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Preduals and Nuclear Operators Associated
with Bounded, p-Convex, p-Concave and
Positive p-Summing Operators

C. C. A. Labuschagne

Abstract. 'We use Krivine’s form of the Grothendieck inequality to renorm the space of bounded lin-
ear maps acting between Banach lattices. We construct preduals and describe the nuclear operators
associated with these preduals for this renormed space of bounded operators as well as for the spaces
of p-convex, p-concave and positive p-summing operators acting between Banach lattices and Ba-
nach spaces. The nuclear operators obtained are described in terms of factorizations through classical
Banach spaces via positive operators.

1 Introduction

In studying Banach lattices, J. L. Krivine proved the following lattice form of Gro-
thendieck’s inequality [18]: If E and F are Banach lattices and T: E — Fis a bounded
linear operator, then

(S <man (S|
i=1 i=1

for any x;,...,x, € E, where K denotes the universal Grothendieck constant and
IT|| denotes the operator norm of T (see also [25]).

Of course, sense has to be made of the square of a member of a Banach lattice.
Krivine developed a functional calculus in Banach lattices, which gives meaning to
such squares (see §2 below) and which plays an important role in the study of the
geometry of Banach lattices, cf. [7,9,18,22,25].

Let

L(E,F) ={T: E— F| Tislinear}, KL(E,F)={T € L(E,F) | T is bounded}.

We use (1.1) together with (2.1) and (2.2) below to renorm L(E, F) in a natural way,
to find a predual for this renormed space and to describe the nuclear operators per-
taining to this predual in terms of a factorization result. This provides analogues, in
the renormed setting, of the injective and the projective norms on E ® F and gives a
description of the associated nuclear operators.
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The methods employed are general enough so as to also yield preduals (see Theo-
rem 5.2 below) and nuclear operators (see Theorem 7.4 below) associated with these
preduals for the p-convex, p-concave and positive p-summing operators, as can be
found in [1,18].

It may be of some interest to note that these classes of operators are apparently
less general than operator ideals in the sense of Pietsch (see [24, 26]), in that one-
sided compositions by positive maps are required rather than bounded ones. Fur-
thermore, some of the norms under consideration are not tensor norms (in the sense
of Grothendieck), but are reasonable cross norms.

2 Preliminaries

We follow the terminology of [8, 10] with regard to normed tensor products. If X
and Y are Banach spaces and « is a norm on X ® Y, we denote the normed space
(X ® Y, ) by X ®, Y, its norm completion by X ®,, Y and its continuous dual by
(X ®,Y). Anorm o on X ® Y is called a reasonable cross norm (cf. [8,10,14]) if «
satisfies the conditions:
(i) ForxeXandyeY,ax®y) < x|yl
(i) Forx’€X'andy €Y, x' @y’ € (X®.Y) and|x' @ y'| < ||x’|| ||ly’[l.
It is well known that the inequalities in (i) and (ii) may be replaced by equality.

We denote the injective cross norm on X ® Y by || - || or by € and the projective
crossnormon X ® Y by || - || or by 7 (see [8-10, 14,25,26]).

For Riesz spaces, we follow the terminology of [30], and for Banach lattices, we
follow [22,23,29,30].

If E is a Banach lattice, x;,...,x, € Eand 1 < p < o0, then by Krivine’s func-

tional calculus, (>0, [x;|?) VP e E, where

n

(S2) " el S €0 S <)
i=1 i=1

i=1
for1§p<ooand%+é:1,and

n

()" = V ksl

i=1 =1

for p = oo (see [22, pp. 42—-44] and [18]).
There is a connection between || (Y7, [xi|?) UpH and the elements of a suitable
tensor product of ¢ and E, for which we resort to Chaney’s M-norm [3]: If E is

Banach lattice and X is a Banach space, then the M-norm on X ® E is given by

ol = inf{ | S il | | =D @01}
i=1 i=1
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and also by

H Z Xi & yi
i=1

where x;,...,x, € X and yy,...,y, € E (see also [13,29]). The M-norm is a
reasonable cross norm on X ® E (cf. [3, Theorem 1.4]) and is equal to Schaefer’s
m-norm on X ® F, (see [29, Ch. 4, §7] and [17, Ch. 4, §5]).

Recall from [8] that if X and Y are Banach spaces and « is a reasonable cross norm
on X ® Y, then the transpose of o, denoted by ‘« and defined on Y ® X by

ta(Zyi ®xi) = a(le- ®yi),
i=1 i=1

is a reasonable cross normon Y ® X (see also [6, 10, 14]).
The transpose of the M-norm, i.e.,

il = inf{ || il s
i=1
H Y xi®y = HSUP{ > i
i=1

i=1
wherexy,...,x, € Eand yy,..., y, € X, is Schaefer’s I-norm.
Furthermore, if E = LP(u), where (£2,%, u) is a o-finite measure space and
1 < p < o0, then the transpose of the M-norm is the Bochner norm on L?(u, X).
Consequently, L? (11, X) is isometrically isomorphic to L? (1) @y X.
If E and F are Banach lattices. Then

= ||su X, X)Vi| x € and ||x'|| < ,
[ sup{ D2 'y | & € X and |lx') < 1}

i=

M

‘ u:in(X)yi},
i=1

y €X' and |y <1}

)

n
E,®@F, = {in®%' | xi € Ey,yi €F+7”€N}
i—1

is the projective cone in E ® F, where E, denotes the positive cone of E.

The norms M and ‘M have the property that E ®y; F and E ®q, F, if equipped
with the respective norm closures of the projective cone in E ® F, are Banach lattices
[3,20,29].

The isometric isomorphism between L? (u, E) and L? (1) @iy E, mentioned above,
is a Riesz isometry (i.e., the isometry preserves the vector lattice structure), provided
that L” (1) ®u E is equipped with the closure of its projective cone.

