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The femtosecond laser filament-induced air laser plays a significant role for the remote
sensing of air pollutants. The spatial distributions of air laser intensity were investigated
experimentally in previous studies. However, the mechanism of the air laser propagation
properties inside the filament plasma has not been quite clear yet. Moreover, few studies
have been dedicated to the reproduction of the air laser profile from nitrogen molecules
propagating in the filament plasma based on the numerical simulation method. In this
study, the lasing action of the air laser from the transition of the first negative (0,0) band
of nitrogen ions at 391 nm was simulated during the femtosecond laser filamentation. The
beam profile of the air laser changes from a Gaussian or super-Gaussian shape to an outer
ring structure by increasing the filament length or nitrogen ion density, which is in accord
with the previous experimental result. A multiple-diffraction effect has been proposed to
clarify the mechanism of the outer rings beam pattern formation, which is induced by
the dynamical interaction between the lasing effect and diffraction effect of the air laser
propagating inside the filament plasma. In addition, the amplified air laser power as a
function of both the filament length and nitrogen ion density was investigated. Our study
would pave the way to improve the energy conversion efficiency and directivity of remote
air lasers, which would be significant for remote sensing applications.
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1. Introduction

Remote sensing of atmosphere pollutants relies on optical techniques for detecting
molecules and atoms based on lasers in order to identify and quantify different species.
The light emission collection in the backward direction of the pumped laser is restricted by
the non-directional characteristic of the spontaneous emission from molecules of interest.
Amplified spontaneous emission based on femtosecond laser filamentation has provided
the opportunity to solve this problem and appears as an attractive technique to realize
the remote sensing of air pollutants (Luo, Liu & Chin 2003; Dogariu et al. 2011; Yuan
et al. 2013, 2014; Zhang et al. 2021; Xue et al. 2022). The laser intensity inside a
light filament core could remain at more than 1013 W cm−2 over a very long distance
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(Liu 2014). Various species in the atmosphere will be ionized, resulting in the emission
of the fingerprint fluorescence. Propagating through the filament, the fluorescence signal
could be enhanced, which is referred to as an air laser (Kartashov et al. 2012; Ni et al.
2013; Zhou et al. 2020).

The generation of well-collimated air lasers at 845 nm in the backward and forward
directions was investigated with an ultraviolet focused pump beam. By the interaction of
the pump beam with molecular oxygen, the doughnut-shaped mode of the air laser was
observed with a divergence angle of 40 mrad (Dogariu et al. 2011). A super-Gaussian
shape of a backward ultraviolet air laser at 337 nm and 357 nm with a divergence angle of
1.6 mrad was produced. The air lasing action results from nitrogen molecules pumped with
a high-power midinfrared laser pulse (Kartashov et al. 2012). A forward harmonic-seeded
air laser from nitrogen molecules driven by intense midinfrared femtosecond laser pulses
was reported. The lasing effect refers to the amplification of the harmonic radiation with
the presence of population inversion induced by B2 ∑+

u → X2 ∑+
g transition between the

ground and excited cation states (Yao et al. 2011). In addition, the influence of gas pressure
on the air laser beam intensity and profile was investigated. It indicates that the forward
self-seeded air laser from nitrogen molecules changes from a Gaussian shape to an outer
ring pattern with the increase of gas pressure (Liu et al. 2013). Moreover, our previous
study revealed that a multiple ring pattern of the air laser was generated induced by
the nitrogen ions inside a femtosecond laser filament (Zeng et al. 2014). However, the
mechanism of the propagation properties and spatial distribution of the air laser during
the femtosecond laser filamentation has not been quite clear up to now.

In this work, the spatial distribution of the air laser propagating through the femtosecond
laser filament plasma has been investigated based on numerical simulation. The result
indicates that the air laser beam pattern after the filament changes from a Gaussian or
super-Gaussian shape to a multiple outer rings structure by increasing the filament length
or nitrogen ion density. Moreover, the number of the outer rings increases versus the
filament length or nitrogen ion density. The mechanism of the air laser intensity spatial
distribution has been revealed. In addition, the amplified air laser beam power as a function
of the filament length and nitrogen ion density has been investigated.

