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PROLONGATIONS OF LINEAR CONNECTIONS
TO THE FRAME BUNDLE

Luis A. CorDERO AND MANUEL DE LEON

In this paper we construct the prolongation of a linear
connection T on a manifold M to the bundle space EM of its
frame bundle, and show that such prolongated connection coincides

with the so-called complete 1ift of T to EM .

Introduction

The purpose of the present paper is to construct the prolongation of a
linear connection on a manifold M to the bundle space £M of the frame

bundle of M . To do this, we use Morimoto's general theory of

prolongations to tangential fibre bundles of pr-jets of M [6]

particularized when »r = 1 , as well as some result stated in [Z].

In §l, we briefly recall some results which will be used in the

remaining sections. In §2, the prolongation of a connection on a principal
fibre bundle P to the principal bundle J;P of pl—jets of P is

constructed. In §3, we apply the results in §2 for the case of linear
connections and construct the prolongation T to FM of a linear

connection T on M , proving moreover that T coincides with the so-

called complete lift I° of T defined by Mok in [5]. Finally, in §k we

show that connections adapted to G-structures on M prolongate to
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connections adapted to the corresponding prolongations of these G-

structures introduced in [2].
In this paper all manifolds and mappings are assumed to be
o .
differentiable of class C , entries of matrices are written as a:;. s, T

being the row index and Jj the column index, and summation over repeated

index is always implied.

1. Preliminaries

Let M bve an n-dimensional manifold, Ep the Euclidean p-space and

Jll)M the set of 1l-jets at O € Rp of all differentiable mappings

§ : & + M defined on some open neighborhood of 0 € .4 ; irf fl(ﬂ)

denotes the 1-jet of § at O , the target map 7 : J;M + M is defined

by ﬂ(fl(ﬂ)} = §(0) and is in fact a projection map from J;'M onto M .

On J;M there exists a structure of (Nn+pn)-dimensional manifold,
canonically induced from the manifold structure of M , which is given as
follows: 1let (U, xi) be a coordinate system in M , U being the
coordinate neighborhood and {xi} the coordinate functions on U ; then,
on J;U = Tr—l(U) we define a family of coordinate functions {xi, xi} by

setting

. . , i
&) = F(50) , L) - Aol
at
0
(1 =<2 =n,1<a=<p) for any jl(ﬁ) EJ;U , and where (,tl, er, ip)

. . . 1 A A R
are the canonical coordinate functions on R . Then [qu, X, Xa] is

a coordinate system in J;U which will be said to be induced by (U, XL)

in M.

Let h: M> N be a differentiable map; then nt : Jll)M > J;N will
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denote the map canonically induced by h and given by
W) = fHthe §) for ey ) €M 1 (U, Y, (U, ) are
local coordinate systems in M and N respectively, and if we assume
h : U~ U' expressed by gj = hj[xl, cees xn] then, with respect to the
induced coordinate systems (J;U, xi, xé], [J;U', yj, yg) . hl is
expressed by

Rl ol B} AN

’ o axk o

wvhere 1l <k=<dimM, 1l=j=<dmN and 1=a=p .

Let G be a Lie group; then J;G has also a Lie group structure,
. . . 1 .1 1
its product being defined as follows: for any 4 (§) , 4§ (g) € JG,

jl(ﬁ) . jl(g) = jl(ﬂg) , where {g : R + G is defined by

(§g)(2) = §(£)g(t) , t € dom § n dom g . The unit element e, of J;G

is then the 1-jet at 0 ¢ Rp of the constant map from Bp into the unit
element ¢ of G .

Next, we shall recall some results to be used later.

