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Abstract. We build a Shannon orbit equivalence between the universal odometer and a
variety of rank-one systems. This is done in a unified manner using what we call flexible
classes of rank-one transformations. Our main result is that every flexible class contains
an element which is Shannon orbit equivalent to the universal odometer. Since a typical
example of flexible class is {7’} when T is an odometer, our work generalizes a recent result
by Kerr and Li, stating that every odometer is Shannon orbit equivalent to the universal
odometer. When the flexible class is a singleton, the rank-one transformation given by the
main result is explicit. This applies to odometers and Chacon’s map. We also prove that
strongly mixing systems, systems with a given eigenvalue, or irrational rotations whose
angle belongs to any fixed non-empty open subset of the real line form flexible classes. In
particular, strong mixing, rationality or irrationality of the eigenvalues are not preserved
under Shannon orbit equivalence.
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1. Introduction

At the level of ergodic probability measure-preserving bijections, quantitative orbit
equivalence aims at bridging the gap between the well studied but very complicated
relation of conjugacy and the trivial relation of orbit equivalence, which is equality of
orbits up to conjugacy.

To be more precise, given two ergodic probability measure-preserving bijections S and
T on a standard atomless probability space (X, A, u), if S and some system vty
conjugate to T have the same orbits, then S and T are said to be orbit equivalent and
the probability measure-preserving bijection W: X — X is called an orbit equivalence
between T and S. Dye’s theorem [Dye59] states that if S and T are ergodic, then they are
orbit equivalent.

To get an interesting theory, let us define the cocycles associated to W, these
are the integer-valued functions cs and cr defined by Sx = WlTes@ g (x) and
Tx = WSTOW1(x). Shannon orbit equivalence requires that there exists an orbit
equivalence whose cocycles are Shannon, meaning that the partitions associated to cg and
cr are both of finite entropy. For ¢-integrable orbit equivalence, we ask that both integrals
fX o(les(x)]) du(x) and fX ¢(ler (x)]) du(x) are finite. In the particular case of a linear
map ¢, @-integrable orbit equivalence exactly requires the integrability of the cocycles,
and is simply called integrable orbit equivalence.

Belinskaya’s theorem [Bel69] implies that integrable orbit equivalence is exactly
flip-conjugacy (S and T are flip-conjugate if S is conjugate to 7 or T~ '). In fact, it only
requires that one of the two cocycles is integrable. Carderi et al [CJLMT23] proved
that this result is optimal, meaning that ¢-integrable orbit equivalence never implies
flip-conjugacy for a sublinear map ¢. Moreover, g-integrable orbit equivalence implies
Shannon orbit equivalence when ¢ is asymptotically greater than log. An impressive result
of Kerr and Li [KL24] guarantees that these relations are not trivial: entropy is preserved
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FIGURE 1. Schematic view of the interplay between the relations on ergodic bijections we have seen so far.

under Shannon orbit equivalence (and this is the only invariant of which we know). As
a consequence, two transformations with different entropies can neither be Shannon orbit
equivalent nor ¢-integrably orbit equivalent for any ¢ greater than log.

Historically, the question of preservation of entropy in quantitative orbit equivalence
was asked in the more general setting of group actions. We do not give any definition in this
setting, as the paper is only about probability measure-preserving bijections S, which can
be seen as Z-actions via (n, x) € Z x X +— S"x. Austin [Aus16] showed that integrable
orbit equivalence between actions of infinite finitely generated amenable groups preserves
entropy. Kerr and Li [KL21, KL24] then generalized this result, replacing integrable orbit
equivalence by Shannon orbit equivalence, and going beyond the amenable case using
sofic entropy (see Figure 1).

1.1. The universal odometer and a theorem of Kerr and Li [KL24]. In [CJLMT23],
the statement about g-integrable orbit equivalence in the sublinear case is the following.
This gives a result on Shannon orbit equivalence since this is implied by g@-integrable orbit
equivalence for ¢ greater than log.

THEOREM. (Carderi et al [CJLMT23]) Let ¢: Ry — Ry be a sublinear function. Let
S be an ergodic probability measure-preserving transformation and assume that S" is
ergodic for some n > 2. Then, there is another ergodic probability measure-preserving
transformation T such that S and T are @-integrably orbit equivalent but not flip-conjugate.

COROLLARY. (Carderi et al [CJLMT23]) Let S be an ergodic probability measure-
preserving transformation and assume that S" is ergodic for some n > 2. Then, there is
another ergodic probability measure-preserving transformation T such that S and T are
Shannon orbit equivalent but not flip-conjugate.

The proof is constructive and the resulting transformation 7 is built so that 7" is not
ergodic. It is natural to wonder whether this statement holds for systems 7" without ergodic
non-trivial powers. A well-known example of such a system is the universal odometer.

Question 1.1. Which systems are Shannon orbit equivalent to the universal odometer?
A first answer is given by Kerr and Li.

THEOREM. (Kerr and Li [KL24]) Every odometer is Shannon orbit equivalent to the
universal odometer.
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FIGURE 2. In this example, (R,) denotes the nested sequence of Rokhlin towers defining an odometer. Dividing
R1 in two sub-towers and stacking them, this gives the next tower R;. From R, R3 is defined by dividing in
three sub-towers and stacking them.

Odometers are exactly probability measure-preserving bijections admitting a nested
sequence of partitions of the space, each of them being a Rokhlin tower, and increasing to
the o -algebra A, see Figure 2 (we refer the reader to the end of §3.1 for concrete examples
with adding machines). Kerr and Li use this combinatorial specificity of these bijections
to build an orbit equivalence between them.

1.2. Rank-one systems. The aim of the paper is to extend Kerr and Li’s result to rank-one
bijections. These are more general transformations admitting a nested sequence of Rokhlin
towers increasing to the o-algebra A, but the towers do not necessarily partition the space.
This means that from a tower to the next one, we need to add some parts of the space which
are not covered by the previous tower, called spacers, so that the measure of the subset
covered by the nth tower tends to 1 as n goes to +-00. As illustrated in Figure 3, to get the
next tower, the current one is subdivided in sub-towers which are stacked with optional
spacers between them. The number of sub-towers is called the cutting parameter and the
number of consecutive spacers between these sub-towers are the spacing parameters (see
Definition 3.2). For example, an odometer admits a cutting-and-stacking construction with
spacing parameters equal to zero at each step.

Rank-one systems all have entropy zero. They include systems with a discrete spectrum
[Jun76], also called compact systems. Such systems are not weakly mixing and are
completely classified up to conjugacy by their point spectrum [HVN42]. Examples include
odometers and irrational rotations.

The family of rank-one systems is much richer than its subclass of discrete spectrum
systems. Indeed, the latter are not weakly mixing, whereas there exist strongly mixing
systems of rank one and also rank-one systems which are weakly mixing but not strongly
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FIGURE 3. In this example, there are four spacers and the cutting parameter is three.

mixing (Chacon’s map was the first example of such a system and opened the study of
rank-one systems). Rank-one systems can have irrational eigenvalues (that is, of the form
exp (2im ) with irrational numbers 6), which is the case of irrational rotations, whereas
odometers only have rational eigenvalues. The reader may refer to the complete survey of
Ferenczi [Fer97] about rank-one systems and, more generally, systems of finite rank.

The combinatorial structure of a general rank-one system does not differ too much from
the structure of an odometer but the systems can have completely different properties; thus
this class may extend the result of Kerr and Li and provide interesting flexibility results
about Shannon orbit equivalence.

1.3. A first extension of Kerr and Li’s theorem. The construction of an orbit equivalence
between the universal odometer S and any rank-one system 7 is a natural generalization of
Kerr and Li’s method for the universal odometer and any odometer (see Remark 5.18). The
difficulty is to quantify the cocycles.

At the beginning of our work, we first proved that the Shannon orbit equivalence
established by Kerr and Li in [KL24] is actually a ¢-integrable orbit equivalence for any
¢: Ry — Ry with (1) = o(t'/3). We then generalized this to rank-one systems called
BSP, for ‘bounded-spacing-parameter’, see Definition 3.5. This notion of BSP systems
was already introduced by Gao and Ziegler in [GZ19], using the symbolic definition of
rank-one systems (in this paper, we will only consider the cutting-and-stacking definition of
rank-one systems, which is often more appropriate for constructions in a measure-theoretic
setting).

THEOREM A. Every BSP rank-one system is p-integrably orbit equivalent to the universal
odometer for any ¢: Ry — Ry satisfying o(t) = o(t'/3).
t——+00

Therefore, ¢-integrable orbit equivalence, for a ¢ as in the above theorem, and Shannon
orbit equivalence do not preserve weak mixing since Chacon’s map is a BSP rank-one
system.

Now the goal is to get a result for systems of rank one outside the class of BSP systems.
For this purpose, we find a more general framework with the notion of flexible classes,
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and a general statement (Theorem B) implying Theorem A and other flexibility results
(Theorems C, E and F). Theorem D is a refinement of Theorem C.

1.4. A modified strategy. We first have to understand why the quantification of the
cocycles is more difficult to determine for general rank-one systems than for odometers (or
even for BSP systems in Theorem A). In [KL24], the quantification of the cocycles relies
on a series whose terms vanish to zero as the cutting parameters get increasingly larger.
The key is then to get quickly increasing cutting parameters for the series to converge.
To do so, it suffices to skip steps in the cutting-and-stacking process, that is, from the
nth Rokhlin tower, we can directly build the (n + k)th Rokhlin for £ so big that the new
cutting parameter is large enough. In other words, we can recursively choose the cutting
parameters so that they increase quickly enough.

When the rank-one system is not an odometer, we need an asymptotic control on the
spacing parameters (recall that they are zero for an odometer) for the cocycles to be
well quantified. When skipping steps in the cutting-and-stacking method, the spacing
parameters may increase too quickly, preventing us from quantifying the cocycles. As we
will see in Lemma 3.6, we do not have this problem with BSP rank-one systems.

When the rank-one system is not BSP, skipping steps in the cutting-and-stacking
construction is not relevant as it may improperly change the spacing parameters. In §5.3
(see Lemma 5.9), we will notice that the construction of Kerr and Li enables us to build
the universal odometer S while we are building the rank-one system 7, focusing only on the
combinatorics behind the systems, whereas for Kerr and Li, T and its cutting-and-stacking
settings are fixed and S is built from these data. This new strategy will enable us to have a
result for systems of rank one outside the class of BSP systems, with the notion of flexible
class.

1.5. Flexible classes. A flexible class (see Definition 3.7) is basically a class of rank-one
systems satisfying a common property (e.g. the set of strongly mixing rank-one systems),
with the following two requirements. We first ask for a sufficient condition, given by
a set F¢, on the first n cutting and spacing parameters (for all integers n > 0) for the
underlying rank-one system to be in this class. Second, given a sequence of n cutting and
spacing parameters in F¢ (they will be the first n parameters of a cutting-and-stacking
construction), we require that it can be completed in a sequence of n + 1 parameters in F¢,
with infinitely many choices for the (n 4 1)th cutting parameters, and with the appropriate
asymptotic control on the (n + 1)th spacing parameters.

The idea is to inductively choose the parameters so that the cutting parameters increase
quickly enough, with the appropriate asymptotics on the spacing parameters, and the
underlying rank-one system has the desired property, namely the system is in the flexible
class that we consider.

The general statement on flexible classes is the following.

THEOREM B. (See Theorem 3.9) Let ¢: Ry — Ry be a map satisfying ¢(t) R
o(t'/3). IfC is a flexible class, then there exists T in C which is g-integrably orbit equivalent
to the universal odometer.
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A very interesting phenomenon is when a rank-one system 7 is flexible, meaning that
{T} is a flexible class. This first means that given the parameters of a cutting-and-stacking
construction of 7, it is possible to change the (n 4 1)th parameters so that they have the
desired asymptotic control, and to inductively do so for every n so that the underlying
rank-one system is again 7. We do not know if every rank-one system is flexible. Second,
Theorem B is an existence result and when a flexible class is a singleton {T'}, this statement
provides a concrete example of a rank-one system which is ¢-integrably orbit equivalent to
the universal odometer.

The following proposition gives examples of flexible classes.

PROPOSITION 1.2. (See Proposition 3.8) (1)  Every BSP rank-one system is flexible.

(2) For every non-empty open subset ) of R, the set {Rg | 6 € VN (R \ Q)} is a flexible
class.

(3)  For every irrational number 0, the class of rank-one systems which have e*™ as an
eigenvalue is flexible.

(4)  The class of strongly mixing rank-one systems is flexible.

Proving that a BSP system is flexible is not difficult and we rely on the fact that bounded
spacing parameters already have the desired asymptotics even though we skip steps in
the cutting-and-stacking process for the cutting parameters to increase quickly enough
(see §4.1). We use a construction by Drillick et al [DEJ*23] to prove Proposition 1.2 for
irrational rotations (see §4.2). We also consider a construction by Danilenko and Vieprik
[DV23] for the rank-one systems with a given eigenvalue (see §4.3). Finally, Ornstein
[Orn72] gives the first example of strongly mixing rank-one systems and the fact that
these systems form a flexible class follows from his construction (see §4.4).

Combined with Proposition 1.2, Theorem B provides four flexibility results. The first
one is Theorem A stated above, which is a generalization of Kerr and Li’s theorem.
The second one is another result with almost explicit examples of systems which are
@-integrably orbit equivalent to the universal odometer.

THEOREM C. Let ¢: Ry — Ry be a map satisfying ¢(t) e o(t'3). The set of
irrational numbers 60 whose associated irrational rotation is @-integrably orbit equivalent
to the universal odometer is dense in R.

The point spectrum of Ry is exactly the circle subgroup generated by exp (2i76) and the
eigenvalues of the universal odometer are rational, so Theorem C implies that there exist
two Shannon orbit equivalent systems (more specifically, g-integrably orbit equivalent

with ¢ (7) = o(t1/3)), with non-trivial point spectra and such that 1 is the only common
—> 100

eigenvalue.
The way we prove Theorem B will enable us to get the following refinement, its proof
is written at the end of the paper.

THEOREM D. For every map ¢: Ry — Ry satisfying ¢(t) = o(t'/3), and for every
o

-+
non-empty open subset V of R, the set of irrational numbers 6 € V whose associated irra-

tional rotation is @-integrably orbit equivalent to the universal odometer is uncountable.
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Question 1.3. Let us consider the set of irrational numbers & whose associated irrational
rotation is g-integrably orbit equivalent to the universal odometer. Is this set conull, with
respect to the Lebesgue measure, equal to the set of irrational numbers?

Finally, we get the following corollaries, providing implicit examples.

THEOREM E. For every map ¢: Ry — R satisfying ¢(t) = o(t'3) and for every
o0

-+

irrational number 0, there exists a rank-one system which has g2int

which is @-integrably orbit equivalent to the universal odometer.

as an eigenvalue and

THEOREM F. For every map ¢: Ry — Ry satisfying ¢(t) L= o(t'73), there exists a
o

>+
strongly mixing rank-one system which is ¢-integrably orbit equivalent to the universal

odometer.