2. Theoretical method

As the nitrogen molecules were ionized to N+
2 due to multiphoton or tunnel ionization

effects during the femtosecond laser filamentation process, the ground state X2 ∑+
g of the

ion was pumped to the excited state B2 ∑+
u . The fluorescence of N+

2 with a wavelength
of 391 nm was stimulated during the vibrational transition of the N+

2 first negative (0,0)
band (B2 ∑+

u → X2 ∑+
g ) (Doering & Yang 1996). The photon density Ne, 391 nm of the

stimulated fluorescence signal could be derived from the following (Kartashov & Shneider
2017):

Ne, 391 nm = W21τNe, N+
2
, (2.1)

where Ne, N+
2

represents the nitrogen ion density; W21 and τ denote the probability of the
fluorescence emission and the population inversion lifetime, respectively. The fluorescence
could be produced only in the region where the nitrogen ion density is larger than a
threshold value of 1015 cm−3.

In this work, the spatial distribution of the nitrogen ion density in the filament plasma
obeys the following equation:

Ne, N+
2
(r, l) = Ne,max exp

[
−

(
r2

r2
0

+ l2

l2
0

)]
. (2.2)
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Here the nitrogen ion density distribution satisfies the cylindrical symmetry. Here r and l
refer to the variables of the axis along the radial direction and the longitudinal direction,
respectively. Here r0 is the radius of the filament plasma and is set to be 50 μm in our
simulation, which is a common value in the previous studies (Chin et al. 2005; Berge
et al. 2007; Couairon & Mysyrowicz 2007; Kasparian & Wolf 2008; Kandidov, Shlenov
& Kosareva 2009). Here l0 is the half-length of the filament plasma. Here Ne,max denotes
the peak nitrogen ion density. Both l0 and Ne,max depend on the initial femtosecond laser
beam parameters and focusing conditions.

A stationary, homogeneous and isotropic plasma model was selected without
considering the temporal variation. The lifetime of the filament plasma is at the
nanosecond time scale (Mehr & Biondi 1969; Johnson & Fowler 1970; Brian & Mitchell
1990; Bahati et al. 2001; Chauveau et al. 2002; Jain, Gupta & Suk 2019), which is much
slower than the air laser pulse duration at 391 nm in the picosecond range (Xu et al. 2009;
Yao et al. 2018; Wang et al. 2023). Therefore, this simplification of the plasma model is
reasonable.

The propagation of the fluorescence from nitrogen molecules at 391 nm in the filament
plasma could be based on the following wave equation (Chiron et al. 1999):

2ik0
∂A
∂z

+
(

∂2

∂x2
+ ∂2

∂y2

)
A + 2

k2
0

n0
nnlA − ik0αA = 0, (2.3)

where A denotes the air laser amplitude envelope, and k0 is the air laser wavenumber.
Here z represents the air laser propagation distance; n0 is the air refractive index; nnl refers
to the nonlinear refractive index corresponding to the defocusing effect of the filament
plasma. The simulation of the air laser propagating in the filament plasma was based on
the finite difference method. FORTRAN software was used for conducting the simulation
procedure.

It is worth mentioning that since we focused exclusively on the spatial distribution of
the air laser, the temporal aspect of the emitted light field was not considered during
the simulation. The validity of this simplified model for the nonlinear propagation of
a laser pulse has been demonstrated in previous studies (Dubietis et al. 2004; Liu &
Chin 2007). Thus, temporal effects including self-steeping, group-velocity dispersion
effects were neglected in our simulation model. Actually, this kind of simplification would
significantly influence the temporal dynamics of the air laser. However, to a lesser extent
it would influence the spatial evolution of the air laser in principle, which is clarified
as follows. Typically, the air laser radius inside the filament is approximately 50 μm.
The corresponding longitudinal scale of spatial transformation 2πa2/λ is approximately
2 cm. The second-order group velocity dispersion coefficient k′′ for air is 0.2 fs2 cm−1

(Akozbek et al. 2001). For an air laser pulse with pulse duration at the picosecond time
scale (Xu et al. 2009; Yao et al. 2018; Wang et al. 2023), the characteristic dispersion
length scale τ 2/k′′ of the temporal changes is much longer than the spatial transformation
scale. Therefore, the spatial effects develop much faster than the temporal effects and
dominate the air laser intensity distribution (Akozbek et al. 2001).