(1) Assume p =n=dim M . Then the bundle space FM of the

principal fibre bundle of linear frames over M (briefly, the frame bundle
of M) is an open (dense) submanifold of JiM , and the induced structure
on FM is the usual one with respect to which Ty FM~> M is a Gl(n)-

principal bundle, Gl(n) denoting the general linear group. If (U, xtj

is a local coordinate system in M , the induced coordinate functions on
- - -‘
Fu= (n) L(u) will ve written as [x", x;J if there is no confusion.
(2) Assume p=21. Then 7 : JiM + M 1is nothing but the tangent
LT TM > M . In this case, if (U, xt) is a local coordinate
system in M , the induced coordinate functions on TU = (nha—l(U) will be

bundle
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written as (xz; ;L‘I’] . Note that the linear structure of this vector

bundle is locally given as follows: let X, ¥ be tangent vectors at
1: .i . . .
X = [xl, eees xn) € U with coordinates X = (x; x ), V= (X'L; y”‘) ;

then X+ Y= (x; x+4*) . If §: M >N, we shall denote by
T4 : TM > TN the induced map.

(3) Let P(M, m, G) be a principal fibre bundle with bundle space

P , base space M , projection T and structure group G . Then
JJZ;P[J;M, Trl, Jll)G] is again a principal fibre bundle. In fact, if
¢U : ﬂ-l(U) + U x G is the trivialization of P over Uc M, then, since
(nl)_l [JZJ;U] = J‘;n—l(U) , we define ¢ : I;Tr_l(u) > J;U x J;G by setting
v .1 .1 .1 1 1l -1
o () = [J (Mo ), 57 (no gy 6)] for any §7(§) € (),
where n : U X G+ G is the canonical projection.
1
(4) Let G = gi(n), {Xj} be the canonical coordinates in Gl(n) ,

i i , . Y - < a2
{Xj’ Xja} the induced coordinates in JnGl(n) and {Vg, 1 =4, B<snn I
the canonical coordinates in Gl (n+n2) ; then, there exists a canonical

embedding of Lie groups
jn : JiGl(n) + Gl (n+n2)

given by

(&) o o (e

that is, with respect to the coordinates above jn is expressed by
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vyt =Xt , vt =0,
i Jo
]
g ia i ia oL
y.o =X, , Y. =6X.,
J Jo Jg B
wvhere Z_=am +7 , 1 =% , a=<n . If we consider the Lie algebras of

a
Jicl(n) and Gl (n#n°) identified with the tangent spaces at the
respective unit elements en and ¢ , then the induced homomorphism
. 1 2
i, TeanGl(n) > TeGl(n+n )

may be written as follows:
( (.1 ]
[AJ.] 0 ,... O W
. . Bi.] (A’“'.] .e. 0
jn[(s? 0; A%, BY ]] = |8, (Jl J

e - )

(5) Let EN(M, s Gl(n)) be the frame bundle of M ,

1 1 1 : 1 L.
J EM(JnM, ﬂh, JnGl(n)] the induced JnGl(n)-prlnc1pal bundle and

1 1 2 2 . .
anM M, ﬂJIM’ Gl (n+n")| the frame bundle of the (n+n“)-dimensional

mani fold JiM . 'Then there exists a canonical injective homomorphism of

principal bundles [2]

, 1 1
dy: TEM > ETM

over the identity of JiM , with associate Lie group homomorphism jn .

The homomorphism jM is locally defined as follows: 1let [U, xl) be a
local coordinate system in M and consider fibered coordinate functions
. . . . -1 . .
1 1 1 1 1 1 1 1
X7, Xy Xj’ xja] on (ﬂb] (JnU] and [y > Yyo Vg] on ggnu ; then,

with respect to these coordinates, jM is expressed by
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y =X > ya=xa,
j vi=x , V¢ =0,
M J J Jo

i 1 i(‘l. 7

y %= , v.% =%

J Ja Jg B

Since the restriction LJiM‘ of £J711M to the open submanifold
FM

FM c JiM is canonically isomorphic to the frame bundle FFM of FM , then

the homomorphism jM above induces an injective homomorphism of principal
. . 1 . .
bundles, noted again jy : JngM + FEM , over the identity of FM and
EM
with associate Lie group homomorphism jn .