Let e; be the i-th standard unit vector in £7, i.e., e; = (;;), where 0;; = 1ifi = j
and d;; = 0if i # j. If X is a Banach space and E is a Banach lattice, let

S(X) = {Zei®xi | b EXandneN},
i=1

S.(E) = {Zei®xi | X; €E+andn€N}.

i=1
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If X is a Banach space, 1 < p < o0, and « is a reasonable cross norm on
AP®X, then S(X) is dense in A? ®,, X, and if X is a Banach lattice, then ¢l, S, (X) =

clo (AL ® X,) (cf [20, §7]).
It is shown in [20, Lemma 8.1.] that if xq, . .., x, € E, then

(S ) =300
i=1 i=1

for1 < p < o0, and

P QuE

(2.2)

n
V Il
=1

®mE

n
i=1

In terms of the M-tensor product, (1.1) can be stated as

n n
(2.3) H E e ®Tx|  <Kg|T] H E e @ X
i=1 CouF i=1

POME

We let A? = (P for 1 < p < oo and A*® = ¢; and denote the identity map on X
by idy for any Banach space X.

The p-convex and p-concave operators (cf. [22]) can also be described in terms of
suitable tensor products equipped with the M-norm or its transpose ‘M. Let E and
F be Banach lattices, X and Y be Banach spaces and 1 < p < oo. Then it follows
from [22, p. 45] that a linear operator T: E — Y is p-concave if and only if

idAp ® T: AP ®ME ad AP ®’M Y
is continuous, and a linear operator T: X — F is p-convex if and only if
idAp & T: AP ®1MX — AP ®MF

is continuous.

3 The Banach Space G, ;,)(X,Y)

Let X, X3, Y, Y, be Banach spaces and -y and § reasonable cross norms on X; ® Y, and
X®Y, respectively. If S € L(X;,X),R € L(Y;,Y)and S®R € L(X; ®,Y;,X®sY),
then since ¢ is a reasonable cross norm,

’Yp75p

|(S® R)(x ® y)|| = ||Sx|| |Ry]| forall (x,y) € X; x Yy,

from which we get
IS @R = [ISI[R]-

In particular, if R € L(Y;,Y) andidy ® R € L(X ®, Y1, X ®; Y), then

(3.1) lidx ® R|| > |IR]|.
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Definition 3.1 Let X and Y be Banach spaces, v and § reasonable cross norms on
AP @ X and A? ® Y, respectively, and 1 < p < oco. Set

S8, (X, Y) = {TeLX,Y) |idy» ® T € LIAP @, X, AP ®;Y)}
and

(3.2) IT(I50, 5, 0600 := [[idar @ T forall T € Gy, 5,)(X, Y).

”l’pﬁp
Proposition 3.2  Let X and Y be Banach spaces, v and § reasonable cross norms on
AP @ X and A? ® Y, respectively, and 1 < p < oo. Then G, 5,)(X,Y) is a Banach
space with respect to the norm || - || S rp s (KT

Yp:0p

Proof It is clear that ||-|g_ , (xy) is a norm on G, 4,(X,Y). To prove com-
pleteness, let (T,,) be a Cauchy sequence in G(,,5,)(X,Y). Then (idyr ® T,) is a
Cauchy sequence in L(Af ®, X, A? ®;Y). Hence, (idyr ® T,) converges to some
S e LA ®, X, AP Rs Y). By (3.1) and (3.2), (T,) is also a Cauchy sequence in
L(X,Y) and hence converges in operator norm to some T' € L(X,Y). Consequently,
if x € X, then S(ey ® x) = lim,_ oo (idpr ® T)(er ® x) = lim,_oo (e ® Tyx) =
e @ Tx = (idar @ T)(ex ® x), from which we get S(A? ®, X) C (A’ ®;Y) and
S=1idyr @ T. Butthen T € Gy, 5,)(X,Y)and T, — Tin || - ||, , x.v)- [ |

YpOp

We renorm L(E, F).

Theorem 3.3  If E and F are Banach lattices and T: E — F, then G, m,)(E, F) is a
Banach space which is linearly and topologically isomorphic to L(E, F). Moreover,

TN < 1Tl g 0 025y < K| T

My M) (
Proof The proof follows from (2.3), (3.1) and Proposition 3.2. [ |
The positive p-summing operators considered in [1] can also be described in

terms of a suitable tensor product (see Example 3.4 below), for which we need the
following notation: If E and F are Banach lattices, let

L,(E,F) ={T: E — F | T is linear and positive}.
We denote by |e| the norm on E ® F induced by the r-norm
T, :=inf{||S]| | £T < S, S € L. (E',F)}

defined on L'(E’,F) = L(E’,F) — Ly (E’,F). The |e|-norm is a reasonable cross
norm on E ® F and E (ENQM F is a Banach lattice with positive cone the |e|-closure of
the projective cone E, @ F, (cf. [20]).

If E is a Banach lattice, the norms |¢| and ‘M agree on ¢! ® E (see [29, Ch. 4]
or [20, Theorem 8.2]) and the norms € and M agree on ¢y ®E (see [3, Proposition 1.5]
or [29, Ch.4]).

https://doi.org/10.4153/CJM-2007-026-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-026-2

Preduals and Nuclear Operators 619
Example 3.4
Ssn ) [ ON, GOV [ 8,007 | 8,007) [ x, v) [Lrex, )
|| ’ ”S(qrp_%)(X,Y) N, P, Op || ’ Hpcav H ) ”pvex
Operator Cohen | p-Absolutely| Positive p- | p-concave | p-convex
p-Nuclear | summing | summing
X Banach space space lattice lattice space
Y Banach space space space space lattice
0 € € le] M '™
é 0 '™M ™M '™ M
p I1<p<oo|l1<p<o|l1<p<xo|l<p<o(l<p<oo
Reference (5] [6, p. 127] [1] [18,22] [18,22]

In the terminology of [29], the co-convex operators are known as majorizing op-
erators and the 1-concave operators are known as cone absolutely summing operators.
In the terminology of [1], the latter operators are known as positive 1-summing oper-
ators.

4 The Norm |- ||, 5,

Let X and Y be Banach spaces, E and F Banach lattices and % + é =1

Our aim is to construct a predual for G, s,)(X,Y"), for special cases of 7, and
0. We, therefore, consider suitable norms on X ® Y, and resort to vector-valued
sequence spaces.

Denote the space of weakly p-summable sequences in X by E;“eak(X) for1 <p<
00. The following result, formulated by Grothendieck, relates Z‘;’eak(X) to L(41, X)
(see [5] and [16, §19.4]).