The amplitude of the spontaneous fluorescence emission at 391.4 nm at the l position
of the filament plasma was denoted by A0(l). The relative value of A0(l) was achieved by
the square root of the intensity of the fluorescence emission. The fluorescence intensity
was proportional to the photon density, which could be derived based on (2.1). The
fluorescence signal with amplitude of A0(l) at z = l position in the filament plasma would
propagate in the filament with a gain effect due to the population inversion of the nitrogen
ions, which leads to the air laser with amplitude A1(l,z) at a propagation distance z position
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by conducting the numerical simulation based on (2.3). Then the total air laser amplitude
A2(z) at the z position inside the filament plasma could be derived by the integral of A1(l,z)
along the particular filament length from l = 0 to l = z, as follows:

A2(z) = A0(z) +
∫ l=z

l=0
A1(l, z). (2.4)

Total air laser amplitude A2(z) at the z position after the filament plasma could be derived
as follows:

A2(z) =
∫ l=L0

l=0
A1(l, z). (2.5)

Here, L0 corresponds to the total filament length.
The nitrogen ions induced by the filamentation could be served as a gain medium for the

air laser. Here α corresponds to the gain coefficient of the air laser propagating through
the filament plasma, which could be derived based on the following relationship (Sprangle
et al. 2011):

α = σNe, N+
2
, (2.6)

where σ is the stimulated emission cross-section for the first negative (0,0) band
vibrational transition at 391 nm with a constant value of 14.8 × 10−18 cm2 according
to the previous work (Doering & Yang 1996). Finally, the total air laser power at any
propagation distance inside or after the filament plasma could be accumulated by the
amplified fluorescence emission at any formal filament position with the nitrogen ion
density larger than the threshold value.

Population inversion between the vibrational levels of the excited B2 ∑+
u and the ground

X2 ∑+
g states of the nitrogen molecular ion N+

2 was achieved, enabling lasing at the
391 nm emission wavelength. The fraction of the inverted N+

2 B2 ∑+
u ions was calculated

in the previous study, which corresponds to a value of approximately 9 % (Doering &
Yang 1996). The fraction of the inverted molecules would influence the N+

2 B2 ∑+
u state

cross-section. Therefore, both the photon density Ne, 391 nm of the stimulated fluorescence
signal in (2.1) and the gain coefficient of the air laser in the filament plasma in (2.6) would
be influenced by the inversion fraction. Therefore, for a relativly low inversion fraction of
the nitrogen molecular ion N+

2 , both the air laser intensity and the number of the outer
rings through the filament plasma would decrease.

It has been demonstrated that a remote pump laser at 226 nm wavelength could drive
a two-photon dissociation of molecular oxygen and a two-photon excitation of one of the
resulting oxygen atom fragments (Yuan et al. 2014). The two-photon excitation transition
from the ground state to the exited state produces fluorescence emission at 845 nm, which
leads to the high gain and lasing properties in the backward direction. Actually, the lasing
effect could be realized by the excitation of all three main components of air with a
particular pump femtosecond laser wavelength, including nitrogen, oxygen and argon.
The air lasing based on the ionic nitrogen molecules has attracted particular attention
due to the fruitful observed effects and the high concentration in air. Pumped by the
femtosecond laser pulses at 800 nm, nitrogen ions give rise to a series of narrow emission
lines at 391.4 nm, 427.8 nm and 471.2 nm. The N+

