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Abstract

In this paper we show boundedness of vector-valued Bergman projections on simple connected domains.
With this result we show R-sectoriality of the derivative on the Bergman space on C; and maximal
LP-regularity for an integrodifferential equation with a kernel in the Bergman space.
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1. Introduction

The left shift semigroup on R, usually has very bad properties; it is not even norm-
continuous. The spectrum of its generator, the derivative, contains the whole left
halfplane. However, properties of the shift semigroup depend on the underlying
function space. In [2] we introduced a left shift semigroup which is analytic, that is, its
generator d/ds is a sectorial operator. We have considered the shift semigroup on the
space of bounded holomorphic functions on a sector with values in a Banach space X
equipped with the sup-norm, and the vector-valued Bergman space of L”-integrable
holomorphic functions on a sector, respectively. In the present paper we show that
the generator d/ds of the shift semigroup on the Bergman space is not just sectorial
but also R-sectorial. This property corresponds to the maximal LP”-regularity for the
transport equation

) d
u(t) = d—u(t) + f (),
s
u(0) = ug.
The proof of R-sectoriality of d/ds is based on the boundedness of the Bergman

projection. So, in another main result of the present paper, we prove boundedness
of the Bergman projection for vector-valued functions on various domains.
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The original motivation for investigating analytic shift semigroups was the
semigroup approach to the integrodifferential equation

t

i(t) = Au(t) +/ B(t — $)Au(s) ds + f(t),
0

u(0) = x. (IDE)

In this approach (see for example [6]), the solution of (IDE) is described by the
semigroup 7 generated by

o= <B(-) d/ds) . D(o) = D(A) x D(d/ds). (1.1)

Hence, regularity of the solutions depends on regularity of the semigroup .7 and no
regularity can be obtained by this approach if the shift semigroup generated by d/ds
is not even norm-continuous. In [2] we have shown that the solutions of (IDE) are
analytic if the convolution kernel B is analytic. In the present paper we show that the
operator <7 is R-sectorial if A is R-sectorial and B belongs to an appropriate space of
holomorphic functions. Hence, we have maximal L?-regularity for (IDE). This last
result is not very strong, since Weis showed in [11] maximal L”-regularity for a class
of kernels that are not necessarily holomorphic. However, the present result is not
contained in Weis’s result. Moreover, it gives a nice sufficient condition for maximal
L ,-regularity, which is easy to verify.

This paper is organized as follows. In Section 2 we prove boundedness of the
Bergman projection for vector-valued Bergman spaces. Section 3 deals with R-
sectoriality of d/ds and «/ and maximal L?-regularity for (IDE). The main results
are contained in Theorems 2.1, 3.1, and 3.3.

2. Boundedness of the Bergman projection

The Bergman space B4 (2, X), Q2 C C, is defined by
B1(Q, X):={f:Q2— X: f holomorphic and || f|, <400},

where

I1flig 1=/Q I1f x4+ iy)ll? dx dy.

In this section we study the Bergman projection IT of L7(€2, X) onto its closed
subspace BY(£2, X). We show that the Bergman projection is a bounded operator
on LY for all ¢ € (4/3, 4). Here Q is a simply connected domain and X is a Banach
space. Moreover, we show that the projection is bounded for arbitrary 1 < g < oo if
Q is a sector

Y9:={z€C: z#0and |argz| <0}, 0<6<m/2.
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Hedenmalm proved in [7] that the Bergman projection is bounded for scalar-valued
functions, simply connected domains and p € (4/3, 4). We use the idea of his proof.
Concerning vector-valued functions, the boundedness of the Bergman projection is
known for the unit disk and all 1 < p < oo (see Arregui and Blasco [1]).