Theorem 4.1  Let X be a Banach space and let % + é =1

@) égeak(X) is isometrically isomorphic to L(01,X) for 1 < p < oo and é‘f’eak(X) is

isometrically isomorphic to L(co, X).

(ii) E;“e“k(X’) is isometrically isomorphic to L(X, £?) for 1 < p < oo and (co)Ve* (X")
is isometrically isomorphic to L(X, ¢p).

It is well known that

AR = { () € AFR0 | Ga)iS

:n||Avpmk(X) —0asn — oo}

is isometrically isomorphic to A? @, X for 1 < p < oc. (For details, see [5,6,9,11,

12,14,20,21].)
To proceed with the task at hand, let
FX) :={(x1,. ., %4,0,...) | x; € Xand n € N},
F(E) :={(x1,...,%,,0,...) | x; € Ex and n € N}.
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We recall from [20] that F(E) is an Archimedean Riesz space with positive cone
F(E) = F(E) N (E),,
where (EV), is the cone in EV generated by the pointwise order, i.e.,
(x) < (yi)) © x; < y;foralli e N.

The map
n
K: Zek®xk'—> (X1,%2, 3 X0, 0,...),
k=1

provides an identification of S(X) and F(X) and also yields a one-to-one correspon-
dence between S, (E) and F,.(E) (cf. [20, §7]).
Let 1 < p < oo and « a reasonable cross norm on A? ® X. Set

oo
Zei®xi € AP (g%X}

i=1

AP(X) = { (x;) € E

and

[| (i)

o0
AR P H E € ® X NS
1:1 (&%

Hence by our discussion above,
APE(X) = AJ(X) for 1 < p < o

Theorem 4.2  Let X be a Banach space, 1 < p < 0o and a a reasonable cross norm

on AP ® X. Then

(i)  AR(X) is a Banach space with respect to the norm || - Il a2< -

(i) (%) € AB(X) if and only iflim,,_, ()22l azex) = O

(i) F(X) C AL (X) and . F(X) = AL (X).

(iv) AP ®q X is isometrically isomorphic to AR(X); the isometry is given by the con-
tinuous extension of k to Af ®, X.

If E is a Banach lattice, then the isometric isomorphism in (iv) yields a one-to-one cor-

respondence between co(A? @ E,) and

AgﬁC(E)Jr = {(xz) c (EN)Jr ‘ Zel- R x; € AP éa E}
i=1

Proof If0 = [[(x;)||prex) = |l Yre® x,'||Ap®"X, then since || - ||e < ||+ [|a» it
follows from Theorem 4.1 and (ijl e ® x;)e; = xj, that x; = Oforall j € N. Itis
then easy to verify that || - || s»<x, is a norm and

() € AL“(X) ifand only if lim [|(x;):Z,, || sr<x) = 0,

https://doi.org/10.4153/CJM-2007-026-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-026-2

Preduals and Nuclear Operators 621

i.e., (ii) holds.

To prove (iii), note that if x;,...,x, € X, then >\, &; @ x; € A’ ®, X and so
F(X) C AR(X). Also, by (ii), we get that AL“(X) is contained in the norm com-
pletion, denoted by H, of (F(X), || - [|yr(x))- But H is isometrically isomorphic to
A? @, X; the isomorphism is given by the continuous extension of x, denoted by
RF: AP @, X — H. We claim that H C ARS(X). If z € H, then there exists
Yl e @x € AP ®, X such that z = E( e ® x,-). Then (x;) € AR (X)

and -
(x) = %(izl:ei ®xi) =z

It follows from what has just been shown that AP(X) is norm complete and that
AR(X) is isometrically isomorphic to A? &, X. Thus, (i) and (iv) hold.

The statement about the order holds due to the fact that x yields a one-to-one
correspondence between S, (E) and F,(E), as mentioned above, and cl,S;(E) =
clo(AY ® E,), as mentioned in §2. [ |

Where convenient, we shall identify A?(X) ®, X and AL°(X) and denote

16llagecn BY 1llass,x

Also, if the space of all absolutely p-summable sequences (x,) in X is denoted
by f;tmng(X ), then Ej,tmng(X) is isometrically isomorphic to £¥ ®y X. (For details of
E;m’ng(X), see [9].) Hence,

G0 = APS(X) for 1 < p < oo,
Using the notation convention made above, i.e., by denoting ||(x;)||yr<x, by

()|l sr, x> and considering 1 < p < oo, the Chevet-Saphar norms g, and d,,
are given by

gp(w) = inf{ ||(x) || ar @ x| (v |rey | u = in i},

i=1

|(yi)l| Ay, ¥ | u= in ® )’i}

i=1

dy(u) = inf{ |(xi) || Ar . x

forallu € X ® Y, and the Cohen norms w,, are given by

n
noy | 4= % ®yi}

i=1

wp(u) = inf{ || (xi) | are x| (i)

forallu € X ® Y (see [4-6,19,26-28]).

The norm w, is Grothendieck’s important Hilbertian norm on X ® Y [6,14,19,25,
26]. It is well known that these norms are reasonable cross norms on X ® Y (in fact,
these norms are tensor norms in the sense of Grothendieck, see [5,6,12,26]).
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For1 < p < oo and E a Banach lattice, denote the space of positive weakly p-sum-
mable sequences in E by él,weakl(E) (see [2,20,21] for details). It is a Banach lattice
with the ordering induced by the pointwise ordering on E¥. Furthermore, A? <§>|6‘ E

is Riesz and isometrically isomorphic to ALV_Vf *(E), where

ALv:rceak\ (E) := {(xi) c ALWeakl(E) | l(x)2, , = Oasn — oo} .

||ALweak\ (E
Hence,
APS(E) = Ape™(B) for 1 < p < oc.

The ‘M-norm has the following description, which is a Chevet—Saphar-Cohen
norm look-alike:

lullar = inf{ 1) oo, X lley | w= D xi @ yi}

i=1

forallu € E® Y (c¢f [21]). However, 'M is not a tensor norm, as was noted by
Pisier [6,25].