(6) Particularizing the general results of Morimoto ([6], Chapter
IV), we can assert: let M be an 7n~dimensional manifold; then there
exist canonical diffeomorphisms

ol TN I, P FTM e T,
M p p M p p

such that dﬁ’l and ab’p are mutually inverse. Locally, aﬁ’l is given

7
as follows: 1let (U, X ) be a local coordinate system in M and let
N A A A 1 7 z o
[x Xy X, xa], [y N U N U )a] be the induced coordinate

functions on TJ;U and J;TU respectively. Then

p,1 T _ 1 ol el iy _ *Zy _ 1
A R S (5 TAET N (7 I
with 127 =n, 1=<o0o=p . The local expression of ah’p is obvious.

Moreover, if § : M> N is a differentiable map, then the following

diagram is commutative
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1,p
ay

2. Prolongation of connections

Let P(M, m, G) be a principal fibre bundle and consider on P a
connection whose connection form will be denoted by w . Following
Kobayashi [3], we shall consider this form ® as a differentiable map

w : TP+~ TG which is a linear map of the tangent space TuP with values
in the tangent space TQG for each point u € P , and satisfying:

-1 =

w(ud) =8 3,

w(ues) = st w(u) * & ,

for every u €P , 5 €G , u € TuP and & € TAG , and where by
definition @ * 4 = TRA(E) , W3 = TLu(Z) » R :P~>P and L, : G~+7?
being the canonical maps.

Let w : TP + TG be a comnnection form on P(M, W, G) and define a

differentiable map w TJ;P > TJ;G by setting

(2.1) = a]é’p o wl ) O.g’l .

@y

Then, from Morimoto's general results [6], we know that

1
-~ 1 =
wl(u-é) =4 -5,
w (u-8) = & 1. (ﬁ) « 3
1 1 ’
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for every & € J;G , u € J;P . e TZJ;G and u € TaJ;P . Hence, to

prove that wl is actually a connection form on the principal bundle

J;P[J;M, ﬂl, J;G] it suffices to prove that 'wl : TaJ;P -> Te J;G is a

linear map for any I € J;P .
To do this we proceed as follows.

Let (U, xt), (U’, a) be local coordinate systems in P and G ,
respectively, with u=7(d) € U, e €¢U' and 1 =7 =< dim P

3

1 <a=<dmG . Then, with respect to the induced coordinate systems

(TU, xl, it), (TU’, ya, ga) in TP and TG respectively, ® is
expressed by

R N O N o 03 W i (L L W

and, therefore, for any < and a ,

a a
(2.2) a—“’,:=a°+i=o.
ax ox

- - - Y
On the other hand, if &, &' € T P are given by &= (x'; X°)

- i e
' = (x; x'L) then the linearity of w : TuP > TQG implies

(2.3) éa < it+i’$) = ( X ) +w (x ; 't,

and therefore
a i °q . . *a
AR R GRS N G Lo I
axL 90X 90X

(2.4)
(i eiisiy 3t ;i oedy Wt D e,
— (x5 X)) = 2 (x5 x +'7(X;X')
9X 3x X

T 1 T 1 a a sa sa .
Now, let [x R xa; X, xa], [y , qa; Yy, ya] be the induced

coordinate functions on TJ;U and TJ;U' respectively. Then, taking into
1,p
G

account the local expressions of ag’l, o and w' as well as (2.2), a
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direct computation leads to the following local expression of W, ot

=y*e), y¥=0,

QQ
1

= ¢ ),

£
QD.

ca T i ei ko oaw® (4 iy ok
yo = 5 (x7s X)) e x) o+ (X7 x7) - X
a axk a axk o

Therefore, if U € J;U has coordinates @ = (x , xa] and

= =z 1 . b i i et i) = i 1 e, =,7
u, u' € Taqu are given by u = (x s X3 X s xa], u’ = [x s X3 X', x&

= = 7 AR A A AR . .
then uw + u' = [x N x;; xl+x’ . xa+x& ] and a straightforward computation,

using (2.3) and (2.4), leads to

i (o, ) = % o (W) + §F (o, (@)
éZ@ul(ﬁ+ﬁ')) = ggﬁul(ﬁ)} + éZ(wl(ﬁ')) .

