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The celebrated criterion of Kuratowski [2] for the planarity 
of a graph G involves the determination of whether G contains 
a subgraph homeomorphic to K or K shown in Figure 1. 

5 Q ^ 

• # 
Figure 1 

The well-known llPetersen graph11, shown in Figure 2, 
looks suspiciously like Kr but nevertheless contains no subgraph 
homeomorphic to Kr. Its nonplanar character may be confirmed 
by verifying the occurrence of a homeomorph of K^ ^ in it. 

u 4 i 

Figure 2 

Our object in this note is to present a variation of 
Kuratowski' s Theorem whereby it is possible to test a graph 

Canad. Math. Bull. vol. 8, no. 1, February 1965 

17 

https://doi.org/10.4153/CMB-1965-003-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-003-3


5' 

for plana r i ty by c o n t r a c t i n g connec ted s u b g r a p h s into s ingle 

v e r t i c e s . The s t a t e m e n t of th i s r e s u l t i n c l u d e s K u r a t o w s k i ' s 

c r i t e r i o n s ince h o m e o m o r p h i c r educ t i on is a s p e c i a l c a s e of 

c o n t r a c t i o n . Note that the c o n t r a c t i o n of e a c h connec t ed sub ­

g raph (edge) u. v. in F i g u r e 2 into a s ing le v e r t e x r e s u l t s in K 

Let E(G) be the set of e d g e s of a g r a p h G and let V(G) 
be i t s v e r t e x se t . F o r any se t S of e d g e s of G, we w r i t e 
S = E(G) - S. We w r i t e G:S for the s u b g r a p h H of G defined 
by V ( H ) = V ( G ) and E(H) = S. The r e d u c t i o n G • S of G to S 
is obta ined f r o m G:S byr d e l e t i ng i t s i s o l a t e d v e r t i c e s . 

Let C(S) be the set of c o m p o n e n t s of G:S. The c o n t r a c t i o n 
G X S of G to S is a g r aph such tha t V(G X S) = C(S) and 
E(G X S) = S. The ends of an edge A of G X S a r e the m e m b e r s 
of C(S) con ta in ing an end of A in G. The no ta t ion [u] , [v] , . . . 
wi l l be used l a t e r for the v e r t i c e s of a c o n t r a c t i o n . 

In the c a s e of p l a n a r g r a p h s it can be v e r i f i e d tha t r e d u c t i o n 
and c o n t r a c t i o n a r e dual o p e r a t i o n s . Even for g e n e r a l g r a p h s 
they a r e dual in the s e n s e of m a t r o i d t h e o r y [3] . 

A s u b c o n t r a c t i o n of G is a r e d u c t i o n of a c o n t r a c t i o n of G. 
Such a g r a p h can a l s o be r e a l i z e d a s a c o n t r a c t i o n of a r e d u c t i o n 
of G. In [4] , f o r m u l a s a r e given which a r e g e n e r a l r u l e s for 
i n v e r t i n g the o r d e r s of c o n t r a c t i o n s and r e d u c t i o n s . 

T H E O R E M . A g r a p h i s n o n p l a n a r if and only if it h a s 
K or K a s a s u b c o n t r a c t i o n . 

5 3 , 3 

The usua l v e r s i o n of K u r a t o w s k i f s t h e o r e m a s s e r t s tha t 
a g raph G is n o n p l a n a r if and only if it con t a in s a g r a p h H 
h o m e o m o r p h i c to K^ or K^ 3. If t h i s condi t ion is fulfilled 
it is c l e a r t ha t G has a Kr or a K3 3 a s a s u b c o n t r a c t i o n . 

C o n v e r s e l y suppose G h a s a s u b c o n t r a c t i o n H = (G • S) X T 
which is a K3 3. C o n s i d e r a v e r t e x [v] of H inc iden t wi th 
t h r e e edges A^, A~> and A , , Then [v] is a c o n n e c t e d s u b g r a p h 
of G ' S. Let i t s v e r t i c e s inc iden t in G with A , A and A 

1 2 3 
be v , v and v r e s p e c t i v e l y . 