As exp (2im0) is an eigenvalue of the irrational rotation of angle 6, and as we do not
know if Theorem C holds for every irrational number 6, Theorem E then completes this
statement with a weaker result for the remaining 6.

Theorem F implies that g-integrable orbit equivalence, with ¢(z) = o(t'73), and
—> 100

Shannon orbit equivalence do not preserve strong mixing. This is also a consequence of the
result from [CJLMT23]. Indeed, if S is strongly mixing, then all its non-trivial powers are
ergodic and the statements give some 7 with a non-trivial power which is not ergodic, so T
is not strongly mixing. Here, Theorem F gives an example starting from a very non-strongly
mixing system S (the universal odometer). Finally, note that strongly mixing systems are
not BSP. This is a consequence of [GZ19, Theorem 1.3]: BSP rank-one systems are not
topologically mixing, therefore they are not measure-theoretically strongly mixing.

1.6. Further comments. As they both preserve entropy, we may wonder whether there
is a connection between Shannon orbit equivalence (or, more generally, g-integrable
orbit equivalence for ¢ greater than log) and even Kakutani equivalence. Two ergodic
probability measure-preserving bijections S and 7, respectively acting on (X, ) and
(Y, v), are evenly Kakutani equivalent if there exist measurable subsets A € X and B C Y
with equal measure, that is, £(A) = v(B), such that the induced maps S4 and Ty are
conjugate. Even Kakutani equivalence is an equivalence relation, contrarily to Shannon
orbit equivalence and g-integrable orbit equivalence a priori (except for linear maps ¢,
by Belinskaya’s theorem). The theory of Ornstein, Rudolph and Weiss [ORWS82] gives
a complete classification up to even Kakutani equivalence among loosely Bernoulli (LB)
systems and entropy is a complete invariant. Moreover, the class of LB systems is closed by
even Kakutani equivalence, meaning that if S is LB and equivalent to 7, then T is also LB.

Rank-one systems are zero-entropy and LB, and by Theorems A, C, E and F, some of
them are Shannon orbit equivalent to the universal odometer.

Question 1.4. Does even Kakutani equivalence imply Shannon orbit equivalence or
@-integrable orbit equivalence for some ¢?
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In a forthcoming paper, we will provide a new construction of orbit equivalence
to prove that the converse is false: for every ¢ > 0O, there exists a non-LB system
which is (x — x(/Y~#).integrably orbit equivalent to the dyadic odometer. So
(x > x1/2=¢)_integrable orbit equivalence and Shannon orbit equivalence do not imply
even Kakutani equivalence.

1.7. Outline of the paper.  After a few preliminaries in §2, rank-one systems are defined
in §3 using the cutting-and-stacking method. We also define the central notion of flexible
classes of rank-one transformations. In §4, we prove Proposition 1.2 (Proposition 3.8 in §3),
that is, we show that the classes mentioned in Theorem B (Theorem 3.9 in §3) are flexible.
It remains to show that every flexible class admits an element which is ¢-integrably
orbit equivalent to the universal odometer (Theorem 3.9). In §5, we will describe the
construction of Kerr and Li, generalized to rank-one systems, and establish that this is an
orbit equivalence with some important properties preparing for the proof of Theorem 3.9.
Theorems A, C, E and F directly follow from Proposition 3.8 and Theorem 3.9. We prove
Theorem D at the end of the paper.

2. Preliminaries

2.1. Basics of ergodic theory. The probability space (X, .A, p) is assumed to be
standard and atomless. Such a space is isomorphic to ([0, 1], B([0, 1]), Leb), that is, there
exists a bimeasurable bijection ¥: X — [0, 1] (defined almost everywhere) such that
W, u = Leb, where W, 1 is defined by W, (A) = w(¥~1(A)) for every measurable set A.
We consider maps 7': X — X acting on this space and which are bijective, bimeasurable
and probability measure-preserving (p.m.p.), meaning that (T ~'(A)) = u(A) for all
measurable sets A C X, and the set of these transformations is denoted by Aut(X, A, u),
or simply Aut(X, u), two such maps being identified if they coincide on a measurable
set of full measure. In this paper, elements of Aut(X, u) are called transformations or
(dynamical) systems.

A measurable set A C X is T-invariant if u(T~1(A)AA) = 0, where A denotes the
symmetric difference. A transformation 7" € Aut(X, ) is said to be ergodic if every
T-invariant set is of measure O or 1. If 7' is ergodic, then T is aperiodic, that is, T" (x) # x
for almost every x € X and for every n € Z \ {0}, or equivalently the T-orbit of x, denoted
by Orbr(x) := {T"(x) | n € Z}, is infinite for almost every x € X.

Here, T is weakly mixing if

1 n
=) IANT™(B) — p(AuB)| = 0
k=0

for every measurable sets A, B. Additionally, T is strongly mixing if
Iw(ANT(B)) — n(Au(B)| — 0
n—+0o00

for every measurable set A, B. It is not difficult to prove that strong mixing implies weak
mixing and that the latter implies ergodicity.
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The notions of weak mixing and ergodicity can be translated in terms of eigenvalues.
Denoting by L*(X, A, u) the space of complex-valued and square-integrable functions
defined on X, a complex number A is an eigenvalue of T if there exists f € L2 (X, A, w)\
{0} such that f oT = Af almost everywhere (f is then called an eigenfunction). An
eigenvalue X is automatically an element of the unit circle T := {z € C | |z| = 1}. The
point spectrum of T is then the set of all its eigenvalues. Notice that A = 1 is always an
eigenvalue since the constant functions are in its eigenspace. Finally, T is ergodic if and
only if the constant functions are the only eigenfunctions with eigenvalue one, in other
words, the eigenspace of A = 1 is the line of constant functions (we say that it is a simple
eigenvalue). If T is ergodic, it is weakly mixing if and only if the only eigenvalue of T is 1.
For a complete survey on spectral theory for dynamical systems, the reader may refer to
[VO16].

All the properties that we have introduced are preserved under conjugacy. Two trans-
formations S € Aut(X, u) and T € Aut(Y, v) are conjugate if there exists a bimeasurable
bijection W: X — Y such that V,u =v and W o S =T o W almost everywhere. Some
classes of transformations have been classified up to conjugacy, the two examples to
keep in mind are the following. By Ornstein [Orn70], entropy is a total invariant of
conjugacy among Bernoulli shifts, and Ornstein and Weiss [OW87] generalized this result
for Bernoulli shifts of amenable groups. For more details about entropy, see [Dow11] for
non-necessarily invertible transformations 7: X — X, and [KL17] more generally for
actions of amenable groups. Finally, Halmos and von Neumann [HVN42] showed that two
systems with discrete spectra are conjugate if and only if they have equal point spectra (a
system has a discrete spectrum if the span of all its eigenfunctions is dense in L2(X, A, w)).

2.2. Quantitative orbit equivalence. The conjugacy problem in full generality is very
complicated (see [FRW11]). We now give the formal definition of orbit equivalence, which
is a weakening of the conjugacy problem.

Definition 2.1. Two aperiodic transformations S € Aut(X, n) and T € Aut(Y, v) are orbit
equivalent if there exist a bimeasurable bijection W: X — Y satisfying W, = v, such
that Orbg(x) = Orby—i17g (x) for almost every x € X. The map W is called an orbit
equivalence between S and T.

We can then define the cocycles associated to this orbit equivalence. These are
measurable functions cs: X — Z and cr: Y — Z defined almost everywhere by

Sx =W TSy (x) and Ty=wsTOw(y)
(cs(x) and c7 (y) are uniquely defined by aperiodicity).

Given a function ¢: Ry — R4, a measurable function f: X — Z is said to be
p-integrable if

[X e(If(O)]) di < +o0.

For example, integrability is exactly g-integrability when ¢ is non-zero and linear. Then,
a weaker quantification on cocycles is the notion of g-integrability for a sublinear map
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¢, meaning that lim,_, 4 o, @(¢)/t = 0. Two transformations in Aut(X, p) are said to be
@-integrably orbit equivalent if there exists an orbit equivalence between them whose
associated cocycles are @-integrable. Another form of quantitative orbit equivalence is
Shannon orbit equivalence. We say that a measurable function f: X — Z is Shannon if
the associated partition {f~!(n) | n € Z} of X has finite entropy. Two transformations in
Aut(X, ) are Shannon orbit equivalent if there exists an orbit equivalence between them
whose associated cocycles are Shannon.

3. Rank-one systems

3.1. The cutting-and-stacking method. Before the definition of a rank-one system
(Definition 3.2), and for the definition of flexible classes (Definition 3.7), we need to define
sequences of integers which will provide the combinatorial data of a rank-one system,
namely the cutting and spacing parameters.

Definition 3.1. By a cutting and spacing parameter, we mean a tuple of the form

(q7 (U.,O’ A | O‘A,q))

with an integer g > 2 (the cutting parameter) and non-negative integers o o, . . . , 0 4 (the
spacing parameters), and we denote by P the set of all cutting and spacing parameters. We
also define the set of finite sequences of cutting and spacing parameters:

=P

neN

Given a sequence of cutting and spacing parameters p = (qk, (0k,0, - - - » Ok,g;))k=0 € PN
and an integer n > 0, the tuple (g, (040, - . . , Ong,)) in P is the nth cutting and spacing
parameter of p, and the tuple (gk, (0k,0, . - - » Ok,g;))0<k<n 18 the projection of p on prtl
(it gives the first n 4+ 1 cutting and spacing parameters). From p, we also define three
sequences:

o (hy)u>0 the height sequence of p, inductively defined by

ho=1,
hn+1 = thn + On,

where h,, is called the height of the nth tower;
o  (04)n>0, With oy, == Z?io on,; (the number of new spacers at step n);
o (Zyn>0,withZ, '=max {0;; |0<j <n,0<i <gq;},
and it is also possible to consider the finite sequences (hx)o<k<n+1, (Ok)o<k<n and
(Z1)o<k<n associated to a finite sequence of cutting and spacing parameters in P+,

The terminology ‘cutting’, ‘spacing’, ‘tower’, ‘height’, etc., is justified by Definition 3.2
and Figure 4. There are many definitions of rank-one systems (see [Fer97] for a complete
survey and various facts in this section). In this paper, the goal is to use the combinatorial
structure given by the cutting-and-stacking method (see Figure 4).
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( Y12
: En,.,l.l\g P :

 ——
T/' T4(Bn) 1 T4(Bn.o) 1 T4(By,1) ’ T4(By,2)
T> TS(Bn) ; T%(Bn.0) ; T%(Bn,1) ; T9(Bn,2)
N \ o | Ny | g
Rn 1./' T (Bn) 1 T?(Bn,0) 1 T2(Bn,1) 1 T?(Bn,2) Rn+1
T/' T(B’L) ; T(Bn,0) : T(Bn,1) ; T(Bn,2)
~ Bn ; Bno \>\ B u Bn2
\ 2n0.1
i =DBny

FIGURE 4. An example of cutting-and-stacking construction with 4, =5, g, =3, 0,0 =1,0,1 =2, 0,2 =0,
op3 = 1. We then have i, = 19.

Definition 3.2. A transformation 7 € Aut(X, w) is of rank one if there exist:
(1) asequence of cutting and spacing parameters p = (gn, (0,0, - - - » On,g,))n=0 € PN
satisfying

+00

Y T <o, (F)

h
=0 n+1

where (%) and (o,) are the sequences associated to p, as described in Definition 3.1;
(2) measurable subsets of X, denoted by B, (for every n > 0), B,; (for every n > 0

and 0 <i <g,—1)and X,; ; (forevery n >0,0<i <g, and 1 < j < oy,;; if

on,i = 0, then there are no X,,; ;) such that for all n > 0:

(@ By,...,T" (B, are pairwise disjoint;

(b)  (Buo, Buis- - . Bug,—1) is a partition of By;

(€ T"(Bui) = {

z:n,iJrl,] if On,i > 0,
By it ifo,; =0andi < g, — 1;
Ynii if j <o,
d) ifon; > 0, then T(S,; ;) = § -+ B =0on
By, if j=0,;andi <g, —1;
2n0.1 if on0 > 0,

€ Buy1= {

Bn,l if Oop0 = 0,

and if the Rokhlin towers R, := (TX (Bn))o<k<h,—1 are increasing to the o-algebra A
meaning that the o-algebra generated by {Tk(B,,) IneN, 0<k<h,—1}is Aupto
null sets (since A is standard, this also means that {Tk(Bn) lneN, 0<k<h,—1}
separates the points). Note that R is the tower with only one level By. The sets %, ; ; are
called the spacers. In this paper, we will usually write:

e X,:=B,u---uT""1(B,) as the subset covered by the nth tower R,;;

o &, = u((X,)°), where (X,)¢ denotes the complement of the subset X, of X.
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Since X, is increasing and R, increases to the atomless o-algebra A, we have
n(X,;) — 1.In other words ¢, tends to 0.
n

—+00
Before giving examples, the following lemmas give some easy properties on these

systems to understand their combinatorial structure and the hypotheses required in the
definition.

LEMMA 3.3. Let (h,) and (0y,) be the sequences associated to (qn, (Gu0, - - - » Ong,)n €
PN (see Definition 3.1). The following assertions are equivalent:

(1)  the series Y (0y/hnt1) converges (condition (F) in Definition 3.2);

(2) the series > (04/q0 - - - qn) converges;

(3) there exists a constant My < 1 such that hj 4+ n_>~+oo (qo - - - gn/Mop),

and if one of these equivalent assertions is true, then ano (0n/q0 - - - qn) = (1/Mp) — 1.

Proof of Lemma 3.3. If the series Y (0n/qo - ..qn) converges, so does the series
> (on/hnt1) since hyi; is greater or equal to qo . .. g,. Now assume that the series
> (on/hn+1) converges. Notice that we have

On hnt1 — gnhy hy

= =1—g¢q
hu Bt "t

and since the series is convergent, the product [ | ¢, (h,,/h,+1) converges to some My > 0,
that is, qo . . . gn/hnt1 — Mp. The constant My is less than or equal to 1 since we have
hn+1 = qnhy for every n > 0. Finally, let us assume qq . . . gn/hn+1 — Mp. Notice that
we have

On . hnt1 — qnhy _ hnt1 _ hy

q0 - - - qn q0 - - - qn qo---qn G0 - Gn-1’
so by telescoping consecutive terms, we get ano (0n/q0 - - - gn) = limy_ 5o (hpt1/
q0 - --qn) —ho=(1/Mp) — 1 and we are done for the equivalence between the three
assumptions. O

LEMMA 3.4. Let T: X — X be a bimeasurable bijection. Assume that T preserves a

non-zero measure |4 and it admits a sequence of Rokhlin towers as in Definition 3.2. The

following hold:

(1)  the levels T*(B,) of the nth Rokhlin tower R, have p-measure w(Bo)/qo - - - gn—1;

(2)  w is finite if and only if condition (F) is satisfied. Furthermore, if | is a probability
measure (this implies that T is a rank-one system), then ((By) = Mgy and hp4+1 <
(qo - . - gn/My), where My is given by Lemma 3.3.