Definition 4.3 Let X and Y be Banach spaces, v and § reasonable cross norms on
A? @ X and A1 ® Y, respectively, 1 < p < oo and % + % = 1. Define

]l (.5, == inf{ )l are, x| (i) || Avesy ’ u= in ® yi} forallu e X®Y.

i=1
The convention is used to denote (71, §o0) by (71, d0) and (Yoo, do) by (70, 1)-

In general, it seems difficult to verify the triangle inequality for | - ||(,,.5,). How-
ever, it follows easily from the definition of || - ||, s,) that

* wpu) < |lull,s,) forallu e X®Y;

* fue X®Y,then Hu||(%5[1) = 0ifand onlyif u = 0;

* if A\ € R, then ||)\u\|(%75q) = |} Hu||(ﬂ,p.’54) foralu e X®Y;

* ifx € Xandy €Y, then |[x @ yll,s) < [lx[ I7;

* ifx’ € X"and y’ € Y/, thenx' ® y' € (X ®(y,4, Y)'; because by Cohen’s
result that w;, is a reasonable cross norm, we get that x’ ® y’ € (X ®,, Y)’,
hence, the inequality w,(u) < ||ul|(,, s, implies x’ ® y’' € (X ®(,,4, Y)" and
%" @y i < Ml" @ yllwy < NIl
For a number of interesting special cases we provide verification of the triangle

inequality for || - [[(,.5,)-

Theorem 4.4  Let E and F Banach lattices, X and Y Banach spaces, % + - = 1and

1 < p < 0. Then

@ N oy m) and || - [l el .m,) are reasonable cross norms on E @ F.
(i) || ll@m,.m,) is @ reasonable cross norm on X @ F.

1
q
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(i) | - llom,nr,) and || - |||, im,) are reasonable cross norms on E® Y.

Proof (i) Consider | - [|(|,m,- By the remark preceding Example 3.4,

- Mlcters vty = I Natetnen) = 11+ [l

and since the latter is a norm, we may assume that p # 1.
By our remarks preceding the theorem, we only need to verify the triangle inequal-
ity. Let 1y, u, € E® F and let € > 0 be given. For i = 1, 2 there are representations

n;
W=
j=1

such that . .
||(xy))“AP@\e\EH();jl))||A’1®MF < Nlutill el ) + €
Let
i (i 1/p (i a] Tl
A = (1 o] [ 1€ s, 2] 7] )
, r Val o, -G /p) !
7 = IE e " [ D ene] ] 7
Then

i (i 1/p _(i 1/p 1/p
1 arey e = [IE argye] " NG mwnr] < (uillel, ) +€)

i 1/q
I ssge < (luillel, a0 +€)

and

2 2
R I LD W W)

i=1 j=1 i=1 j=1
IfB(E'), = {x’ € E'| ||x’|| < 1}, then
= sup{ || ((1%"1:x)) | v

= sup [ (L) (L) (), (21,
x' EB(E’).

X € B(E’)+} (cf. [20, §7])

(71, (2,00, )|

= sup || (1 (L) 1ol |

x"E€B(E")+
H (H (xﬁ‘l))jl:l | AP E’

1/p
< (Nl e, nnp) + Ne2ll e, ) +2€)

AP

(<|x§2)\>x/>):;HAP,O,O,...) ‘

AP

2

NG
G w000 ) |

IN
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Hence,

. 1/
G, N avge < Clmallgean + N2l +26)

Also,

i 1 1 2
H(yg'l))i,jHA”(@MF = H(}’g ),yé ),~~,)/£lll),}/(1 ),..‘,)/,(13),0,0,...)H

q q q q q qy 1/q
=||(|y§”| + [y +---+|yffl)| + P P+ 2 )

<[ () (e

(2) ‘Vlz

= ||()/] )711||A4®MF+ ||(}’ ||A’1®\/1F

1/q
< (H“1||(|e\p,M,1) + H”2||(|e\p,M,1) +2¢)

All the other proofs follow in a similar manner. ]

5 A Predual for 9(’7P=517)(X’ Y/)

It is well known (see [3,5, 6, 15,29]) that if X and Y are Banach spaces and E and F
are Banach lattices, then

(i)  (X®y, Y) =CNyX,Y')for1 < p < oo;
(i) (X®q,Y) =P,X,Y")forl < p < oo
(iil)  (E @)y ¥Y) = L'(E, Y).

Let%+%:1and1§p§oo.

The projective norm has the property that X ®, Y < X'’ ®, Y is an isometry for
any Banach spaces X and Y (cf. [26, p. 25]), s0 ¢ ®,;Y < (* Q.Y isan isometry.
Due to the fact that £? has the metric approximation property, the nuclear operators
are isometrically embedded in the integral operators. Consequently, A? &, Y’ —
(A1 ®,Y)’ is an isometry (into).

It is also known (cf. [3]) that A? @ Y — (A ®qy Y) is an isometry (into)
and A? @y F' — (A1 @y F)’ is a Riesz isometry (into), provided that A? ®um F is
equipped with the closure of the projective cone. If Y is a Banach lattice, the former
isometry is also a Riesz isometry [3,17,29].

Proposition 5.1 Let X and Y be Banach spaces, % + é =1land1 < p < oo. Suppose

(i)~ and § are reasonable cross norms on AP @ X and AP @ Y', respectively;

.. . ~ /
(ii) there exists a reasonable cross norm 0 on NM1QY such that A’ Q5Y' — ( ARy Y)
is an isometry;
(iii) |- ll¢5,.0,) is a reasonable cross normon X ® Y.

Then (X @(y,6,) Y)' = G(3,.6) (X, Y").
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Proof LetT € G, 5, (X,Y’)and define fr: X®Y — Rby
n n
fT(in ®yi) = (yi, Txi).
i=1 i=1
Note that (Tx;) € A? ;Y — (A1®yY)" and (y;) € A7 ®y Y; hence,
n
> i Txi) = ()i, (T )

i=1

Thus,

()| = 30070

= [{), (Tx)y) |
< [|(T=

LY | VR (G5 LY | Y

S TN g 0, 5n eyl are x [ (i) iy lase,y -

Consequently, if u € X ®(,,9,) ¥, then | fr(w)| < [ T[lg,, , ey llull,.0,), 1.