Let ¢ be a conformal mapping from €2 onto the unit disk D. The Bergman
projection for scalar-valued functions on D is given by

1
Ip f(2) :=/ Kp(z, w) f(w) dra(w), Kp(z, w):i=—7,
D (1 —zw)
and for functions on 2 by
¥ Y ()

Mg f(u) 2=/;2 Ko(u,v)f(v)dia(v), Kq(u,v): (2.1)

A=Yy )2
(see Hedenmalm [7]). We define the Bergman projection for vector-valued functions
by the same formula. We first show that I, is a projection onto BY (2, X). In fact,

X' (Mg f(2)) =Ma(x o f) (2), 2.2)

for all x” € X’. The right-hand side is a holomorphic function, since Il is a projection
onto B4($2, C) in the scalar case. Hence, Ilg, f(-) is holomorphic since the left-hand
side is holomorphic for every x’ € X’. Moreover, if f is holomorphic, then x’ o f is
holomorphic and (2.2) equals (x" o f) (z). Hence, g f(z) = f(2).

We now show that the projection is bounded. In fact, we show that if we replace the
kernel of the projection by its absolute value, then the mapping remains bounded. We
shall need this stronger result in the proof of R-sectoriality of d/ds.

THEOREM 2.1. Let q € (4/3,4) and Q2 be simply connected. Then the Bergman
projection g and the mapping T1g, defined by

(g f) () 2=/Q |Ka(u, v)| f(v) dv,

are bounded operators on L1(Q2, X).

PROOF. It is sufficient to show boundedness of H’g‘z, that is, the estimate

/Q ITISUY'T - &) @I daz(u) < C/Q Iy @)lg@)|f drz(u),
W' - g € L2, X).

The substitution f(z) := g(¢(z)), where ¢ := ¥ ~!, yields equivalence of the previous
estimate and

_/D lo'@TEAY'| - £ o) 0 0(@)I41¢' ()77 dia()

< /D @190 @ dra2).
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We show that IT}, f (2) = |¢'(2)| - (Y] - f o ¥) 0 ¢(2), z € D, where

H’Bf::/;)

/@1 Y- f o ¥) 0 9(2)
o) [ [Leore
Q
1

(1 — Y (@) (v))?
= D —— / 2 . d :/
/Q (1 —z¥(v)2 [¥" ()| - f(¥(v) dv
So, it remains to prove

f(w) drz(w).

1
(1 — zw)?

In fact,

[ )] - f(¥ (@) dv

f(w) dw.

p | (1 = zw)?

/L)IIHEf(Z)IIqlw'(Z)Iz_q d)»z(z)f/D||f(Z)|I"|</>’(Z)|2_qd)uz(z)-

This means that IT}, is a bounded operator on the weighted space L?(D, X, w), with
weight w = |¢'(z)|>79.
We have the estimate

Iy f @I = ‘fD |Kp(z, w)| f(w) d)»z(w)H

5fD|KD<z, W)L F W)l dra(w) = T £ @1l

Hence, it is sufficient to show that IT}, is a bounded operator on LY(D, C, ), that
is, for scalar-valued functions z — || f(z)|l. It was proved by Bekollé and Bonami
in [3, Propositions 3 and 4] that IT}, is a bounded operator on the weighted space
LY(D, C, w) if w satisfies

1 1 -1
sup (— w d,\2> (— w /@D dkz) <C, (2.3)
@.pem \ISO, P)| Js@,p) 1S0, p)I Js@.p)

with M := [0, 2r) x (0, 1]. The set S(@, p) is defined by
SO, p):={z=ré*: 1—p<r<1, la—0|<2np).
In Hedenmalm [7] it is shown that w = |<p’|2*q satisfies (2.3) for4/3 < ¢q < 4. O

Let us show the following result.

THEOREM 2.2. The Bergman projection Tlq and the operator TIg, are bounded on
L9(Q2, X) for every 1 < g < 00, provided Q = ¥, 0 <0 <m/2.
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PROOF. Fix g € (1, +00) and a € [1, +00) such that z > z% maps 3y onto C,.. Then

1 —u?