Proof of Lemma 3.4. For a fixed n, the levels of R, have the same measure by
T-invariance of the measure . Moreover, the first level B, is a disjoint union of g, levels
Bno, ..., Byg,—1 of Ry11. Then, it is clear by induction that a level of R, has measure
w(Bo)/qo . . . gn—1. Since the sequence (X,),>0 is increasing to X, and X, is obtained
from X, by adding o,, spacers, which are levels of R,,11, we get
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By)on
10 = 1(X0) + 3 1 (Knst\X) = (B + 3 LB, (1)

1=0 no0 20 -+ - dn

so u(Byp) is non-zero, and p(X) is finite if and only if the sum >, . (64/90 - - - qn)
is finite. Finally, let us assume that p is a probability measure. This implies
ano (0n/q0 - - - gn) = (1/Mp) — 1 and, using equation (1), we get wu(Bg) = Mp.
The measurable set X, is the disjoint union of &, levels of R,, so the inequality
hy, <(qo - .. gn—1/M)) follows from the fact that u is a probability measure. O]

It is possible to build a finite measure-preserving transformation 7 of rank one with a
given combinatorial setting (g, (04,0, - - - » On,g,))n=0 € PN satisfying the hypothesis (F).
For instance, it suffices to build (X,) as an increasing sequence of intervals of R, with
B,; and X, ; ; being subintervals of equal length and disjoint (for a fixed n), each on
which 7 is defined as an affine map, and with By = [0, My]. The convergence of the series
> (0 /hn+1) and Lemma 3.3 ensure that X := [ J X,, is equal to [0, 1] (up to a null set),
so the Lebesgue measure on [0, 1] is a probability measure preserved by 7. Notice that if
the series is divergent, we can set By = [0, 1] and this defines T on the set of positive real
numbers endowed with the Lebesgue measure, so this is an infinite measure-preserving
transformation.

Therefore, for every (gn, (07,05 - - » Ong,))n=0 € PN satisfying condition (F), there
exists a rank-one system having a cutting-and-stacking construction with these cutting and
spacing parameters, this fact will be used in this paper since it enables us to only take into
account the combinatorics behind the systems.

The hypothesis on the Rokhlin towers R,, aims not only to have &, — 0 but also to
define two isomorphic systems when they admit cutting-and-stacking constructions with
the same cutting and spacing parameters. Moreover, if 7 admits such a construction with
Rokhlin towers increasing to a sub-c-algebra B of A, then 7, seen as an element of
Aut(X, A, 1), is not necessarily a rank-one system but admits a rank-one system (7 on
the sub-o -algebra B) as a factor.

Two different families of cutting and spacing parameters do not necessarily define
non-isomorphic systems. Indeed, in a construction of a rank-one system with parameters
qn and o, ;, one can decide to only consider a subsequence R,, of Rokhlin towers. For
example, the new cutting parameters will be gy, g +1 - - - gny—1 for k > 0.

The rank-one systems form a class of ergodic and zero entropy systems. The easiest
examples of rank-one systems are the irrational rotations

2im

Ry:zeTrH e zeT

for every irrational number 6, where T is the unit circle endowed with its Haar measure.
These systems are not weakly mixing. Moreover, they have discrete spectrum and the point
spectrum of Ry is {ei"O | n € Z}, so by the Halmos—von Neumann theorem [HVN42], Ry
and Ry are isomorphic if and only if § = 6’ mod Z or 6§ = —6’ mod Z.

The odometers are rank one. These are exactly the rank-one systems without spacers
(that is, o0,; = 0), so the Rokhlin towers are partitions of the space. Such a sys-
tem is isomorphic to the adding machine S in the space [[,.,{0,1,...,g, — 1},
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Rank-one systems, flexible classes and Shannon orbit equivalence 15

namely the addition by (1,0, 0,0, ...) with carry over to the right, defined for every
xennzo{()’ 1,,qn—1}by

_ ©,...,0,x; +1,xi41,...) ifi:=min{j > 0] x; # g; — 1} is finite,
(090’0’---) ifx:(C]O_I,CIl_lle_lw--),

and it preserves the product of uniform probability measures on each finite set
{0, 1, ..., g, — 1}. Denote the cylinders of length k by

[x0, . . Xp—1lk = {yeH{O,l,--.,qn—l}|y0=XO,--.,yk—1=Xk—1}~

n>0
If S is the odometer on the space [[,0 {0, 1, ..., gy — 1}, we can also set a partially
defined map
G X\lgo—1,....qp—1 — 1ln > X\ [0, ..., 0],
which is the addition by

©,...,0,1,0,0,...)
———

n—1 times

(so S and ¢ coincide on X \ [go — 1]1). Then, we have

Bn :[0,.”70],“
—
n times
Bl’l,i = [0’ e e ey O’ l]n+]
— —
n times
and B,; = ,i Jrl(Bn,o) for every 0 < i < g, — 1, so it provides a scale in B,,. Note that it

is possible to recover the odometer S from these partially defined maps ¢, (see Figure 5).
In §5.1, the strategy will be to build S from partially defined maps &,.

In the class of odometers, the number of occurrences of every prime factors in the
set {g, | n > 0} form a total invariant of conjugacy. As for irrational rotations, it is
a consequence of the Halmos—von Neumann theorem since odometers have a discrete
spectrum and their eigenvalues are given by these occurrences. In particular, odometers
have eigenvalues non-equal to 1 and are not weakly mixing; moreover, odometers and
irrational rotations are not isomorphic. Notice that the Halmos—von Neumann theorem
implies that the conjugacy classes among systems with a discrete spectrum coincide with
the flip-conjugacy classes since the point spectrum of a system is a subgroup of T. If every
prime number has infinite multiplicity in the set {g, | n > 0}, then the odometer is said to
be universal. An odometer is dyadic if 2 is the only prime factor.

Chacon’s map is the first example of weakly mixing system which is not strongly
mixing [Cha69] and was the starting point for the notion of rank-one systems. It is
a rank-one transformation defined with cutting and spacing parameters g, = 3, 0,0 =
On,1 =0p3 = 0, On2 = 1.
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Rl RZ
")/ [2] ")/ [27 O] E /)/ [2/ 1]
\ \ RN
‘// [1] ‘// [1/ O} “ : ~ [1/ 1}
) 0 S 00 e 1
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7 [2,1] J2, o]\: 2.1, 1]\.5 212
; [1, 1] él 1,0 E gl 11 b %1,1,2]
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U‘\@/‘

FIGURE 5. Example of odometer with go = 3, g1 =2, g2 = 3.

3.2. Flexible classes. Now we introduce classes of rank-one systems to which the main
result of this paper applies. First, let us consider cutting-and-stacking constructions whose
spacing parameters have controlled asymptotics. Recall that PN is the set of sequences
of cutting and spacing parameters. As introduced in Definition 3.1, (h,), (0,,) and (Z,)
denote the sequences associated to a sequence in P ,, is the height of the nth tower, o,
the number of new spacers at step n and Z,, is the maximum number of spacers between
two consecutive towers, over the first n steps.

Definition 3.5. A construction by cutting and stacking with cutting and spacing parameters
@n> (000, -+ - s Ong,)In=0 € PN is said to be CSP (controlled-spacing-parameter) if
there exists a constant C > 0 such that Z, < Ch, for all n. It is furthermore BSP
(bounded-spacing-parameter) if Z,, < C and 0,0 = 0y, 4, = 0 for all n. A rank-one system
T is BSP if it admits a BSP cutting-and-stacking construction.

Odometers and Chacon’s map are examples of BSP rank-one systems. Moreover, BSP
implies CSP. The interest in the BSP property is its stability after skipping steps in the
cutting-and-stacking process, as stated in the following lemma.

LEMMA 3.6. Given a BSP cutting-and-stacking construction, any subsequence of its
Rokhlin towers still provides a BSP construction with the same constant C.

Proof of Lemma 3.6. Let g, and o0,; be the cutting and spacing parameters of the BSP
construction, C the bound for the spacing parameters o, ;, R, the associated towers and
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U”’l - 1 U:r,,l =1 ;.,3
E A On2 =0 E A
! !
T = T
: A b
A A\ A
i | N |

(TrL,O - O On4+1,0 = 0

0;,0 =0

FIGURE 6. Illustration of the proof of Lemma 3.6, spacing parameters from R, to R,> with g, = gn+1 =2
(the coloured levels are the base and the roof of the towers).

R, a subsequence. Let k be an integer and assume ng4+1 = ny + 2. Denote by g, . and
a,;k’l. the new cutting and spacing parameters from R, to Ry, . It is easy to show that
Tnp = GnGni+1s 01;1{,0 = U’;k,q,’,k =0 and for every 1 < j < gp,+1, a,;k’(j_l)an“ is equal
tooy,,iif 1 <i < gn, — land oy, 11,;if i = gy, (see Figure 6). Thus, the non-zero spacing
parameters from R, to R, are of the form oy, ; or oy,+1,; and they are all bounded

above by C. For njy1 bigger than ny + 2, the result is now clear by induction. [

If the parameters o0, 4, are non-zero, then skipping steps in the cutting-and-stacking
process will cause an accumulation of spacers above the last columns and the new spacing
parameters will not be bounded if the subsequence is properly chosen so that the jumps
ni+1 — ni increase quickly enough. We have the same problem for o, ¢ (accumulation of
spacers at the bottom of the first columns), and hence the conditions ¢;,0 = 05,4, = 0 in
the definition of BSP.

Lemma 3.6 has no reason to hold for CSP construction that are not BSP. Indeed, the

spacing parameters from R, to R have to be compared with #,,, the height of

Nk+1
Ru,. The comparison is easily obtained for the spacing parameters o, ;, 0 < i < gqy,,
but for the other spacing parameters, we only know that they are bounded above by
Chppy1, Chypyo, o ooy Chyyy 1.

In the following, we will see other important CSP examples by considering classes
containing ‘nice’ cutting-and-stacking constructions, meaning that we will be able to
properly choose the parameters to have the desired quantification of the cocycles for the
orbit equivalence built in §5.1. By definition, every flexible class C will be associated to
some subset F¢ of P*, which can be considered as sufficient conditions that the cutting
and spacing parameters have to satisfy at each step for the underlying transformation to
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belong to C. Recall that P* denotes the set of all finite sequences of cutting and stacking
parameters.

Definition 3.7. A class C of rank-one systems is said to be flexible if there exists a subset

Fe of P* satisfying the following properties:

(1) there exists a constant C > 0 such that for all (g, (0,0, .., 0ug,))n=0 € PN
satisfying condition (F) in Definition 3.2, if JF contains every projection
(ks (Ok,05 - - -5 Ok ))0<k<n € Pt for n > 0, then these parameters define a CSP
construction (with the constant C) and the underlying rank-one transformation
isin C;

(2) there exists a cutting and spacing parameter (qo, (00,0 - - - , 00,49)) in F¢ withgg > 3;

(3) thereisaconstant C' > 0 such that forall n > 1, if (gx, (0k0, - - ., Ok,g.))0<k<n—1 18
in F¢, then there are infinitely many integers g, such that (gx, (0%0, . . . , Ok.g))0<k<n
is in F¢ for some 0y, 0, . . . , 0,4, satisfying the inequality

Op = C/thn—l’

where (hx)o<k<n+1 and (ox)o<k<n denote the finite sequences associated to the finite
sequence (gk, (0%,0, - - - » Ok, ))0<k<n Of cutting and stacking parameters.
A rank-one system 7 is flexible if {T'} is a flexible class.

The third point of the definition aims to recursively choose the cutting parameters (and
we want them to increase quickly enough) with an asymptotic control on (o,),, while
the first point guarantees that it is possible to do so for the underlying system to be
in the class C. The second point is minor, but it is required for the initialization of the
recursive construction of an odometer orbit equivalent to an element of our flexible class
(see Lemma 5.10 and Remark 5.11). It also ensures that ¢ is not an empty set.

Notice that if a construction satisfies Z, < Ch,_ for all n, then it is in particular CSP
and we get 0, < C(g, + Dhy_1 < 2Cquh,_1 as in the third point of Definition 3.7.

We now give examples of flexible classes. The proof is given in §4.

PROPOSITION 3.8.

(1)  Every BSP rank-one system is flexible.

(2) For every non-empty open subset ) of R, the set {Rg | 6 € VN (R \ Q)} is a flexible
class.

(3)  For every irrational number 0, the class of rank-one systems which have e*™° as an
eigenvalue is flexible.

(4) The class of strongly mixing rank-one systems is flexible.

Theorems A, C, E and F follow from Proposition 3.8 and the following theorem which
is the main result.

THEOREM 3.9. Let¢: Ry — Ry be a map satisfying ¢(t) = o(t'73). If C is a flexible
—+00
class, then there exists T in C which is @-integrably orbit equivalent to the universal

odometer.
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4. Proof of Proposition 3.8
In this section, we prove the four statements in Proposition 3.8.

4.1. BSP systems. LetT be a BSP rank-one system, C := {T'} and g, 0,,; the parameters
of a BSP construction of 7, with a constant C > 0. For every n > 0 and j > 1, let

aé"’"ﬂ ), cee oq(ff_"_;; i)j_l be the spacing parameters from R, to R,y ;, assuming that
the steps for Ry11, ..., Ruyj—1 are skipped during the construction (we then have
al.("’”H) = 0,,,; and also al.("’"ﬂ) = 0 for i equal to 0 and gy . . . gu+j—1 by Lemma 3.6).
The new cutting parameters are ¢ """/ := g, . . . gny j—1 and are large enough with huge
jumps j. Now, define
. (g ng+1) (Mg ng41)
Fe ,:{(q(nk,nkﬂ), (GO koMk+1 e, G(q(i'k’ﬁ:il))))ofkfm | m >0,
O=n0<n1 <~~~<nm+1}.
Using Lemma 3.6, the new spacing parameters o ;nk’”“') are bounded by C and we get
Z O,;nk’nk+l) < Cq(nk,nk+1)‘
1<j=q k")

The set of parameters J¢ thus witnesses that {7’} is flexible.

4.2. Irrational rotations. 'We now consider a construction from [DEJ*23]. For every
irrational number 6, Drillick et al give an explicit cutting-and-stacking construction of a
transformation 7 which is the irrational rotation of angle & when the construction yields a
finite measure-preserving system.