2 lasing at 391 nm associated with
the B2 ∑+

u → X2 ∑+
g emission induced by the femtosecond laser filament is noteworthy

among the air lasing emission lines for that the population transferring process from the
ground state could be monitored. Moreover, the air lasing at 391 nm has been commonly
observed in the experiments under certain conditions. Therefore, in this study, we mainly
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FIGURE 1. (a1)–(e1) Spatial distributions of the filament-induced nitrogen ion density versus
propagation distance for different filament lengths. (a2)–(e2) Spatial distributions of the air laser
intensity along the propagation direction. (a3)–(e3) Transverse patterns of air laser intensity
distributions at the right end of the filament. (a4)–(e4) Transverse patterns of air laser intensity
distributions at the distance of 30 cm from the right-hand end of the filament. (a5)–(e5) Divergent
angular distributions of the air laser intensity. The filament lengths are (a) 2 cm, (b) 4 cm,
(c) 10 cm, (d) 20 cm and (e) 30 cm.

focus on the air lasing at the 391.4 nm wavelength based on the ionic nitrogen molecules.
The air lasing process based on the oxygen molecules was not included in the simulation.

3. Results and discussion

The air laser intensity distributions for various filament plasma lengths were
investigated. The peak nitrogen ion density was chosen to be 1017 cm−3, which could be
obtained in the laser filament pumped by a tightly focused femtosecond laser. The results
are indicated in figure 1. The filament lengths are 2 cm, 4 cm, 10 cm, 20 cm and 30 cm
for figures 1(a), 1(b), 1(c), 1(d) and 1(e), respectively. Figures 1(a1)–1(e1) depict the
spatial distributions of the nitrogen ion density along the propagation direction for different
filament lengths. The centre of the filament plasma is at z = 30 cm. Figure 1(a2–e2) show
the spatial distribution of the air laser beam intensity along the propagation direction.
Figure 1(a3–e3) correspond to the air laser intensities on the cross-section at the right
end of the filament, while figure 1(a4–e4) correspond to the beam intensity patterns
on the cross-section at the distance of 30 cm from the right-hand end of the filament.
Figure 1(a5–e5) refer to the divergent angular distributions of the air laser intensities.

For the filament length of 2 cm, figures 1(a4) and 1(a5) indicate that a Gaussian profile
of the air laser with a divergence angle of around 2 mrad is formed. When the filament
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length reaches 4 cm, a doughnut beam pattern of the air laser occurs after propagating
through the filament at z = 32 cm as shown in figure 1(b3). Figures 1(b4) and 1(b5) show
that the air laser beam pattern can be regarded as the superposition of an inner Gaussian
beam and an outer doughnut ring beam, resulting from the defocusing effect of the filament
plasma and diffraction effect in the free space for the air laser. For the filament length of
10 cm, the inner Gaussian beam and the outer doughnut ring beam get apart from each
other, as indicated in figure 1(c3–c5). As shown in figure 1(d), when the filament length is
20 cm, a multiple rings structure occurs on the air laser beam cross-section after passing
through the filament. This could be attributed to an interesting multiple-diffraction effect
for the air laser inside the filament plasma. At the beginning of the air laser propagating
in the filament plasma, since the lasing effect of the stimulated fluorescence overcomes
the diffraction effect induced by the filament plasma, the air laser intensity gets increased
with the propagating distance. After the air laser passes through the filament for several
centimetres, the gain effect and the diffraction effect get balanced, leading to the highest
value of the air laser intensity. Then the air laser intensity starts to drop down as the
diffraction effect overcomes the lasing effect. During this process, an outer ring structure
forms on the cross-section of the air laser beam. For a relatively long filament length, this
dynamic process could be repeated for several times, resulting in a multiple rings structure
pattern of the air laser. This is the so-called multiple-diffraction phenomenon proposed in
this paper. Further, for the filament length of 30 cm, the number of the outer rings gets
larger as shown in figure 1(e3). At the distance z = 75 cm, the outer rings merge together
and the outline of the air laser intensity divergent angular distribution becomes smooth as
indicated in figures 1(e4) and 1(e5).