HfTH < ||T||9(~,p.§p)(X,Y’)'

Conversely, let f € (X ®(,,9,) Y)'. Define Ty: X — Y' by (y, Tyx) = f(x® y).
Then

I1£1l = sup{ [, 1] Nl < 1}
= sup{ ‘Z(yi, Tyx;) ‘

inf{ H (xi)?:l H AP®7XH (yi):l:IH A®yY ‘ U= in ® )’1} = l}

i=1

> sup{ | 2 (s Ty)
i=1

’ || (xi):lZIH AP ®.X <1 and H (yi)?ZIHA‘I(@(;Y = 1}

= sup{swp{ [ 00 75| | 109 s =1} | Il <1}
i=1

= sup{ | (Tp) |y | 10y < 1}
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because Trx; € Y/ fori = 1...n, and by assumption, A? RsY' — (A1 ®pY) is an
isometry; thus

H (foi)?:1|| AP@sY! H (foi)?:lu (M®pY)’

= Sup{ ’Z()’i, Tyxi)
i=1

’ )iz asgey < 1}-

Hence,

sup{ H (foi)?:1||AP®5Y’ H (x")?:IHAp@AX = 1} = HTfH9<~,p.5p>(X7Y’)'

Thus, ”f” > ||Tf||9(»,p (XY 7). u

Op

We can now construct preduals for the renormed space of bounded maps, the
positive p-summing, the p-concave and the p-convex operators. The cases p = oo
in (iii) and p = 1 in (iv) below are well known:

Theorem 5.2 If X and Y are Banach spaces, E and F Banach lattices and % + é =1,
then

(i) (EQuum) F)' = Somm)(E, F');

(i) (E®(,m,) Y) = 8p(E,Y) for 1 < p < oo;
(iii) (E @, ) Y)' = LP(E, Y') for 1 < p < oc;
(iv) (X @ a F) = LP9(X, F) for 1 < p < oo,

Proof (i) The M-norm is a reasonable cross norm on > ® E and on #* ® F'.
As mentioned above, the M-norm is also self-dual in the sense that 2 @y F' <
(£ @y F)' is a Riesz isometry (into). It was shown in Theorem 4.4 that || - ||(as, a1
is a norm on E ® F. It therefore follows from Proposition 5.1 that (E @, m,) F)' =
S,y (E, F).

The remaining proofs follow by using analogous arguments. [ ]

Krivine’s version (1.1) of Grothendieck’s inequality translates via Theorem 3.3 and
Theorem 5.2(a) into the following.

Corollary 5.3  Let E and F be Banach lattices. Then

1
o 1l < llllon any < llull forallu € E@ E
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6 Representing the Elements of X @, ;Y

Definition 6.1 Let X and Y be Banach spaces, % + é = 1, v areasonable cross norm
on A? ® X, ¢ a reasonable cross norm on A?®Y, || - [|(,, 5, a reasonable cross norm
onX®Yand1 < p < oo. Then || - [|(,.s, is said to satisfy property (REP) on X ® Y
provided that u € X ®(~,f,,,5,,) Yifandonlyifu = Y 7 x; ® y;, where (x;) € AP ®7X
and (y;) € A1 ®; Y, and

H“”(vp,éq) = ian(xi)HAP@WX’H(yi)”Aq@(;Y’
where the inf is taken over all such representations of u.

It was shown in [12] that the Cohen norms w, have property (REP) and it was
shown in [20] that the norms M and ‘M have property (REP). Before we consider
other norms with property (REP), we recall some facts about Krivine’s sequence

space.
Let E be a Banach lattice and E(£?) the space of all sequences (x;) of elements of E
for which
- 1/p )
169 g5 = supH (Z |xi|p) H ER ifl1<p<oo
n i=1
or

||(xi)||§€\m/) = s:p” <171 |x,»|) H eR ifp=oc.
Denote by E(¢?) the closed subspace of E/(ZP/) spanned by the sequences (x;) which
are eventually zero, and denote E(¢°°) by E(c). It was shown in [20, §8] that E(A?) is
a Banach lattice and the map &, as defined in §4, can be extended to a Riesz isometry
from the Banach lattice A? @y, E onto E(A?). In the notation of Theorem 4.2, we
have
AR (E) = E(AP) for 1 < p < oo.

By adapting the notation, the method used in [12] to prove that w, has (REP),
can also be used to prove the following.

Theorem 6.2  Let E and F be Banach lattices, X and Y Banach spaces, % + é = land
1 < p < oo Then

(i)  the reasonable cross norms || - ||v,.a0,) and || - 1/(je,.,) 01 E @ F have property
(REP);

(ii) the reasonable cross norm || - ||¢m, m,) on X ® F has property (REP);

(iii) the reasonable cross norms || - ||, ) and || - |||, a1,) on E @ Y have property
(REP).

Proof The proofs are based on [12] (see also [21, Theorem 4.1]). We keep the first
part of the proof general up to the point where we need specific information about
the norms =y and 4.
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Suppose (a;) € AP éﬂ, X and (y;) € A1 ®s Y. Letu, = Z:Zl a; ® y;. Then for
eachr € N,

trll . < @izt llare,x [[)ici lasesy < 1@l e x 1) | ango,y -

o0
It then follows easily that (u,) converges to u := > a; ® y; in (7, §;)-norm and
i=1

(6.1) HMH(%‘,Jq) < ||(ai)||z1®wx||(J’i)“/v@&r

Conversely, let u € X <§>(%,5q) Y andlet € > 0 be given. Then there exists a sequence
(1,) in X ® Y such that

[ = will .0 < (1/2)%* e
fori =0,1,2,.... Then
i = willvy.5) < Nttivr = llir,.0 + 11— will,0) < (1/4)€

fori =0,1,2,.... Hence u;;; — u; has a representation

Nit]

Uiy — Ui = Zaffﬂ) ® yith,
n=1

with it € X, yitD ¢y,

(™) S v ) W e < (1/4)'e,
where
| (™)) ::1 ’AP&X < [(1/4)¢] 1/27
H (ysﬂ)) ::1 ‘Aq@y < [(1/4)1‘6] 1/2.
Since

uoll(v.60 < Nulliry8 + 1t = ol 6 < llullr,.80) + €/2,

there is a representation uy = > " a!¥ ® y© with ¥ € X, y¥ € v,

n=1

1)l el 57 sy < il + /2,

with

)1/2

)