V(u) = (2.4)

is the conformal mapping from Xy onto the unit disk D. Its inverse is

11—z 1/a
(@) = <1—|—z> '

According to the proof of the previous theorem, it is sufficient to show that (2.3) holds
for w = |¢’|>~4. First of all, we show that the integrals

/ wdly and / o V4= g3, (2.5)
D D

are finite. Since 5
|§0/(Z)| — le +Z|_1_1/a|1 _ Z|_1+1/a,

we have
cll — Zl(*1+(1/‘1)) 2—q) <w(z) <C|l— Z|(*1+(1/0)) (2*11)’

for z in a neighbourhood of 1, and
|l + Z|(—1—(1/a)) 2—q) <w(@) <Cl+ Z|(—1—(1/a)) (2—q)’

for z in a neighbourhood of —1, which are the only problematic points. Since the
exponents are larger than —2 the first integral in (2.5) is finite. The proof for the
second integral is analogous since

1\2— N2 —
(_1+_)_q>_2 and (—1——>—q>—2,
a)l—gq

fora € [1, 00), g € (1, 00).
Take ¢ > 0 small enough. For p > ¢ the integrals in (2.3) are estimated by the
integrals over D and |S(8, p)| > § for some § > 0. Hence,

1 1 91
(— w d,\2> (— w1/ d,\2> (2.6)
SO, p)| Jso,p) 1S, o) Js@,p)

is estimated by a constant independent of 6, p, provided p > ¢.

It remains to show that (2.6) is bounded for p < ¢. If ¢ is small enough, then S (6, p)
is far enough from at least one of the points 1, —1. The two cases are analogous, so
we may assume that dist(—1, S(@, p)) > S5e. Take ¢ > 0 such that

S0, p) C B, cp), VO €l0,2m), p<e,

where B(x, r) denotes the ball of radius r centred at x.
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Assume first that d := dist(1, B(e'?, ¢p)) > cp. Then
d+2cp
/ C|1—z|“dA2§/ Cll—z|adk2§26,0/ Cr* dt,
S@,p) B(ei? cp) d
if ¢ < 0. If @ > 0 we have to replace t“ by (c17)* in the last term. In both cases

1

1
—_— C|l —z|%dra < C—((d + cp)* ™! — a* T, 2.7
1S, o) Js@,p) o

since the area of S(6, p) is proportional to ,02. The right-hand side of (2.7) is estimated
by Cd“. Hence, (2.6) is less than
C1d® - (Cod“/'=)1~! = 3,

where the constants are independent of p and 6.
If d < cp then B(e'?, ¢p) C B(1, 3cp) and

1

1 3cp -
—_ C|1—z|“dA2§C—/ 2t - 1% dr < Cp°.
IS0, p)I Js@,p) p? Jo
Hence, (2.6) is estimated by
Cp*(Crp@1=)17! = ¢,

This last estimate completes the proof. O

3. R-sectoriality and maximal regularity

In this section we show R-sectoriality of the derivative on the Bergman space
BY(C4, X), where X is a UMD space. With this result we show maximal L?”-
regularity for (IDE). It follows immediately from the definitions below that if </ has
maximal LP-regularity, then so also does (IDE).

Let T € (0, oo]. We say that operator A (or (IDE)) has maximal L?-regularity for
T if forevery f € L?([0, T), X) there exists a unique solution u of

u)=Au(@)+ f@), 0<t<T,
u©)=0 (ACP)
(or (IDE)), such that i1, Au € L?([0, T), X) and
il p + 11 Aull, < Call f1Ip (3.1

holds with C4 independent of f.
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A set M C L(X) is said to be R-bounded if there exists a constant C such that

n

> rO)Tx

i=1

n

Z ri ()X

i=1

<C
L9((0,1),X)

(3.2)

L4((0,1),X)

holds foralln e N, Ty, ..., T, € M, x1, ..., x, € X and one/all g € (1, +00). The
functions r; are Rademacher functions or another system of functions from [0, 1] to
{—1, 1} satisfying

/1 ri(Ori)dt =0 Vi#j.
The smallest C satisfying (3.3) is called the R-bound of M. An operator
A:D(A)CcX—> X
is said to be R-sectorial if X9 C p(A) and the set
{AR(A, A) | A € Zp}

is R-bounded for some 6 > /2.

The following holds for each operator B on a Banach space X. If B has maximal
LP-regularity for one p € (1, co) and one T € (0, 0o), then it has maximal regularity
forall p € (1, oo) and all T € (0, 0o) (see Dore [5]). Moreover, if X is a UMD space
then B has maximal L”-regularity for T = oo if and only if it is R-sectorial. An
operator B has maximal L?-regularity for T < oo if and only if B 4+ w is R-sectorial
for some w € R (see Weis [10]).