Thus we have proved the following
THEQREM 2.1. Let w : TP > TG be a connection form on a principal

fibre bundle P(M, m, G) . Then w : TJ‘;P > TJ;G given by (2.1) 1is a

connection form on the principal fibre bundle J;P{J;M, ﬂl, J;G] . We

shall call Wy the prolongation of the connection w to J;P .

We remark that, for p =1 , wl coincides with the connection
tangential to w due to Kobayashi ([3], p. 152), also obtained by Morimoto

in [7].

3. Prolongation of linear connections to the frame bundle

In this section we apply the result in the previous section to the
linear connections on a manifold. From now on the indices

h,%i,4, %, ..., a, B, Y, ... have range in {1, 2, ..., n} ,

A,B,C, ... in {1, 2, ..., n+n2} and i, stands for on + 1 .
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Let FM(M, m, Gl(n)) and EM(EM, ey GL (n+n2)] be the frame

bundles of M and FM respectively.

THEOREM 3.1. Let T be a linear connection on a manifold M . Then
there exists canonically a linear comnection T on the frame bundle FM
of M, which will be called the prolongation of T to FM .

Proof. Let ww be the connection form on £M defining the connection

I' . The prolongation wy of w 1is a connection form on JJr'zﬁM s

n=dim M . Then, using the bundle homomorphism jM : Jing + FFM
FM

described in §1, (5), we canonically obtain a connection TI' on the

principal fibre bundle FFM . #

Next, we shall compute the local components f’gc qf the prolongation

~

' of T to FM.

Let w : TEM + TGL(n) be the connection form of T , (U, Xt) a

A 1
local coordinate system in M , (x s Xj] the induced coordinate functions

’l: 3 » . * .
on FU , (yj] the canonical coordinates in Gl(n) and (x‘b, X;'.; x1’, 5(;’] ,
- J

o
(y;.; yj] the induced coordinate functions on TFU ana TGl(n) ,

respectively. Then w 1is locally expressed by

el ]
i = o[ & i K

and thus, if {ei} denotes the canonical basis of gl(n) = TaGl(n) , We

=
|
]
(o)

-

can set

o £ & L) < K Lol eTa0m

Let o : U+ FM be the natural cross section of FM over U , that

i 1
is o(x) = (x , Gj} for any X = (xl, cens Xn) € U, and set mu=0*m .
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z .
Then W defines the local components ij of T on U by the equation

wy = (ngde]eﬁ and, using Proposition 7.3 in [4], one easily finds

R N =

k'hl g

. -1
where (Vz] = (X;] . Consequently, at the point ¢ = (xh, XZ; xh, XZ)

we have

L

il 1 Yumeh
(@) = yl[akrhm]x?x .

=
It
]
5o,
oS
Shiﬂ
|
Kol
*3
+
Se.
~1
™~
*3
O
<,
]
e
e
(e

1]
<
=,
—
™~
=

—L (q)

yrsd

a—é(q)- W5 -

Now, let @ denote the connection form of the extension of W to

1 ; : R 1S Ly . AN f
gghM via the homomorphism jy : J°FM *—z}nM ; then Jfi§= 4 ow . If
1 1 1 . il .
o : JU-> JFM denotes the cross-section of J FM induced by
n n= n=

c: U~ EM , then the composition & = jM o 01 is easily proved to be the

natural cross-section of g?iM over JiU .

Let {fgc} still denote the local components of the linear connection
on JiM which is defined by & , with respect to the induced coordinate
j i A
system [Jiu, XJ, xi] . Then, if {EB} denotes the canonical basis of

gl(n+n2) = TeGl(n+n2) , we have
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{3 ] ~A B |3 FA B
w [— =T , (—-} =TI, E ,
[axJ a] JB 4 [axJa IaB 4
it = 6(u) for any point u € Jiu . On the other hand, setting

w = or(w ,

AR CANER

and hence

Then, if U = (XJ, )(‘7] , we have

[o 4
w [—3—] = wl(xz, I, x, 0; 6%, 0, 0, o]
ax? u1 o
h
. ow .
= |I, 0; m:[xt, I, 6?, o], ——i— xﬁ
J 9X
_ no ok, oh
o s )

oh \

. e
= |1, o; P*(F, 135 0, 0), —% §s
2 K Y

h
= |1, o; 8§,
( t] O, 0, Y J?’] 3

where I and O denote the unit matrix and the zero matrix, respectively.