1 2 3 y y 

11 \rA, vn a n d v ? a r e d i s t i n c t w e c a n f ind a v e r t e x v of 

fvl j o i n e d t o v , v a n d v by a r c s L , L a n d L r e s p e c t -
L J J 1 ' 2 3 y 1 2 3 r 
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ive ly , in [v] , so that no two of the L- i n t e r s e c t excep t for the 
c o m m o n v e r t e x v. We can m a k e the s a m e a s s e r t i o n if two of 
the v. c o i n c i d e , say v . ~v2' Then v = v . ^ v ^ , and JL. and 
L? a r e t r i v i a l g r a p h s , i. e. , c o n s i s t of one v e r t e x only, 
if v . 

1 
v = v then L i s a l s o a t r i v i a l g raph . 

2 3 3 6 F 

Applying th i s c o n s t r u c t i o n to a i l the v e r t i c e s of H we can 
r e p l a c e H by a subgraph of G • S, with v e r t i c e s such a s v, 
which is a h o m e o m o r p h of K . 

r 3, 3 

A s i m i l a r a r g u m e n t app l i e s when G h a s a s u b c o n t r a c t i o n 
H = (G • S) X T which i s a Kr . Then we m a y c o n s i d e r a v e r t e x 
[v] of H inc ident with four edges A . , A^» -A^ and A A, with 
ends v . , v o , v . and VA (in G) be longing to [v]. It m a y be 
p o s s i b l e to find a v e r t e x v of [v] which can be jo ined to 
v . , Vj* v o a n d v . by a r c s which m e e t only at v . If th i s can 
be done for a l l 5 v e r t i c e s of H, then G con ta ins a h o m e o m o r p h 
of K . 

5 

In the r e m a i n i n g c a s e we m a y suppose tha t in one v e r t e x 
[v] of H the v e r t i c e s v. can be jo ined up a s in F i g u r e 3. 
In t h i s f i gu re , w . , W£, w^ and w . r e p r e s e n t the o the r v e r t i c e s 
of H, to be c o n s i d e r e d h e r e a s connec ted s u b g r a p h s of G • S. 

Let A be one of the edges of the a r c ui V Let S, be 
the se t obta ined f r o m S by de le t ing the edges w . w and w ? \v 
Ca l l T | the set obta ined f r o m T by de le t ing the e d g e s w . w-
and w 2 w . and then adjoining A. C l e a r l y (G - S . ) X T , i s a 
K 

3 , 3 ' 
c o m p l e t i n g the proof of the t h e o r e m . 

F i g u r e 3 
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We have i l l u s t r a t e d t h i s t h e o r e m e a r l i e r by apply ing it to 

the P e t e r s e n g raph shown in F i g u r e 2. Note tha t the fol lowing 

s t r o n g e r s t a t e m e n t m a y be m a d e : A g r aph is non p l a n a r if and 
only if it h a s K or K a s a c o n t r a c t i o n . 

5 3 , 3 

The above c o n s i d e r a t i o n s m a y p e r h a p s be r e l e v a n t to the 
p r o b l e m of ex tend ing K u r a t o w s k i ' s T h e o r e m to s u r f a c e s o t h e r 
than the s p h e r e . I . N . Kagno [ l ] h a s given i n c o m p l e t e l i s t s of 
m i n i m a l g r a p h s not r e a l i z a b l e in the p r o j e c t i v e p lane and the 
t o r u s . H e r e the t e r m " m i n i m a l ' 1 i s u s e d in the s e n s e tha t G 
is not r e a l i z a b l e in S but a l l i t s s u b g r a p h s a r e . P e r h a p s we 
should r e p l a c e the w o r d " s u b g r a p h " by " s u b c o n t r a c t i o n " in t h i s 
def in i t ion. T h i s would p r e s u m a b l y m a k e the l i s t of m i n i m a l 
g r a p h s , if f in i te , s h o r t e r . 
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