H (‘1510)) Z;H AP ®,X < (H””("rpﬁq) +e/2

1) oy < il +/2) 2.
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From the choices of the representations of u;,; — u;, it follows that for any k € N,

k n;
i i k
H " (UO * Zza‘(ﬂl) ® ys)) H (7p+0¢) - ||1/l o Mk”('?’pvall) < (1/2)2 +16’
i=1 n=1 ’

i.e., the series (ug + Y o, Yo al) @ y{) converges to u in (7, §;)-norm. At this
point, it is less cumbersome to relabel some of the sequences. Consider the composed
sequences given by

0 1
(a,) == (ag),...,aig),ag),... a0,

Yy
0 1
) = sy,

Let ny = ng +ny + - - - + my for each k € NU {0}. Then, for each k € NU {0},

k
N s x < 3@, @Dl x < Ulalloay + /212 + 2
i=0

and, similarly,
N oy < lullig o +€/2)72 + €12
Also, for each k € NU {0},
koom ny
ZZaS) ®y,(f) = Za; X yi.
i=0 n=1 i=1

Thus, the series Z;:l a; ® y; converges to u in (7,, §,)-norm.
To show that (a,) € A’ ®, X and (y,) € A1 ®;7, let

¢, = (1/29Y2 forn! <n<nl,,i=01,2,...,
" 1 for1 < n < n.

Then (§,) € ¢o. For large m,n € N with m < n, select j, ¢ € N such that n]' <m<

n<nl,,.

At Zthis point, specific information about the norms «y and § is required. We now
consider the particular cases for || - ||, ,)-

To prove (i), consider the case where X and Y are Banach lattices, v = |e| and
d = M. Since || - [ = || - lleo,le],) has (REP) [21, Theorem 4.1], we may assume that
p#1

Leta; := ai/@, foralli € Nand B(X'), = {a’ c XJ’r | ||6l/|| < 1}_ Then
sup{ [|({|a@i], ") llar | a" € BX')+}

j+l
< > sup{ (@il )ity llar | o’ € BOX)L Y
k=j
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By definition of (¢,,) it follows that

jH
Zsup{H( (il a )iyl | o' € BOX). )

j+l

<> (/&) sup{ [[(lail, aD lar | @ € BOX). )

k=j
j+l

= sz/ZH (an,:+l>ankf+27 cee 7“’!{“)" AP ®) X
pay

j+l

= S (o)

k=j

AP®|E|X

j+ jH

< sz/Z((l/4)k€)l/2 _ 61/2 Z(l/z)k/Z
=

k=j

This shows that (([a;[,a’)),_, is a Cauchy sequence in A? for each a’ € B(X'),

which converges to ((|a;],a’ )):1 € AP. Thus (a,) € Alpweak‘ (X); consequently,
(a,) € A? é\fl X.
Let y; := y;/&; for all i € N. Fix n and select s such that n] < n < n/,,. Then

n 5+1
(1) (Z )
i=1
We also have in the Banach lattice Y (A?) that
|(21/2y§5+1),“" 5+1)/2y(s+1))| _ (21/2})/(5“ ’ G /2| s+l)|)

Nst1 Nt

< 5(s+1) /2‘ (yls+1) N y(s+1)) ‘ ,

70 e

and since the M-norm is a Riesz norm,

[ @2y, 260y | < 2GR (e
Consequently,
H(}’l i= 1HA4®MY = H(}’, SH AM@yY

s+1

< ZH (7(1i)7 s ayn,))H AN@yY
i=0
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S
= ZH ()’51)7 e 7)/711))HA‘1®’\4Y
i=0

n ” (21/2}/§s+1)7 o 2(s+1)/2yn5+11))H iy

(i) i) (s+1)/2 (s+1) 1)
< 2 MO D g + 2O P i
< (lull e, ay + €/2)12 + €72+ 264D2((1/4)%€) 2
< (Jfull e elpM +6/2) 2 4 el/2 4 /2,

from which we get sup, o [|(7,) ||asg,y < oo. This shows that (7;,) € Y(A?);
consequently, (y;) € A1 OmY.

Furthermore,
1@l noi,, x < Uleellger,nn + /)2 42,
I pazyr < Ululle,n) +€/2)' 2 +2€'/2.
Hence,
(62) 1@ e, 0 sy < Nl + £,

where f is a positive real valued function with f(e) — 0ase — 0. By (6.1) and (6.2),
the norm equality holds.

The proof that || - ||(am,.m,) has (REP) is similar.

To prove (ii), let X be a Banach space and Y a Banach lattice, y = 'M and 6 = M
We may again assume p # 1. Using the same notation as in the first part of the proof,
we claim that (||a;||)i<, is a Cauchy sequence in AP. For large m,n € Nwith m < n,
select j, ¢ € N such thatn <m<n< n]+é, then

jH j+
k l) n+ 2 1/2
| (@) m||Ap®,Mx = ZH i AP @y X = Z( 1/4 )2 < 262,

Hence (||a;||)?°, € AP, from which we get (a;) € AStmng(X) AP @y X and

1@l argx < Ilullea, ) + € 12 4 2e!2,

The proof may now be completed in a similar way as in the preceding cases.
The proof of (iii) follows in an analogous way as that of (i) and (ii). [ |

7 (v, 04)-Nuclear Operators

Let X and Y be Banach spaces and let « be a reasonable cross norm on X’ ® Y.
The canonical embedding ¢: X’ ®, Y — L(X,Y) is continuous with norm < 1.

https://doi.org/10.4153/CJM-2007-026-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-026-2

632 C. C. A. Labuschagne

Let ¢o: X' @0 Y — L(X,Y) be the continuous extension of ¢. The elements of
NYX,Y) := ¢ (X' Ra Y)/ ¢, 1(0) are called the a-nuclear operators from X into Y,
and H . HN“(X,Y)> defined by

[ T||nexyy = inf{ [|[v]|a | v € X" @4 Y and ¢o(v) = T}

is called the a-nuclear norm of T.
We are interested in N® (X, Y), where « is one of the norms

Ity I Naepntps I empmps 11 oy

(and where X and Y are appropriately chosen as Banach spaces or Banach lattices in
order for these choices of norms to be meaningful).