4.2.1. The construction in [DEJ¥23]. Let 6 be an irrational number and [g_1; qo,
q1, . . .] its continued fraction expansion, with g_1 := |68 and positive integers qo, g1, - - ..
Let us assume that there is no integer n such that g = 1 for every k > n. We consider the
sequence (1,),>0 defined by h_; := 0, ho := 1 and hg41 = grhr + hx—1 forevery k > 0
(the integer hy is the denominator of the kth convergent of the irrational number 6). Finally,
for every k > 0, we set oy ; = O foreveryi € {0, 1, ..., gx — 1}, and oy ¢, = hy—1. Then,
the sequence of cutting and stacking parameters (gk, (0k,0, - - - » Ok, ))k=0 provides a
rank-one system. This system is the irrational rotation of angle 6 if and only if condition (F)
is satisfied, and this last condition holds if and only if the series ) ;.o (1/grqk+1)
converges (see [DEJ*23, Theorems 3.1 and 5.1]). -

Remark 4.1. Equivalently, we can define rank-one systems with cutting parameters
potentially equal to 1, provided that there are infinitely many cutting parameters greater
than or equal to 2, but our construction of orbit equivalence is not well defined with this
weaker assumption. Therefore, in the proof of Proposition 3.8 for irrational rotations, one
of the main goals is to avoid cutting parameters equal to 1.

Remark 4.2. Tt is proven in [DEJ*23] that the set of irrational numbers 6 such that the
associated series Zkzo(l /qkqr+1) converges has measure zero.
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4.2.2. Proof of Proposition 3.8 for these systems. Let ) be a non-empty open subset of
R and

C={Ryp|0eVNR\Q}

‘We now prove that C is a flexible class.

We first use the following basic fact from the theory of continued fractions: if A denotes
the set of sequences (g;);>—1 of integers such that g, g1, . . . are positive, and if A is
equipped with the induced product topology, then the map

Gi)i>—1 € A~ [g-1590,91,.. .1 € R\ Q

is a homeomorphism (see [EW11, Lemma 3.4] for instance). We can then fix integers
ng>0and Q_1, Qo, ..., Qu, (Where Qo, ..., On, are positive) such that Qg ... Qy,
is greater than or equal to 3 and the following holds: for every irrational number 6, if the
first coefficients of its continued fraction expansion are Q_1, Qo, . . ., Qn,, then 6 isin V.

We write Q = (Qo, ..., Qn,) and we consider the set F (Q) of finite sequences
(Gk> (O%,05 - - - » Ok, )o<k<n Such that n > ng and for all k € {0, . . ., n},

gk = Ox ifk < ny,
C}kZZ if k > ng,

and

Gi=0_ forie{0,....q—1).
Okge = hi—1

(where (ﬁk)ofkﬁn is the associated height sequence and fz_l = 0). The finite sequences
of F(Q) may not be finite sequences of cutting and stacking parameters in the sense
of Definition 3.1, since the integers Qo, ..., Qn, may be equal to 1. Moreover, even
if the integers Qo, ..., Qn, Were greater than or equal to 2, we could not prove that
C is a flexible class with F¢z = F(Q), since the first cutting parameters g, . . . s dng
cannot be chosen large enough. Notice that, although we may have gy = 1 for some
ke{0,1,...,n0}, a finite sequence (G, (Gk,0, - - - » Ok,g;))0<k<n can still define the
first (n + 1) steps of a cutting-and-stacking construction, and we associate to it another
finite sequence (g, (0k0, - - - » Ok,q;))0<k<n—n, cOrresponding to the cutting-and-stacking
construction obtained from the previous one by skipping the steps 1,2, ..., ng. We get
ho=ho=1,q0= Q0 ...0Qn =3and forallk € {1,...,n—nogl,

Gk = Gno+k = 2,
hi = hpgtks
Ok, = Opgtk,i =0 fori e {0,...,qr— 1},

kg = Ongtkgugric = Pnoti—1 = hi—1 - if k = 2.

For k = 1, we have o4, = ﬁno, where fz,,o is not equal to hg. Setting C = C’ = ﬁno
(this constant only depends on Qo, . .., Qpn,), we have Z; < Ch; and o1 < C'hg. We
immediately get the inequalities Z; < Chy and oy, < C'hy_ fork € {2,...,n — np}.
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Let (@) be the set of finite sequences (gk, (0.0 - - - » Ok,q.))0<k<n—n, Obtained from
finite sequences (G, (Gk,0» - - - » Ok,qp))0<k<n € F(Q). It is now easy to check that C is a
flexible class, with the set of parameters F¢ = F(Q) and the constants C and C’.

4.3. Systems with a given eigenvalue. Let 6 be an irrational number and C the class
of rank-one systems which has A := €%7? as an eigenvalue. In [DV23], Danilenko and
Vieprik present an explicit cutting-and-stacking construction of a system in C. The
parameters are chosen in the following way (see [DV23, proof of Theorem 4.1]).

4.3.1. The construction of Danilenko and Vieprik. For every n > 1, we fix a number

jn€{l,...,n} such that 8, := |1 — AJr| is less than 27/n. Fix n > 1, assume that
(Gk> (Ok,05 - - - 5 Okgqi))0<k<n—1 has already been constructed with an auxiliary condition
4
n
hy > —. 2
"5 (2)

Danilenko and Vieprik show the existence of a sequence (Z,(,ZZ ))mz 1 of positive integers less
than or equal to 277 /6,2, such that for every m > 1,

11— amha @+t 2T (3)

Next, let g, be an integer large enough so that the auxiliary condition (2) holds at the next
step, namely

7 . n+14
hn+l = qnhn +(£En) +"'+££1,11)—1)]n2 > g

Smt1)2
(in [DV23], g, is chosen as the smallest integer satisfying the property, but it is not needed,
so there are infinitely many choices). Finally, the spacing parameters at this step are defined
by 04,0 = 0, =0and o,y = @f,?)jnz forl <m<gq, —1.

With these parameters satisfying conditions (2) and (3), A is an eigenvalue of the
underlying rank-one system (see [DV23, proof of Theorem 4.1] for details).

4.3.2. Proof of Proposition 3.8 for these systems. Let us consider the same construction
as above, but with the following auxiliary condition:

4 1 4
hn > max (n_, m>’ (4)
n2 S(n—i-l)z

which is stronger than the previous auxiliary condition (2). Note that the real numbers §;
have been fixed before setting the parameters.

The subset F¢ of P* is defined to be the set of finite sequences (g, (Gk0, - - - »
Ok,q))0<k<n constructed in a recursive way. Any cutting and spacing parameter
(qo, (O’()’(), ey qu’())) is in fc, and if (qk, (ngo, . O'k’qk))ofkfnfl is in fc, then so
is (qk, (Ok0 - - - » Ok,q))0<k<n fOr every (gn, 0n0, ..., 0ngq,) that we can obtain at the
next step, as described above, but with the stronger auxiliary condition (4).
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Let p := (gn, (0n0, - - - » Ong,))n=0 be a sequence of cutting and spacing parameters.
If all its projections are in F¢, then p provides a CSP construction with C = 2x. Indeed,
we have o, ,;, = E,(,?)jnz < 2nn2/5n2 < 2mh,. As mentioned above, conditions (2) and (3)
imply that the sequence p provides rank-one systems which have A as an eigenvalue.

Finally, if (gk, (k0 - - . » Ok,q;))0<k<n—1 18 a finite sequence in F¢, we can choose a
large enough integer g, so that the following holds at the next step:

<(n +D* n+ 2)4)
hy4+1 > max ,
St Smt2)

(in particular, the new auxiliary condition (4) is satisfied). We use the same spacing
parameters as before, namely o0, ,, = Z,(,Z’) Jn2. Using j,» < n? and Z,(,Z' ) < (2m/5,2), this
gives

n2

. 2
o, = (E(ln) +--- 4+ z;:)_l).]nz = {qn s =< CInhnfl,

n2

so the third point of Definition 3.7 is satisfied for C’ = 1.

4.4. Strongly mixing systems. Let C be the class of strongly mixing rank-one systems.
We consider the construction of Ornstein in [Orn72]. The property the parameters have to
satisfy at each step is given by the following lemma (in [Orn72, Lemma 3.2]), proven with
a probabilistic method.

LEMMA 4.3. Let N and K be positive integers and ¢ > 0, a > 0. Then, there exist integers
m > Nanday, ...,ay suchthat:

o X/ Mal<Kforalll<j<j+k<m;

o denoting by H (¢, k) the number of j such that Z,]:]k ai=4Lforl <j<j+k<m,
then H({, k) < a((m — k)/K) for every k < (1 — &)m.

The set of parameters F¢ is defined in a recursive way, as in §4.3: any cutting
and spacing parameter (qo, (000, - .., 0gy0)) is in F¢, and from a finite sequence
of parameters (qk, (0k0, - - - » Ok,g;))0<k<n—1 0 F¢, (Gks (Ok0, - - - » Ok ))0<k<n 1S also
in F¢ if the new parameters can be written as g, =m and o,; = a; + h,—1, where
m,ai,...,a, are integers whose existence is granted by Lemma 4.3 with N > 10",
K =h,_1, e =10""3 and a = 5/4. There are infinitely many possibilities for g, as N
can be arbitrarily large. It is shown in [Orn72] that cutting-and-stacking constructions
with these parameters give strongly mixing systems, and it is clear that they are CSP with
C = 2 and the third point of Definition 3.7 is satisfied for C’ = 2.

5. From flexible classes to the universal odometer

The goal of this section is to prove Theorem 3.9, namely that for every ¢: Ry — R
satisfying ¢ (x) = o(¢!/3), any flexible class contains a rank-one system that is @-integrably
orbit equivalent to the universal odometer.
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5.1. The construction.

5.1.1. Overview of the construction. ~We first present a natural adaptation to the case of
the rank-one system of Kerr and Li’s construction of an explicit orbit equivalence between
the universal odometer and any other odometers. We will then see that the quantification
of the cocycles becomes more complicated due to the presence of non-zero spacing
parameters.

Let 7 € Aut(X, n) be a rank-one system and consider a cutting-and-stacking con-
struction of this transformation with the same notation g, 0,.,i, 04, hn, Ry, €n, X, as in
Definition 3.2. From the sequence of Rokhlin towers R,, new towers R;l will be built
as Rokhlin towers for a new system S. These towers R will have no spacers, that is,
a,’u. = 0, so they will be partitions of X. The construction will ensure that R/, increases
to the o -algebra A using the fact that it is the case for R,, so S will be an odometer. For
the odometer S to be universal, we fix a sequence of prime numbers (py)n>0 such that
every prime number appears infinitely many times, and every cutting parameter g, will be
a multiple of p,.

We will recursively define S on subsets increasing to X up to a null set. More precisely,
if the nth tower R, has been built and its base and its height are denoted by B/ and h),,
then S is provisionally defined on all the levels of the tower except the highest one and
maps the ith level to the (i + 1)th one. So, R, is exactly (B}, S(B},), . . ., Sh;r_l(B,/l)) and
S is defined on X \ Shn—1 (B,;). To refine S, that is, to define it on a greater set, we have to
build the next tower R;,_ | and define S as for R;,. To do so and according to Definition
3.2, we have to determine a subdivision of the base B,, into g, subsets B;;,o’ e, B1/1,q,’,—1'
We find a function ¢,41 mapping bimeasurably each B, ; to B) ;| for 0 <i < g, —2.
On the subset Dyi1 = o<y o SMt=1(B] ;) of the roof S"~1(B,) of Rj, S will

coincide with ¢,41 S~ and will be defined on X \ 8"+ (B., ) = Dy U---U Dy,
where B, | = B,  is the base of the new Rokhlin tower R, for S. To sum up, S
is successively defined by the finite approximations obtained from the maps ¢,. Up to
conjugacy, ¢, is exactly the addition by (0, ..., 0, 1,0, 0, . . .) with carry over to the right
———
n—1 times
(as defined in §3.1), restricted to [0, . . ., 01,1 \ [0,...,0,¢q,_; — 1],.
The construction of the maps ¢, is by induction on n > 0. At step n, we will actually
define

/

. p/ / /
Guii: BygU--UB) 5= Bl U---UB, .

To build &1, a second induction on a parameter m > n is required. Actually, B, , will be

the disjoint union of the Br’l’i (m) for m > n, and this inner recursion consists in choosing m
bricks to define B,’U. (m). By definition, the m bricks will be the m levels (that is, the levels
of R,,) explicitly chosen to constitute Bl’w. (m). Using powers of T, m bricks of B”L ; are
mapped to those of Bz/z,H-l (there will be as many in B, ; as in Br/t,i+l) and this gives ;41
whose orbits are included in those of 7, implying immediately that the orbits of S satisty
the same property. The reverse inclusion between the orbits will be more difficult to prove

and will be due to the choice of the bricks (see Remark 5.1 after the construction).
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5.1.2. The construction. Here, T is a rank-one system in Aut(X, u). We fix one of its
cutting-and-stacking construction whose parameters are denoted as in Definition 3.2. Let
(pn)n>0 be a sequence of prime numbers such that every prime number appears infinitely
many times.

In the following, we will assume that, given the cutting parameters of 7, some positive
integers ¢, and t, 5, that we will introduce are well defined. In §5.3 (see Lemma 5.10), we
will give conditions on the parameters of T for these quantities (and so the construction)
to be well defined.

Stepn = 1.  We first build R and ¢; by an induction over m > 1. We could denote by R,

the trivial tower (X) with its base Bj, := X. At the end of step n = 1, S is not yet defined

on the roof of the tower R’l , that is, on its highest level, which is a Rokhlin tower of S.

e m=1:let g5 > 0 be the largest multiple of po such that g < go — 1. For every
0 <i <gq)— 1, wedefine

By, (1) := T'(B))
and

zi(): |_| By (1) — |_| B (D)

0<i<gy—2 0<i<g)—2

coinciding with 7" on its domain (hence, every subset By, (1) is composed of a unique
1-brick T/ (By)).

Remark 7.1. At this step, we simply have to assume go > po for the integer g/, to
be non-zero. However, for the well definition of other quantities at other steps, the
conditions on the cutting parameters of 7' get increasingly more technical, which is
the reason why we first assume that the parameters of T are chosen so that the positive
quantities are well defined and we will then state the conditions in Lemma 5.10 (as
mentioned before the beginning of the construction).

e m > 1:assume that the subsets B(’)i(M ) have been built forevery 1 < M <m — 1 and
0<i<g)—1 Let

Winm =X\ || ] By
1<sM=m—10<i<q)—1
be the remaining piece of X at the end of the (m — 1)th step (we could also define
W11 = X).

Remark 7.2. Notice that m-levels are either contained in Wy ,, or disjoint from it since
X \ Wi, is composed of M-levels for 1 < M <m — 1 and the Rokhlin towers are
nested. This will more generally hold true for W, , withn > 2.