From now on, assume X to be a UMD space. Then Bg = B1(Xy, X) is a UMD
space, since it is a closed subspace of a UMD space L7 (X, X). Hence, Z7 = X x Bg
is a UMD space as well.

We show R-sectoriality of d/ds in the case when 6 =m /2. The proof of the
following theorem is based on the idea of Weis.

THEOREM 3.1. The operator d/ds is R-sectorial on B4(Cy, X), 1 < g < +o0.

PROOE. Since f =TIIf for fe BY(C4, X), we have the following integral
representation for the translation semigroup 7'

1
(T@®)f) () =f(t+z)=/(c+ K +z, w)f(w)dw =L+ —(t +Z+w)2f(w)dw.
In fact, (2.1) and (2.4) yield
1
(u+7v)?
Since for all ¢ € X5, z, w € C4 the inequality |t + z + w| > %|z + w| holds (if § is
small enough), we obtain

K(u,v)=

1
(t+z+w)?

4
(z +w)?

=
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Since the integral operator with kernel k(z, w):=4|(z + w)|~% is bounded on
L1(C4, X) by Theorem 2.2, the set {T'(¢) : t € Zs} is R-bounded by Denk et al. [4,
Proposition 4.12]. Hence, the generator d/ds is R-sectorial by Weis [10]. O

We shall now show that operator </ defined by (1.1) is R-sectorial. To do this
we apply perturbation theory for R-sectorial operators. We start with a perturbation
lemma. It holds that A + C is R-sectorial if A is R-sectorial and ||Cx| < a|Ax| +
b||x|| with a sufficiently small. We show that if C is of a special form then we do
not need a to be small. A similar result for sectorial operators was proved by Nagel
(see [9)).

LEMMA 3.2. Let A:D(A)— X and B:D(B)—Y be R-sectorial. If
C € B(D(B), X), then

= (A C) . D(E):= D(A) x D(B),

is R-sectorial on X x Y.
PROOF. The resolvent of E is given by

_ (R(G., A) R(., AYCR(%, B)
R(X’E)_< 0 RO\, B) )

The set {AR(A, E) : A > 0} is R-bounded since {AR(A, A) : A > 0} and {AR(A, B) :
A > 0} are R-bounded by assumption and the third term is R-bounded since for the
R-bounds the inequality R(AR(A, A)CR(A, B)) < R(AR(X, A))-||C(B +¢&)7!| -
R((B + ¢)R(A, B)) < +00 holds. O

THEOREM 3.3. Let A be R-sectorial on X and d/ds be R-sectorial on Bg for some

q > 2. Let B satisfy one of the following conditions:

(i) B e Bi1(Zy, B(D(A), X)), ||IBC)x|| <allAx|| + bllx|| with a > 0 sufficiently
small;

(i) B e B1(Xy, B(Xy, X)), where X, = D(A%),0 <a < 1;

(iii) B, B’ € B1(Xy, B(D(A), X)).

Then o/ + w is R-sectorial for some w € R.

PROOF. According to the previous lemma,

A+w 8o
0 d/ds +w

is R-sectorial for some w € R. Boundedness of 8y : D(d/ds) — D(A) follows from
the continuous embedding of W4(Zg, X) in continuous functions for q > 2. We can
assume that w = 0.

R-sectoriality of <7 + w now follows from [8, Theorem 1, if (i) holds, respectively
Corollary 12, if (ii) holds]. If B satisfies (iii), we consider the Banach space

Z1:=(D(0), | - v ),

szfo—kw::(
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where || - ||z, denotes the graph norm. Since .27 is isomorphic to 2, it is also
a UMD space. The part of 7y in 2 is similar to /), and hence is R-sectorial.
Since the part of &7 in 27 is a bounded perturbation of the part of .2/p in 27, it is
R-sectorial as well (see Kunstmann and Weis [8] or Dore [5]). By similarity we obtain
the R-sectoriality of <7. O

In this case, we have maximal L?-regularity for the abstract Cauchy problem on the
product space 2 on [0, T') for every T < oo. By taking the right-hand side .7 := ({;)
we obtain maximal LP”-regularity for (IDE). If s(&) < oo, then we have maximal
LP-regularity for T = oo as well (see Dore [5]).
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