To do so, we first consider N7(X,Y), where y is one of the “component” norms
that occur in the above choices of a, i.e., 7y is one of |¢|, ‘M or M.

Let E and F be Banach lattices. It is well known and easy to verify that the range
of the canonical embedding ¢: E’ ® F — L(E, F) is contained in L' (E, F), and since
|€| is the norm on E’ ® F induced by the || - ||, norm, we have that ¢ : E’ ®.| F —
NI¢I(E, F) is a surjective Riesz isometry. Furthermore, if X and Y are Banach spaces,
then ¢ny: E' Qo Y — N'M (E,Y) is a surjective isometry (and in the case of Y being
a Banach lattice, ¢ is a surjective Riesz isometry); and ¢p: X' @y F — NM(X, F)
is a surjective isometry (and in the case of X being a Banach lattice, ¢y is a surjective
Riesz isometry).

We now proceed with the task at hand of considering N*(X, Y), where « is one of
the norms

(R ovAR VS P I (YA PR | CYA VAP | [CYAEYA

Proposition 7.1 Let 5+ = land 1 < p < oo. Suppose || - ||, 4, is one of the
following norms

@ |- lovnsyy o7 || - H(\elpA,Mq) on X' ®Y, where X,Y are Banach lattices;

®) |- e, m,) on X" @ Y, where X is a Banach space and Y is a Banach lattice;

() Il - Ny nzy o7 11 - [l1el a1,) 01 X' @Y, where X is a Banach lattice and Y is a Banach
space.

Then the following statements are equivalent for T € L(X,Y):
(i) T e NO»dd (X, Y).
(ii) There exist (x]) € AL(X) and (y;) € AY(Y) such that T = Y7 (x!, - )yi,
moreover,
1Tl x,yy = ENGD o 30 1) o,y

where the inf is taken over all such representations of T.
(iii) There exist R € N (X, AP) and S € N°(AP,Y) such that T = S o R; moreover,

[Tl xop 0 (x,y) = EIS]5 ][Rl

where the inf is taken over all such representations of T.
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Proof (a) Let E and F be Banach lattices and consider the norm || - [|(as,,u1y).-

(i) < (ii). Note that T € N™2)(E| F) if and only if there exists u € E’ @, m1,) F
such that ¢, m,)(u) = T. Since || - ||(m,,m,) Satisfies property (REP), by Theorem 6.2,
u € E' Qo) F if and only if there exist (x/) € (*“(E’) and (y;) € ¢%“(F) such
that u = > x/ @ y;. The definition and continuity of ¢, u,) guarantee that
T = ¢, m,)(u) ifand only if T = >~ (x/, - ) yi.

The stated norm equality follows from the definition of || T|| s, g ) and the
fact that || - ||(m,,m,) satisfies property (REP).

(ii) <> (iii). We note that (x/) € ¢(“(E’) if and only if }°, x/ ® ¢; € E’ Qug 2.
Because ¢y: E/ Qo 02 — NM (E, (%) is a surjective isometry, > .- x! @ ¢; is in
one-to-one correspondence with Ri/y € NM(E, (2), where R,y = Y 5%, (x/, - e =
((xf, - Dy and ([ [ = [[Reer [l

Similarly, (y;) € ¢%(F) ifand onlylfziojl e;®y; € @y F. But gyt E' @y 02 —
NM(E, £%) is a surjective isometry, so Z?jl e; ® y; is in one-to-one correspondence
with S;,) € NY (€2, F), where S,,) ((\)) = 3275, Aiyi» and [|(y)|lsr = (IS llt-

By construction of R,/) and Sy, it follows that S,,) o Ry = 272 (%], - ) yie

The equivalence of (ii) and (iii), together with the stated norm equalities, now
follows.

The proofs of the equivalence of (i) < (ii) <> (iii) for the other norms stated in
the proposition follow almost verbatim as in the preceding case, with the obvious
changes in notation. ]

111

The following two known results are special cases of the norms under considera-
tion. We use them to prove Theorem 7.4, our main result.

Theorem 7.2 (cf. [3,21,29])  Let E be a Banach lattice and Y a Banach space. Then
the following statements are equivalent for T € L(E,Y):

(i) T eNUde)(E ).
(ii) T has a representation

)
T= Z }’u

i=

where (x!) € (¢! @QM E'); and (y;) € ¢y @, Y. Moreover,

—

HTHNWIW(E,Y) = inf|‘(xz‘/)||41®‘d15/||()/i)H 0®.Y?

where the inf is taken over all such representations of T.

(ili) There exist S € L (E,¢') and R € L({',Y) such that S and R are compact and
T = RoS. Further, ||T|xue,0gy) = Inf|[R[| [|S[|;, where the inf is taken over
all such factorizations of T.

(iii") There exist S € L'.(E,¢') and R € L(¢',Y) such that S is compact and T =
RoS. Further, || T||xueyo g yy = inf || R| [[S[|,, where the inf is taken over all such
factorizations of T.

(iv) There exist a measure space (Q, %, 1), S € L' (E,L' (1)) and R € L(L'(n),Y)
such that R is compact and T = R o S. Furthet, ||T||xelo)(gy) = inf[|R[| [|S]]»
where the inf is taken over all such factorizations of T.
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Theorem 7.3 (cf. [3,21,29])  Let X be a Banach space and F a Banach lattice. Then
the following statements are equivalent for T € L(X, F):

(i) Te j\f(eo.,\fll)(x7 F).
(ii) T has a representation

T= Z<xi/7 )iy

oo

—

where (x]) € ¢ ®c X" and (y;) € (1! @M F),. Moreover,
”T”N(fo-\*lU(X.F) = ian(xi/)” coéééX’”(yi)“Zl@MF’

where the inf is taken over all such factorizations of T.

(iii) There exist S € L(X,cp) and R € L' (cy, F) such that S and R are compact and
T = RoS. Further, || T||x .10 (x py = Inf |[R]|;|[S||, where the inf is taken over all
such factorizations of T.