Let 71, be the number of integers j € [0, h, — 1] such that T/ (B,,) € Wy,
denoted by

0< jm < jm oo jr(l{[nm) < hm.
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Let #1,, be the positive integer (we assume that we can choose the cutting parameters
of T for this integer to be positive, see Lemma 5.10) such that q(’)tl,m is the largest
multiple of g, such that g{t1, < rim. The first ggt1,, m-levels contained in Wy,
are now used as m-bricks; they are split in g(, groups of #1 , m-bricks of the subsets
B(/)’l. in the following way and the same will be done at steps n > 1 (the fact that the
inequality gt1m < r1,, is strict and the way we make the g/, groups will guarantee
an easy control of the cocycles, see Lemma 5.4 used for Lemmas 5.16 and 5.19). For
every 0 < i < g, — 1, we define

Giom )
Bo(my= || T (By)

0<t<t|;m—1

(lm) /) (](lm) /) .(1,m)

am .
and ¢ (m) coinciding with T T2ty " iviviay) o g (Byy) forevery 0 < i <
(Lm)

gy—2and 0 <t <1y, — 1, so that each brick T Yit i) (B, is mapped on another
(j(l m)
T "++14% (B,,). Thus, 1 (m) maps each B ;(m) on B);  ,(m) and this gives

Z1(m): |_| By (m) — |_| Bj ;41 (m).

0<i<g)—2 0<i<g)—2

End of stepn = 1. Forevery 0 <i < g, — 1, we define
By, = |_| By (m)
m>1
(the set of its m-bricks for all m > 1), B| = B, and
Qi |_| By; — |_| B,y
0<i<g)—2 0<i<g)—2

coinciding with the maps ¢ (m) on their respective domain (see Figure 7).

The universal odometer S we want to build is partially defined on X. More precisely,
we define it on the domain Dy = | Jo, - a2 By of ¢ so that it coincides with ¢;. This
gives the first Rokhlin tower R} := (B, . . ., B(’)’qi_l) = (B|, S(B)), ..., %" (B))).
The next step will provide us with a refinement R, of the tower R}, allowing us to extend
partially S on the highest level of the R].

Step n > 1. Assume that steps 1,...,n — 1 have been achieved. There are nested
towers R, ..., R)_,. The kth tower R; has hj =g/, ...q;_, levels and its base B},
is partitioned in g, levels B; . . . B’ g These levels belong to R 41> Whose base is

B, = By with g mapping B, to Bk i+1- The map Sis definedon Dy U - - - U Dy
using the maps ¢y, . . ., {u—1, where D 1 U+ U D,_1 corresponds to the union of all the
levels of R/ _, except its roof.

The map S is not yet defined on the roof of R/ _,. By partitioning B/ _, in subsets

i / : li : / :
B, _ 107 - Bn g -1’ we will define R, which refines Rnfl and a function ¢,
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G(2) G(2)

1= 670 671 6,2
(= Uz Bio(m) (= Uzt B (m) (= Uz Bia(m)

G G

(= Unzr Gim) (= Uz Gim)

FIGURE 7. First step of the construction (that is, n = 1). In §5.4, we will define sets E,, ,, for every pair of integers
(n, m) satisfying m > n > 1. The set E; (respectively E|; E13) is the union of the red areas (respectively red
and blue areas; red, blue and green areas).

mapping B, |, to B, ;. The extension of S will be defined on all the levels of R,

except its roof (which is contained in the one of R/_,). We will construct the subsets

B)_, ; as was done for the subsets B, except that we only use the ‘material” in B, _, to
form the m-bricks of each B/, ;. To do so, notice that the base B, , is exactly B, ,

(the first subset in the subdivision of Br/t—2) which is the disjoint union of subsets of
the form Br/l—Z,O(m) for m > n — 1. Moreover, for all n — 1 < M < m, every m-level is
contained in an M-level, then we will pick the new m-bricks in Br/l—z,o n,..., Brlz—Z,O (m).
This motivates the definition of each set W), (the set of the remaining material to form
m-bricks with an incremented integer m). We now discuss separately the following cases.

e m =n:set

Wan = Bj_po(n — 1) U B} _,(n) (5)

and let r,,,, be the number of integers j € [0, h, — 1] such that 7/ (B,) € W, (note
that we could have defined r1,1 = go), denoted by
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0.< jW < J <

Let g, _, be the largest multiple (we assume that we can choose the cutting parameters
of T for this integer to be positive, see Lemma 5.10) of p,,_; such that q};_l <Fpn.
We then define for every 0 < i < qr’h] —1,

(n) = TUST)(B,),

nll

meaning that among the n-levels in W, ,,, the n-bricks at step (n, n) are exactly the first
qr,’l_1 ones (and set ¢, , = 1 for consistency later on). Let

am: ] Bouw— ] B

0<i<q,_,-2 0<i<q,_,-2

cidine with 7O =G /
be the map coinciding with 7"/i+2 7%+l 7 on each B, _,;
mapped to Br/l—l,i+l(n)‘
e m > n:set

Wi :=( | | B,:_z,o(M))\< | | Ll 8. 1,(M)) 6)

n—1<M<m n<M=m—10<i<q,_,—1

.(n), so that Bn 11(”) is

and let r,,, be the number of integers j € [0, h,, — 1] such that T/ (B,,) S Wy,
denoted by

0< J(nm) < Jz(nm) <. < ]r(nm) < hy,
Let #,,, be the positive integer (we assume that we can choose the cutting parameters
of T for this integer to be positive, see Lemma 5.10) such that g, 1, is the largest
multiple of g/, _, such that g/, _,t,m < rum. The first g, 1, ,, m-levels contained in
W, are now used as m-bricks at step (n, m); they are split in g, groups of 1, ,,
m-bricks of the subsets B’ in the following way. For every 0 <i <g¢q, |, — 1, we

n—1,0
define
/ (ji(-y%l—,;,-lth/ )
n—1,i (m) = |_| T n=1 (By)
0<t<tym—1
i =G ) AR
and ¢,(m) coinciding with T Tz, )i 0 g i (Bm) for every
jnm
0<i<g) ,—2,0<t<ty,— 1,sothateach m-brick T Ty (Bm) is mapped
-(n,m)
i
on another 7 """*"-1"(B,,). Thus, ¢, (m) maps each B, _,;(myon B, . (m)and

this gives

wm: || Bium— || B om).

0<i<q, ;-2 0<i<q, ;-2
End of step n.  We define forevery 0 <i <g¢q,_, — 1,

n]z' |_|Bn]z(m)

m=n
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10(2) {,()(3) G (Bi,()(Q)) G (Bi o3) & (Bi.o(z)) G (Bi.«»(:5)>
| e& | |
'{T 2 NN \
By = B, N
=L,z #0tm)
( G(2) il
G \ Z
(: U"’zz (z(m)) Bi,l
(Lt o)

e
B11(2) Bii(3) aue)  aBue) ¢BLe) ¢ Ene)

FIGURE 8. From the first step (illustrated in Figure 7) to the second one. In Bj, we inductively build

Bi’i 2), Bi,l. 2), Bi,i(3)’ ... for every 0 <i < g; —1 (in this example, we have g; = 2). Each set Bi’i (2) is

composed of a unique 2-level in B(/)’O(l) ] B(),O(Z) (that is, in the pale red and pale blue areas). Then each set

B{;(3) is composed of 3-levels in B, oD U B/, oD U B, 00(3) (that is, in the pale red, pale blue and pale green

areas) and so on. The structure that we build in B| = Boo can be translated in B0 ; and B0 , using the map ¢;. In

§5.4, we will define sets E, ,, for every pair of 1ntegers (n, m) satisfying m > n > 1. The set E; ; (respectively
E>») is the union of the areas hatched in blue (respectively in blue or green).

(the set of its m-bricks for m > n), B, = B, _, , and

. / !
Cn: |_| n—1i |_| n—1i+1

0<i<q,_,—2 0<i<q,_,-2

coinciding with the maps ¢, (m) on their respective domain (see Figure 8 for step n = 2,
after the first step illustrated in Figure 7).
Asthebase B) _, of R) _, is partitioned in B;;—I,O u---uB’ _ - its highest level

n— 1’ Ap—1
S™-1=1(B!_,) is partitioned in Sh/n—l—l(B,;_LO)u...u g

S is extended in the following way. On

e 1). The map

o —1 -1
D, = §"n-1 (Br/l—l,o)'—'""—' n—1 (B -l 2),
it coincides with {,,S_(h;l—l_l). So S maps Sh;l—l_l(B;l_l’i) on B;z—l,i+1' This gives a
Rokhlin tower R/, for S, nested in the previous one, of base B := Br’l _10 and height
h, =gq(...q,_,.Now S is defined on (Dy U - - - U D,_1) U D,. The set D, consists in
the levels of R,,, except the highest one, which are contained in the highest level of R/ .

Remark 5.1. Notice that the inclusion of the S-orbits in the T-orbits is easy since S is
defined from maps ¢, (m) which are ‘piecewise powers of 7".

The reverse inclusion will follow from the fact that we have f,, = 1 for every n > 1
(at step (n, n), we form groups of only one n-level). Indeed, uniqueness implies that these
chosen blocks are linked by ¢,(n) and hence clearly by S (in contrast, an m-level, for
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m>n,of Bl .
to the other). Thus, ensuring that the unique n-brick of each B
enables the system S to capture most of the T-orbits.

Y i+1> and not

is a large part of it that

is mapped by ¢, (m) to only one of the ¢, ,, m-levels of B
/
n—1,

5.2. First properties of this construction. Recall that we consider a cutting-and-stacking

construction of 7 with the same notation as in Definition 3.2 (g, 64, Ru, Xn, €0, - . .),
and the sequences (h,), (0,,) and (Z,) associated to the cutting and spacing parameters,
and the notation g,,, R, . . . refer to the construction of S.

We state some important properties preparing for further results in §5.4. Many of
them enable us to only take into account the combinatorics behind a cutting-and-stacking
construction. We assume that all the ‘largest multiples’ (for every n < m, the largest
multiple g, _, of p,_1 such that g, | < r,,, and the largest multiple g, 1, of g, _,
such that qr’hltn,m < rpm) are non-zero. In §5.3 (see Lemma 5.10), we will see how to
choose the parameters for the construction to be well defined.

LEMMA 5.2. Every tower R, is a partition of X.

Proof of Lemma 5.2. Let n > 1. The levels of R], are pairwise disjoint by the definition
of (Wym)m>n- It remains to show that R/, covers the whole space. Recall that X, denotes
the subset covered by the tower R, and ¢, the measure of its complement.

The result holds for n = 1 since (Wi ) mzoo 0. Indeed, Wi 41 N X,y is the union
of the m-levels which are not chosen at step (1, m). By the definition of ¢ ,,, there are at
most g). So we have W1 ,41 < &p + q\u(Bm) — 0.

For n > 1, it suffices to show that the levels Br/l_l’o, e Blifl,q,’,,rl of R, form a
partition of the base Br/l_1 of R;_ |- We have to show that the measure of

W = B, i\ ( |_| I_l Br/z—l,i(M))

n=M=m—10<i<q,_,—1

tends to 0 as m — +oo. However, this set W, is the disjoint union of | | M>mt1
B)_, (M) and W, ,. It is clear that

/
M( I_l BnZ,O(M)> m_T:_OOO
M>m+1

since u is a finite measure. The set W, ,,, is obtained from W,, ,,—1 by adding Br’l_2 o(m) and
removing q,’,,]ln,m— 1 (m — 1)-levels. Thus, we have (W) _i 0 by the definition
m—-+00

of (tn.m)m>n. Hence, we have M(Wn,m) — 0 and we are done. O]
- m—400

As a consequence, if (R)), increases to the o-algebra A (this will be proved in
Corollary 5.14), then S is a rank-one system without spacer, so this is an odometer.

LEMMA 5.3. Let n > 1. On the base B, of the nth S-Rokhlin tower R, S is defined as
follows. For every 0 <i < h;, — 1, we have

S = g‘lio o {,l;"_' on B},
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withio € [0, gy — 1], .. ., in—1 € [0, q,_, — 1] such that
n—1
i = Zq(/) gy 11@-2@15.
=0

Proof of Lemma 5.3. By induction over n > 1. It is clear for n = 1 since S coincides
with ¢; on the levels of R’ except its roof. Assume that the result holds for n > 1. The
tower R is divided in qn subcolumns whose levels are exactly those of R’ ntls and the
inth subcolumn (0 < i, < hn — 1) is the S-Rokhlin tower of height hn and base B,/U,n. Let
0 <i <h, , — 1. By the equality B, |, = B, , and by the definition of S from ¢, (at

the end of step n + 1 of the construction), §' = §/ {211 on B’ , for non-negative integers

n+1

in and j such thati = i,h) + j and j < h),. The set ;rll’g_l(Bn,O) is equal to B, ; , so this is

a subset of B,; hence the result by the induction hypothesis. O

Therefore, the subset D,, defined in the construction can be written as follows:

qh—1 q,_,—1
D, = ¢ ...;”_12< | ] B,;_Un)

0<iy 5(1,/,,172
- C (7
90— qp_o— n
=§10 R ( |_| t (Bn 10))
OSinfq,/,,l_z
and S coincides with £,,¢, (q" 2 e ~@=1 on D,.

By the cocycle of ¢, (m), we mean the integer-valued map defined on the domain of
&n (m) and which maps x to the unique integer k satisfying &, (m)x = Tkx.

LEMMA 5.4. The cocycle of &, (m) is positive and bounded above by h,,_1 + Zp,—1.

Proof of Lemma 5.4. By definition, for fixed integers 0 <i < qr/l_ (—2and 0 <t <

.(n,m)

tam — 1, the cocycle on B :=T “#'*-1"(B,) takes the value Aj := Jz(iZmJ:tq

.(n,m)

Jih gl Let us recall that the integers
0< "™ < " < < G <

are the sets of indices j € [0, h,, — 1] such that T/ (B,;,) € W, . Thus, Aj is obviously
positive. Let us fix an (m — 1)-level B* which is not chosen at step (n, m — 1), so it is
contained in W, ,,. If m is equal to n, we can choose B* = Br/l_2 o(n — 1). For m > n, the
existence of B* is granted by the fact that we have q,/l_ltn,m, 1 < Tnm—1. We write it as
B* = T*0(B,,_1), where kg is an integer in [0, h,,_1 — 1].

By definition, Aj is the least positive integer j such that T/ (B) is in W, ,. Moreover,

the m-levels of B* are in W, ,,. Therefore, the consecutive m-levels T (B), . . ., TA-1(B)
are not in B*.

First case. In the tower R,,, assume that the m-levels T(B), ..., TA~1(B) are
before TkU(Bm,l,o), that is, before the first m-level of B*. Therefore, the enumeration
B, ..., TA(B) is included in the enumeration
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k
Zm—101s - -+ » Zm—1,00m-1.0> Bm—1,05 - - +» T °(Bm—10)>

implying that Aj < op—10+ ko < Zm—1 + him—1.