For the lasing action around 391 nm self-seeded by the second harmonic around 400 nm
generated by the laser pulse in the filament plasma, the backward stimulated emission was
relatively weak compared with the forward one, which was demonstrated in the experiment
(Liu et al. 2013). The second harmonic generation was attributed to the non-uniform
plasma distribution driven by the ponderomotive force or an electric-field-induced
third-order mixing, leading to the difference of the harmonic intensity between the forward
and backward directions. Conversely, it has been demonstrated that the air laser at 845 nm
with a high gain can be achieved in the near-infrared region by pumping with a focused
ultraviolet laser. Moreover, the lasing is equally strong in the forward and backward
directions (Dogariu et al. 2011). In this study, it is assumed that the filament plasma
is uniformly distributed. The lasing action is initiated by fluorescence emission whose
intensity depends on the filament plasma distribution, leading to equally strong lasing in
both forward and backward directions. Therefore, both backward and forward propagation
of air lasing could be assumed in the simulation.

Further, the air laser intensity spatial distributions for different peak nitrogen ion
densities were studied. The filament length was set to be 20 cm. The nitrogen ion
densities are 1016 cm−3, 5 × 1016 cm−3, 1017 cm−3, 1.2 × 1017 cm−3 and 1.4 × 1017

cm−3 for figures 2(a), 2(b), 2(c), 2(d) and 2(e), respectively. Figure 2(a1–e1) show
the spatial distributions of the air laser intensity along the propagation direction, while
figure 2(b2–e2) represent the air laser beam patterns on the cross-section at propagation
distance of 70 cm. The corresponding divergent angular distributions of the air laser
intensity are depicted in figure 2(a3–e3). Figure 2(a4–e4) depict the air laser intensity
at the centre of the cross-section as a function of propagation distance.

As shown in figures 2(a2) and 2(a3), for a relative low peak nitrogen ion density of
1016 cm−3, a super-Gaussian profile of the air laser occurs after the filament plasma with a
divergent angle of around 2 mrad. Inside the filament, the air laser peak intensity increases
due to the lasing effect and then decreases induced by the diffraction effect. Moreover,
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FIGURE 2. (a1)–(e1) Spatial distributions of the air laser intensity along the propagation
direction for different nitrogen ion densities. (b2)–(e2) Transverse patterns of the air laser
intensity at distance of 70 cm. (b3)–(e3) Divergent angular distributions of the air laser intensity.
(b4)–(e4) The air laser intensity at the centre of the beam cross-section as a function of
propagation distance. The peak nitrogen ion densities are (a) 1016 cm−3, (b) 5 × 1016 cm−3,
(c) 1017 cm−3, (d) 1.2 × 1017 cm−3 and (e) 1.4 × 1017 cm−3.

there exists only one peak as shown in figure 2(a4). The outer ring structure of the air
laser is formed with the peak nitrogen ion density of 5 × 1016 as indicated in figure 2(b).
There are two peaks for the air laser intensity at the centre of the cross-section along the
propagation direction as shown in figure 2(b4), resulting from the multiple-diffraction
effect induced by a relative high nitrogen ion density distribution. By increasing the
peak nitrogen ion density of the filament plasma, both the number of the outer rings
for the air laser and the number of the peaks of the central air laser intensity along the
propagation direction increase as shown in figure 2(c–e). It is worth mentioning that the
peak intensities of the air laser along the propagation direction for different nitrogen ion
density distributions almost remain at a constant order of magnitude due to the balance
between the lasing effect and the diffraction effect.

In a previous experimental study (Liu et al. 2013), the lasing radiation profiles around
391 nm exhibits a Gaussian pattern in the nitrogen gas with a relatively low pressure.
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FIGURE 3. (a) Air laser beam power along the propagation direction for filament length of
20 cm and peak nitrogen ion density of 1017 cm−3. (b) The laser beam power after the filament
plasma as a function of the filament length. (c) The laser beam power after the filament plasma
as a function of the peak nitrogen ion density.

