual unit ball B¥ of X * is dense in the unit sphere
SY of X*.

Then (i) implies (ii), (ii) implies (iii) and (iii) implies (iv). If X is finite dimensional, then
(ii), (iii) and (iv) are all equivalent.

PROOF. (i) = (ii). This statement is contained in [9]. Due to Theorem I, it now has
a straightforward proof by noticing that if X* is uniformly convex then the differential
of the norm of X is uniformly continuous on S, C X (cf. e.g. [2], p. 36), which fact
directly implies that the statement in Theorem 1 (iii) is true

(i1) = (iii) obvious.
(iii) = (iv) see [6], Theorem 4.3.

If X is finite dimensional, then (iii) and (iv) are equivalent by [6], Theorem 4.4. We
will show that (iii) implies (ii) in this case: Suppose that a finite dimensional X does
not have the property (UI). Then there is an € > 0 such that for every n € N there exists
an f, € S} such that for every x € S, there is an z{ € S, and f,, € D(z}) with
llZx = xll = 1/nand ||/, — fl = € Takee/2 and /= alimit point of the sequence { /. }.
We show that the following statement (*) holds for €/2 and f:

For every 8 > 0 and for every x €S, C X there isan z, € S, (¥) ||z, — x|| = & and
f.. € D(z,) such that ||f. — f]| = €/2. For, having & > 0 and x € §, given, fix
n € N so big that

If, —fl <e/2 and  1/n<35.

For this n, choose as above in this proof a z; € §; and f.» € D(z}) such that ||z} — x||
= I/nand ||f- — f,|| = €. Then |z} — x|| < & an | — f|| = €/2. Therefore (*)
is true, which fact in turn implies that X does not then have the property (1) ([6],
Lemma 4.1).

It follows from Proposition 1 that there are spaces X which have the property (U[)
but X* are not uniformly convex. We now show that there are spaces which have
property (/) but fail to have property (U/).

PROPOSITION 2. For n € N, let X, be the 2-dimensional space (’,2 where p, > 1,
limp, = 1. Let X = (2 @ X,),, the Hilbert sum of X,. Then X has the property (I)
but fails to have the property (UI).

PROOF. Since X is reflexive and has Frechet differentiable norm (cf. e.g. [4]), X has
the property (/) by a result of S. Mazur ([5]). The fact that X does not have the property
(UI) directly follows from the following two observations.

1. Let C be the square in the plane R* with vertices (2, £2) and let P = (3,0) € R
Let B, be a sequence of balls in /,3" centered at (s!, s2) with radii r, and such that
P & B, D C. Then lim, r, = co. For if not, then there would exist a subsequence
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{n,} of {n} such that

. 1 . 2 k) .
lims, =s', lims, = s°, limr, =r <o,
k A k
k k k
Then for every ¢ = (¢', ¢?) € C, we have
I(" — s'| + |<‘2 + s2| =r,

while
|3 —s'| +|s*]=r.

This is a contradiction with the elementary fact that P lies in the interior of any /;-ball
which contains C.

(2) Forn € N, let C, be a subset of X defined by C, = {(0,0,...¢,0,...),¢, € C}
and P, be a point in X defined by

P =(0,0,...p,0,...).

Then diam C,, = 8 and dist(P,,C,) = | for every n € N. If X had the property (UI),
there would exist a sequence B, of balls in X with radii r, such that P, ¢ B, D C, for
every n € N and sup r, < %. Then considering intersections of B, with the subspaces
(0,0,...,X,,0,...) C X one can easily produce a sequence B, of convex bodies in
R’, each B/ being a ball in X, with X -radius < r,, B, > C and P & B,. This would
be a contradiction with (1). Proposition 2 is proved.
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