Second case. Now assume that T (B), . .., T2/ ~1(B) are after T*0(B,,_1 4, ,—1), that
is, after the last m-level of B*. Therefore, the enumeration B, . .., TAJ (B) is included in
the enumeration

TkO(Bm—l,qm_]—l)’ ey Thmil_l(Bm—l,qm_l—l), Em—l,qm_hl, cees Em—l,qm_],am_]vqm_l s
andwe get Aj < (hy—1 —ko— 1) +0m_14,_; < hm-1+ Zn_1.

Third case. Finally, if T(B),...,T*~!(B) are between Tko (Bm—1;) and
Tko (Bm—1,i+1) for some 0 <i < g,,—1 — 2, that is, between two consecutive m-levels
of B*, then the enumeration B, . . ., T2/ (B) is included in the enumeration

TkO(Bmfl,i)9 LR ] Thm_l_l(B)’nfl,l')’ EWL71,Z',17 LR ] Emfl,i,o‘mfl’p
Bu—tit1s - TOBu_1i41),
which gives Aj < (hp—1 —ko— 1)+ o1, +ko+1) < hp—1+ Zp—1. O]

LEMMA 5.5. An m-brick at step n is included in an M-brick at step n — 1 for some
n—1<M<m.

Proof of Lemma 5.5. This follows directly from the definition of W, ,, in the construction
(see §5.1). Indeed, the ‘(M)’ in ‘Br/lf2 o(M)’ means that we only consider the M-bricks, at
step n — 1, composing B),_, . O

We now present a combinatorial description of the construction.
LEMMA 5.6. The quantities 1y m, qn, q,), tn.m» On Satisfy the following recurrence relation:

fo,1 == 0;
form > 2, fom = Om—1;

g = qn—1 1 th—1n»

-1
form =n=>1, qy/l_l = \‘rn’n—Jpn—l’

Pn—1
hn = I;
Fnm = qm—1Tnm—1 — C];l_ltn,m—l) +th—1m,
form >n >1, Fnm — 1
hm=|—7—71
9y
During the construction, some integers have been defined for consistency (ry,1 := qo,

ty,.n = 1). Note that in this lemma, we also define the integers ¢, ,, for n = 0. This enables
us to extend the relations

’
Tnn = qn—1 + In—1n and Tnm = Qm—l(rn,m—l - qnfltn,m—l) + th—1m

forn =1.
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Proof of Lemma 5.6. Case n = 1. For m =1, the ry; 1-levels potentially chosen to be
1-bricks are exactly the levels of Ry, so we have r1;1 = qo + o1 since #p,1 := 0. We choose
g, of them, where g is the largest multiple of po such that g, < r1,1, so ¢; is equal to
L(r1.1 — 1)/ po] po-. Finally, q(’) is obviously equal to qétu since t1,1 := 1. Form > 1, there
are ry , m-levels in Wy ;,,: some of them are in the rq ;,—1 — q(/)t],m,l (m — 1)-levels which
are not chosen at step (1, m — 1) and the other are the spacers from R,,_1 to R,,. So, we
have

/
Fm = qm—11m—1 — qottm—1) + Om—1

and we set t,, = 0;;—1. We choose qétl,m of them as m-bricks, where q(/)tl,m is the largest
multiple of g, such that g{t1 , < rim, thatis, 1, == [(rim — 1)/qg)]-

Case n > 1. For m = n, there are r,, n-levels in W, , = B;/q—z,o(” —Du B;;—2,0(”)'
First, since we have ,_1,—1 = 1, the set By/,—z,o(" — 1) is an (n — 1)-brick at stepn — 1
and it contains g,—; n-levels. Second, Br/lfz,o(”) is the union of #,_1, n-bricks. Hence,
we have r, , = gn—1 + th—1.,,. By definition, ‘1;/171 isequal to | (ryn — 1)/ pn—1]pn—1 and
obviously to q,;_ltn,n with t, , := 1. For m > n, there are r, ,, m-levels in W, ,,. This set
is composed of

( | B,zz,o(M))\( L L ;l,xM))

n—1<M<m-—1 n<M<m-—1 Ofifql/z—l_l
and
/
By, _so(m).

The first one is the union of the ry, ;,—1 — q,;_ltn,m_l (m — 1)-levels which are not chosen
at step (n, m — 1), and the second one is built at step (n — 1, m) from its #,_1 ,; m-bricks.
So, we have

/
'nm = mel(rn,mfl - qnfltn,mfl) +th—1,m-

‘We choose qr’h] tn,m of these m-levels as m-bricks at this step, where q,’h] tnm 1s the largest
multiple of g/, such that g, _ t,m < rum, thatis, tym = [(ram — )/q,_,]. O

It will be more convenient to use the following slight modification of Lemma 5.6:

101 = 0;
form>2, ftom=o0m1;
Tnn = qn—1 + th—1n,
’

form=n>1, Gy <rnn—1, (8)

hn = 1;

/
'nm = qm—19,_1 + th—1,m>
form >n>1, Fpm — 1
thim < ——
n—1
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This is a consequence of the inequalities |x] < x and ry, ;,—1 — q;l_ltn,m,l < q,/l_1 (by
the definition of #, ,,—1).

As the strategy will be to recursively choose large enough cutting parameters g, for 7,
we would like to understand the asymptotic behaviour of g/, as g, increases. Then, the goal
is to find bounds for g, /gy,

LEMMA 5.7. For every n > 0, we have
q,/, >gn — (1 + pn).

Proof of Lemma 5.7. Using the equalities g, = [rnt1n+1 — 1/pnlpn and ryqip41 =
qn + tyn+1 in Lemma 5.6, where the integer #, ,1 is non-negative, we get

Fnglntl — 1
Q;;2<L_l>pnszl_l_l7n
Pn

and we are done. O

We have found a lower bound for ¢, /g, (up to some additional term —(1 + p,)). Let us
find an upper bound.

LEMMA 5.8. For everyn > 1, we have

’ On
4y - - -9y

With an asymptotic control on o, using flexible classes, we will be able to get g, < 4q,
(see Lemma 5.12).

Proof of Lemma 5.8. By induction over i € [0,n — 1] (with n > 1) and using equation
(8), we show that

L J 1 i+1 1
Q;l =qn <2 + Z l_[ ,_> + th—1—in+1 1_[
k=1

T
j=1 k=1 In—k = In—k

Fori = 0, we have ¢, < rut1u+1 = qn + thnt1 and

Tun+1 — 1 1 In—1n+1
in+l = 7 = — (an,/,_l + lh—1n4+1) = gn + — >
951 4n—1 4n—1
so we get g, < 2, + (ta—1,4+41/9,,_,)- For 0 <i <n —2, we have
n—1—in+l1 — 1 1 In—2—in+l1
tn—1—in+1 < - < - (Gnqy—o—; + tn—2—in+1) = gn + ————.
9p—2—i 9p—2—i 9p—2—i
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If the result holds true for i, we get

;,<qn(z+21'[

ts 1 i+
—2—in+
) () 1

j=1k=1 n—2—i k=1 In—k
i+l J i+2 1
=dqn (2 + Z 1_[ ) + li—1—Gi+1)n 1_[ —
j=1k= 1 4 k=1 1n—k
so the result is also true for i + 1.
Taking i = n — 1, this gives the lemma since g, > 2 for every integer £ > 1. O

5.3. Towards flexible classes. 'We now explain why flexible classes fit in this construc-
tion.

First, a condition for the construction to be well defined needs an inductive choice of
the cutting parameters (g,),>0 of T (see Lemma 5.9). Second, a control on the spacing
parameters will imply useful asymptotic controls for the quantification of the cocycles
(see Lemma 5.12). Note that in the proof of Theorem 3.9 (see §5.5), we will need other
estimates to quantify the cocycles. It will be possible, again using the definition of a flexible
class, to inductively build large enough cutting parameters to have these estimates.

If the parameters are chosen according to a set ¢ C P* associated to a flexible class
C, the underlying rank-one system has the desired property, that is, it is in C, and is orbit
equivalent to the universal odometer, with some quantification guaranteed by the control of
the spacing parameters and by the fact that the cutting parameters g, have been recursively
chosen and large enough.

LEMMA 5.9. Let T be a rank-one system with cutting and spacing parameters

(Qn, (Un,07 ey Un,qn))nzo

such that the construction in §5.1 is well defined. Then, for every n € N, g, only depends
on (qk, (0k,0, - - - » Ok, ))0<k<n-

Proof of Lemma 5.9. This directly follows from Lemma 5.6. O

Then, the main novelty in this paper is to build the rank-one system 7 while
we are building the universal odometer S. Once (q(’), o ,q,/l) has been built from
(gk> (Ok0s - - - » Ok,g;))0<k<n, We are free to choose (gn+1, (044105 - - - » Ont1,g,,,)) for the
definition of ¢/, +1- The recursive definition of the cutting parameters is one of the main
ideas behind the definition of a flexible class, and it allows to find cutting parameters
satisfying some assumptions, for example, the assumptions of the following lemma.

LEMMA 5.10. Assume that for everyn € N,

gn > max (Pp, 44y - - - > Gy_1)- 9

Then, the construction is well defined, that is, all the ‘largest multiples’ are non-zero
(that is, the largest multiple q| | of pn—1 such that q), | < ryn, and the largest multiple
gy _ytam Of q,_, suchthat q, _ tym < Fpm).
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Remark 5.11. Without loss of generality, we can assume that pq is equal to 2. Therefore,
the assumption of Lemma 5.10 for n = 0 requires that g is greater than 2, which explains
the second item of Definition 3.7.

Proof of Lemma 5.10. First, let us prove this result at step n = 1 of the outer recursion.
At step m = 1 of the inner recursion, go is greater than po, so g (the largest multiple
of po such that g, < go — 1) is positive. For a step m > 1, notice that there exists an
(m — 1)-level which is not chosen at the previous step (as we have rq ,,,—1 (m — 1)-levels
in Wy ,—1 and we choose g/t1,»—1 of them, with gt1 ,,—1 < ri;u—1) S0 its g1 m-levels
are in Wy ,, and this gives ry,, > g,u—1. Therefore, we have ry ,,, > q(’) and t ,, is non-zero.

Now consider a step n > 1 of the outer recursion. For m = n, Br/172,0(n — 1) is an
(n — 1)-level in W, ,, so we have r,,, > g,—1 > pn—1, and hence the positivity of q;l 1
For m > n, we have ry, ;, > qn—1 (same argument as for n = 1), this implies ry, ,,, > qr/l_l
and t, 5, is positive. O

The next lemma refines the estimate given by Lemma 5.8, with assumptions which will
be satisfied in the context of flexible classes.

LEMMA 5.12. Let (gn, (04,05 - - - » Ong,)In=>0 be the parameters of a CSP construction of
T with associated constant C > 0. Assume that there exists a constant C' > 0 such that

foralln>1, o, <C'quh,_1 and g, — 1+ py) = C'h,

(for instance, if the third point of Definition 3.7 holds and if, given (qk, (0ok, - - -,
Ok ))0<k<n—1, qn 1S chosen large enough). Then, we get the following bound.:
q/
foralln e N, L <4,
ql’l

Proof of Lemma 5.12. For n = 0, this is a consequence of the inequality g/, < go — 1. Now
let us prove the result for n > 1. Using Lemma 5.8, it suffices to get

On

foralln > 1, < qn.

!/

q0 - - 4y,

However, we have

op < C/thnfl < gn(gn-1 — (1 + pu_1)),

and the right-hand side is bounded above by ¢, g, | (by Lemma 5.7), so the result follows
from the inequality g/, < g ...q,_,. O

5.4. Equality of the orbits, universal odometer and quantitative control of the cocycles.
Recall the notation for the construction of T by cutting and stacking, where (g,), and
(on.i)n; are respectively the cutting and spacing parameters. The tower R, is the nth
T-Rokhlin tower, its height is ki, it covers the subset X, of X, ¢, is the measure of its
complement, Z, is the maximum of the spacing parameters over the first n steps and My
is the measure of the unique 0-level By.
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We use similar notation g,,, k), and R/, for S. We also set
Hy=h)+---+h,

foralln > 1, and Hj := 0.

The construction is assumed to be well defined, considering a cutting-and-stacking
definition of T with parameters satisfying the criterion (9) (see Lemma 5.10). Since S
is piecewise given by powers of 7, the S-orbits are included in the T-orbits. It remains to
show the reverse inclusion, to prove that (R,),>0 is increasing to the o-algebra .4 and to
quantify the cocycles.

As in [KL24], we set

7,1

Enp = |_|S"< | | B,’,_I’O(M))z | | ;fo...g,i"-1< || B,;_LO(M)>

i=0 n<M<m 0<ip<gy—1 n=M=m

0<ip_1=q/_,~1
and
K, = | | T (B,).
O<i<h,—1

T =Y (B)UT (By)CEn

Since Br/t—l,O is exactly the base B, of R/, the subsets St (Br/t—l,())’ forO <i <h) —1,are
exactly the levels of R/, which is a partition of X. So the motivation behind the definition of
E, n is first to approximate B;_ 1.0 by its M-bricks forn < M < m, and then the set E,, ,,
is actually the union of the M-bricks, for n < M < m, of step n of the outer recursion,
and their translates by S in the other levels in R, (the sets E1,1, E12, E13, E2,1 and Ea
are illustrated in Figures 7 and 8). We get a better approximation of X as m increases and
notice that E, ,, is a subset of X,, since every M-brick, for n < M < m, is a union of
m-levels. Finally, the sets K, for n > 1, are introduced to show that the system S captures
the T-orbits (recall Remark 5.1).

LEMMA 5.13. The following holds:

/
Hn
— forn < m,

hm
Xm\E <
I’L( m \ n,m) — H;l_l +pn71h;l_1

h

Proof of Lemma 5.13. We prove the inclusions

forn =m.

En,m C En—l,m c---C E2,m - El,m - Xm,

and we bound the measures of X,, \ E1,, and each set Ey ,,, \ Ex—1,,. The result follows
from the decomposition

X\ Enm = X \ ELa)U || (Ex—1m \ Exm) (10)

2<k<n

and o -additivity of u.
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The set E ,, is composed of m-levels, soitis contained in X,,. If m = 1, then X,,, \ E1
is the disjoint union of r1; — q(’) 1-levels (see step (1, 1) of the construction). If m > 1,
then X,, \ E1,, is the disjoint union of ry, — q(’)tl,m m-levels (see step (1, m) of the
construction). By definition of q(’) (ifm =1)ort1, (if m > 1), we thus have

PO i =1,

M(Xm \ El,m) =< h’/n
h—l ifm>1

m

(recall that i = g).

Let k € [2, n]. The function & has been built to map each M-brick (M > k) at step k
to another. However, such a brick is contained in an M’-brick (k — 1 < M’ < M) from the
previous step k — 1 (see Lemma 5.5). We then have

|| zli"‘l( | ] B,L_l,ouw))g L] Bi_so).