Upon increase of nitrogen gas pressure, an outer ring structure surrounding the central
spot appears. This result is consistent with the simulation result in figure 2, which shows
the same variation of the lasing radiation profile with the increase of the nitrogen ion
density. This experimental result can be clarified by the multiple-diffraction effect induced
by the relative high nitrogen ion density. In Zeng et al. 2014, angular distribution of the
backscattered nitrogen fluorescence induced by femtosecond laser filamentation in air has
been studied in the experiment. Air lasing emission at 357 nm also forms a multiple rings
profile.

A representative result for the air laser beam power along the propagation direction is
shown in figure 3(a). The filament length is chosen to be 20 cm, while the peak nitrogen
ion density is 1017 cm−3. The result indicates that the air laser experiences a gain effect
inside the filament plasma and the beam power remains constant after passing through the
filament. Figure 3(b) represents the air laser beam power after the filament as a function
of the filament length. The amplified air laser beam power increases heavily when the
filament length is less than 10 cm. Since the propagation of the air laser inside the filament
for one time of diffraction is almost within 10 cm, the gain effect overcomes the diffraction
effect during this filament region. Thus, the air laser beam intensity experience increasing
continuously inside the filament. When the filament length is larger than 10 cm, the
increase slope of the amplified air laser power versus the filament length drops down.
This results from the multiple-diffraction effect. Since in some parts of the filament the
diffraction effect overcomes the gain effect, the air laser beam intensity cannot increase
continuously.

In addition, the laser beam power after the filament plasma as a function of the peak
nitrogen ion density has been investigated as shown in figure 3(c). The filament length is
set to be 20 cm. Since the lasing effect overcomes the diffraction effect for a relatively
low nitrogen ion density, the air laser power increases heavily when the peak nitrogen ion
density is less than 5 × 1016 cm−3. Then the air laser power increases slowly with the peak
nitrogen ion density larger than 5 × 1016 cm−3. When the peak nitrogen ion density is larger
than 1.2 × 1017 cm−3, the air laser power increases almost exponentially versus the peak
nitrogen ion density. This is caused by the fact that the lasing effect of the filament plasma
plays a dominant role in the propagating of the air laser for a relatively large nitrogen ion
density.

When the incident pulse energy was below the energy threshold for harmonic
generation, external seeding pulse was required to initiate lasing action of N+

2 . Lasing
emission around 391 nm could also self-seeded by the second harmonic around 400 nm
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generated by the laser pulses in the filament plasma for the case with the incident laser
energy exceeding the second harmonic generation threshold energy (Liu et al. 2013).
Self-induced white light inside the filament covering the B2 ∑+

u → X2 ∑+
g transition was

serving as the seed to be amplified, leading to the self-seeded lasing action at 428 nm in
air. The white light seed pulse was generated through spectral broadening mechanisms
such as self-phase modulation and self-steepening of the femtosecond laser pulse (Chu
et al. 2013). In this study, the air lasing was self-seeded by the spontaneous fluorescence
emission with the field amplitude depending on the nitrogen ion density in the filament
plasma, which has been included in the simulation. For external seed laser passing through
the filament plasma, the air laser would also form a multiple rings structure. Moreover, the
multiple rings size would rely on the nitrogen ion density distribution.

4. Conclusion

In a summary, the lasing action of the fluorescence emitted from the transmission of the
first negative (0,0) band of nitrogen ions at 391 nm was simulated during the femtosecond
laser filamentation. The air laser intensity spatial distributions show that the beam profile
changes from a Gaussian or super-Gaussian shape to an outer rings structure by increasing
the filament length or nitrogen ion density. This result meets well the experimental result
in a previous study. The multiple-diffraction effect induced by the dynamical interaction
between the lasing effect and diffraction effect of the filament plasma causes the outer
rings structure pattern of the air laser. This study provides a feasible way to understand
the mechanism of the air laser propagating properties and improve the energy conversion
efficiency and directivity of remote air lasers, which would be significant for remote
sensing applications based on femtosecond laser filamentation.
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