Therefore

https://doi.org/10.1017/50004972700021092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021092

Frame bundle conneéfions 379

1
AN
m

k ho| .t o 7:8
+ xa[ak ]Ehu + 6Br?ifha ,

(&
o

and, restricting to gM , that is to the coordinate neighborhood gy , we

=t

=
n
=5
<R
NG
™
o
=]

obtain the local components of the prolongation T of T to EM :

- . - - R
et P 20, B0, . =0, T -0,

Jt Jt ng J.i Jyzs JetY

h h h
O PP B R VR L S 1 V.
Ji a{ k ji Jig B gi Jgt B gt

Now, comparing with Mok's result in ([5], p. 81), we deduce

THEOREM 3.2. rLet T be a linear connection on M . Then the
prolongation T of T to the frame bundle FM of M coincides with the

complete Lift T of T to EM defined by Mok [5].

4. Prolongation of connections adapted to G-structures
We begin this section proving a lemma.

LEMMA 4.1. Let P(M, w, G) be a reduced bundle of the principal
fibre bundle P'(M, m, G') , and let w' be a connection form on P’

reducible to the connection form w on P . Then J;P(J;M, ﬂl, J;G] i8 a

reduced bundle of J;P'[J;M, ﬂl, J;G'] » and the prolongation w of w

to J;P' i8 reducible to the prolongation w., of w to J;P .

1

Proof. Let § : P+ P’ be the injective homomorphism of principal
bundles which yields the reduction of G' to G , and denote also by
§ : G+ G' the corresponding Lie group homomorphism. Then a straight-
forward computation shows that the induced bundle homomorphism

6l

. J;P > J;P' yields a reduction of J;G' to J;G whose associate Lie

1

group homomorphism is the induced one, § : J;G -+ J;G’ . On the other

https://doi.org/10.1017/50004972700021092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021092

380 Luis A. Cordero and Manuel de Leon
hand, that w®w' is reducible to w means that the following diagram
commutes:
P —2—— TG
T4 T4
P —Y 67

Therefore, from (6) in §1 we obtain a new commutative diagram

ap’l 1 al P
7P P - Jirp w . 3tre & . 1ie
P p p p
T4t (T)* (Tt T4t
p,l 1,p
o 1 s}
TP P rp (D™, slrgr €, 1
p p p p
which implies that wi is reducible to W - #

Let G be a Lie subgroup of Gl(n) and denote

G = jn[Ji;G} c Gl(n+n2) . Assume that P(M, m, G) is a reduced bundle of
the frame bundle gM(M, Ty Gl(n)) of M, n=4d4dim M , that is P is a

G-structure on M . In [2] we have defined the prolongation of the

G-structure P on M to a G-structure P on FM as follows: we

consider the injective bundle homomorphism & JiP > JilgM induced by

4 : P+ FEM and define P= [jM ° Ll] [Ji?]‘ .
FM

As usually, we say that a linear connection T on M is adapted to
the G-structure P(M, ", G) on M if T is reducible to a connection on
P . 'Then, taking into account Lemma 4.1 and the results in the previous

section, we easily deduce

THEOREM 4.2, Let T be a linear connection on M adapted to a
G-structure P(M, m, G) on M . Then the prolongation T of T to FM
is adapted to the G-structure ﬁ(EM, m, 6) on FM, prolongation of P
to FM .

We remark that Theorem 4.2 improves some particular results in [7] and
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[5] where only the prolongations (or complete 1lift) of G-structures on M

defined by tensor fields of types (0, s) and (1, s) have been

considered.
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