0<ix_1=<q;_,;—1 k<M<m k—1<M<m

Applying ;fo . ;“,zk: 12 and considering the union over iy, . . ., ix—>, we get the inclusion
Eixm € Eix—1., and the equality

Ek*l,m \ Ek,m

- U@ U osweon (U U s

0<ig=<qy—1 k—=1<M<m k=M=m 0<iy_;<q;_,—1

=: [¥]

0<ig—2 S.q;/(,z—l

So the measure of Ex_1.m \ Exmisqg - - . q;_,u([x]) = hj_, u([*]) by T-invariance. The
set [*] is obtained from Wy, (see equations (5) and (6)) by removing the m-bricks that
have been chosen at step (k, m). If m = k, then [«] is the disjoint union of ry; — q,’(_1
m-levels (see step (k, k) of the construction). If m > k, then [«] is the disjoint union of
Tkn — q,’c_ltk,m m-levels (see step (k, m) of the construction). By definition of q,’c_ | Gf
m = k) or ty , (if m > k), we thus have

L R —
hm
n(*]) < gl
=l ifm > k,
him
and
n _
l%Qi ifm =k,
/'L(Ek—l,m \Ek,m) < W "

ﬁ- ifm > k.
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Using equation (10) and o-additivity of u, we get the following inequalities. If m > n,

we get
)3 )3 hi _ H,
W(Xom \ En,m) = u(Xp \ El,m) + M(Ek—l,m \ Ek,m) =< . = . .

2<k<n 1<k<n

If m = n, we get

WX\ En,m) = (u(Xp \ El,m) + Z M(Ekfl,m \ Ek,m)) + M(Enfl,n \ En,n)

2<k<m-—1
hy | Pa—ihy_
< —_— - -
< Y S
1<k<m-—1
_ Hr/z—l Pnflh;;—l
hy, hm
and we are done. O]
The quantity H' | + p,—1h/,_, only depends on ¢, . . ., g, _, which only depend on

(gi» (0i,j)0<j<q;)o<i<n—2 (see Lemma 5.9), and h,, is larger than g . .. g,—1/Mo with
gn—1 appearing at step n — 1. Then, the strategy will be to recursively choose the cutting
parameters g,—1 SO that

Hy 4 poih,_

hn n—+0o0o

0. (11)

As u(X,) — 1,thisgives u(E,,) — 1byLemma5.13.
n——+00 n— 400

COROLLARY 5.14. If u(E, ) n_;)_OO 1, then S is the universal odometer.
Proof of Corollary 5.14. By the definition of g, at step (n,n) and by choice of the
sequence (py), every prime number appears infinitely many times as a prime factor among
the integers g, g}, g5 . . . . If S is an odometer, then it is clearly universal. It remains to
show that (R),),en increases to the o-algebra .A. Then, S is a rank-one system with zero
spacing parameters by Lemma 5.2, so this is an odometer.

Consider a subsequence (n)r>0 such that the series ) ;- n((Ey; ,)) is convergent.
By the Borel-Cantelli lemma, the set X := | >0 mkzj Enk,nk is of full measure. Let
x,y € Xo. Assume that they belong to the same level of R/, for every n larger that some
threshold Ng. The goal is to show that x and y are equal, so that (R} ),en separates the
points of a set of full measure and hence it increases to A.

By the definition of X, there exists an infinite subset / of N, bounded below by
No, such that E,, contains x and y for every n € I. Let us fix an integer n € I. By
the definition of E,,, x is in some Si(B,’l_lo(n)) and y in some Sj(B;l_lo(n)), for
0<i,j<gqy...q,_,— 1 However, x and y are in the same level of R, furthermore,
S'(B],_, o(m)) is included in the level S'(B;) and S/(B]_, ,(n)) in the level S/(B}), so
we have i = j. Moreover, since we have #, , = 1, all the sets sk (Br/z—l,O(n)) are n-levels,
that is, levels of the nth T-Rokhlin tower R;,, so x and y are in the same n-level. This holds
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for every n € I, so for infinitely many n. Moreover, (R,),en separates the points up to a
null set, since 7 is rank-one; hence the result. O

LEMMA 5.15. For everyn € N, we have
w(Ky) > w(Xp) — w(By) —2u(X, \ En,n)'

Moreover, u(Kp,) — 1ifu(E,n) — 1L
n (0@}

-+ n—+00
Proof of Lemma 5.15. The set K, isequal to (E,, \ By) \ T(X, \ Enn), so we get
w(Ky) = pw(Epn \ By) — n(T'(Xy \ Enp))

> M(En,n) — u(By) — u(X, \ En,n)
= uw(Xy,) — n(By) —2u(X, \ En,n)-

The second result follows from the fact that u(X,) — 1and u(B,) — O. ]
n—+o0o n—-+4o0o

LEMMA 5.16. For every x € K, there exists k € 7 such that

k| < 4(hn_1 4+ Zn_1)(H,,_})?

n—1

and T~ 'x = Skx.

Proof of Lemma 5.16. Let x € K,. By the definition of K, the points x and 7~ 'x are in
E, n and there exists 1 <i < h, — 1 suchthatx € T (B,). Writing E,, , as

i in—1,p/ Y
Ev= || Sa'®Bl o= ||  S®B_, 0
O<i<h)_,—1 O<i<h)_,—1
Ofinflfq,/,,lfl Ofinflfq,/lflfl

it is clear that there exist 0 < kg, k1 < h;l_l — Il suchthaty := S~kox andz := S~hiT-1x
are in |—|Osinf1§q,’,,171 Br’lfl’l.ni1 (n).

We first show that we can write y = ;,],Qz for some kj, using the fact that ¢, connects
the n-bricks of step (n, n) of the construction (since #,, = 1). Second, ¢, can be written
as a power of S and the equality y = $*37 holds for some k3 that we will be able to bound
by Lemma 5.4. Finally, the result follows from the bound for each integer ko, k1, k3.

Step 1: Finding ko such that y = {,lf ?z. Using Lemma 5.3, we can write

X = g‘lio . {ri”:fy and T 'x = ;{0 - g“,{’ffz
for some integers 0 <iq, jo < gy —1,...,0 <iy 2, ju2<gq, ,— 1, and there exist
0 <ip—1, ju—1 < gq,_, — 1 such that

y e B,/L_Ll-nil(n) and z € B,/l_l’jnil(n).

More precisely, by Lemma 5.5, and the fact that y and z are in n-bricks at step (n, n), we
have

X =MD G (M) 2y and T 'x = (L) L. o1 (Ly—1) 22
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withk < Ly, My < nforevery 1 <k <n — 1. By construction, T and the maps i (m), for
1 <k<n-—1andk <m < n, satisfy the following property: for every n-level Tk(B,,),
with 0 < k < h,, — 1, contained in the domain of the map, if it is mapped to another n-level
Tk+4(B,), with 0 < k + £ < h,, — 1, then the application coincides with 7 on TK(B,).
In other words, it consists in going up or down |£| floors in the tower R, without going
above its roof or below its base. Therefore, from B,’F]’ it (n) to Bl’%]’ i (n), the map

S =@ LD .. 1 (L)) T (M) L gy (M=) 2

consists in successively going up or down in the tower, so this is a power of T given
by the difference between the floor of B, _,(n) and that of B, _, P2 The map

—1—in—1

&1 also satisfies this property, and thus &," and § coincide on B,/l_l’l.n_1 (n)

and y = ;,]fzz with ko = ju—1 —in—1.

Step 2: Finding k3 such that y = S¥3z. Using Lemma 5.3 and the equality LH(B)) =
Br’hlgi, we have Sh;fl(j"*‘fi”*”y =z, we set k3 = h)_,(ju—1 — in—1) and it remains to
find a bound for j,_; — i,—1. We need to get more information on the power of 7, denoted
by T¢, which coincides with S on B,;_l iy (n). By Lemma 5.4 and the definition of S, we
get

|E| = (hn—l + Zn—l)(iO +---+ in—2) + 1+ (hn—l + Zn—l)(jO +-- 4+ jn—2)
<2(hp-1+ Zn—l)(‘](/) +--+ 61,/172) +1
<31+ Zn-1)(qo+ -+ 4p_3):

where ‘+1° comes from ‘7T~!” in the expression of S and has been bounded by
(hn—1+ Zu-1)(qy+---+4,_,). The sum g +---+¢q,_, is less than the product
qq - - - q4,_p = h,,_,, which gives

|€| = 3(hn—l + Zn—l)h/

n—1-
Since ¢, has a positive cocycle (by Lemma 5.4), the equality g“,fj”*'fi”*') =T
[€] = |jn—1 — in—1]. Therefore, we find the bound

¢ implies

k3| < 3(hn—1 + Zn—1)(h),_*.

Step 3: Bounding the integer k such that T~'x = S*x. By the definition of ko, k; and
k3, T~ lx is equal to Skx with k := k; — k3 — ko which is thus bounded as follows:

k| < lkol + lki| + k3]
<2(h,_y — 1) +3(hy—1 + Zu—1)(h,_})?
< d(hyo1 + Zy_1)(H,_ )%,

and hence the result. U

COROLLARY 5.17. If u(En ) _:_ 1, then T and S have the same orbits.
n—+0o0
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Proof of Corollary 5.17. It is clear that the S-orbits are contained in the T-orbits.
By Lemma 5.15, |,y K» is of full measure, so the reverse inclusion follows from
Lemma 5.16. O

Remark 5.18. Corollary 5.17 holds for every rank-one system 7. Indeed, skipping steps in
the cutting-and-stacking process of T recursively increases the cutting parameters gy, it
enables us to get criteria (9) and (11) (the first one implies that the construction in §5.1 is
well defined, the second one that u(E, ,) — 1).

However, the quantification of the cocycles will not necessarily hold for all the rank-one
systems, since we will need to control the quantities Z, depending on the spacing
parameters (see §5.5).

Note that by Dye’s theorem, it was already known that every rank-one system is orbit
equivalent to the universal odometer, but the proof of this theorem does not provide an
explicit orbit equivalence, and thus prevents us from quantifying the cocycles.

Now the goal is to control the cocycle cs. The equalities in equation (7) in §5.2 and the
decomposition of B, _;; in bricks motivate the following definition:

forallm >n>1, D,(m) = {1%_1 . 4“5’1‘12_1 |_| ’;_lsin (m))

0<in<q,_,—2

qp_p—1

S ( | ] ;,iwm)(B;_l,o)). (12)

0<in=q,_;—2

It is the union of all the translates of the m-bricks at step (n, m) composing D,. Note

. . —(q/_,—1 —(q\—1
that S coincides with ¢, (m){nf?”‘z b g =D

(g .—1 —(q!—
Ln {n_((f"_z ) e =D and ¢, coincides with ¢,(m) on the m-bricks at step n). The

partition of D, into such subsets D,,(m), for m > n, gives a fine control of the cocycle cg.

on D, (m) (since it coincides with

LEMMA 5.19. For 1 <n < m, D,(m) is contained in Xp, \ E, m—1 and we have

/

8m_1—8m+hn ifm>n+1,
D < m—1
n(Dy(m)) < Hr/zfl +pn—1h;,]
Em—1— Em + Y ifm=n+1.
n
Forall n > 1, we have
/
(D)) < =1

n

Moreover, for every x € Dy(m),
les()| < (hm—1 + Zm—Dh,,_,.

Proof of Lemma 5.19. For 1 <n < m, D,(m) is composed of translates of the m-bricks
used at step (n, m), so it is disjoint from the translates of the M-bricks used at step (n, M)
forn < M < m — 1; hence the inclusion Dy, ,, € X, \ Ej, u—1. The bound for p(D, (m))
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follows from the decomposition X, \ Enm—1 = (Xm \ Xm—1) U (Xsm—1 \ Enm—1) and
Lemma 5.13.
For n > 1, by the definition of D,,(n) and the ¢;-invariance of the measure, we get

u(Dy(n)) = (4,2_1 - 1)/*(3,/1_1,0(”)) =< CI,;_lldL(B,/l_l,o(n)ﬁ

hence the result, since B,/l_1 o(n) is an n-level, so it has measure less than 1/ ;.
For the cocycle cg, we first decompose Dy, (m) in the following way:

Datmy = | ¢ o,
I4

=:D?

where (B¢)¢ is the family of m-bricks, at step (n, m), which constitute the subset
|—|0§in5q’_.—2 Br/:—l,in(m)' For a fixed ¢, by Lemma 5.5, there exist 1 < L; <m,. ..,
n—1<L,_; < m such that

’
9n—2—

D=Ly e L) Bo)

) o -1

1
and, on this subset, S coincides with ¢,(m)¢, )(Ln,l) S )(Ll). Then,

n—
using Lemma 5.4, we get

le9)ptl < (rm—1 + Zm-D)(gg = D+ + (@ =D+ 1D
< (hm—1+Zm-1)40 - - - 4p_2
= (hp-1+ Zm—l)h;l_l,

and hence the result. O

5.5. Proof of Theorem 3.9. Let T be arank-one system whose parameters satisfy criteria
(9) and (11). The first one ensures that the construction is well defined (Lemma 5.10), the
second one implies w(E, ) — 1 (Lemma 5.13), so we have an orbit equivalence between
T and S (Lemma 5.17). We can then define the cocycles cr, cs: X — Z by

forall x € X, Tx = SCT(X)x and Sx = TCS(X)X,

In Lemmas 5.16 and 5.19, we obtained bounds for the cocycles on precise subsets covering
X: (Ky)n for cr, (Dy(m))pm for cs. This will provide a bound for the ¢-integral of
each cocycle. However, first, we need to change ¢ via the following lemma inspired by
[CJLMT23, Lemma 2.12]. Without loss of generality, ¢ has the properties given by the
lemma and this will simplify the bound for each g-integral.