(iii") There exist S € L(X,¢o) and R € L' (co, F) such that R is compact and T =
RoS. Further, || T||xwolenx py = inf [|R]|/||S]|, where the inf is taken over all such
factorizations of T.

(iv) There exist a compact Hausdorff space 2, S € L(X,C(€2)) andR € L1.(C(Q2), F)
such that S is compact and T = R o S. Further, || T||xo.1c0x ) = inf|[R]|[|S]],
where the inf is taken over all such factorizations of T.

Let E and F be Banach lattices and
KX'(E,F):={T:E—F|T=T, — T, forsome Ty, T, € X,(E,F)}.

We recall from [21] that if E is a Banach lattice and % + é =1, then X" (A1, E) is

also a Banach lattice for 1 < p < coand AP (ENQM E=X"(A1E)for1 < p < co. We
also recall from [20] that || is symmetric, i.e. '|e| = |e].

As an example of using Proposition 7.1 and Theorem 6.2 in conjunction with
Theorems 7.2 and 7.3, we characterize the nuclear operators associated with the
renormed space of bounded operators, as in Theorem 3.3, and the nuclear opera-
tors associated with the p-convex, p-concave and positive p-summing operators.

Theorem 7.4  Let E and F be Banach lattices, X andY be Banach spaces and %+% =1L

(i) IfT € L(E, F), then the following statements are equivalent:

(a) T € NMM)(E F),

(b) There exist T, € L,(E,0"), T, € L', 0%, T; € L({*,¢y) and Ty €
L (co, F) such that T = Ty 0 T5 0 T, o Ty, Ty and Ty are compact. More-
over, || T|| om0 x gy = inf || Ty|||| T3 ||| T2|| | T1 ||, where the inf is taken over
all such factorizations of T.

(c) There exist a measure space (§21,%, ), a compact Hausdorff space )y,
Ti € Li(E, L' (), T, € L(L'(n),¢*), Ts € L(*,C(Q,)) and Ty €
L, (C(Q,),F) such that T = Ty o0 T3 0T, o Ty and T, and Ts are com-
pact. Moreover, ||T||xonm x py = inf || Ty||[| T3|||| T2 |||| T1 ||, where the inf is
taken over all such factorizations of T.
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(i) Ifl < p<ooandT € L(X,F), then the following statements are equivalent:

(a) T € NMeMo) (X F),

(b) There exist Ty € L(X,co), Tro € Li(cy,lP), T3 € L(P,¢y) and Ty €
Li(co, F) such that T = Ty o0 T3 0 T, o Ty, and T, and T, are compact.
Moreover, HTHN(’MP'MW(X,F) = inf || Ty||[| T3 ||| T2 ||| T1 ||, where the inf is taken
over all such factorizations of T.

(c) There exist a compact Hausdorff spaces 1, (0, T1 € Li(E,C(4)), T, €
L(C(Qy),¢P), T € LWP,C()) and Ty € L.(C(8,),F) such that T =
Ty o T30 T, 0 Ty, and T, and Ts are compact. Moreover, ||T||N<rMp.M‘,>(X7F) =
inf|| Ty ||| T3 ||| T2 ||| T ||, where the inf is taken over all such factorizations
of T

(ii") If1<p<ooandT € L(E,Y), then the following statements are equivalent:

(a) T € NM"M)(E Y),

(b) There exist T, € Ly (E, £Y), T, € L', ¢7), T3 € L,((?,0") and T, €
LUWNY) such that T = Ty 0 T; o Ty o Ty, and Ty and Ts are compact.
Moreovet, || T|| yor, 0 ) = 0| Ta|[[| T5][| T2[[[| T1 ||, where the inf is taken
over all such factorizations of T.

(c) There exist measure spaces (21, X1, 1), (Q2, X2, p12), T1 € L4 (E, L' (11)),
T, € L(LY (1), 4P), T € L, (0P, L (1)) and T, € L(L' (), F) such that
T=Ty0Ts0T,0T,andT, and Ty are compact. Moreover,

T gty )y = W[ Tal[[| T T2 Tl

where the inf is taken over all such representations of T.
(iii) Ifl < p<ooandT € L(E,Y), then the following statements are equivalent:

(a) T e NUeloM)(E Y).

(b) There exist T € L(E,¢?), T3 € L., 0Y) and T, € L(',Y) such that
T = Tyo T3 0 Ty, and Ty and T3 are compact. Moreover, \|T||N(\f\p_qu)(E7y)
inf || T4|||| T5|||| T1]|, where the inf is taken over all such representations of T.

(c) Thereexist a measure space (0, Xa, t12), T1 € L(E, £P), T, € L, (€7, L' (u2))
and Ty € L(L'(pp), F) such that T = T3 0 T, o Ty, T} is compact and T is
compact. Moreover, || T ||y, mp g ) = inf | Ts[|[| T2 ||| T1[| , where the inf is
taken over all such factorizations of T.

Proof (i) (a) < (b). Note that T € NMM)(E F) if and only if there exist R €
NM(E, ¢2) and S € NM(¢2, F) such that T = S o R; moreover,

1T [z gy = 10 [ S]] [[R]eng

where the inf is taken over all such factorizations of T, by Proposition 7.1. But R €
N™M(E, %) if and only if there exist T, € L'.(E,¢') and T, € L(¢', (%) such that T
is compact and R = T, o Tj; further, ||R||xyui g 2y = inf || T2 || || T1 ]|, where the inf is
taken over all such representations of R, by Proposition 7.3. Also, S € NM(¢2 F) if
and only if there exist T3 € L(£2, ¢y) and T4 € L' (co, F) such that Ty is compact and
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T = T4o0 Ts; further, ||S||nm 2 p) = inf || Ty]|,|| Ts||, where the inf is taken over all such
factorizations of T, by Proposition 7.3 (i) < (iii’). Consequently, (a) is equivalent
to (b).

It follows in a similar way, by using Proposition 7.2(i) < (iv) and Proposition 7.3
(i) < (iv), that (a) is equivalent to (c).

The proofs of the other statements follow by analogous arguments, noting that
the remarks preceding Theorem 7.4, concerning X'(E, F) and the symmetry of |e|,
pertain to the proof of (iii). ]
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