LEMMA 5.20. Let 0 <a <1 and ¢: Ry — Ry satisfying ¢(t) = o(t*). Then, there
exists ©: Ry — Ry with the following properties:

o & jsincreasing;

o @ jis subadditive: forallt,s e Ry, ®(t+5) < ®(t) + P(s),

o D) =o0@1%),

o ¢(1)=0(P@)).
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Proof of Lemma 5.20. Set
6: Ry — Ry
. ( p(s) + 1)
t — min | 1, sup ——
s>t s
and
o R+ — R+

13
t|—>/ 0(s) ds.
0

The map 6 is positive-valued and non-increasing, so ® is an increasing and subadditive
function satisfying ®(¢) > t6(t) for every t € R,. The assumption ¢(¢) = o(t*) implies
that 0(r) = sup,-, (¢(s) + 1)/s for 1 > 0 large enough, so we have

o) = 19() = 1 sup 2L S o,
S

s>t

Finally, for a fixed ¢ > 0, there exists o > 0 such that ¢(s) < es“ for every s > ty. For

every t > 1o, this gives
s)+ 1 e 1 e 1
p & =< sup < + —> = + -
§>1 t

>t K sl-o ¢

and for every t > fg, we have

1 t 1
/0(s)ds§/ <1‘9 +—)ds=ft“+1nz—fzg—1nto,
P o \S Y s o o

0 0

and hence ®(t) = o(t%). O

LEMMA 5.21. Assume that criteria (9) (in Lemma 5.10) and (11) (after Lemma 5.13) are
satisfied. Let ¢ : Ry — R be an increasing and subadditive map. Then, setting

ph? ) N w(zn+1h,%+l>)

A(n) = (1 +2(H), + pnh;))(h;)2<
hny1 hny1
Ac(n) = enp1(hp) (9 ) + 9(Zug 1l ),
we have the following bound:
“+00 “+00
/X eler()) du < p(d(ho + Zo)(hp)®) +4 > Am) +4 Y Ac(m).  (13)
n=0 n=0

Proof of Lemma 5.21. Motivated by Lemma 5.16, we will rather quantify the cocycle c-1
defined on X (up to a null set) by

T lx = §r-1 0y,
It is equivalent to quantifying cr since we have
forallx € X, cp-1(x) = —cr (T ')

and p is T-invariant.
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Let (K})n>0 be the partition of X inductively defined by
K| =K1,
foralln > 0, K,’1Jrl = Kpr1 \ (K1 U---UK,).
The subsets K, are pairwise disjoint and cover the whole space since we have
KiU---UK,=K;U---UK,

and pu(K,) — 1 (using Lemma 5.15). By the fact that K, is included in X,, and by
Lemmas 5.15 and 5.13, we have
w(Ky ) < w(X\ Ky)
= n(X \ Xn) + n(Xn \ Kn)
< e+ u(By) +2u(X, \ En,n)
<e, + 1+ Z(H,/,_l + pnflh,;_]).
hy

Since K;i+1 is contained in K, 41, Lemma 5.16 implies

forallx € K\, lop1(x)] < 4(hn + Zy)(h))%.
We then get

/fﬂ(ICT(x)I)dM=/ p(ler-1(x0)]) dp
X X

+00
=Y [, el du
n=0 Kr,z+1

+00

<D (K @@y + Z,) (h}))
n=0

< @(4(ho + Zo)(h})?)

oo 14+2(H | + pa_ih),_))
+Z(sn+ e >¢(4<hn+zn)<h;>2).
n=1 n

Now we use the assumptions on ¢ to simplify the previous bound. We have h), =
h,_,q,_y <h,_,h, (by construction, we have g, _, < r,, < hy). By monotonicity and
subadditivity, this yields

@@y + Z) (W) < @@ (hy + Zy) (B hn)?)
< 4(h,_ ) (@(h) + o(Z,h2))
and we get the bound (13). O]

LEMMA 5.22. Assume that criteria (9) (in Lemma 5.10) and (11) (after Lemma 5.13) are
satisfied and that the following holds:

!/
foralln > 0, n <4
qn
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(this is an assumption that we will be able to get by Lemma 5.12, using flexible classes).
Let ¢: Ry — Ry be an increasing and subadditive map. Then, setting

<p(hﬁ+1) @(Zn+1hn+1)>
+ 9’
Rt Rt

Ti(n) = 4h;<

Fan) = (H. + pnh;)h;(w(h”“) N w<Zn+1>),

hn+l hn+l
h Z
I's(n, m) = H,;h;_l<¢)§l m) + (p(h m)),
m m

Ce(n, m) = 5mh;, ((hm) +o(Zn)),

we have the following bound:
f ¢(les) dp < w(D1 (1))@ ((ho + Zo)hy)
X

+Y T+ Y Tam+ Y Y. Tsn.m)

n>0 n>0 n>1 m>n+1

+Y > Te(n,m). (14)

n>0 m>n+1

Proof of Lemma 5.22. By Lemma 5.19, for each subset D, (m), we found a bound for the
cocycle cg on it, we then get

du = d
/X<P(|CS|) w= Y /D ¢(les)) dp

m>n>1 n (1)
< Y u@am)¢(Urm-1 + Zn-1)h},_)
m>n>1

< (D1 ()e((ho + Zo)hg)

Y+ + Y >y m),

n>2 n=1 n>1 m>n+2
where
y1(n) = WDy () @((hn-1 + Zy-1h,_4),
y2(n) i= p(Dn(n + 1)@ ((hn + Zn)hy,_y),
y3(n, m) = (D (m)@(hm—1 + Zm—1)h;,_y).

Lemma 5.19 also yields a bound for the measure of each set D, (m), which implies

/

q,_
N <= Lo((hn—1 + Zu_1DH,_)),

n

/

H |+ p,_1l
y2(n) < <8n+ n1 T Pr 1Pt

hn

/

H
y3(n,m) < <8m—1 + A 2 >§0((hm—l + Zm—l)h;l_l)-

m—1

><ﬂ((hn + Zn)hy, ),
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For all n > 2, note that we have
(p((hn—l + Zn—l)h;lf]) =< (p((hn—l + Zn—l)hilfzhn—l)
< 5 (p(h2_ ) + @(Zy—1hu-1))
and

Gy < Gy < 4 ,
hn hn—lqn—l hn—l

so wet get

% ) L 9 Zatha-)

yi(n) < 4h),_ (
n=2 hn—l hn—l

) =Ii(n—-2).
For y»(n) and y3(n, m), note that we have

foralln>1, forallm>n+1, @((hm_1+Znu-1h,_)) <h,_(@"n-1)+@(Zn-1)),
so we get

|+ Pn—thy,_y
hy

H/
y2(n) < <8n + —= )hi,l(w(hn) +@(Zy))

hy, Z
=8nh;_1(¢(hn)+¢(zn)>+(H,;_1+pn_1h;_l>h;_l(<"( ) | o >)

Iy Iy
=Te(n—1,n)+Ta(n—1)

and

H/
y3(n,m) < (em—1 + ﬁ)h;,l(f/)(hm—l) +9(Zn-1)

hp— Zn—
=em_lh;_l(w(hm_o+¢><Zm_1)>+H,;h;_1(‘p( D e ‘))'

hm—l hm—l
=lemn—1,m—-1)4+T3(n,m—1)

The bound (14) now follows immediately. O]

Proof of Theorem 3.9. Let C be a flexible class and ¢: Ry — R, a map satisfying
(1) R o(t'/3). If ®: Ry — R, is another map satisfying ¢(r) = O(® (7)), then
d-integrability implies g-integrability. Therefore, without loss of generality, we assume
that ¢ satisfies the assumptions of Lemma 5.20, that is, ¢ is increasing and subadditive.
Using the definition of a flexible class, we will build 7 with large enough and inductively
chosen cutting parameters ¢g,. Let F¢ be an associated set of parameters, and fix the
associated constants C and C’ given in Definition 3.7. First, choose any cutting and spacing
parameter (go, (00,0, - - - » 00,4)) in F¢ such that go > 3. Without loss of generality, we
assume po = 2 and we get go > po, as required in the assumption of Lemma 5.10 for
n = 0. For a fixed n > 1, assume that (gx, (0k,0, - - - » Ok,q.))0<k<n—1 has already been
determined in Fe, this immediately gives g, ...,q,_, (see Lemma 5.9). The goal is
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to find the next parameters with g, large enough. Consider «, > O such that for every
t > hyky, the following hold:

Kn > Max (Pp, qos - - - Q1) (15)
/ /
Hyt puhy 1 (16)
t n

The assumption ¢(f) = o(t'/3) also implies the following inequations for a large

enough «;:
e ()
(h)*(@(1?) + 9(CtY)) < T o (18)
4h;(@ + @) < 5 (19)
(H, + mhb%(@ + 20 ) < s 20)
forall1 <¢<n, H| ;_«@ + ‘p(tCt)) < 2n1+2; @)
forall0< ¢ <n, Ky(p(t)+e(CH) < — " 22)

B 2”‘10 - qn—-1
for every t > huk,. With inequations (17), (18), (19), (20), (21) and (22), we will
respectively find bounds for the quantities A(n), A:(n), I'1(n), I'2(n), I's3(n, m) and
I'e(n, m) (see Lemmas 5.21 and 5.22).
We then set a new cutting parameter g, > k, large enough with associated spacing
parameters 0y, . . . , On,g, SO that (gx, (0%,0, - - ., Ok,g.))0o<k<n € FC,0n < C'gnhy—1 and
the following additional assumptions are satisfied:

gn — (1 + pp) = C'hy, (23)
and
forall0<k<n—1, g,>C2"%g. (24)

Let (h,), (o,) and (Z,) be the sequences associated to p = (gu, (0n0,- .-,
Ong,)In=0 € PN (as described in Definition 3.1), (h),) the height sequence of the cutting
sequence (g,),>0 for the universal odometer that we build. We first check that the
underlying system is finite measure preserving, that is, condition (F) in Definition 3.2
is satisfied. However, we have

On < C/qnhn—l _ c’
hnt1 ~ qnqn—1hn—1 qn—1

)
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so the summability easily follows from inequality (24). The underlying system preserves
a probability measure, so it is rank-one. Moreover it belongs to C by the definition of a
flexible class.

Inequality (15) ensures that criterion (9) holds and that the construction in §5.1 is well
defined (see Lemma 5.10). Using h,41 > hnq,, the limit in equation (11) is a consequence
of inequality (16) and implies u(E, ) — 1. Inequality (23) implies

q/
foralln e N, -2 <4
qn
(see Lemma 5.12).
Then, Lemmas 5.21 and 5.22 imply that the bounds in equation (13) for the ¢-integral
of cr and equation (14) for the p-integral of cg hold. It remains to prove that these bounds
are finite, namely that the series

doAm), Y Am), Y Ti(n), Y Tam),

n=>0 n>0 n>0 n>0
Z Z I3(n,m) and Z Z T (n, m)
n>1 m>n+1 n>0 m>n+1

converge.

Using the monotonicity of ¢ and the inequalities Z,,+1 < Chy41 and (17) for t = h;, 41
(which is greater or equal to h,k,), we get A(n) < (1/2"), so the series ) _,_, A(n)
converges. It is also straightforward to see that the series ) .o ['1(n)and )", Ta(n) are
convergent, using inequalities (19) and (20). Inequality (21) iI_nplies I'3(n, m) < (1/2m+h),
SO we get

m>n+1
for every n > 0, and the series ) .1 > >, ['3(n, m) converges.
For the other series ) |, .g As(m) and - > _,~,41 [=(n, m), we have to control the
sequence (&) (recall that &, = u((X,)¢)). Denote by M the measure of By (the unique
level of the T-Rokhlin tower Ry). For every n > 1, we have

My MoC’ hy_4 C’ 1 1 2
=) k=) o =) s s,
k=n q0 - - - gk k=n q0 - - - gk—1 kon qk—1 qn—1 f=n qn—1

using Lemma 3.4 and inequation (24).
Given n > 0, inequation (22) and Lemma 3.4 imply

hn+l - qn

) (p(h3 Zni1h? < )
(h)“ (e, ) + ¢(Znt1hy 1)) < a0 = My

Combining this with the inequality ¢,4+1 < 2/g,, we then get
_ 7\2 3 2 1
Ae(n) = gpy1(hy,) (¢(h,1+1) + ‘P(Zn+1hn+1)) = m,

so the series Zn>0 A¢(n) converges.
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For fixed integers n > 0 and m > n + 1, inequation (22) and Lemma 3.4 imply

hm qm—1
0---qm—2 _ 2" My

iy (9(hm) + ¢(Zm)) < T=p
Combining this with the inequality &,, < 2/g,,—1, we then get
1
[e(n,m) = 18mh;((;a(hm) +¢(Zy)) < m

This gives

1
> Te(n,m) < My
m>n+1
for every n > 0, so the series ) - >_,,>, 1 ['e(n, m) converges.
Therefore, the cocycles cr and cg are g-integrable as wanted, which concludes the
proof. O

Remark 5.23. For @-integrability of cg, we only need to control quantities of the form
@W?)/u and (1) /u (¢(>) /u does not appear). Therefore, Theorem 3.9 can be stated with
a stronger quantification on the cocycle cg, namely ¥ -integrability with ¥ (1) = o(¢!/?) (it
suffices to replace 7'/3 by #!/? in inequation (22)).

We are now able to prove Theorem D.

Proof of Theorem D. Let ¢: Ry — R, be a map satisfying gp(t)t = o('?). By
0

N
Lemma 5.20, we may and do assume that ¢ is increasing and subadditive. '

Given a flexible class C, an associated set of parameters F¢ and constants C and C’,
the last proof shows that we can choose the parameters in the following way. First, we
choose any cutting and spacing parameter (qo, (50,0, - - . , 00,49)) in F¢, wWith gg > 3. Then,
if pn = (gk, (0k0, - - ., 00,4;))0<k<n—1 has been set, there exists a constant depending
on ¢, F¢, C, C’ and py, denoted by K, (F¢, C, C’, pp), such that conditions (15), (16),
(17), (18), (19), (20), (21), (22), (23) and (24) hold for every g, > K, (F¢, C, C’, pp),

and it remains to find such an integer g, and spacing parameters o, , . . . , Oy, sSuch that
Pn+1 = (Gx, (00, - . ., 00,4,))0<k<n is in F¢ and the inequality o, < C’gh,—1 holds.
Let Q == (Q-1,...,Qy,) be a sequence of integers, where ng, Qo, . .., Qp, are

positive and Qo ... Oy, > 3, and let us consider the set of parameters F(Q) built in
§4.2, and the associated constants C g and C’Q. In this case, the spacing parameters oy ; at
step k are equal to O or h;_1, so they are determined by the previous cutting parameters.
Moreover, the first cutting parameter g is equal to Qg . . . Qy,. Therefore, for every finite
sequence pp = (qk, (0%0, - - - » 00,¢))0<k<n—1 in F(Q), we write K,(Q, q1, . .., qn—1)
instead of Ko, (F(Q), Co, C’Q, Pn).

Recall that A denotes the set of sequences (g;);>—1 of integers such that qo, g1, . . .
are positive. To every sequence & = (&;);>0 € {0, 13N, we associate a sequence g(e) € A
inductively defined by

q(€)o = qo.
foralli >0, q(&)it1 =Ku(Q,q(&)1,...,q(&))+¢;.
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50 C. Correia
Every sequence € = (&;);>0 € {0, N provides a sequence of parameters in F(Q), whose
cutting parameters are g (€)g, ¢(€)1, . . . , and which gives rise to the irrational rotation of
angle 0(¢) == [Q-1,..., Ony» q(&)1,q(&)2, .. .].

Let us now consider a non-empty open subset V of R and a finite sequence Q so that
6(e)isin )V for every € € {0, N, we get that the set of irrational numbers 6 in ) such that
the irrational rotation of angle 6 is ¢-integrably orbit equivalent to the universal odometer
contains the set {g(¢e) | & € {0, 13N}, so it is uncountable using the facts that the map
e € {0, 1}N > g(e) € A is injective and the continued fraction expansion is unique for
every irrational number. O
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